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PREFACE. 


In  presenting  this  work  to  the  public,  the  author  is  fully 
impressed  with  the  responsibility  he  assumes,  since  the  press 
is  constantly  teeniiiig  with  works  of  a  similar  character, 
from  the  pens  of  the  most  eminent  mathematicians  in  this 
and  other  countries;  and  since  we  have  the  accumulated 
discoveries  of  ancient  and  modern  times,  the  condensed  wis- 
dom of  ages,  the  result  of  talent  and  labor,  spread  out  on 
pages  before  us,  it  may  by  some  be  supposed  that  no  new 
tniihs,  no  new  principles  or  applications  can  be  elicited,  es- 
pecially in  elementary  Geometry,  which  reached  almost  its 
present  perfection  in  a  remote  period  of  antiquity.  The 
works  of  Euclid,  for  more  than  twenty  centuries,  having 
been  and  are  still,  with  scarcely  an  important  improvement, 
the  standard  works  on  elementary  Geometry ;  and  while 
oilit.  sciences  have  been  progressing  and  vicing  with  each 
o.he/  in  the  splendor  of  progressive  acquisition,  this  has  been 
h.-inded  down  to  us  as  a  system  of  unchangeable  truths,  not 
aiTectrd  by  time  or  varying  circumstances;  evidently  show- 
\n<x  the  s^Viice  to  be  based  on  immutable  principles.  But 
aitlk.)j!::'i  liie  elements  of  this  science  were  thus  early  esta- 
bli'^hed,  yet  by  the  application  of  the  principles  therein  con- 
tained, new  truths  have  been  constantly  developing  them- 
selves in  an  accelerated  progression,  and  many  important 
mathematical  truths  which  have  been  supposed  unattainable 
by  human  ken  have  thereby  been  established  on  the  same 
basis  as  the  elements  themselves. 

It  may  be  possible,  therefore,  that  other  mathematical 
principles,  either  elementary  or  general,  may  yet  be  devel- 
oped by  the  skilful  application  of  those  already  established. 

It  is  with  this  view  that  the  author  has  undertaken  this 
work ;  having,  as  he  deems,  made  some  advancements  in 
the  science,  not  only  in  the  elements,  but  also  in  its  general 
applicatior. 

Although  Euclid's  elements  deservedly  possess  such  high 
regard  or  merit,  both  on  account  of  their  antiquity  and  the 
rigorous  accuracy  of  his  reasoning,  yet  we  have  numerous 
modern  works  on  the  subject,  some  of  which  are  better 
adapted  to  the  present  state  of  science,  the  authors  of  which 
only  aimed  at  the  perfection  of  Euclid,  with  a  more  obvious 
connection  of  the  parts,  or  greater  elegance  of  diction  ;  but 
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after  all,  none  have  been  able  to  supersede  his  authority  in 
poini  of  rigorous  accuracy. 

Among  the  many  modern  works  on  elementary  Geometry 
may  be  mentioned  the  names  of  Lacroix  and  Legcndre  of 
the  French,  Hutton,  Leslie  and  Young,  of  the  English. 
Others  of  considerahle  merit  might  be  mentioned,  but  these 
are  sfxecilied  on  account  of  iheir  popularity;  Legendre  par- 
ticularly liaving  given  a  more  fiivorable  impetus  to  specu- 
lative, and  Hutton  to  practical  Cieometry,  or  Mensuration. 
By  means  of  wliich,  the  science  has  been  clothed  in  a  more 
attractive  form  and  elevaicd  to  a  more  favorable  position. 
The  elementary  part  of  the  work  now  presented  to  the  pub- 
lic, the  author  has  deemed  it  ex])edient  to  base  on  the  ele- 
ments of  Legendre,  not  only  on  account  of  the  elegance  and 
giineral  accuracy  of  that  work,  but  also  on  account  of  its 
well  deserved  popularity,  ihn  while  this  work  has  been  se- 
lected as  the  basis,  others  have  been  consulted,  and  when- 
ever it  was  thought  the  subject  required  any  change,  selec- 
tions have  been  made  from  other  authors,  under  such  modi- 
fications as  were  required  to  adapt  them  to  this  work,  or  the 
|)ropositions  in  the  original  of  Legendre  have  occasionally 
been  slightly  altered  when  propriety  seemed  to  require  it, 
jand  many  original  propositions  have  been  added,  and  the 
work  greatly  extended  both  in  plane  and  sohd  Geometry, 
Jbut  more  particularly  in  solid. 

It  is  needless  here  to  specify  all  the  supposed  improve- 
ments introduced  in  the  elementary  parts  of  the  work,  but 
ii  is  believed  that  some  new  definitions,  which  are  here  in- 
troduced, will  be  regarded  with  favor,  as  being  more  strictly 
tiu  accordance  with  mathematical  reasoning.  The  subject  of 
Proportion,  which  is  wanting  in  Legendre,  and  which  is 
made  the  Fifth  Book  of  Euclid's  Elements,  is  here  made  to 
])recedc  the  otlKir  parts,  tliereby  allowiug  those  parts  more 
purely  geometrical  to  follow  in  consecutive  order.  The  sub- 
ject of  Proportion  is  prefaced  by  the  application  of  muribers 
to  magnitudes,  and  the  whole  subject  of  proportional  mag- 
iiiiud(*s  is  treated  in  a  full,  and,  as  the  author  conceives,  in  a 
perspicuous  manner.  The  subject  of  inconnnensurable 
<]uantities  or  magnitudes  is  discussed,  and  it  is  shown  that 
our  reasoning  in  reference  to  such  quantities  ought  not  to  be 
embarrassed  on  account  of  their  inconHuensurability,  since 
uny  m  ignitude  may,  as  will  be  shown.,  be  expressed  by  some 
functcon  oi'  any  other  magnnude,  and  hence  ma v  have  some 
deiinite  expression  in  terms  of  such  magnitude.  A  new 
mode  of  trcalhi^  the  subject  of  parallels,  it  i^  thought,  pos- 
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wssos  soiiip  advantage.  But  a  few  changes  have  been  in- 
iri)Hnoe'l  into  the  second  and  third  books  from  those  of  IjC- 
C'liiJn*:  a  few  useful  propositions  have,  however,  been  add- 
1=1.  In  the  fourth  book,  by  discussing  the  subject  of  Pro- 
p<>rtion  and  proportional  figures  before  that  of  the  squares  of 
iIk*  sides  of  riglit  angled  triangles,  we  are  enabled  to  present 
a  !ic*\v  di.'inousiration  tor  that  proposition  founded  on  thcpro- 
jMriionality  of  the  sides  of  similar  triangles,  at  once  elegant 
'd'.A  siuistactory,  and  to  deduce  directly  from  this,  in  the 
r^o>i  rnnclusive  manner,  the  general  property  that  similar 
In  nis:l»'ij  iuid  j)olygons  are  proportional  to  the  squares  on 
lln'ir  homologous  sides,  A:c. 

Sinie  curious  propositions  follow  toward  the  close  of  this 
bfiok  some  of  which  are  origiiuil,  and  some  have  been  se- 
IpctP-l  from  other  authors,  with  such  modification  as  was 
dt-emed  necessary  to  correspond  with  the  style  of  this  work. 

In  the  fifth  book,  also,  will  be  found  much  new  matter, 
ll  is  nimecessary  to  particularize. 

The  sixth  book  consists  of  the  Isoperimetry  of  plane  fi- 
gures, and  is  succeeded  by  .Notes  illustrating  certain  por- 
tions of  tlu*  subject  to  which  they  refer. 

The  application  of  the  principles  embraced  in  elementary 
plane  geometry,  to  Mensuration,  closes  this  part  ol  the  se- 
ll*: s. 

The  second  part  consists  of  elementary  solid  geometry 
}'\<  ■:{  n'so  nn  liCgcndnrs  KlfmcMils,  biU  is  considerably  ex- 
!•  1  !i"l  beyond  the  ordinary  limits  of  sinular  works.  Some 
uesv  solidb  are  introduced,  and  it  is  believed  that  part  relating 
to  solids  of  revolution,  especially  oi  the  surface  and  solidity 
of  a  sphere,  is  more  rij^orous  and  satiiiiaciory  than  in  any 
oil  Iff  work. 

The  third  part  consists  of  spherical  geometry,  analytical 
iriiionomeiry,  the  application  ol  trigonometry  to  the  mensn- 
r:itit>n  of  hei'^hts  ancl  distances,  and  trigonometrical  survey- 
in  L^  Otc.  Tlie  application  of  algeiJia  to  geonu^try ;  Conic 
^s:cti(l:lS,  are  also  embraced  in  this  j)art. 

The  fourth  part  treats  of  such  solids  of  revolution  as  de- 
pend on  the  higher  geometry,  and  the  soiid  sections  or  seg- 
ments of  such  as  are  embraced  in  the  elementary  part.  In 
tlii<i  viiluim^  some  new  solids  are  introduced.  13 v  the  dis- 
ciissions  in  this  volume,  wc  are  enabled  to  arrive  at  most  of 
the  useful  properties  of  such  solids  as  are  bounded  by  curve 
surfaces,  uicliiding  the  segments  of  solids  of  revolution,  by 
the  simple  elementary  principles  of  geometry,  s<mi<'  of  which 
have  onlv  been  heretofore  obtained  ihroiiyli  the  medium  of 
f.uxion8,  or  the  calculus. 
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Tlie  quadrature  of  the  circle,  and  the  rectification  of  the 
elliptical  circumference  and  some  other  curves,  are  also  dis- 
cussed. Some  new  properties  of  the  circle,  and  other 
curves  are  developed,  enabling  us  to  pursue  our  investiga- 
tions in  relation  to  them,  by  pure  geometry.  Wc  are  also 
enabled  to  show  that,  although  it  may  not  be  possible  for  us 
to  express  the  circumference  of  a  circle  numerically  in  terms 
of  its  diameter,  yet  that  it  may  be  expressed  in  terms  of 
some  known  function  of  that  diameter,  and  hence  that  it  is 
possible  to  get  an  algebraic  expression  for  its  value  in  known 
quantities. 

The  scries  closes  wilh  the  application  of  the  former  prin- 
ciples to  the  mensuration  of  such  figures,  whether  plane  or 
solid,  as  depend  on  the  higher  geometry.  Some  rules  are 
obtained,  much  shorter  and  easier  than  any  others  in  use, 
for  the  determination  of  some  of  the  more  diiiicult  problems. 
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ELEMENTS  OF  GEOMETRY. 


BOOK  1. 


GENERAL  PRINCIPLES. 


Geometry  is  the  science  which  treats  of  the  measure- 
ment and  comparison  of  magnitude,  and  the  relations  of  lo- 
cality. 

Magnitude  can  have  but  three  dimensions ;  length,  breadth 
and  iliickncss  :  all  of  which  are  necessary  to  constitute  a 
l)<)dy.  or  solid.  It  is  important,  however,  to  consider  magni- 
tude under  three  distinct  denominations;  of  lines,  surfaces 
and  solids :  and  thns  the  science  of  (Jeometry  becomes  divi- 
ded into  tlifpc  principal  branches :  the  lirst  part  treating  of 
lines  described  upon  the  same  plane,  and  of  the  surfaces 
which  they  enclose  :  the  second,  of  lines  situated  in  differ- 
ent planes,  nnd  of  the  relations  of  those  planes  to  each  oth- 
er; and  tiie  third  part  contemplatinj:^  body  under  its  several 
dimensions  of  length,  breadth  and  thickness. 

Lines  are  obviously  the  l)oundaries  of  surfaces,  and  surfa- 
ces are  the  boundaries  of  solids :  it  is  equally  obvious  that  a 
line  being  mere  length,  without  either  breadth  or  thickness, 
can  exist  only  as  the  boundary  of  a  surface,  and  that  a  sur- 
face, being  absolutely  without  thickness,  can  exist  only  as 
an  attribute  of  body. 

Although,  therefore,  it  cannot  be  supposed  that  a  line,  or 
a  surface,  can  have  separate  or  inde|)endent  existence,  the 
fact  will  not  in  the  smallest  degree  interrupt  or  embarrass 
our  reasonings,  in  considering  these  several  attributes  of 
body  or  space,  each  apart  from  the  others,  nothing  more  being 
requisite  than  the  abstracting  these  others  from  our  inquiry; 
so  that  in  considering  lines,  length  only  is  recognized,  and  m 
contemplating  surfaces,  length  and  breadth  are  combined 
and  thickness  excluded. 

Geometry  is  necessarily  dependent  on  numbers  for  the  cle« 

2 


10  ELEMENTS  OF  GEOMETRY 

velopment  and  application  of  its  principles;  for  lino.s.  surfa- 
ces, or  solids,  can  be  expressed  only  in  relation  to  tlirir  niatr- 
nitudes  or  figures,  and  an  expression  of  magnitudt^  is  the  re- 
sult of  comparison  with  some  other  magnitude  of  the  same 
kind  as  a  unit. 

DEFINITIONS    OF    TERMS    USED   IN    GEOMETRY. 

An  Axiom  is  a  self-evident  truth. 

A  Postulate  requires  us  to  admit  the  possibility  of  an  ope- 
xation. 

A  Theorem  is  a  truth  which  becomes  evident  by  means  of 
a  train  of  reasoning  called  a  demonstration 

A  Demonstration  is  direct^  when  the  truth  is  inferred  di- 
rectly from  the  premises,  as  the  conclusion  of  a  regular  se- 
ries of  inductions. 

A  Demonstration  is  indirect^  when  the  conclusion  shows 
that  the  introduction  of  any  supposition,  contrary  to  the 
truth  advanced,  necessarily  leads  to  an  absurdity. 

A  Problem  proposes  an  operation  to  be  performed. 

A  Lemma  is  a  subsidiary  truth,  the  evidence  of  which 
must  be  established,  preparatory  to  the  demonstration  of  a 
succeeding  theorem. 

A  Proposition  is  a  general  term  for  either  a  theorem,  a 
problem  or  a  lemma. 

A  Corollary  is  an  obvious  consequence,  resulting  from  a 
demonstration. 

An  Hypothesis  is  a  supposition,  and  may  be  either  true  or 
false. 

A  Scholium  is  a  remark  on  one  or  several  preceding  pro- 
positions, which  tends  to  point  out  their  connection,  their 
use,  their  restriction,  or  their  extension. 

EXPLANATION    OF    SYMBOLS   EMPLOYED. 

1.  The  sign  =  is  the  sign  of  equality  between  two  or 
more  magnitudes  or  quantities ;  thus,  the  expression  A=^B 
signifies  that  A  is  equal  to  B. 

2.  The  symbol  ]>  placed  between  two  magnitudes  or 
quantities  denotes  that  the  former  is  greater  than  the  latter; 
the  symbol  <C^  is  used  to  denote  that  the  former  is  less  than 
the  latter.  Thus,  A>B  indicates  that  the  quantity  repre- 
sented by  A  is  greater  than  that  represented  by  B :  by  A<[B 
is  implied  that  A  is  less  than  B. 

3.  The  sign  +  is  called  plus  :  it  indicates  addition. 

4.  The  sign  —  is  called  minus :  it  signifies  subtraction- 
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Tl.Ms.A-^!>  represents  tlie  siimof  llie  quantities  A  and  B: 
.\— ;j  f'';)r.\vMiis  ilieir  cliii'erencc,  or  what  remains  after  B  is 
:ak'  ;j  innn  A  ;  aiitl  A  —  H+C?  ^^'  A+C — B,  signifies  that  A 
.i!i  M'nre  to  ho  atidod  tojrelher,  and  that  B  is  to  be  subtract- 
A  twm  th'^jr  sum.  The  double  sign  rfc  is  emj)loyed  lo  ex- 
I'lVss  jiifiiiltMeiitly  either  the  sum  or  dillerence  of  the  raagni- 
'"i'S'T  quantities  l»etvveen  which  it  is  placed. 

i>.  I'lie  sian  J'  is  used  to  denote  tlic  dilference  between 
fro  quantities  when  it  is  not  known  which  is  the  greater; 
thus  A  /  B  represents  the  difterence  between  A  and  B, 
^'hhout  roterence  to  which  is  the  greater. 

').  The  sign  X,  if^to  or  with,  indicxitcs  multiplication :  thus 

■IaI)  nprrscnts  the  product  of  A  and  B.     A  poitU  is  some- 

M/nos  uM'd  instead  of   the  sign   X  ;  thus  A.B  denotes  the 

^irue  us  AxB.     The  same  product  is  also  designated  with- 

'^ni  any  intermediate  sign,  by  AB.     The  expression  Ax(B 

~~-''— 1))  represents  the  product  of  A  by  the  quantity  B+C 

— I),     if  A+ii  were  to  be  nmltiplied  by  A — B+^J,  th^  pro- 

rluvt  would  be  in(hcated  thus  (A+B)x(A — B+CV  those 

*i  n.iiiTiiit  s  enclosed  withm  the  brackets  being  considered  as 

**■   sinifle  (|uantity. 

*.  A  number  placed  before  a  letter  denoting  a  quantity,  is 
*"TiI|p{:i  a  co-eliicient,  and  serves  as  a  nuiltiplier  to  that  quan- 
^  — y:  thus  I^A  signifies  that  the  quantity  A  is  to  be  repeated 
t  I  in.»e  times :  JA  si^iuilies  half  the  ([uantity  A. 

\  'I'ho  sign  -T-  signiJies  division,  and  is  called  by.  Thus 
--"^•T-B  signities  thai  the  quantity  A  is  to  be  divided  by  the 
*1  t'aiitiiy  B  ;  the  same  is  also  represented  by  placing  tlie  di- 

^^^'dcnd  alx)\e  the  divisor,  thus   —    is  equivalent  to  the  ex- 

r^^f^ssion  A-T-B. 

^♦.  A  power  of  a  quantity  is  denoted  by  aflixing  to  the 

^I'luntity  a  small  figure  or  letter  iudicatuig  the  degree  of  the 

l>i)\ver,  the  figure  being  a  little  elevated  to  distinguish  it  from 

^*-   multiplier.     Thus  A^  signifies  the  square  of  A,  or  that  A 

^^  to  be  multiplied  into  itself;  A"*  signifies  tlie  cube  of  A,  or 

^ 'lat  the  product  of  A  into  itself  is  to  be  multiplied  by  A; 

*^n(l  A*  denotes  that  A  is  to  be  raised  to  the  ''tli  power,  or 

tnnltiplied  into  itself  ^  number  of  times. 

\t).  The  sign  a/  indicates  a  root  to  be  extracted;  thus 
^/l  means  tlie  square  root  of  2  ;  VaxB  or  V(AxB)  means 
\be  square  root  of  the  product  of  A  and  B. 

U.  The  symbol .-.  is  used  to  denote  the  word  hence  or 
il^rt'fore;  indicating  a  conclusion,  depending  on  the  fore- 
going premises. 
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i 


AXIOMS. 


1 .  Quantities  which  are  equal  to  the  same  quantities,  are 
equal  to  each  other. 

2.  If  equals  be  added  to  equals,  the  wholes  will  be  equal. 

3.  If  equals  be  taken  from  equals,  the  remainders  will  be 
equal. 

4.  If  equals  be  added  to  unequals,  the  wholes  will  be  un- 
equal. 

5.  If  equals  be  taken  from  unequals,  the  remainders  will 
be  unequal. 

6.  If  equal  quantities  are  multiplied  by  equal  quantities, 
the  products  will  be  equal. 

7.  If  equal  quantities  arc  divided  by  equal  quantities,  the 
quotients  will  be  equal. 

8.  The  whole  of  a  quantity  is  equal  to  the  sum  of  all  its 
parts. 

9.  Things  which  coincide  or  fill  the  same  space  are  iden- 
tical or  mutually  equal  in  all  their  parts. 


POSTULATES. 


1.  Let  it  be  granted  that  magnitudes,  as  well  as  numbers, 
may  be  multiplied  indefinitely. 

2.  Let  it  be  granted  that  magnitudes,  as  well  as  numbers, 
may  be  divided  indefinitely. 

3.  Lei  it  be  granted  that  one  quantity  or  magnitude  may 
be  added  to  another  quantity  or  magnitude.  aTso,  that  any 
number  of  quantities  or  magnitudes  may  be  added  to  any 
number  of  other  quantities  or  magnitudes,  of  the  same  kind. 

4.  Let  it  also  be  granted  that  any  quantity  or  magnitude 
may  be  taken  from  any  other  greater  quantity  or  magnitude, 
of  the  same  kind. 

5.  And  hence,  that  any  quantity  or  magnitude  may  be  in- 
creased till  it  is  equal  to  a  greater,  or  diminished  till  it  is 
equal  to  a  less. 

ON    THE    RELATION   OF    MAGNITUDES    TO    NUMBERS,    AND    ON    RATIOS 

AND    PROPORTIONS. 

Definitions  and  Explanation  of  Principles, 

1.  Number  is  the  expression  of  an  object,  or  an  association 
of  objects,  indicating  their  individuality,  or  the  magnitude, of 
such  association. 

Magnitudes  to  be  represented  by  numbers  must  be  re- 
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ferrod  to  some  specific  magnitude  of  the  same  kind  as  a  unit ; 
and  this  magniiude  so  represented  by  a  unit,  may  be  called 
a  prime ;  and  any  magnitude  may  be  expressed  by  the  num- 
ber oi'  such  primes  contained  in  such  magnitude. 

Mag!iitudes  so  represented  by  numbers  may  be  compared 
with  each  orticr,  and  hence  results  ratio. 

2.  Ratio  is  a  mutual  relation  of  two  mas:nitudes  of  the 
same  kind  to  each  other  in  respect  of  quantity.  Or  it  is  the 
•yioiinit  arisiuir  from  dividing  one  quantity  by  another  quan- 
iily  of  the  same  kiud.  Thus,  if  A  and  B  represent  quanti- 
ties of  the  same  kind,  the  ratio  of  A  to  B  is  expressed  by 

v..     Or  the  ratio  is  sometimes  expressed  by  placing  a  colon 

between  tlie  magnitudes  compared,  thus  the  ratio  of  A  to  B 
IS  A  :  B. 

or  two  magnitudes  A  and  B,  if  A  be  divided  into  M  num- 
t'fr  of  units,  each  equal  to  A',  then  A=MxA';  and  if  B  be 
divided  into  N  number  of  units,  each  equal  to  A',  then  B^ 
NxA';  M  and  N  being  integral  numbers.  The  ratio  of  A 
to  H  will  be  the  same  as  the  ratio  of  MxA'  to  NxA';  that 
is  as  the  ratio  of  M  to  IS',  since  A'  is  a  common  unit. 

hi  the  same  manner  the  ratio  of  any  other  two  magni- 
tudes, C  and  D,  may  be  expressed  by  PxC  to  QxC,  P  and 
U  being  also  integral  numbers,  and  their  ratio  will  be  the 
same  as  that  of  P  to  Q. 

3.  The  two  magnitudes,  wlien  spoken  of  separately,  are 
called  the  terms  of  the  ratio  ;  when  spoken  of  together,  they 
are  called  a  couplet  ;  the  first  term  is  called  the  antecedent 
and  the  Ir.st  term  the  consequent. 

4.  A  compound  ratio  is  the  ratio  of  the  products  of  the 
corresponding  terms  of  two  or  more  simple  ratios  :  thus  the 

ratio  of  A  to  B  is  -- ,  and  the  ratio  of  C  to  D  is  --  ;  and  the 

B     D         BD 
ratio  compounded  of  these  two  ratios  is  -  Xt;  or  — /,. 

5.  That  class  of  compound  ratios  produced  by  nniltiplying 
a  simple  ratio  into  itself  or  into  another  equal  ratio,  that  is, 
the  square  of  a  simple  ratio,  is  called  a  duplicate  ratio  ;  that 
produced  by  multiplying  three  equarratios  together,  that  is, 
the  cube  of  a  simple  ratio,  is  called  a  triplicate  ratio,  6ic. ; 
the  ratio  of  the  square  roots  of  two  magnitudes  is  called  a 
iubduplicate  ratio ;  that  of  the  cube  roots,  a  subtriplicaie,  &c. 

Thus  the  simple  ratio  of  A  to  B  is  A  :  B. 
The  duplicate  ratio  is  A'  :  B^ 

The  triplicate  ratio  is  A^ :  B' 

The  subduplicate  ratio  is         a/ A  '  a/B 
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The  subtriplicate  ratio  is         /v^A  .  /^B 

6.  To  multiply  the  antecedent  by  any  quantity,  divides 
the  ratio  by  that  quantity  ;  and  to  divide  the  antecedent,  mul- 
tiplies the  ratio. 

■D 

Thus  the  ratio  of  A  to  B  is  -r.  ^ 

A  ■ 

The  ratio  of  A  x2:  Bis  ^^, 

•n 

And  the  ratio  of  A-t-2  :  B  is  r-: . 

And  conversely,  to  multiply  the  consequent  of  a  couplet 
by  any  quantity,  nlultiplies  the  ratio,  and  to  divide  the  con- 
sequent, divides  the  ratio. 

7.  To  multiply  or  divide  both  the  antecedent  and  conse- 
quent by  the  same  quantity  does  not  alter  the  ratio. 

Thus  the  ratio  of  A  to  B  is  r. 

A 

The  ratio  of  Ax2 :  Bx2  is  ,31=-?. 

The  ratio  of  A-^2  :  B-r-2  is  ^"^=?. 

iA    A 

8.  If  four  magnitudes  A,  B,  G,  D,  have  such  values  that 

~  is  equal  to  -,  then  A  is  said  to  have  the  same  ratio  to  B 

that  C  has  to  D.     When  four  quantities  have  this  relation  to 
€ach  other,  they  are  said  to  be  in  proportion. 
Proportion,  then,  is  an  equality  of  ratios. 

9.  To  indicate  that  the  ratio  of  A  to  B  is  equal  to  the  ratio 
of  ('  to  I),  the  quantities  arc  usually  written  thus,  A  :  B:: 
C  :  D,  and  read,  A  is  to  B  as  C  to  D ;  the  quantities  which 
are  compared  together  are  called  the  (erins  of  the  proportion  y- 
the  first  and  last  icrms  are  called  the  two  extremes^  and  the 
second  and  third  terms  the  two  mcmis, 

ID.  Of  four  proportional  quantities  the  first  and  third  are 
called  the  antecedtnis,  and  the  second  and  fourth  the  conse- 
qucnls ;  and  the  last  is  said  to  be  'a  fourth  proportional  Xo  the 
other  three  taken  in  order.  Antecedents  are  called  homolo- 
gous or  like  terms,  and  so  of  the  consequents, 

II.  iMagnitudes  are  said  to  be  in  continued  proportion 
when  every  consequent  is  considered  as  the  antecedent  of  the 
succeeding  term ;  thus  if  A  is  to  B  as  B  to  C  and  as  C  to  D, 
those  magnitudes  are  in  continued  proportion  ;  and  are  writ- 
ten A  :  B: : B  :  C:  :C  :  D,  &c. 

Several  independent  couplets  having  the  same  ratio  are 
frequently  expressed  in  the  same  way.  Thus  if  A  is  to  B  as 
<;  to  D  and  as  E  to  F,  they  are  written  A  :  B:  :C  :  D:  :E  :  F. 
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12.  Mamiitn(lf\s  are  said  to  be  in  proportion  by  inversion, 
or  iarer.srly.  when  the  conse([Ucnts  are  taken  as  antecedents, 
ajiil  the  aiiu cedents  as  conseqnents. 

13.  31afrnitudes  are  in  proj)ortion  by  alternation,  or  aiter- 
njtely,  when  antecedent  is  compared  with  antecedent,  and 
i;'):jse4nent  with  conseqnent. 

1 1.  .Uasnitndes  are  in  proportion  by  composition,  when 
ti:*:-  NUin  01*  the  antecedent  and  consequent  is  compared  either 
vijih  antecedent  or  consequent. 

L'k  3Ia2nitudes  are  said  to  be  in  proportion  by  division, 
when  the  dilference  of  the  antecedent  and  consequent  is  corn- 
fttreJ  cither  witli  antecedent  or  consequent. 

10.  If  the  greater  of  two  magnitudes  contain  the  less  a 
certain  nmnber  of  times  without  leaving  a  remainder,  it  is 
'•aiiVil  a  multiple  of  the  less  :  and  the  less  is,  hi  this  case, 
caiied  a  subinultiple  of  the  greater. 

17.  EffuhiniUiples  of  two  quantities  are  the  products 
whif'h  arii^e  from  multiplying  the  quantities  by  the  same 
ijiinber:  thus  Ay^m.  HX///,  are  equimultiples  of  A  and  13, 
:iio  coininon  multiplyer  being  m. 

Is  Ei/ui'subinultipks  or  like  submultij)les  arc  tliosc  which 
are  contained  in  their  respective  multiples  the  same  numher 
of  times. 

11*.  Two  quantities,  A  and  D,  are  said  to  ])o  reciprocally 
pro{>ortional,  or  inverseh'  proportional,  wlirn  oiu*  increases 
m  the  same  ratio  as  the  other  diiuinisht's.  In  such  case, 
either  of  them  is  equal  to  a  constant  (quantity  divided  by  the 
other,  and  their  product  is  constant. 


PROPOSITION    I.       THEOREM. 


Iftxco  magnitudes  are  expressed  in  terms  of  a  unit  of  7nag-^ 

nitude  of  the  some  ki/idj  their  sum  or  their  dij/erence  may 

uiso  be  expressed  in  the  same  terms. 

Let  P  be  a  unit  of  magnitude ;  and  let  A  and  B  be  two  mag- 
nitudes, each  of  which  may  be  measured  by  P,  then  will 
iJieir  sum  or  difference  be  also  measured  by  R 

Suppose  the  quotient  of  A-=-P=(i,  and  B-5-P=7.  Now 
let  A  be  added  to  B,  and  it  is  evident  tliat  their  sum  is  as 
much  greater  than  either  of  them,  as  the  number  ol  units 
contained  in  their  sum  is  greater  than  either;  and  either  one 
viU  contain  as  many  of  the  primes  or  units  when  associa- 
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ted  as  when  single ;  thns  A  will  contain  as  many  P^s  while 
associated  with  B,  as  before ;  and  B  will  contain  as  many 
P's  while  associated  with  A,  as  when  single :  hence  the  num- 
her  of  P'S  contained  in  their  snm,  is  equal  to  the  sum  of  their 
P's  while  single ;  and  as  Q,  is  the  number  of  P*s  in  A,  and  q 
the  number  of  P's  in  B,  Q,-\-f/  is  the  number  of  P's  in  their 
sum,  it  being  the  value  of  A-j-B  expressed  in  terms  of  P. 

Again,  let  A — B  be  the  difterence  of  two  magnitudes,  and 
Q — a  the  difference  of  their  quotients  when  compared  with 
P.  Now  A — B  will  be  as  much  smaller  than  A  as  the  num- 
ber of  units  in  B  :  therefore  A — B  will  contain  as  many  less 
of  P's  than  A,  as  B  contains  units.  Hence  the  P's  contained 
in  their  difference  are  equal  to  the  difference  of  the  P's  con- 
tained in  the  two  magnitudes,  viz.  Q — q:  therefore  the  dif- 
ference of  the  two  magnitudes  is  measured  by  P. 

Cor.  If  P  measure  B  and  also  A — B  or  A+B,  it  must 
measure  A ;  for  the  sum  of  B  and  A — B  is  A,  and  the  differ- 
ence of  B  and  A-j-B  is  A. 

PROPOSITION   II.       THEOREM. 

If  a  magnitvde  is  expressed  in  terms  of  the  unit  of  a  homo- 
lofrovs  mngnitude^  any  jiiultiple  of  such  magnUude  may 
also  be  expressed  in  like  terms. 

For  if  A  represent  the  magnitude'and  Q  the  quotient  aris- 
ing from  comparing  this  magnitude  with  the  unit  P,  and  if 
CA  be  a  multiple  of  A  ;  then  because  the  magnitude  A  is 
repeated  as  many  times  as  there  are  units  in  (.•.  its  measure 
when  compared  with  P  will  be  increased  in  the  same  ratio, 
viz.  QC  will  be  the  measure  of  the  multiple. 

PROPOSITION    in.       THEOREM. 

If  a  magnitude  is  expressed  171  terms  of  a  imit  of  a  homolo^ 
gous  ^magnitude,  omj  subinvltiple  of  such  mugnitude  may 
also  be  expressed  in  terms  of  such  unit. 
If  A  represent  the  magniti;de,  and  Q  the  quotient  when 

A 
such  magnitude  is  compared  with  P  ;  and  if   p   be    a    sub- 
multiple  of  A  resulting  from  dividing  A  into  as  many  parts, 
each  equal  10  C,  as  there  are  units  in  C  ;  then  the  number  of 

times  that  P  would  be  contained  in   p  would  be  to  the  num- 

A  A 

ber  of  times  it  is  contained  in  A,  as  t-,  to  A.    Hence  A  :  tt^  : 

Q,  :  — ,  and  ^  would  be  the  measure  of  the  submultiple  ^  in 
terms  of  P. 


i 
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PROPOSITION  IV.      THEOREM. 

If  hro  matrnihtdes  he  like  mvUiphs  of  two  others^  the  sum  or 

difference  of  the  former  mulfiplf^s  will  be  the  same  multiple 

of  the  sum  or  difference  of  the  latter, 

I^t  P,  R  be  equimultiples  of  A,  B;  then  will  PiR  be  alike 
mukipleof  A±:\^. 

For  suppose  P  be  divided  into  parts,  each  equal  to  A,  and 
Rto  be  divided  into  parts  each  equal  to  B;  then  by  hypothe- 
sis, the  numljer  of  the  parts  of  P  is  the  same  as  the  num- 
ber of  the  parts  of  R.  Let  one  of  the  parts  of  P  be  added 
to  or  subtracted  from  one  of  the  parts  of  R,  the  sum  or  dif- 
ference will  be  equal  to  AzhB;  and  if  any  other  of  the  parts 
of  P  be  added  to  or  subtracted  from  any  other  of  the  like 
parts  of  R,  the  sum  or  difference  will  in  like  manner  be  equal 
loAiB:  therefore  as  many  magnitudes  as  there  are  in  P 
«iual  to  A,  or  as  there  are  in  R  equal  to  B,  so  many  are  there 
in  P±R  equal  to  Ad=B. 

Cor.  Hence  it  may  be  shown  that  if  two  magnitudes  arc 
likesubmultiples  of  two  others,  the  sum  or  difference  of  the 
former  submultiples  will  be  the  same  submultipleof  the  sum 
or  difference  of  the  latter. 

Schdium.  Having  proved  it  of  two  magnitudes,  it  maybe 
proved  of  three,  and  so  on  of  any  number. 

PROPOSITION    V.       PROBLEM. 

JVo  magnitudes  of  the  same  kind  being  given^  to  find  their 

greatest  comtn-on  measure. 

Let  A  and  B  be  the  proposed  magnitudes,  it  is  required  to 
find  the  greatest  niagnitude  that  can  measure  them  both. 

'Suppose  A  to  be  the  greater  of  the  two  magnitudes,  and  let 
B  be  taken  as  often  as  possible  from  A,  leaving  a  remainder 
CJess  than  B;  let  C  be  in  like  manner  taken  as  often  as  pos- 
sible from  B,  leaving  a  remainder  D  less  than  i)  ;  now  let  D 
be  in  a  similar  way  taken  as  often  as  possible  from  C,  leav- 
ing a  remainder  B  less  than  D,  and  so  on  till  no  remainder 
be  left,  which  will  be  the  case  when  the  last  measures  the 
preceding  one.  The  last  remainder  will  be  the  greatest  com- 
nioQ  measure  sought. 

For  the  magnitude  sought,  as  it  measures  B,  will  measure 
uiy  multiple  thereof,  and  consequently,  since  it  also  mea- 
nires  A,  it  must  measure  the  difference  between  any  multi- 
ple of  B  and  A  (Prop.  I.) ;  but  C  is  the  difference  between  a 
multiple  of  B  and  A,  therefore  it  measures  G.  Again,  since 
it  must  measure  a  multiple  of  C,  it  must  measiure  likewise 
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the  difference  between  a  multiple  of  C  and  B  (Prop.  !.):  it 
must  therefore  measure  D  ;  in  a  similar  manner,  by  contin- 
uing this  reasoning,  is  it  to  be  shown  that  the  required  mea- 
sure must  also  measure  E,  and  so  on  as  long  as  there  are  any 
remainders. 

Now  let  us  suppose  that  E  is  the  last  remainder :  tlien  E 
measures  D,  and  therefore  any  multiple  of  it ;  and  since  the 
difference  between  C  and  a  multiple  of  1)  is  equal  to  E,  E 
must  measure  C  (Prop.  I.  Cor.),  it  must  therefore  measure  a 
multiple  of  C,  and  since  the  difference  between  H  and  a  mul- 
tiple of  C  is  equal  to  D,  which  K  has  already  been  shown  to 
measure,  E  must  measure  H ;  it  must  therefore  measure  a 
mtdtiple  of  H;  and  since  the  difference  between  A  and  a 
multiple  of  B  is  C,  which  E  has  been  shown  to  measure,  E 
must  measure  A ;  E  therefore  measures  both  A  and  B.  Now 
it  has  been  shown  above  that  every  common  measure  of  A 
and  B  measures  the  last  remainder,  and  we  have  just  proved 
that  the  last  remainder  must  measure  A  and  B  ;  consequent- 
ly the  last  remainder  is  the  greatest  common  measure  of  A 
and  B. 

Cor.  Hence,  if  a  last  remainder  can  never  be  arrived  at, 
that  is,  if  the  above  process  be  interminable,  the  proposed 
magnitudes  have  not  a  common  measure  in  simple  finite 
terins;  and  hence  they  are  called    incommensurable. 

Scholium:  Since  the  decimals  resulting  from  dividing 
one  number  by  another,  whtni  the  two  numbers  have  no 
common  measure,  in  integral  numbers,  are  proper  fractions, 
whose  numerator  is  the  decimal  and  whose  denominator  is 
unity  with  cyphers  annexed,  equal  in  number  to  the  number 
of  decimal  figures,  they  may  be  changed  into  any  equiva- 
lent fraction  having  any  other  denominator;  and  if  any 
given  magnitude  is  such  as  cannot  be  expressed  definitely  in 
integral  and  decimal  numbers  in  consequence  of  the  ratio  of 
increase  or  decrease  of  those  numbers,  any  other  fractional 
number  may  be  added  to  or  subtracted  from  the  numbers  de- 
signed to  express  such  magnitude  ;  and  since  no  limit  exists 
to  the  extension  and  composition  of  fractions,  and  since  they 
maybe  added  or  subtracted  indefinitely,  (Post.  3  and  4), 
any  given  number  may  by  such  means  be  increased  or  di- 
minished till  it  will  express  any  given  magnitude.  (Post.  6. 
See  also  notes). 

But  since  a  quantity  requiring  an  expression  in  an  indefi- 
nite number  of  terms,  cannot  be  definitely  expressed  in  visi- 
ble and  direct  measures  of  known  quantities,  it  may  never- 
theless be  expressed  in  some  ratio  or  fimction  of  some  known 
quantity ;  by  which  may  be  understood  some  property  or 
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^'^riflition  of  nuinbers,  resulting  from  their  relations  to  each 

"^^Ijcr  accord  ill  ^  lo  some  dclinite  law.     Thus,  a  multiple,  a 

"^  U  bmulfiplo,  a  power,  a  root,  and  a  ralio,  dclinite  or  varying 

*^i'cordinii:  to  some  delinitc  law,  are  functions  of  quantities  or 

5^"i" 3giji tildes,  and  as  such  are  definite  in  themselves,  and  de- 

xmine  any  magnitude  which  they  are  designed  to  express. 

PROPOSITION    VI.       THEOREM. 

very  marrniUide  N,  into  which  a  marrnitvde  M  may  be  dU 

ridtd,  inff/  be  expressed  in  terms  of  a  unit  of  a  homolo^ 

^t/us  niao-nitttde.  or  some  functitjn  of  svch  wit. 

For,  if  it  is  denied,  it  must  sldl  be  acknowledged  that, 
owcver  great  the  magnitude  M  may  be,  the  unit  P  may  be 

nmltiplicd  as  to  represent  a  magnitude  as  great,  (Post.  1.), 
T  however  small  the  magnitude  iVl  may  be,  P  may  be  so  di- 
ided  as  to  be  as  small.  ( Post.  2.)  Now  to  show  that  any  mag- 
itude  N,  being  a  part  of  the  mai?nitude  M,may  be  exactly  ex- 
ressed  by  nuinbers,  or  some  function  thereof,  we  have  only 

show  tliat  nmnbers  are  infinitely  divisible,  or  that  they  are 
ivisible  to  the  same  extent  that  magnitude  is  divisible:  and 
ithousrh  integral  numbers  and  decimals  express  only  such 

asrniiudes  as  increase  or  decrease  by  unity  or  in  tenfold 
iatios  of  unitv.  yet.  as  fractions  may  be  indefinitely  extended 
nd  compounded,  between  the  limits  of  any  two  integral 
1. umbers  or  between  any  multiple  or  decimal  of  two  integral 

umbers,  il  follows  that  no  magnitude  M,  which  is  measured 

y  the  unit   P,  can  be   so  divided,  but  each  part  of  such 

xnagiiitude  may  also  be  measined  by  P,  or  some  function  of 

F*:  for  otherwise  there  must  be  a  limit  to  the  compounding 

^nd  extension  of  fractions,  and  also  to  divisibility,  which  is 

absurd.     And  since  every  part  into  which  a  magnitude  M 

tnay  be  divided  is  a  definite  magnitude,  as  well  as  the  niag- 

niUide  M,  the  parts  of  the  magnitude  so  divided  may  each 

1«  expressed  by  mimbers,  or  some  function  thereof,  in  terms 

of  the  unit   P,  which  is  definite  also.   (Prop.  V.  Scliolium.) 

Cor.  Hence  any  magnitude  whatever  may  be  expressed 
either  in  direct  terms,  or  some  function  of  any  other  homo- 
Wons  magnitude.  For  since  any  magnitudes,  M,  N,  may 
^expressed  in  some  function  of  the  unit  P,  and  since  (Def. 
1  and  2),  the  value  of  M  and  N  in  terms  of  P  is  the  ratio  of 

r  to  M  and  P  to  N  respectively ;  then  p  ,   p',   are  the  values 

of  M  and  N. 

But  suppose  M  cannot  be  definitely  expressed  by  the  unit 
^  in  simple  terms,  it  may  be  expressed  in  terms  of  some 
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function  of  P,  which  fanction  we  will  represent  by  V :  then 
if  N  represent  the  magnitude  N  in  terms  of  P,  M  will  repre- 
sent the  magnitude  M  in  terms  of  P',  and  M'  will  represent 
the  same  magnitude  in  terms  of  P. 

Scholium.  Although  certain  magnitudes  may  be  integrally 
incommensurable  (Prop.  V.  Cor.)  with  other  given  magni- 
tudes, yet  there  is  no  magnitude  but  may  be  expressed  by 
some  function  of  any  proposed  magnitude ;  therefore,  our 
geometrical  investigations  will  not  be  at  all  embarrassed  in 
considering  the  relations  of  such  magnitudes ;  for  they  are, 
nevertheless,  as  definite  in  themselves  as  though  they  were 
susceptible  of  a  finite  measure  in  direct  termvS ;  for  an  in- 
commensurable magnitude  may  be  expressed  in  terms  of  a 
given  magnitude  by  a  series  of  ratios  decreasing  to  infinity, 
according  to  a  definite  order,  and  hence  is  a  definite  magni- 
tude.    (See  Prop.  XXV.  following). 

PROPOSITION    VIT.       THEOREM. 

When  four  magnitudes  or  quantities  are  proportional^  the 
product  of  the  two  extremes-  is  equal  to  the  product  of  the 
tipo  means. 

Let  A,  B,  C,  D  be  four  magnitudes  which  are  in  propor- 
tion, and  Q,  q  and  U',  q'  their  numerical  representatives 
when  compared  with  the  unit  P;  then  if  Q  :  q:iQ!  :  q\  so 
will  (eiX(][=Q!Xq*  For  since  the  quantities  are  in  propor- 
tion, we  have  {Def  8)  n=nl    Therefore  q=^^-  and  Q'X 

9=QX7'. 

Scholium.  As  quantity  represents  number  as  well  as  mag- 
nitude, we  shall  more  frequently  use  this  term  as  being  of 
more  general  application,  since  we  have  shown  the  relation 
of  numbers  to  magnitude.  And  moreover,  we  shall  use  the 
former  letters,  A,  B,  C,  &c.,  of  the  alphabet  to  denote  mag- 
nitudes, and  the  latter  letters,  Q,  R,  S,  &c.,  to  denote  the  nu- 
merical representatives  of  magnitudes. 

PROPOSITION   VIII.      THEOREM. 

If  three  quantities  are  proportional^  the  product  of  the  eT- 
tremes  will  be  equal  to  the  square  of  the  means. 
Let  A,  B,  C,  hfe  three  magnitudes  which  are  in  proportion, 
and  let  them  be  represented  by  Q,  q,  and  R.  Then  accord- 
ing to  the  conditions,  Q  :  q: :?  :  R;  and  (Prop.  VII.)  (ixR= 
qXq,  or  Q.R=q\ 
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PROPOSITION   IX.      THEOREM. 

fJie  prodvd  of  two  qvantkies  be  equal  to  the  product  of  tfro 
^her  qnmUhics,  two  of  them  iri/l  be  the  extremes  and  the 
iher  tiro  the  means  of  a  proportion. 

^tQxR=^Xr;  then  will  Ci  :  qiir  :  R.     For  if  r  have 
/>^  to  R  the  raiio  of  Q  to  q,  let  r  have  to  R+/  the  same  ra- 
*  ic>    that  Q  has  to  q  ;  that  is,  let  Q  :  ql  :r  :  R+Z :  then  QX 

C  Ft  -J-/)=r7Xr  (Prop.  7);  hence  R+/=  ?>!'*.    But  R=^^. 

■:==^«:>Ynseqnemly  R-|-/=R  and  /=').     Hence  the  four  quantities 
s  proportional,  that  is  (i  :  7:  ;r  :  R. 

PROPOSITION    X.       THEOREM. 

four  quantities  are  proportional,  they  will  be  proportional 

^ternntely  or  by  permutation^  or  the  antecedents  will  have 

^he  same  raiio  as  the  consequents. 

Let  P,  (A,  R,  S,   be  the  numerical  representatives  of  four 

enitudes  in  proportion  such  that  P  :  Q::R  :  S;  then  will 

:  R:  :(i  :  S.     For  in  the  first  proportion  we  have  PxS= 

XR,  and  in  the  second  we  have  PxS=Rxtt,  the  result 

uig  the  same  in  each  case. 

PROPOSITION   XI.       THEOREM. 

four  quantities  be  j)roportionol,  they  will  be  proportional 

when  token  inversely. 
Let  Q' :  Q:  :q' :  q,  then  will  Q  :  Q':  :q  '  q\     For  from  the 
St  proportion  we  have  Q!Xq^='Q,X</,  and  in  the  second 
r  c  have  (iXq'=Q!Xq,  which  two  resuhs  are  manifestly 
uai. 

PROPOSITION   Xn.      THEOREM. 

^ffour  quantities  are  proportional^  they  will  be  proportional 

by  composition  or  division. 
Let  P  :  Q: :R  :  S ;  then  will  PztU  :  P:  :RzbS  :  R.  For 
from  the  first  proportion  we  have  PxS=ClxR  or  (lxR=P 
XS.  Add  each  of  the  members  of  the  last  equation  to  or 
subtract  ii  from  P.R  and  we  shall  have  P.RihaR=P.R± 
PS;  or  (PdbQ) X R=(R±S) X  P.  But  (P±U)  and  R  may 
•»  cousidered  as  the  two  extremes,  and  RdiJ^  and  P  the  two 
™tttt«of  a  proportion;  hence  PiQ  :  P:  :KzhS  :  R. 
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PROPOSITION  xin. 

Equimultiples  of  any  two  quantities  have  the  same  ratio  aS 

the  quantities  themselves. 
Let  Q  and  q  represent  any  two  quantities ;  and  let  mQ,  and 
mq  be   any  equimultiples  of  them;  then  m>Ci:  mqiiQ, :  q. 

For  -  is  the  ratio  of  Q  to  g,  and  -^==^  is    the    ratio  of 

fJiQ  to  mq.     The  ratios  are  therefore  equal. 

Cor.  I.  Hence,  any  cqui-snbmultiple  of  two  quantities 
have  the  same  ratio  as  the  quantities  themselves ;  since  d 
and  q  may  be  considered  as  submultiples  of  mQ,  and  mq. 

Cor.  2.  Hence  also,  if  two  quantities  are  increased  or  di- 
minished by  like  parts  of  each,  they  will  still  have  the  same 
rati  a 

PROPOSITION   XIV.       THEOREM. 

If  of  four  proportional  quantities  there  be  taken  any  equi- 
multiples  of  the  two  antecedents^  and  any  equimultiples  of 
the  two  consequents,  the  four  resulting  quantities  will  be 
proportional. 

Let  P,  Q,  R,  S,  be  the  numerical  representatives  of  four 
quantities  in  proportion;  and  let  w  and  n  be  any  assumed 
numbers;  then  will  m.P  :  7i.Q,::m.R  :  n.S. 

For  since  in  P  :  Cl::R  :  S  we  have  PxS=QxR,  and  in 
mP  :  nCliimR  :  7iS  we  have  mPXnS=nClXmR,  or  mnP.S 
=m7tCl.K,  or  PxS=Q,xR;  hence  the  results  of  each  pro- 
portion are  manitestly  equal. 

PROPOSITION   XV.       THEOREM. 

If  of  four  proportional  quantities  the  two  consequents  be 
either  augmented  or  diminished  by  the  antecedents,  or  by 
quantities  having  the  same  ratio  as  the  antecedents,  the  re- 
suiting  quantities  and  the  antecedents  tcill  be  proportionaL 
If  P  :  a:  :R  :  S,  then  will  P  :  a±P:  :R  :  ^±R.    For  the 

ratio  of  the  first  couplet  of  the  last  proportion  is    —17—   or 

pil.     The  ratio  of  the  second  couplet  is    ^^-    or    hdz^  ; 

and  if  we  put  the  first  ratio  equal  to  the  second,  we  have 

t;±:1=-±:1,  or  ^=^;  and  resolving  this  equation  into  a 

proportion,  we  have  P  :  Q:  :R  :  S,  which  is  the  same  as  the 
former  proportion. 

Again,  let  F  and  R'  be  two  quantities  having  the  same  ra- 
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iio  as  (he  two  antecedents  P  and  R;  then  will  P  :  QrtP':: 
R  :  S±K'.    For  ihc  ratio  of  tlie  first  couplet  is   -  p  -    and 

ihc  ratio  of  the  second  couplet  is    ~iT-  ,    which    ratios    are 

manifestly  equal,  since  R'  by  hypothesis  has  the  same  ratio 
MlUsFhas  to  P. 

Cor.  1.  Hence,  if  the  consequents  are  either  augmented  or 
dinjinjshcd  by  any  equimultiple  or  any  like  submultiple  of 
ihe  antecedents,  the  quantities  will  still  he  proportional. 

Cor.  2.  And  convrrsely,  if  the  antecedents  arc  augmented 
or  dimiiiishrd  in  like  manner  by  any  like  nniltiple  or  like 
submultiple  of  the  consequents,  the  quantities  will  be  pro- 
fxmional. 

Cor.  3.  The  difference  between  an  antecedent  and  its  con- 
sequent, is  to  either  term,  as  the  difference  between  the  other 
amecedent  aud  consequent,  to  the  like  term. 

PROPOSITION    XVI. 

If  nny  number  of  qnavtities  are  proportimwL  then  any  one  of 
the  antecedents  will  be  to  its  consequent  as  the  sum  of  all  the 
antecedents  to  the  sum  of  all  the  consequents. 
Ut  M  :  N:  :P  :  Q:  :R  :  S,  &;c. :  then  will  M  :  N:  .-(M+P 
-R) :  (N+Ci+S).     Por  since  M  •  N:  :P  :  a,  we  have  IVl  X 
Q=.\XP.  And  since  M  :  NrrR  :  S,  we  have  Mx^==NxK. 
Ad(]MxN=MxN,  and  we  have  M.N+M.Q+M.5S=M.N 
--\.P4-N.R,  or  Mx(NHrQ+^^)=NX(M+P+R).     There- 
fore M  :  i\:  :(iM-(-P-(-R)  :  (x_|-q_[-s). 

PROPOSITION   XVII.       THEOREM. 

If  in  a  proportion  the  antecedent  is  greater  in  one  couplet 
than  that  in  the  other,  the  consequent  in  the  form^er  will  ex- 
ceed  the  consequent  of  the  latter, 

Ut  P  :  Q:  :R  :  S  be  the  proportion,  and  let  P>R ;  then 
^11  Q>S.  For  by  inversion  (Prop.  XI.)  Q  :  P:  :S  •  R  ;  and 
whatever  be  the  difference  between  P  and  R,  it  is  possible 
for  a  multiple  thereof  to  exceed  S,  and  consequently  such  a 
ninltiple  of  P  must  contain  R  oftener  than  an  equimultiple 
of  R.    Let  mP  and  mR  be  those  equimultiples  of  P  and  R. 

Q:P::S:R 

mP      fTiR 

By  Prop.  XIII,  the  ratio  of  d  to  mP  is  the  same  as  that  of  S 
tofliR;  consequently  mP  does  not  contain  Q  oftener  than 
«|R  contains  S ;  but  mP  does  contain  S  oftener  than  mR 
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eontains  it :  consequently  mP  contains  S  oftener  than  it  con- 
tains a     Therefore  a>S. 

Cor,  1.  It  follows,  ])y  inversion,  that,  if  one  consequent 
be  greater  than  another,  the  antecedent  of  the  former  will  be 
greater  than  that  of  the  latter. 

Cor.  2.  Consequently,  if  the  antecedents  be  equal,  the 
consequents  will  be  equal,  and  conversely. 

Cor.  3.  Hence,  if  in  two  proportions  there  be  three  cor- 
responding terms  in  each  respectively  equal,  the  fourth  terms 
will  be  equal. 

PROPOSITION   XVni.       THEOREM. 

Of  four  proportional  qvantUies^  the  stun  of  the  greatest  and 
least  terms  exceeds  thv  sinn  of  the  other  two. 
Let  the  quantities  P  :  Q:  :R  :  S,  and  let  P  be  the  greatest 
term ;  then  S  will  be  the  least  (Prop.  XVll.),  and  (P-[-S)> 

(a+R). 

For  (Prop.  XII.)  P  :  P— Q:  :R  :  R— S,  and  alternately  P 
:  R::P— Q  :  R— S;  and  P  being  greater  than  R,  P— Q  is 
greater  than  R — S,  (Prop.  XVII.)  :  therefore  if  Q+S  ^^ 
added  to  each,  there  will  result  P+^^^"l"^- 

But  if  Q  be  the  largest  term,  then  by  inversion  Q, :  P::S 
:  R ;  so  R  is  the  least  term :  and  by  reasoning  as  above, 
there  will  result  (a+R)XP4-S). 

Cor.  In  the  proportion  P:Q::Q:R,  (P+R)<2a;  so 
that  the  mean  term  of  three  proportional  numbers  is  less 
than  half  the  sum  of  the  extremes. 

• 

PROPOSITION   XIX.       THEOREM. 

If  there  be  four  'proportional  quantities  and  four  other  pro- 
portional quantities,  having  the  antecedents  the  same  in 
bothj  the  consequents  will  be  proportional. 

Let  P:  Q::R:S,  and  P:  M::R:  N; 

Then  willQ:S::M  :  N. 
For  by  alternation  we  have  from  the  first  proportion 

P  :  R::Q:  S,  or  p=Q, 

and  from  the  second  we  have 

P:R::M:N,  or  |=^. 

Whence  (Ax.  1.),    k=jj[] 

by  resolving  the  equation  into  a  proportion,  we  have 

d:  S::M  :  N. 
Cor.  If  there  be  two  sets  of  proportionals,  having  an  an- 
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tecedent  and  consequent  of  the  first  equal  to  an  antecedent 
and  consequent  of  the  second,  the  remaining  terms  will  be 
proportional. 

PROPOSITION   XX.      THEOREM. 

If  (here  be  two  series  of  magnitudes^  such  that  the  first  term 

is  to  the  second  in  the  first  series  as  the  first  term  to  the 

second  in  the  other  series,  and  the  second  term  to  the  third 

in  (he  former  as  the  second  to  the  third  in  the  latter,  and  so 

on:  then  as  the  first  term  is  to  the  last  in  the  one  series,  so 

is  (he  first  to  the  last  in  the  other  series. 

First,  let  there  bo  three  magnitudes  in  each  series,  viz : 

M.  N,  0,  in  one,  and  P,  Q,,  R.  in  the  other,  furnishing  the 

two  proportions  M  :  N:  :P  :  Q,  and  JN  :  O:  :(i  :  R;  then  also 

JI:0::P:  R. 

For  take  mM  and  wP,  any  equimultiples  of  M  and  P; 
also  take  nO  and  wR,  any  equimultiples  of  O  and  R : 

M,    O,     P,     R, 
mM,  ??0,  TwP,  wR. 
then  it  is  to  be  proved  that  if  mM>nO,  we  must  have 
wP>nR  :  and  if  mP>/£R,  then  also  wM>nO.     (Prop. 
ilU.) 

Let  us  suppose  mM]>nO ;  since  mM  and  mP  are  equi- 
multiples of  M  and  P,  and  wO  and  7/R  equimultiples  of  O 
R.  it  follows  (Prop.  XIII.)  mM  :  N:  :mP  :  U,  and  wO  :  N: : 

nR:a 

Let  N'  be  a  submultiple  of  N  less  than  mM — nO,  and  take 
Q'  an  equi-submultiple  of  Q ;  then  W  must  be  contained  oft- 
ener  in  mM  than  in  7*0.  Now  (Prop.  XIII.)  and  by  inver- 
sion N' :  mM:  :Q!  :  mP;  and  jN'  :  wO:  :Q,' :  nR,  therefore  Q! 
is  contained  as  often  in  mP  as  W  is  contained  in  mM  ;  and 
consequently  Q'  is  contained  in  mP  oftener  than  N'  is  con- 
tained in  nO :  but  N'  is  contained  in  nO  as  often  as  Q,'  is 
contained  in  nR  (Def.  8.)  ;  therefore  Q!  is  contained  in  mP 
oftener  than  Q,'  is  contained  in  nR;  consequently  ml->//R. 
In  a  similar  manner,  if  we  had  supposed  mP'>//H,  it  would 
have  resulted  that  mM>.nO  ;  consequently  (Prop.  XIII.) 
M:0::P:R. 

Now  let  there  be  four  magnitudes  in  each  series  represent- 
ed by  M,  N,  O,  T,  and  P,  «,  R,  S,  furnishing  the  additional 
{roportion  O  :  T:  :R  :  S.  Then  as  shown  above  M  :  U:  :P 
s  and  since  O  :  T:  :R  :  S,  it  follows  by  the  preceding  case 
that  11  :  T::P :  S,  and  so  on  for  any  number  of  magni- 
tudes. 

Gdt.  1.  If  the  consequents  of  one  proportion  be  the  ant^ 
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cedents  in  another,  a  third  proportion  may  he  found  with  th^ 
same  antecedents  as  the  first  proportion  and  the  same  conse* 
quents  as  the  second. 

Cor.  2.  Also  if  the  antecedents  in  two  proportions  be  the 
same,  the  consequents  of  one  arc  as  the  consequents  of  the 
other,  each  to  each ;  or  if  the  consequents  be  the  same,  then 
the  antecedents  <»f  the  one  are  as  those  of  the  other,  each  to 
each.  This  immediately  follows  from  the  last  corollary  by^ 
inverting  the  terms  of  the  proportions. 

PROPOSITION   XXI.      THEOfiEM. 

If  the  antecedents  in  one  proportion  be  the  same  as  those  in 

another^  then  the  first  antecedent  is  to  the  sxtm  or  difference 

of  the  first  conseque?its^  as  the  second  antecedent  is  to  the 

sunt  or  difference  of  the  second  conseque?its. 

Let  the  proportions  be  P  :  Q::R  :  S,  and  P  :  M::R  :  N, 
then  will  P  :  QrfcM::R  :  S±N. 

For  by  (Prop.  XIX.)  Q  :  M:  :S  :  N,  therefore  (Prop.  XV.) 
d  :  Q.ztM:  :S  :  S=hN  ;  but  from  the  first  proportion  Q,  :  P: : 
S  :  R  ;  hence  (Prop.  XV.)  P  :  Q±M::R  :  S±N. 

Cor.  1.  It  is  likewise  obvious  that  this  resnlt,  combined 
with  the  first  of  the  proposed  proportions,  gives  (Cor.  2.  last 
Prop.)a:Q±M::S:S±N. 

Coj\  2.  If  the  terms  of  both  proportions  are  all  homolo- 
gous, then,  by  alternation  (Prop.  X.),  P  :  R:  rQihM  :  SifcN, 
anda:S::a=bM  :  S=fcN. 

Scholium.  It  is  obvious  that  the  reasoning  might  be  ex- 
tended to  three  proportions,  then  to  four,  and  so  on  to  any 
number. 

PROPOSITION   XXII.      THEOREM. 

If  there  be  two  sets  of  proportional  qxiantUies,  the  products  of 
the  corresponding  term^  will  be  proportional. 

Let  M  :  JN::0  :  P  be  one  set  of  proportional  quantities, 
and  Q  :  R::S:T  another  set  of  proportional  quantities, 
then  will  M.a  :  N.R:  :0.S  :  P.T. 

For  since  MxP=NxO,  and  ClxT=RxS,  we  shaH'have 
M.P.aT=N.O.R.S,  or  M.Q.P.T=.\.R.O.S.  Therefore, 
(Prop  IX.)  M.(a  :  N.R:  :0.S  :  PT. 

PROPOSITION   XXUI.       THEOREM. 

If  any  quantities  are  proportional^  their  squares^  or  cubes,  or 
any  like  powers  or  roots,  will  also  be  proportioned. 
Let  P  •  Q:  :R  :  S,  then  will  P' :  a^•  :R* :  S";  whence  from 
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the  first  propoTtion  we  have  PxS^=QxR,  or  PS=QR;  and 
from  the  second  P='xS==Gt'xK^  or  P'8'=a'R*. 

\owr,  if  we  take  the  firist  equation,  viz :  PS=QR,  and 
square  both  sides,  we  have  PSxPS=ftRxQR,  or  P*S*= 
Q'R',  which  result  is  the  same  as  tiiat  obtained  from  the  sec- 
ond proportion ;  and  this  equation  may  be  resolved  into  the 
proportion  P* :  Q';  :R* :  S'.  And  the  same  result  may  be 
obtained,  if  we  take  the  «th  power  of  the  quantities  in  the 
proportion.     Thus,  P»  :  CV:  :R'» :  S». 

Again,  if  we  extract  the  roots  of  the  quantities,  those 
roots  will  also  be  proportional.  Tims  ^/P  :  VQ:  :VR  : 
VS,  and  ^i^ :  ^Q::^R  :  ^S.  For  since  P  :  Q: :R  :  S, 
therefore  Px^=j(ixR;  hence,  taking  like  roots  of  each, 
Vi'X S=>v/ W X  ti,  and  /</ Px  ^=^ZoOi  ;  consequently, 
(Prop.  IX.)  a/P  :  a/GI::>v/R  :  a/S,  and  ^P  :  ></Q::R>C^  : 

^';' 

Scholium,  Although  the  like  powers,  or  like  roots,  of  pro- 
portional quantities  are  themselves  proportional,  it  should  be 
observed  thai  they  are  not  proportional  in  the  same  ratio  as 
their  prime  numbers. 

For  in  the  numerical  proportion  2  :  4::3  :  6,  2x6=4x2, 
and  2' :  i':  :3'  :  6* ;  hence,  2=x6'=4='x3^  or  4x36=16x9; 
and4 :  I6::9  :  36,  which  ratio  is  evidently  diflferent  from 
that  of  the  prime  numbers,  viz :  2  :  4:  :3  :  6. 

PROPOSITION   XXIV. 

ff  fifty  number  of  quantities  be  continued  proportionals^  the 
ratio  of  the  first  to  the  third  laiU  be  duplirate  or  the  square 
of  the  ratio  of  the  first  to  the  second  ;  and  the  ratio  of  the 
first  to  the  fourth  toill  be  triplicate  or  the  cube  of  that  of  the 
first  and  second  ;  and  so  on. 
Let  J,  wy,  m'y,  m^y,  &c.,  be  continued  proportionals,  then 

-;=7n=the  ratio  of  the  first  to  the  second,  and    ■  ^ — m'aa 
9  '  q 

the  ratio  of  the  first  to  the  third,  and  ^=m'=the  ratio  of 

the  first  to  the  fourth. 

Scholium.  These  ratios,  though  inverse,  give  results  simi- 
lar to  direct  ratios,  but  in  inverse  order ;  since,  by  reversing 
the  order  of  the  proportion,  they  would  be  direct. 

PROPOSITION  XXV. 

V  one  magnitude  contain  another,  and  leave  a  remainder 
<Mc4  thai  the  greater  of  the  two  magnitudes  is  to  the  emali- 
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cr,  €U  (he  smaller  is  to  this  remainder^  then  the  two  magnir 

iudes  wiU  be  incommensurable. 

Let  A,  the  greater  of  two  magnitudes,  contain  the  smaller, 
B,  any  number  of  times,  leaving  for  a  remainder  a  magni- 
tude C,  such  that  A  :  B:  ;B  :  C ;  then  A  and  B  have  not  a 
common  measure  in  direct  terms. 

For  let  C,  D,  E,  (kc,  be  the  successive  remainders  in  the 
process  for  finding  the  common  measure,  (Prop.  V.) ;  then 
C  cannot  measure  B,  otherwise  B  would  measure  A  (Prop. 
X.),  and  there  could  be  no  remainder;  but  C  is  contained  as 
often  in  B  as  B  is  contained  in  A,  (Def.  8.)  Let  then  P  be 
the  greatest  multiple  of  B  which  is  contained  in  A,  and  let 
Q  be  an  equimultiple  of  C,  which  must  be  the  greatest  con- 
tained in  B;  then  (Prop.  XIV.)  A  :  P::B  :  Q,,  and  (Props. 
X.  and  XV.)  A  :  B::A— P  :  B— Q;  but  A— P=C,  and  B— 
Q=D,  by  hypothesis :  therefore  A  :  B;:C  :  D,  but  B  :  C::C 
:  D ;  hence  D  cannot  measure  C,  for  if  it  could,  C  would  mea- 
sure B.  Let  now  P'  be  the  greatest  multiple  of  C  in  B,  and 
Q!  the  like  multiple  of  D;  then  pursuing  the  same  course  as 
before,  there  results  the  proportion  C  :  D::D  :  E,  so  that  E 
cannot  measure  D  ;  and  so  on  for  each  succeeding  remain- 
der. It  appears,  therefore,  that  no  remainder  can  ever  mea- 
sure tlie  preceding  one,  consequently  the  process  for  finding 
the  common  nieasjure  of  A  and  B  will  be  interminable,  and 
therefore  (Prop.  V.  Cor.)  these  two  magnitudes  are  incom- 
mensurable. 

Cor,  Since  each  of  the  successive  remainders  have  the 
same  ratio  to  the  magnitudes  from  which  they  are  immedi- 
ately derived,  and  since  this  ratio  is  constantly  decreasing  in 
relation  to  the  former  magnitudes,  and  in  a  continued  pro- 
portion, it  follows  that  tiie  two  magnitudes  can  only  be  ex- 
pressed by  a  series  of  ratios  in  continued  proportion,  decreas- 
mg  to  infinity,  according  to  a  definite  order,  which  series, 
being  regarded  as  the  function  of  one  of  the  given  magni- 
tudes, expresses  the  value  of  the  other. 
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OF  LIKES  AND  THEIR  PROPERTIES. 


Definitions. 

1.  Extension  is  the  principal  subject  for  geometrical  in- 
vestigation :  its  existence  may  be  exhibited  under  one,  two, 
^^  three  dimensions ;  length,  breadth,  and  height  or  thick- 
^^ss:  and  hence  results  magnitude. 

2.  Magnitude,  being  the  result  of  extension,  must  neces- 
^3.rily  occupy  space ;  therefore  all  magnitudes  possess  local- 
ity. 

3.  Locality,  or  position,  is  a  certain  condition  of  an  ob- 
J^t^t  in  relation  to  space  and  in  reference  to  other  objects ; 
a. lid  is  a  quality  by  which  a  given  object  may  be  distin- 
guished from  others. 

4.  Locality  may  exist  without  extension,  but  extension 
cannot  exist  without  locality. 

5.  A  point  is  locality  without  extension. 

6.  If  locality  is  extended  in  one  dimension  only,  the  pro- 
duct is  a  line.  A  line^  therefore,  has  length  without  breadth 
Of  thickness. 

Hence,  the  motion  of  a  point  generates  a  line ;  thus  if  the 
I>oinl  A  be  made  to  move  through  the  distance  from  A  to  B, 
it  will  generate  the  line  AB.  A. B. 

Hence,  the  extremities  of  a  line  are  points,  and  the  inter- 
sections of  lines  with  each  other  are  also  points. 

7.  Lines  are  either  right,  or  curved,  or  ?W7>e^i  of  these  two. 

8.  A  right  line,  or  straight  line,  lies  all  in  the  same  direc- 
tion between  its  extreme  points,  and  if  traced  by  a  point,  the 
point  moves  always  in  the  sanje  direction.  Hence,  also,  a 
^ight  line  is  the  shortest  distance  between  two  points. 

Thus  the  line  AB  is  the  shortest  dis-    A B 

^ce  between  the  two  points  forming  the'extremities  of  the 
fine. 

9.  A  curve  line  is  such  that  if  traced  by  a  point,  the  point 
^^tinually  changes  its  direction, 

ts  the  line  CD.  c.^      _^^ \ 

10.  The  word  line,  without  qualification,  is  used  to  desig- 
>^  a  right  line ;  and  the  word  eurve^  a  curve  line. 


so 
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11.  If  two"  lines  meet  each  other  in  a  point,  the  inclina- 
nation  or  opening  between  them  is  called 
«in  angle.  Thus  if  the  Hne  AB  meets  the 
line  ("B  in  the  point  B,  the  inclination  of 
(these  lines  to  each  other  determines  the 
angle  at  B. 

An  angle  is  designated  by  a  letter  at  the  vertex  or  point 
where  the  lines  meet,  as  B ;  but  if  two  or  more  angles  have 
the  same  vertex,  then  each  angle  is  designated  by  naming 
the  sides  about  the  angle ;  naming  the  letter  at  the  vertex 
always  in  the  middle. 

'J'hus  the  angle  CBA,  or  ABC,  c  P 

designates  the  angle  formed  by 
the  intersection  of  the  lines  CB 
and  AB  at  the  vertex  B;  and 
by  the  anule  DBC  or  CBD,  the 
angle  fnrnjed  by  the  meeting  of 
the  lines  CB  and  I)B  is  in  like  manner  designated. 

Angles  are  greater  or  less,  as  the  lines  forming  the  angles 
are  more  or  less  inclined  or  opened,  and  like  other  magni- 
tudes or  quantities  are  susceptible  of  addition,  subtraction, 
multiplication  and  division. 

Thus  the  angle  ABL)  is  the  sum  of  the 
two  angles  ABC  and  CBI),  and  the  angle 
CBD  is  the  diflference  of  the  two  angles 
ABD  and  ABC. 

Hence  the  quantity  of  an  angle  depends 
not  upon  the  length  of  the  lines  forming 
that  angle,  but  altogether  upon  their  relative  position  or  in- 
clination. 

13.  One  right  line  is  said  to  be  perpendicular  to  another, 
when  it  makes  with 
it  equal  adjacent  an- 
gles A  perpendicu- 
lar at  the  extremity 
of  a  line  is  that  which 

makes  an  angle  with    

it  equal  to  the  adja- 
cent angle  which  would  be  formed  by  producing  the  line 
beyond  that  extremity. 


13.  A  right  angle  is  the  angle  formed  by  a 
right  line  and  a  oerpendicular  to  it 
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14.  An  acute  angle  is  less  than  a  right 

angle. 


15.  An  obtuse  angle  is  greater  than 
a  right  angle. 


16.  By  the  distance  of  a  point  from  a  right  line  is  meant 
the  perpendicular  from  that  point  to  the  line ;  and  one  line 
is  said  to  be  equidistant  from  another,  when  every  point  in  the 
oue  is  equidistant  from  the  other. 

ir.  Right  lines  are  parallel,  when  they  are  at  the  same 
perpendicular  distance  from  each  other  in  all  their  parts. 

Thus,  if  the  two  right  lines  AB 
and  CD  are  so  posited,  that  per- 
pendiculars, ad,  be,  cf,  &c.,  from 
the  several  points  a,  6,  c,  &c.,  in 

one  line,  drawn  to  the  other,  are     C — -^ ^ ^ — D 

^qual  each  to  each,  wherever  pos- 
ited, the  lines  AB  and  CD  are  parallel. 

IS.  A  surface  is  that  which  has  two  dimensions  of  exten^ 
^on,  viz:  length  and  breadth  without  thickness. 

19.  A  plane  is  a  surface  in  which  if  two  points  he  as- 
sumed at  pleasure  and  connected  by  a  right  line,  that  line 
villlie  wholly  in  the  surface. 

2l).  Every  surface  which  is  not  a  plane  surface,  or  com- 
posed of  plane  surfaces,  is  a  curved  surface. 

21.  k  plane  figure  is  an  enclosed  plane  surface. 


A          "                ^ 

p        ^ 

^                  J 

L                 4 

8                i 

> 

2*.  If  it  be  bounded  by  right  lines  only  it  is 
called  a  rectilineal  figure. 

.23.  kpoJys^on  is  a  name  used  to  comprehend  every  spe- 
cies of  rectilineal  hgures,  without  regard  to  the  number  of 
•ides;  but  figures  are  more  particularly  distinguished  as  fol- 
Jovjj,  viz : 

A  figure  of  three  side.s  is  called  a  triangle. 

The  quadrilateral  has  four  sides. 

The  pentagon  has  five  sides. 

The  hexagon  has  six  sides. 

Ilie  heptagon  has  seven  sides. 

The  odagen  has  eight  sides ;  and  so  ea. 
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24.  All  the  sides  of  the  polygon  taken  together  form  the 
contour  or  perimeter  of  the  polygon. 

25.  Among  triangles  we  may  distinguish 

The  equilateral  triangle^  which  has  its  three  sides  equal ; 
The  isosceles  triangle  which  has  two  of  its  sides  equal ; 
The  scalene  triangle,  which  has  its  three  sides  unequal. 


The  acute  angled  triangle,  which  has  three 
acute  angles. 


The  obtuse  angled    triangle  which 
has  one  obtuse  angle. 

26.  A  right  angled  triangle  is  one  which  has  a  right  angle. 

27.  In  a  right  angled  triangle,  the  side 
o|iposite  the  right  angle  is  called  the 
hypothenuse.  If,  for  example,  tfie  angle  A 
is  right,  the  side  BC  is  the  hypothennse. 

Any  side  of  a  triangle  may  be  consider-     b  a 

ed  as  its  base,  but  it  is  usual  in  the  case  of 
the  isoceles  triangle  to  confine  this  term  to  that  side  that  is 
not  equal  to  either  of  the  others. 

28.  A  rhomboid  or  paraVelogram  is  a 
quadrilateral  whose  opposite  sides  are 
parallel. 


29.  If  only  two  of  the  opposite  sides 
are  parallel,  the  figure  is  a  trapezium. 


30.  A  rhombus  is  a  rhomboid,   the  adja- 
cent sides  of  which  are  equal. 


31.  A  rectangle  is  a  right  angled  ihomboid. 


Ik 
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32.  A  square  is  a  right  angled  rhombus. 


33.  The  right  line  which  joins  the  vertices  of  two  oppo- 
site angles  of  a  quadrilateral  is  called  a  diagonal. 

Thus  the  line  AG  joining  the  vertices  of  the       5 ? 

opposite  angles  DAB,  DCB,  of  the  quadrilateral 
A  BCD.  is  a  diagonal. 


A  B  . 

34.  Plane  figures  are  equal,  when,  by  supposing  them  to 
l»e  applied  to  each  other,  they  would  coincide  throughout ; 
and  they  are  said  to  be  equlvaletU,  when  they  enclose  equal 
portions  of  space,  and  are  at  the  same  time  incapable  of  such 
coincidence. 

^i5.  An  equilateral  po!i/go?i  is  one  which  has  all  its  sides 
equal.  An  equiangular  polygon  is  one  which  has  all  its 
angles  equal. 

36.  Two  polygons  are  mutually  equilateral,  when  they 
have  their  sides  equal  each  to  each  and  placed  in  the  same 
order,  that  is,  when  following  their  perimeters  in  the  same 
direction,  the  first  side  of  one  is  equal  to  the  first  side  of  the 
other,  the  second  of  one  to  the  second  of  the  other,  the  third 
to  the  third,  and  so  on.  The  phrase,  mutually  equiangular^ 
has  a  corresponding  signification  with  respect  to  the  angles. 
In  both  cases,  the  equal  sides,  or  the  equal  angles,  are  called 
homologous  sides  or  angles, 

POSTULATES. 

1-  Graht  that  a  right  line  may  be  drawn  from  one  point  to 
another. 

2-  And  that  it  may  be  either  increased  till  it  is  equal  to  a 
S^ter  right  line,  or  diminished  till  it  be  equal  to  a  less. 

3.  Grant  also,  that  an  angle  may  be  increased  till  it  is 
^ual  to  a  greater  angle,  or  diminished  till  it  is  equal  to  a 

KSS. 

4.  And  lastly,  that  from  a  pouit  either  within  or  without 
^  n^t  line  a  perpendicular  thereto  may  be  drawn. 

PROPOSITION   I.      THEOREM. 

Prmn  ik0  same  point  in  a  given  right  line,  m<nre  than  one 
perpendicular  thereto  cannot  be  drawn. 

5 
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Let  CE  be  perpendicular  to  the  right 
line  AC  or  AB,  CB  being  the  production 
of  AC  ;  and  if  the  proposition  be  denied, 
let  some  other  line,  as  CD,  drawn  from 
the  same  point  C,  be  also  perpendicular  j 
to  AC. 

Then  because  the  angles  ACE  and  BCE  are  equal  (Def 
12.),  the  angle  ACE  must  be  greater  than  the  angle  DCB, 
aince  the  sum  of  the  two  angles  DCB  and  DCE  is  only 
equal  to  the  angle  BCE  or  ACE.  But  CD  is  perpendicular 
to  AB  by  hypothesis,  therefore  the  angle  DCB  must  be  equal 
to  the  angle  BCE  or  ACE  (Def.  12.),  which  is  a  manifest 
absurdity ;  therefore  CD  cannot  be  perpendicular  to  AC  or 
AB. 

PROPOSITION    n.       THEOREM. 


All  right  angles  are  equal  to  each  other. 

Let  ABC  be  a  right  angle,  and  DEF  any  other  right  an- 
gle, then,  if  it  be  denied  that  these  two  angles  are  equal  to 
each  other,  one  of  them,  as  ABC,  must  be  supposed  greater 
than  the  other,  so  that  DEF  must  be  equal  to  some  portion 
of  ABC. 

Let  AB/  represent  that  por- 
tion; then,  because  AB/  is  a 
right  angle,  B/  is  perpendicular 
toAB  (Def.  12.);  but  ABC  is 
also  a  right  angle,  therefore  BC 
is  likewise  perpendicular  to  AB, 
that  is,  from  the  same  point  B  in  the  right  line  AB,  two 
perpendiculars  thereto  are  drawn,  which  is  impossible. 
^Prop.  I.)  Therefore  ABC  cannot  be  greater  than  DEF, 
and  in  a  similar  manner  it  may  be  proved  that  DEF  cannot 
be  greater  than  ABC ;  the  two  angles  are  therefore  equal. 


PROPOSITION   ni.       THEOREM. 


The  adjacent  angles  which  one  right  line  makes  with  another 
which  it  meets,  are  together  equal  to  two  right  angles. 


Let  AB  and  CD  be  the  right  lines, 
meeting  each  other  at  C,  then  will  the  angle 
ACD+the  angle  DCB,  be  equal  to  two  right 
angles. 

At  the  point  C,  erect  CE  perpendicular  to 
AB.  The  angle  ACD  is  the  sum  of  the  an- 
gles ACE,  ECD;  therefore  ACD+BCD  is 
the  sum  of  the  three  angles  ACE,  ECD, 


£ 


c 
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^CD:  but  tlie  first  of  those  three  angles  is  a  right  angle; 
.^/^LJ  the  other  two  together  make  up  the  right  angle  B(JE ; 
^^*^nco  the  sum  of  the  two  angles  ACD  and  BCD  is  equal  to 
■'ii'orislit  angles. 

Cur.  1.  if  one  of  the  angles  ACD,  BCD,  is  right,  the  other 
^^   Jidii  also. 

Cor.  2.  If  the  line  DE  is  perpendicu- 
'a.r  to  AH.  reciprocally  AB  will  be  per- 
pe^ndicular  to  DE. 

For,  since  Dl.]  is  perpendicular  to  AB, 
tl:iean:^lc  ACD  must  be  equal  to  its  ad- 
ia<'entone  DOB.  and  bolh  of  them  must 
^^o  right,  (Def.  13.)     But  since  ACD  is 
:^    right  angle,  its  adjacent  one  ACE    must  also  be  right, 
(Cor  1.):  hence  the  angle  ACE=ACD,  (Prop.  II.)  ;  there- 
fore AB  is  perpendicular  to  DE. 

Cor.  3.  The  sum  of  all  the  successive 
busies.  BAC.  CAD.  DAE,  EAF,  formed 
on  the  same  side  of  a  straight  line  BF, 
'^  equal  to  two  right  angles;  because 
their  sum  is  equal  to  that  of  the  two 
adjacent  angles,  BAC,  CAP. 

PROPOSITION  rv.     THEOREM.     (^Conversc  of  Prop.  TIL) 

Jf  n  rltr/if  line  meet  two  other  riglU  lines  at  a  common  pointy 
^(ikhisr  the  sum  of  the  two  adjacent  angles  equal  to  two 
^^^lit  angles^  the  two  right  lines  which  are  met  will  form 
ow«  and  the  same  right  line. 

Let  the  right  line  CD  meet  the 
1^0  lines  AC,^CB,  at  their  common 
Fwi»t  C,  making  the  sum  of  the  two 
adjacent  angles  DC  A,  DCB,  equal  to 
^^0  right  angles ;  then  will  CB  be  the 
Folongation  of  AC,  or  AC  and  CB  will  form  one  and  the 
same  right  line. 

Por,  if  CB  is  not  the  prolongation  of  AC,  let  CE  be  that 
Polongation :  then  the  line  ACE  being  straight,  the  sum  of 
*e  angles  ACD,  DCE,  will  be  equal  to  two  right  angles 
(Prop.  III.)  But  by  hypothesis,  the  sum  of  the  angles  ACD, 
^B,  is  also  equal  to  two  right  angles :  therefore,  ACD-f 
DCB  must  be  equal  to  ACD+DCE ;  and  taking  away  the 
angle  ACD  from  each,  there  remains  the  angle  DCE  equal  to 
^ke  angle  DCB,  which  can  only  be  the  case  when  the  lines 
^E  and  CB  coincide :  hence,  AC,  CB,  form  one  and  the  same 
'^ghtline. 
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PROPOSITION   V.      THEOREM. 

T\do  right  lines,  having  two  points  common  to  both,  form,  but 

ofie  continxied  right  line. 

Let  A,  B,  be  the  points  through  which 
two  right  lines  pass,  then  they  must 
necessarily  coincide  between  A  and  B 
(Def.  8.) ;  but  if  they  do  not  coincide 
throughout,  let  ACD  be  the  direction  of  ^ 
one,  and  ACE  that  of  the  other ;  and  at 
the  point  C,  where  they  separate,  let  there  be  CF  perpen- 
dicular to  ACD. 

Then,  because  CF  is  perpendicular  to  the  right  line 
ACD,  FCD  is  a  right  angle  (Def.  12.)  ;  and  since  by  hypo- 
thesis ACE  is  a  right  line,  and  FtA  a  right  angle,  the 
angle  FCE  is  also  a  right  angle  (Prop.  IlL  Cor.  1.),  but  all 
right  angles  are  equal  to  each  other  (Prop.  IL) ;  therefore  the 
whole  angle  FCD  is  equal  to  the  part  FCE,  which  is  ab- 
surd. 

PROPOSITION   VI.       THEOREM. 

If  two  right  lines  intersect  each  other,  the  opposite  angles 
formed  at  their  intersection  will  be  equal. 

If  the  two  right  lines  AB,  CD, 
intersect  at  E,  the  opposite  angles, 
CEB,  AED,  will  be  equal. 

For  the  sum  of  the  angles  CEA, 
CEB,  is  equal  to  two  right  angles 
(Prop.  III.)  Also  the  sum  of  the  A 
angles  CEA,  AED,  is  equal  to  two  right  angles;  that  is,  the 
sum  of  the  angles  CEA,  CEB,  is  equal  to  the  sum  of  the 
angles  CEA,  AED ;  and  taking  away  from  each  of  these 
equal  sums  the  common  angle  CEA,  the  remaining  angles 
CEB,  AED  must  be  equal. 

In  a  similar  manner  it  might  have  been  shown  that  the 
opposite  angles  CEA,  DEB,  are  equal.  , 

Scholium.  The  four  angles  formed  about  a  point  by  two 
straight  lines,  which  intersect  each  other,  are  together  equal 
to  four  right  angles ;  for  the  sum  of  the  two  angles  AEC, 
CEB,  is  equal  to  two  right  angles ;  and  the  sum  of  the 
other  two,  AED,  DEB,  is  also  equal  to  two  right  angles : 
therefore  the  sum  of  the  four  is  equal  to  four  right  angles. 
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In  general,  if  any  number  of  straight 
lines  CA,  CB,  CD,  &;c.  meet  in  a  point  C, 
thesum  of  all  the  successive  angles  ACB,        ^^^      .         ^^ 
BCD,  DCE,  ECF,  FCA,  will  be  equal  to         ^     ^        -^ 
four  right  angles ;  for,  if  four  right  an- 
gles vrere  formed  about  the  point  C,  by 
two  lines  perpendicular  to  each  other,  the 
same  space  would  be  occupied  by  the  four 
rieht  angles,   as  the  successive   angles  ACB,  BCD,  DCE, 
ECP,  FCA. 

PROPOSITION  vn.     THEOREM.     {ConvtrsB  of  Prop.  F/.) 

If  the  opposite  angles  formed  by  fovr  right  lines  meeting  in 
a  point  are  equal^  those  lines  shall  form  but  two  right  lines. 

Let  the  four  right  lines  AE,  BE,  CE,  DE,  meet  in  the 
point  E  (see  the  diagram  to  last  proposition),  so  that  the  op- 
posite ansles  CEB,  AED,  may  be  equal ;  and  also  the  other 
opposite  angles  CEA,  DEB ;  then  AEB  and  CED  shall  be 
right  lines.  " 

l"'or,  since  the  sum  of  the  angles  CEA,  CEB,  is  by  hypo- 
thesis equal  to  the  sum  of  the  angles  DEB,  DEA ;  and  the 
Slim  of  all  four  is,  by  the  corollary  to  last  proposition,  equal 
to  four  right  angles ;  it  follows  that  each  of  the  above  siuns 
must  be  equal  to  two  right  angles,  so  that  the  right  line 
^E  makes  with  the  two  AE,  BE,  adjacent  angles,  which 
^re  together  equal  to  two  right  angles ;  therefore  AEB  is  a 
straight  hue  (Prop.  IV.)  In  a  similar  manner  it  may  evi- 
dently be  proved  that  CED  is  a  right  line ;  hence  the  four 
lines  form  but  two  distinct  right  lines. 

PROPOSITION  VIU.      THEOREM. 

V  tu>o  sides  and  the  induded  angle  in  one  triangle  be  equal 
^  two  sides  and  the  included  angle  in  another  triangle^ 
^6  triangles  shall  be  equal. 

Ut  the  triangles  ABC, 
DBF,  have  the  sides  AB, 
^C,  and  the  included 
sogie  A  in  the  one,  equal 
to  the  two  sides  DE,  DF, 
utd  the  included  angle 
Din  the  other ;  then  shall    ^  ^  ^  ' 

the  aog^e  B  be  equal  to  the  angle  E ;  the  angle  C  equal  to 
the  angle  F,  and  the  side  BC  equal  to  the  side  EF. 
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For,  since  AB  is  equal  to  DE,  and  the  angle  A  equal  to 
the  angle  D,  a  triangle  equal  to  DEF  may  be  conceived  to 
be  formed,  of  which  AB  shall  be  one  side,  and  A  an  angle ; 
now  it  is  obvious  that  the  side  of  this  triangle  which  corres- 
ponds to  UF,  must  fall  upon  AC,  otherwise  the  angles  A  and 
D  would  be  unequal ;  nor  can  this  side  extend  beyond  or 
fall  short  of  the  point  C,  for  DF  is  equal  to  AC.  The  two 
extremities,  therefore,  of  the  base  would  coincide  with  the 
points  B,  C ;  the  two  bases,  therefore,  would  coincide  through- 
out (Prop,  v.),  so  that  the  triangle  so  formed  would  entirely 
coincide  with  the  triangle  ABC,  and  it  is  at  the  same  time 
•equal  to  the  triangle  DEF  ;  hence  the  triangles  ABC,  DEF, 
are  equal. 

Cor.  1.  If  a  perpendicular  from  one  of  the  angles  of  a 
triangle  to  the  opposite  side  bisect  that  side,  it  shall  also  bi- 
sect the  angle,  and  the  sides  containing  that  angle  shall  be 
equal ;  that  is,  the  triangle  will  be  either  isosceles  or  equilat- 
eral. 

Cor.  2.  When  two  triangles  have  these  three  things  equal, 
namely,  the  side  ED=BA,  the  side  DF^AC,  and  the  angle 
D=A,  the  remaining  three  are  also  respectively  equal,  viz: 
the  side  EF=BC,  the  angle  E=B,  and  the  angle  F=C. 

PROPOSITION   IX.       THEOREM. 

Two  triangles  are  equals  if  two  angles  and  the  interjacent 
side  of  one  is  equal  to  two  angles  and  the  interjacent  side 
in  the  other. 

Let  the  triangles 
ABC,  DEF,  have 
the  two  angles  ABC, 
ACB,  and  the  inter- 
jacent side  Be,  in 
the  one,  equal  re- 
spectively to  the  two  angles,  E,  F,  and  interjacent  side  EF 
in  the  other,  the  two  triangles  will  be  equal. 

In  proof  of  this  it  will  be  necessary  only  to  show  that  the 
side  AB  must  be  equal  to  the  side  DE  (Prop.  VIII.)  If  this 
equality  be  denied,  let  one  of  these  sides,  as  AB,  be  supposed 
longer  than  the  other,  and  let  BG  be  equal  to  ED.  Join  GC, 
then,  since  GB,  BC,  and  the  included  angle  B  are  respect- 
ively equal  to  DE,  EF,  and  the  included  angle  E,  the  angle 
BCG  must  be  equal  to  the  angle  F  (Prop.  VIII.) ;  but  by 
hypothesis,  the  angle  F  is  equal  to  the  angle  ACB ;  hence, 
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flien.  the  angle  GCB  is  equal  to  the  angle  ACB,  a  part  to  the 
whole,  which  is   absurd ;  therefore,  AB  cannot   be  longer 
than  D£,  and  in  like  manner  it  may  be  shown  that  DE  can- 
not be  longer  than  AB;  AB  is  therefore  equal  to  DE,  and 
consequently  the  triangle  ABC  is  equal  to  the -triangle  DEF. 
Cor.  1.   From  this  proposition  immediately  follows  the 
converse  of  the  corollary  to  Prop.  VIII.,  viz:  if  a  perpendi- 
cular from  one  of  the  angles  of  a  triangle  to  the  opposite 
sidebiseci  this  angle,  it  shall  also  bisect  the  side  on  which  it 
falls,  so  that  the  sides  including  the  proposed  angle  must  be 
eijual.    (Prop.  VIII.  Cor.  1.) 

Cor.  2.  Whenever,  in  two  triangles,  these  three  things  are 
equal,  namely,  the  angle  E=B,  the  angle  F=C,  and  the  in- 
cluded side  EF  equal  to  the  included  side  BC,  it  maybe  in- 
ferred thai  the  remaining  three  are  also  respectively  equal, 
namely,  the  angle  D=A,  the  side  ED=BA,  and  the  side 
DF=AC. 


PROPOSITION   X.       THEOREM. 


The  sum  of  any  two  sides  of  a  triangle  is  greater  than  the- 

third  side. 


Let  ABC  be  a  triangle :  then  will 

the  sum  of  two  of  its  sides,   as  AC, 

^'B,  be  greater  than   the   third  side 
AB. 

For  the  straight  line  AB  is  the 
shortest  distance  between  the  points  A 
and  B  (Def.  8.) ;  hence  AC+CB  is 
greater  than  AB. 


PROPOSITION   XI.       THEOREM. 

^Jfrom  any  point  within  a  triangle,  two  right  lines  be  drawn 
^0  the  extremities  of  either  side,  their  sum  will  be  less  thaw 
^  9um  of  the  other  two  sides  of  the  triangle. 

Ut  any  point,  as  O,  be  taken  within  the  ^ 

triangle  BAC,  and  let  the  lines  OB,  OC,  be 
drawn  to  the  extremities  of  either  side,  as 
BC;  then  wUl  OB+OC<BA+AC. 

Ut  BO  be  produced  till  it  meets  the  side 
AC  in  D :  then  the  line  OC  is  shorter  than  OD    _ 
+DC  (Prop.  X.)  :  add  BO  to  each,  and  we    B  c 

hiTe  BO+OC<BO+OD+DC  (Ax.  4),  or  BO+OC<BD-f 

Again,  BD<BA-|-AD :  add  DC  to  each,  and  we  have  BD 
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+DC<BA-f  AC.     But  it  has  just  been  found  that  BO-f OC 
<BD+DC  ;  therefore,  still  more  is  BO+OC<BA+AC. 


PROPOSITION    XII.       THEOREM. 

If  two  sides  of  one  triangle  be  respectively  equal  to  two  sides 
of  another^  but  include  a  greater  angle  ;  the  third  side  of 
the  former  shall  exceed  the  third  side  of  the  latter. 

Let  BAG  and  EDF  be  two 
triangles,  having  the  side  AB 
=DE,  AC=DF,  and  the  an- 
gle A>D ;  then  will  BC> 
EF. 

Make  the  angle  CAG=r-.D  ; 
take  AG=DE,  and  draw 
CG.  The  triangle  GAG  is  equal  to  DEF,  since,  by  con- 
struction, they  have  an  equal  angle  in  each,  contained  by 
equal  sides,  (Prop.  VIIL)  ;  therefore  GG  is  equal  to  EP. 
Now,  there  may  be  three  cases  in  the  proposition,  according 
as  the  point  G  falls  without  the  triangle  ABG,  or  upon  its 
base  BG,  or  within  it. 

First  Case,  The  straight  line  GC<GI+IG,  and  the 
straight  line  AB<AI+IB ;  therefore,  GC+AB<GI+AI4- 
IG+IB,  or,  which  is  the  same  thing,  GC+AB<AG+BC. 
Take  away  AB  from  the  one  side,  and  its  equal  AG  from 
the  other ;  and  there  remains  GC<;BC  (Ax.  5.)  ;  but  we 
have  found  GG=EF,  therefore  BG>EF. 

Second  Case,    If  the  point  a  d 

G  fall  on  the  side  BG,  it  is 
evident  that  GG,  or  its  equal 
EF,  will  be  shorter  than  BG, 
since  BG=BG+GG. 

Bi 

Third  Case,  Lastly,  if  the  point  G  fall 
within  the  triangle  BAG,  we  shall  have,  by 
the  preceding  theorem,  AG+GG<[AB-f- 
BG  ;  and  taking  AG  from  the  one,  and  its 
equal  AB  from  the  oiher^  there  will  remain 
GG<BG,  or  BG<EF. 

Scholium.  Conversely,  if  two  sides  BA, 
AG,  of  the  triangle  BAG,  are  equal  to  the 
two  ED,  DF,  of  the  triangle  EDF,  each  to 
each,  while  the  third  side  BC  of  the  first  tri- 
angle is  greater  than  the  third  side  EF  of 
the  second;  then  will  the  angle  BAG  of  the 
first  triangle  be  greater  than  the  angle  EDF 
of  the  second. 
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For,  if  not,  the  angle  BAG  must  be  equal  to  EDF,  or  less 
t^Mnit.  Ill  the  first  ca.*^e,  the  side  BC  would  be  equal  to  EP, 
(Pmp.  v.):  in  the  second,  CB  would  be  less  than  EF ;  but 
eirher  of  these  results  contradicts  the  hypothesis;  therefore, 
BAC  is  greater  than  EDF. 

PROPOSITION   Xni.      THEOREM. 

Two  triangles  are  equal,  which  have  the  three  sides  of  the 
ontj  respectively  equal  to  the  three  sides  of  the  other. 

LetthesideED=BA, 
the  side  EP=BC,  and 
the  side  DF=AC  ;  then 
will  ihe  allele  I)=A,  the 
aniile  E=B,  and  the  an- 

For,  if  the  angle   D    ^  ^  ^  ^ 

were  greater  than  A,  while  the  sides  ED,  DF,  were  equal  to 
BA,AC,  each  to  each,  it  would  follow  by  the  last  proposi- 
tion, that  the  side  EF  must  be  greater  than  BC;  and  if  the 
angle  D  were  less  than  A,  it  would  follow,  that  the  side  EF 
must  be  less  than  BC  :  but  EF  is  equal  to  BC,  by  hypothe- 
sis; therefore,  the  angle  D  can  neither  be  greater  nor  less 
than  A;  hence  it  must  be  equal  to  it.  In  the  same  man- 
ner it  may  be  shown  that  the  angle  E  is  equal  to  B,  and  the 
angle  P  to  C ;  hence  the  two  triangles  arc  equal  (Def.  34.) 

^holiufn.  It  may  be  observed  that  the  equal  angles  lie  op- 
posite the  equal  sides :  thus,  the  equal  angles  D  and  A,  lie 
<>PPosite  the  equal  sides  EF  and  BC. 

PROPOSITION    XIV.       THEOREM. 

Jhe  angles  opposite  the  equal  sides  of  an  isosceles  triangle 

are  equal, 

.|j«t  the  sides  AB,  AC,  of  the  triangle  ABC  be  equal,  then 
^jj  the  angle  C  be  equal  to  the  angle  B. 

'^or,  let  AD  be  the  line  bisecting  the  angle 
4j  *en,  in  the  two  triangles  ABD,  ACD,  two 
"Wl^.  AB,  AD,  and  the  included  anple  in  the 
^e,  are  equal  to  the  two  sides  AC,  AD,  and 
™c  included  angle  in  the  other ;  hence  the 
!psle  B  is  equal  to  the  angle  C  (Prop.  VIII. 
Cor.2.)  6        V      F    . 

Cor.  1.   It  also  follows  (Prop.  VIII.  Cor.  2.)   that  BD 
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19  equal  to  CD,  and  that  the  angle  ADB  is  equal  to  the 
angle  ADC  ;  therefore,  the  line  bisecting  the  vertical  angle  of 
an  isosceles  triangle  bisects  the  base  at  right  angles ;  and 
conversely,  the  line  bisecting  the  base  of  an  isosceles  trian- 
gle at  right  angles,  bisects  also  the  vertical  angle. 

Cor.  2.  Every  equilateral  triangle  is  also  equiangular. 

PROPOSITION   XV.      THEOREM. 

Conversely  J  if  two  angles  of  a  triaiisrle  are  equal,  the  oppo^ 
site  sides  are  equals  and  the  triangle  is  isiosceles. 

In  the  triangle  ABC,  let  the  angles  ABC, 
ACB,  be  equal;  then,  if  it  be  supposed  that 
one  of  the  opposite  sides,  as  AB,  is  longer  thau 
the  other  AC,  let  BD  be  equal  to  AC ;  then  the 
triangle  DCB  is  obviously  less  ihan  <lie  trian- 
gle ABC.  But,  since  CB,  BD,  and  the  included 
angle,  are  equal  to  BC,  CA,  and  the  included 
angle,  by  hypothesis,  it  follows  that  the  same 
triangles  are  equal  (Prop.  VOL),  which  is  im- 
possible ;  therefore  AB  cannot  be  longer  than  AC,  and  in  a 
similar  manner  it  may  be  shown  that  AC  cannot  be  longer 
than  AB ;  therefore  these  two  sides  are  equal. 

Cor.  Therefore  every  equiangular  triangle  is  equilateral. 

PROPOSITION   XVI.      THEOREM. 

Tn  any  triangle  the  greater  angle  is  opposite  the  hnger  side  ; 
ana  conversely^  the  longer  side  is  opposite  the  greater  an- 
gle. 

Firsts  Let  the  angle  C  be  greater  than  the  an- 
gle B ;  then  will  the  side  AB,  opposite  C,  be 
greater  than  AC,  opposite  B. 

For,  make  the  angle  BCP=B.  Then,  in  the 
triangle  CDB,  we  shall  have  CD=BD  (Prop.  XV.) 
Now,  the  side  AC<AD+CD;  but  AD+CD= 
AD+DB=AB;  therefore  AC<AB. 

Secondly,  Suppose  the  side  AB>AC  ;  then  will  the  angle 
C,  opposite  to  AB,  be  greater  than  the  angle  B,  opposite  to 
AC. 

For,  if  the  angle  C<;B,  it  follows,  from  what  has  just  been 

{►roved,  that  AB<[AC  ;  which  is  contrary  to  the  hypothesis. 
f  the  angle  C=B,  then  the  side  AB=AC  (Prop.  XV.),  which 
is  also  contrary  to  the  supposition.  Therefore,  when  AB}> 
AC,  the  angle  C  must  be  greater  than  B. 
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PHOPOSITIOX  ttVII.      THEOREM. 

TJif  jHrpcndintlar  drmcii  from  a  ponif  to  a  right  line  is  short" 
f.f  th'inan]/  oihur  Vuiv,  drairn  the  veto  from  the  same  point ; 
and  thust:  iiiies  which  meet  the  proposed  line  at  eqttal  dis- 
f'lnns  frof/i  tht  pi  rpendindur  are  themselves  equal,  and  the 
mure  rnwttrfrom  the  pH'pendicular  the  point  of  meeting  is^ 
till  Ioniser  is  the  line  drawn. 

Let  A  he  tlie  given  point,  DE  the  given  ^ 

lino.  AE  tlic  ptrpoiidicular,  and  AD,  AC, 
AE.  tli'^oMiijiur  lines. 

iViJiico  tlic  perpendicular  AB  till  BF  is 
^qiiril  !o  AH.  and  draw  FC,  FD. 

First,  '^riie  trianirle  BCF  is  equal  to  the 
triaiiirlt.'  BCA,  for  tliev  lif^ve  the  ritrlit  an- 
cle IBF=CB  A.  tlio  side  CB  common,  and 
the  side  BF=BA  :  hence  the  third  sides.  CF  and  CA,  are 
e-iiial(Pmp.  VIH.  Cor. '-i.)  But  ABF,  being  a  right  line, 
i-^  ssli'irter  (I)et'  S.)  than  ACF,  which  is  a  broken  line; 
tlierrfore.  AB.  the  half  of  ABF,  is  shorter  than  AC,  t^e 
"air of  ACF;  hence,  the  perpendicular  is  shorter  than  any 
<^tii<|uo  line. 

^Ttuidhj,  Let  us  suppose  BC=BE  ;  then  will  the  triangle 

J-^B  he  equal   to  the  triangle  BAE  :  for  BC=: BE,  the  side 

"  *^  is  common,  and  the  an'-^le  CBA=ABE  :  hence  the  sides 

y-    and  .\E  are  ecpial  (Frop.  VIIJ.  Cor.  2.)  ;  therefore,  two 

''■''iqiie  lines,  equally  distant  from  the  perpendicular,  are 

^'iUal. 

p,V^yf//Y//y.  In  the  triangle  DFA,  the  sum  of  the  lines  AC, 
.  *^ .  is  less  than  the  sum  of  the  sides  AD,  DF  (Prop.  XI.)  ; 
J!^*^refore  AC.  the  lialf  of  the  line  ACF,  is  shorter  than  AD, 
.  ^*^  half  of  the  line  ADF  :  hence,  the  oblique  line,  which 
^^  farther  from  the  perpendicular,  is  longer  than  the  one 
^'J^idi  is  nearer. 

Cor.  1.  The  perpendicular  measures  the  shortest  distance 
9y  a  point  from  a  line,  liencc  only  one  perpendicular  can 
^^^  drawn  from  a  point  to  a  given  line. 

Cor.  2.  From  the  same  point  to  the  same  straight  line, 

^^lytwo  equal  straight  lines  can  be  drawn  ;  for,  if  there 

^puld  be  more,  we  sliould  have  at  least  two  equal  oblique 

^uies  on  the  same  side  of  the  perpendicular,  which  is  impos- 

PSOPOSITION   XVIII.      THEOREM. 

v^  perpendicular  be  drawn  from  the  middle  point  of  a  right 


u 
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liney  every  point  in  the  perpendicular  wiU  be  equidistant 
from  the  extremities  of  the  line  :  and  every  point  withoiU 
the  perpendicular,  or  the  pcfyendiadar  produced,  will  be 
unequally  distant  from  those  extremities. 

Let  AB  be  the  given  right  line,  C  the  mid- 
dle point,  and  ECF  the  perpendicular. 

First.  Since   AC=CB,    the  two   oblique 
lines  AD,  DB,  are  equally  distant  from  the 

3rpendicular,  and   therefore  equal    (Prop. 

;vll.)     So,  likewise,  are  the  two  oblique  a 
lines  AE,  EB,  the  two  AF,  FB,  and  so  on. 
Therefore  every  point  in  the  perpendicular 
is  equally  distant  from  the  extremities  A 
and  B. 

Secondly.  Let  I  be  a  point  out  of  the  perpendicular.  If 
lA  and  IB  be  drawn,  one  of  these  lines  will  cut  the  perpen- 
dicular in  D ;  from  which,  drawing  DB,  we  shall  have  BD 
c=DA.  But  the  straight  line  IB  is  less  than  ID-f  DB,  and 
1D+DB=1D+DA=IA ;  therefore,  IB<IA;  hence,  every 
point  out  of  the  perpendicular,  is  unequally  distant  from  the 
extremities  A  and  B. 

Cor.  If  a  straight  line  have  two  points  D  and  F,  equally 
distant  from  the  extremities  A  and  B,  it  will  be  perpendicu- 
lar to  AB  at  the  middle  point  C. 

PROPOSITION    XIX.       THEOREM. 

T\do  right  angled  triangles  are  equal,  when  the  hypot/ienuse 
and  one  side  in  one  triangle  are  respectively  eqiuU  to  the 
hypothenuse  and  a  side  in  the  other. 

In  the  two  right  angled 
triangles  BAG,  EDF,  let 
the  hypothenuse  AC= 
DF,  and  the  side  BA= 
ED;  then  will  the  side 
BC=EF,  the  angle  BAC=D,  and  the  angle  C=F. 

If  the  side  BC  is  equal  to  EF,  the  hke  angles  of  the  two 
triangles  are  equal  (Prop.  XIII.  Sch.)  Now,  if  it  be  possible, 
suppose  these  two  sides  to  be  unequal,  and  that  BC  is  the 
greater. 

On  BC  take  BG=EF,  and  draw  AG.  Then,  in  the  two 
triangles  BAG,  DKF,  the  angles  B  and  E  are  equal,  being 
right  angles,  the  side  BA=ED  by  hypothesis,  and  the  side 
BGs^EF   by  ^construction :  consequently,  AGi=DF  (Prop. 
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VIII  Cnr.  2.)  But  by  hypothesis  AC=DP  ;  and  therefore 
AC=Aii  (Ax.  1.)  But  the  obliciu?  line  AC  rnmint  be  etiuiil 
to  A<i.  which  hes  nearer  the  pcrpendienlnr  AB  (I'rop.  Wll.); 
iher.  i'iir<».  BC  and  EF  cannot  be  nnecjual.  and  Iienre  tlie  an- 
gle A=(\  and  the  angle  liAC=F ;  and  ihcrclbre,  the  triangles 
arc  equal. 

PROPOSITION    XX.       TIIEORKM. 

If  two  ri^hl  lines  which  lie  in  the  sarrnj  plane  arc  equidis- 
tant in  tiro  points^  they  are  equidistant  in  all  their  points^ 
and  hence  are  parallel. 

liet  AB  and  CD  be  two  ri^ht  lines  Iv-    ^  ? 5_? 

mg  in  the  same  plane,  and  let  them  he 
» related,  that  the  Hues  EF'  and  GH 
<|rairn  t'rom  the  points  E  and  (ji  in  the 


line  AB,  pcrpendicnlar  to  CD,  are  ciqiial     ^  ^  ** " 

^h  to  each  ;  and  the  lines  AB  and  CD  will  ho  eqnidistant 
'^ajj  their  parts. 

.  /"V  let  the  two  lines  AB  and  CD  be  brought  into  such  po- 

^^[^o\\  that  the  points  E  and  (i  in  the  lihc  AB  may  coincide 

^'Hi  the  points  F  and  H  in  the  line  CD.  and  (Prop.  V.)  the 

/*'o  lines  will  coincide  in  all  their  parts,  and  form  but  one 

.    -Xow.  as  the  line  CD  is  a  ricrht  line,  and  as  all  the  points 

!|Mlio  line  A  B  coincide  with  corresponding?  ])oints  in  the  line 

O  when  brought  in  the  same  position,  if  posited   by  the 

"^^5?  of  each  other  they  will  touch  in  all  their  parts,  and  the 

^^'^ints  E  and  G  in  the  line  AB  will  have  the  same  relation  to 

j^Qh  of  the  other  points  in  the  line  AB,  as  the  points  F  and 

"   in  the  line  CD,  to  each  of  the  other  points  in  the  line  CD, 

*^*^d  each  point  in  the  line  AB  will  be  similarly  related  to  the 

^^rrespondine  points  in  the  line  CD,  viz  :  they  all  touch  each 

^^lier.     ISow,  if  the  line  AB  is  moved,  so  that  the  points  E 

*^«^d  G  may  be  equidistant  from  the  points  F  and  li,  viz  :  so 

^liat  the  line  EF,  joining  the  points  E  and  F,   may  be  equal 

^O  the  line  GH  joining  the  points  G  and  11,  the  pouits  E  and 

^  will  still  have  the  same  relation  to  every  other  \K>\v\i  in  the 

^ixie  AB  as  before ;  and  because  the  points  E  and  G  are  simi- 

*^rly  related  to  the  points  F  and  H.  every  other  point  in  the 

A.B  is  similarly  related  to  its  corresponding  point  in  the  line 

CD;  that  is,  every  point  in  the  line  AB  is  eqnidistant  from 

the  line  CD,  and  hence  the  lines  AB  and  CD  are  parallel. 

Sehoiium.  It  is  evident  that  parallel  lines  would  never 
meet  each  other,  however  far  they  may  be  produced ;  for  ev- 
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ery  part  by  which  the  lines  are  produced,  when  added,  be- 
comes a  part  of  the  parallel  lines,  which,  by  definition,  are 
cqiiidistunt  in  all  their  parts. 

PROPOSITION   XXI.       THEOREM. 

If  two  right  lines  are  perpendindar  to  a  third  line,  they  are 

parallel  to  each  other. 

Let  the  two  lines  AC,  BD,a 
be  perpendicular  to  AB,  then 
will  ilicy  be  parallel. 

For,  it   it  be  possible,  let 
the  productions  of  the  lines     '  ^ 

AC  and  BD,  meet  in  some  point  O  on  either  side  of  AB,  and 
if  OCA  and  ODB  are  right  lines  and  perpendicular  to  AB, 
there  would  be  two  perpendiculars,  OA,  OB,  drawn  from  the 
same  point  on  the  same  right  line,  which  is  impossible, 
(Prop.  XVII.  Cor.  L) 

PPOPOSITION    XXn.       THEOREM. 

If  a  right  line  meet  two  other  right  lines,  making  the  sum  of 
the  intf;rior  angles  on  the  same  side  of  the  first  m^entioned 
line  equal  to  two  right  angles,  the  two  lines  will  be  parallel 
Let  the  line  AB  meet  the  two  lines 
EC  and  Bl),  making  the  angles  BAC, 
ABD,  together  equal  to  two  ripht  an- 
gles; then  the  Hues  EC  and  BD  will 
le  parallel. 

From  G,  the  middle  point  of  BA, 
draw  the  right  line  HGF,  perpendicular  to  EC  It  will 
also  be  perpendicular  to  BD.  For,  the  sum  BAC+ABD  is 
equal  to  two  right  angles,  by  hypothesis ;  the  sum  BAC-|- 
BAE  is  likewise  equal  to  two  right  angles  (Prop.  III.)  ;  and 
taking  away  BAC  from  both,  there  will  remain  the  angle 
ABD=BAE. 

Again,  the  angles  HGA,  BGF,  are  equal  (Prop.  VI.); 
therefore,  the  triangles  HGA  and  BGF,  have  each  a  side  and 
two  adjacent  angles  equal  ;  therefore  they  are  themselves 
equal,  and  the  angle  GHA  is  equal  to  the  angle  GFB  :  but 
GHA  is  a  right  angle  by  construction;  therefore,  GFB  is 
a  right  angle  ;"hence  the  two  lines  EC,  BD,  are  perpendicular 
to  the  same  straight  line,  and  are  tlierefore  parallel  (Prop. 
XXI.) 
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Schoiium.  When  two  parallel  straight 
lines  A B.  CD.  are   met  bv  a  third    line 
FE.  the  angles  which  are   formed  take^. 
particular  names. 

Interior  an  tries  on  the  same  side,  are 
those  which  lie  within  the  parallels,  and 
on  the  same  side  of  the  secant  line :  thus, 
(XiB.  B(jE,  are  interior  angles  on  the 
same  side ;  and  so  also  are  the  angles  OGA,  GOC. 

Altfrnate  angles  lie  within  the  parallels,  and  on  diiTerent 
sides  of  the  secant  line:  AGO,  DOG,  arc  alternate  ansrles; 
and  so  also  are  the  angles  COG,  BGO. 

Alternate  exterior  ans^les  lie  without  the  parallels,  and  on 
different  sides  of  the  secant  line:  EGB.  C(>F.  arc  alternate 
exterior  angles ;  so  also,  are  the  angles  AGE,  FOL). 

Opposite  exterior  and  interior  angles  lie  on  tlie  same  side 
of  the  secant  line,  the  one  without  and  the  other  within  the 
parallels,  but  not  adjacent:  thus,  EGB,  (^iOD,  arc  opposite 
exterior  and  interior  angles ;  and  so  also,  are  the  angles  AGE, 
GOc. 

Cor.  1.  If  a  straight  line  EF,  meet  two  straight  lines  CD, 
AB,  making  the  alternate  angles  AGO,  GOD,  equal  to  each 
other,  the  two  lines  will  be  parallel.  For.  to  each  add  the 
angle  0GB;  we  shall  then  have,  AGO+0(ir:=.G()D+ 
WJB:  but  AGO+OGB  is  equal  to*  two  riyht  angU's  (IVop. 
III.);  hence  GOD-j-OGB  is  equal  to  two  right  angles:  there- 
fore, CD,  AB,  are  parallel. 

Cor,  2.  If  a  straight  line  EF  meet  two  strais^ht  linns  CD, 
.VB,  making  the  exterior  angle  F(jJB  equal  to  the  interior  and 
opposite  angle  GOD,  the  two  lines  will  be  parallel.  For,  to 
each  add  the  angle  0GB:  we  shall  then  have  EGB+0(;H= 
GOD+OGB;  but  EGB+OGB  is  equal  to  two  right  angles; 
hence,  GOD+OG B  is  equal  to  two  right  angles;  therefore, 
CD,  AB,  are  parallel. 

PROPOSITION  XXIII.      THEOREM. 

y  fl  right  line  meet  two  parallel  right  lines,  the  simi  of  the 
interior  angles  on  the  same  side  will  be  equal  to  two  right 
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Let  the  parallels  AB,  CD, 
be  met  by  the  secant  line 
FE:  then  will  OGB+CiOD, 
or  OGA+GOC,  be  equal  to 
two  right  angles. 

For,  if  OGB+GOD  be  not 
equal  to  two  right  angles, 
let  IGH  be  drawn,  making 
the  sum  OGH+GOD  equal 
to  two  right  angles ;  then 
IH  and  CD  will  be  parallel  / 

(Prop.  XXII.),  and  hence  we  shall  have  two  lines  GB,  GH, 
drawn  through  the  same  point  G  and  parallel  to  CD,  which 
is  impossible  (Ax.  12.) ;  hence,  GB  and  GH  should  coincide, 
and  OGB-j-GOD  is  equal  to  two  right  angles.  In  the  same 
manner  it  may  be  proved  that  OGA+COC  is  equal  to  two 
right  angles. 

Cor,  1.  If  0GB  is  a  right  angle,  GOD  will  be  a  right  angle 
also;  therefore,  every  straight  line  perpendicular  to  one  of 
two  parallels,  is  perpendicular  to  the  other. 

Cor.  2.  If  a  right  line  meet  two  parallel  lines,  the  alter- 
nate angles  will  be  equal. 

Let  AB,  CD,  (see  diagram  to  the  scholium  of  the  prece* 
ding  proposition),  be  the  parallels,  and  FE  the  secant  line. 
The  sum  OGB+^OD  is  equal  to  two  right  angles.  But  the 
sum  OGB-|-OGA  is  also  equal  to  two  right  angles  (Prop. 
III.)  Taking  from  each  the  angle  0GB,  and  there  remains 
OGA=GOD.  In  the  same  manner  we  may  prove  that  GOC 
=OGB. 

Cor,  3.  If  a  straight  line  meet  two  parallel  lines,  the  oppo- 
site exterior  and  interior  angles  will  be  equal.  For  the  sum 
OGB-|-GOD  is  equal  to  two  right  angles.  But  the  sum  0GB 
+DGB  is  also  equal  to  two  right  angles.  Taking  from  each 
the  angle  OGB,  and  there  remains  GOD=FGB.  In  the  same 
manner  we  may  prove  that  AGE=GOC. 

Cor,  4.  We  see  that  of  the  eight  angles  formed  by  a  line 
cutting  two  parallel  lines  obliquely,  the  four  acute  angles  are 
equal  to  each  other,  and  so  also  are  the  four  obtuse  angles. 

PROPOSITION   XXIV.       THEOREM. 

If  two  points  in  a  right  line  be  unequally  distant  from  ano^ 
iher  right  //we,  the  former^  by  being  produced  on  the  side  of 
the  least  distance^  vnll  continue  to  approach  nearer  and 
nearer  to  the  laUer^  or  its  production^  till  at  lengtt^  U  will 
meet  it. 


%. 
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liet  the  two  points  F,  G,  in  the 
teht  line  CD,  be  unequally  distant 

from  the  right  line  AIj,  tlien  ihclme 

CD.  by  beinir   produced,    shall   ap-  ^  B 

/>ro.'ich  the  line  AB,  or  its  prolongation,  till  it  meets  it. 

For  the  right  lines  AB  and  CD  may  be  conceived  to  be 

C-i^ncrated  by  the  motion  of  a  point,  and  may  be  produced  at 

p  I  ^asure  by  the  continued  motion  of  the  point ;  and,  (Def* 

S  -  ).  if  a  right  line  is  traced  by  the  motion  of  a  point,  that 

->int  moves  always  in  tlve  same  direction.     Now,  if  in  the 

r>urse  of  the  production  of  two   lines   lying  in  the  sam6 

-plane,  they  are  found  to  approach  each  other  in  any  de- 

sree:  or  if  the  point  G  is  found  to  be  nearer  to  the  line  AB, 

iVian  the  point  F;  then,  because  the  lines  always  preserve 

the  same  direction,  the  point  D  will  be  nearer  the  line  AB 

\>ianthe  point  G,  and  so  on  for  any  production  of  the  two 

lines;  and  hence,  there  must  be  a  point  more  or  less  distant 

u>  which  both  of  the  lines  tend,  and  jn  which  they  would 

meet  if  produced.  ■ 

Cor.  Hence,  from  the  same  point  more  than  one  parallel 
to  a  right  line  cannot  be  drawn. 

PROPOSITION   XXV.       THEOREM. 

Tm  ri^/ii  lines  which  are  parallel  to  a  third  line  are  parallel 

to  each  otiier. 

I^t  CD  and  AB  be  parallel  to  the  third  line  EF ;  then  are 
*hey  parallel  to  each  other. 

Draw  PQR  perpendicular  to  EF,  and 
cmting  AB,  CD.  Since  AB  is  parallel 
toEP,  PR  will  be  perpendicular  to  AB 
(Prop.  XXIII.  Cor.  1.);  and  since  CD 
»  parallel  to  EP,  PR  will  for  a  like  rea- 
son be  perpendicular  to  CD.  Hence  AB 
•nd  CD  are  perpendicular  to  the  same  straight  line ;  hence 
%  are  parallel  (Prop  XXI.) 

PROPOSITION  XXYI.      THEOREM. 

V  ftw  angles  have  t/ieir  sides  parallel  and  lying  in  the  same 

direction^  they  will  be  equal. 
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Let  ARC  and  DEF  be  the  two  angles, 
having  AB  parallel  to  ED,  and  AC  to 
EF  ;  then  will  the  angles  be  equal. 

For,  produce  DE,  if  necessary,  till  it 
meets  AC  in  G.  Then,  since  EF  is  par- 
allel to  GC,  the  angle  DEF  is  equal  to 
DGC  (Prop.  XXIII.  Cor.  3.)  ;  and  since  DG  is  parallel  to 
AB,  the  angle  DGC  is  equal  to  BAC  ;  hence,  the  angle  DEF 
is  equal  to  BAC  (Ax.  1.) 

Sckoliuni.  The  restriction  of  this  proposition  to  the  case 
where  the  side  EF  lies  in  the  same  direction  with  AC,  and 
ED  in  the  same  direction  with  AB,  is  necessary,  because  if 
FE  were  produced  toward  H,  the  angle  DEH  would  have  its 
sides  parallel  to  those  of  the  angle  BAC,  but  would  not  be 
equal  to  it.  In  that  case,  DEU  and  BAC  would  be  together 
equal  to  two  right  angles.  For.  DEH+DEF  is  equal  to  two 
right  angles  (Prop.  III.)  ;  but  DEF  is  equal  to  BAG :  hence, 
DEH-f-BAC  is  equal  to  two  right  angles. 

PROPOSITION    XXVII.       THEOREM. 

In  every  triangle^  the  sum  of  the  three  angles  is  equal  to  ttoo 

right  angles. 

Let  ABC  be  any  triangle  :  then  will  the 
angle  C-f-A+B  be  equal  to  two  right  an- 
gles. 

For,  produce  the  side   CA   towards  D,  q 

and  at  the  point  A,  draw  AE  parallel  to     *  i  I> 

BC.  Then,  since  AE,  CB,  are  parallel,  and  CAD  cuts  them, 
the  exterior  angle  DAE  will  be  equal  to  its  interior  opposite 
one  ACB  (Prop.  XXIII.  Cor.  3.);  in  like  manner,  since  AE, 
CB,  are  parallel,  and  AB  cuts  them,  the  alternate  angles 
ABC,  BAE,  will  be  equal :  hence  the  three  angles  of  the  tri- 
angle ABC  make  up  the  same  sum  as  the  three  angles  CAB, 
BAE,  EAD  ;  hence,  the  sum  of  the  tliree  angles  is  equal  to 
two  right  angles  (Prop.  III.) 

Cor.  1.  Two  angles  of  a  triangle  being  given,  or  merely 
their  sum,  the  third  will  be  found  by  subtracting  that  sum 
from  two  right  angles. 

Cor.  2.  If  two  angles  of  one  triangle  are  respectively  equal 
to  two  angles  of  another,  the  third  angles  will  also  be  equal, 
and  the  two  triangles  will  be  mutually  equiangular. 

Cor.  3.  In  any  uiangle  there  can  be  but  one  right  angle : 
for  if  there  were  two,  the  third  angle  must  be  nothing.  Still 
less,  can  a  triangle  have  more  than  one  obtuse  angle. 
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Cor.  4.  In  evcrv  rislit  .misled  triarurlo,  the  sum  of  the  two 

3CII1P  ancles  is  equal  to  out:  right  aiiulo. 

(V. ."».  Siiir<>  evcrv  o«|iiil:iltral  tri;iiiLMo  is  also  cM]niaii2:u- 
ijrfProji.  XIV.  Cor.  2.).  oarli  of  its  aiiLrlcs  will  j-.c  Ot|iial  to 
ill',  ihini  i»art  ol*  two  riclit  aiiL'lcs:  so  llinl.  if  the  ri:ilit  aiiL'Ic 
i>  expr^'^scd  by  unity,  the  aujjlc  of  au  cviuilatcrai  triauglc 
vi!l  Ik?  expressiMl  l>y  |. 

C(tT.\'}.  Of  cvorv  triariffhi  AUG.  tlio  oxtorior  anulc  BAD  is 
^liial  to  the  sum  of  the  two  interior  ojjpositc  aujrles  15  and 
C.  Fnr,  AK  being  parallel  to  BC,  tlu:  [)art  IjAM  is  equal  to 
thejuiglc  Bj  and  tlic  part  DAE  is  equal  to  the  angle  C. 

PROPOSITION    XXVIII.       THEOREM. 

Tk  mm  of  all  tho  wtcrior  anixhs  of  a  pohjs^ou  is  equal  to 
tvici'  as  many  n'^ht  angles  as  thv  Jitsura  has  sides,  less 
Jwr  right  angles. 

Let  AnCDKKG  l)e  tlie  proposed  ]ioIyL'on. 
If  from  the  vertex  of  any  one  auirle  A.  dia- 
eoimisAC,  AD.  AK.  AF,  he  drawn  to  the 
v»:riirfM)f  all  tin'  ojiposite  auLrN's,  it  is  plain 
that  ill*'  |h)Iy£ron  will  l»e  divi<led  info  live  tri- 
aidis,  if  it  has  svww  sides;  into  six  trian- 
?l^s.  if  it  has  ei^^ht  ;  and,  in  xitMiernl,  into  as 
ni«uvtriani£les,  less  two,  as  the  polviron  has  sides:  for,  these 
triangles  maybe  eonsidcred  as  liavini;  the  ]M)int  A  for  a  eom- 
mon  vertex,  and  lor  bases,  the  several  sides  of  the  polys?on, 
excepting  tlie  two  sides  wliich  form  the  anp:lc  A.  It  is  ovi- 
denialso.  that  tlie  sum  of  all  the  aULrles  in  these  triauLdrs, 
dues  not  differ  from  the  sum  of  all  the  angles  in  the  polyij^n : 
hence  the  sum  of  all  the  angles  of  the  i)olygon  is  equal  to 
f^o right  angh'S,  taken  as  many  times  as  there  are  triangles 
uitlie  figure :  in  other  words,  as  there  are  units  in  the  num- 
1*^  of  sides  diminished  by  two. 

Cw.  1.  The  sum  of  the  angles  in  a  quadrilateral  is  equal 
to  Ivo  right  angles  multiplied  by  4 — 2,  which  amounts  to 
fonr right  angles;  hence,  it  all  the  angles  of  a  quadrilateral 
*rc equal,  each  of  them  will  be  a  right  angle:  and  if  the 
"^of  any  two  of  the  angles  is  equal  to  two  right  angles, 
fte  sum  ot  the  other  two  will  also  be  equal  to  two  right  an- 
gles. 

Cw.  2.  The  sum  of  the  angles  of  a  pentagon  is  equal  to 
fright  angles  multiplied  by  5 — ^2,  which  amounts  to  six 
'^tangles:  hence,  when  a  pentagon  is  equiangular,  each 
*>Jgle  is  equal  to  the  fifth  part  of  six  right  angles,  or  to  { 
^  one  right  angle. 
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Cor.  3.  The  sum  of  the  angles  of  a  hexagon  is  equal  to 
2x(6 — ^2),  or  eight  right  angles;  hence  in  the  equiangular 
hexagon,  each  angle  is  the  sixth  part  of  eight  right  angles, 
or  J  of  one. 

Scholium.  When  this  proposition  is  applied  ^.^^-^^^^^ 
to  polygons  which  have  re-efitrant  angles,  each  i^  ^y 
re-entrant  angle  must  be  regarded  as  greater  /  ^ 

than  two  right  angles.     But  to  avoid  all  ambi-  \  \ 

guity,  we  shall  henceforth  limit  our  reasoning    V^^^^y"^ 
to  polygons  with  salient  angles,  which  might 
otherwise  be  named  convex  polygons.     Every  convex  poly- 
gon is  such  that  a  straight  line,  drawn  at  pleasure,  cannot 
meet  the  contour  of  the  polygon  in  more  than  two  points. 

PROPOSITION   XIIX.      THEOREM. 

In  any  polygon  the  exterior  angles  formed  by  producing  each 

side,  amount  to  four  right  afigles. 

Let  the  sides  of  the  polygon  ABCD- 
FG,  be  produced,  in  the  same  direc- 
tion ;  then  will  the  sum  of  the  exteri- 
or angles  (i-{-b-\-c-^d^f-\-g,  be  equal 
to  four  right  angles.  ^ 

For,  each  interior  angle,  plus  its  ex- 
terior angle,  as  A+a,  is  equal  to  two 
right  angles  (Prop.  III.)  But  there 
ftre  as  many  exterior  as  interior  angles,  and  as  many  of  each 
as  there  are  sides  of  the  polygon ;  hence,  the  sum  of  all  the 
interior  and  exterior  angles  is  equal  to  twice  as  many  right 
angles  as  the  polygon  has  sides.  Again,  the  sum  of  all  the 
interior  angles  is  equal  to  two  right  angles,  taken  as  many 
times,  less  two,  as  the  polygon  has  sides  (Prop.  XXVIII.)  ; 
that  is,  equal  to  twice  as  many  right  angles  as  the  figure  has 
sides,  wanting  four  right  angles.  Hence,  the  interior  angles 
plus  four  right  angles,  is  equal  to  twice  as  many  right  an- 
gles as  the  polygon  has  sides,  and  consequently,  equal  to  the 
sum  of  the  interior  angles  plus  the  exterior  angles.  Taking 
from  each  the  sum  of  the  interior  angles,  and  there  remain 
the  exterior  angles,  equal  to  four  right  angles. 

PROPOSITION   XXX.       THEOREM. 

Two  triangles  are  equal,  if  two  sides  and  an  opposite  angle 
in  one^  are  respectively  equal  to  two  sides  and  a  correspond-' 
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ins  opposite  ans^le  in  the  other ;  provided  the  ether  opposite 
auirles  in  each  triansc^e  are  cither  both  acute  or  both  obtuse. 


In  the  iriandes  ABC,  DEF,  let  the  sides  AB,  AC,  be  re- 


gles  B  and  E  are  either  both  acute,  or  both  obtuse. 

First,  let    B   and   E  be 

acme:  then,  if  the  equality 

of  BC  and  EF  be  denied, 

one  of  them  as  EF  must  be 

V?er  than  tlic  other.    Let  "  c  k  ' 

ihenFG  bo  taken  e([ual  to  BC,  and  draw  DG,  which  will  be 

^lual  to  AB  (Prop.  Vlll.Cor.  2.),  and,  therefore,  equal  to  DE ; 

^^J/i.sei|uently  the  anirle  E  is  equal  to  the  angle  D(iE  (Prop. 

-^IV.):  DUE  is.  therefore,  an  acute  ancle,  but  this  angle,  to- 

p'her  witli  IHiF,  make  up  two  right  angles,  (Prop.  HI.); 

^^»P  is  tlierelbre  an  obtuse  angle.     But  since  the  triangles 

-^Bc.  IK.iF.  are  equal,  the  angle  D(jlF  must  be  equal  to  the 

^'isle  B.  and,  therelore.  acute,  which  is  impossible ;  so  that 

*^^-»  cannot  be  equal  to  BC  ;  and  the  demonstration  would 

"•"^ve  been  the  same  had  BC  been  supposed  longer  than  EF; 

"lese  two  sides  are,  tlierefore,  equal. 

Next,  let  the  angh?s  B  and 

^  be  obtuse  :  then,  if  EF  be 

^^pposed   longer   than   BC, 

I*'o<lucc   the   latter   beyond 

^e   vertex    B,    till    CO   be 

^*lual  to  EF ;  join  Afi.  Then,  as  before  shown,  AG  is  equal 

^^  DE,  or  to  AB,  and  the  angle  AGC,  which  is  equal  to  the 

^Ugle  ABG  (Prop.  XIV.),  is  acute,  shice  ABD  is  obtuse;  but 

^he  same  angle  must  be  obtuse,  because  the  triangles  AGC, 

l^EF,  are  equal  (l^rop.  Vlll.),  which  is  impo.ssible;  whence 

tlF  cannot  be  longer  than  BC,  and  liad  BC  been  supposed 

\onger  than  EF,  a  similar  absurdity  would  obviously  have 

followed;  hence   in   this  case  also   the  sides  BC,  EF,  are 

equal,  and  tlierefore,  (Prop.  XIII.)  the  triangle  ABC  is  equal 

U)  the  triangle  DEF. 

PROPOSITION   XXXI.       THEOREM. 

in  any  triangle,  the  difference  of  the  angles  at  the  base  is 
^^fnide  the  angle  contained  by  a  line  drawn  from  the  vertex 
P^n^idicular  to  the  base,  and  another  line  bisecting  the 
^^gk  at  the  vertex. 
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Let  ABC  denote 
any  triangle  ;  AD 
perpendicular  to  t!ie 
base  (produced  if 
necessary),  AE  a 
line  bisecting  the 
angle  BAG  :  the  dif- 
ference of  the  angles 
at  B  and  C,  is  double  the  angle  EAD. 

The  angle  ABC  is  equal  to  the  difference  of  the  angles 
ADC  and  BAD  (Prop.  XXVII.  Cor.  4.);  that  is,  of  a  right 
angle  and  BAD.  Also,  the  angle  ACB  is  equal  to  the  diflfer- 
ence  of  a  right  angle  and  DAC.  Wherefore  the  difference 
of  the  angles  ACB  and  ABC  is  equal  to  the  difference  of  the 
angles  BAD  and  DAC,  that  is,  to  the  difference  of  the  an- 
gles EAC,  EAD,  and  DAC,  that  is  to  twice  the  angle  DAE. 

If  the  perpendicular  fall  on  the  base  produced,  as  in  the 
second  figure,  then  as  before,  the  angle  ABC  is  equal  to  the 
difference  of  a  right  angle,  and  BAD  (Prop.  XXVll.  Cor.  4.) ; 
and  the  angle  ACB  is  equal  to  the  S7im  of  the  angles  CDA 
and  DAC,  that  is,  to  a  right  angle  and  DAC  ;  wherefore  the 
difference  of  the  angles  ACB  and  ABC  is  equal  to  the  sum  of 
the  angles  BAD,  CAD ;  that  is,  to  twice  EAC  and  twice 
CAD,  that  is,  to  twice  EAD. 


PROPOSITION  XXXn.   THEOREM. 

The  opposite  sides  and  angles  of  a  rhomboid  are  equal. 

Let  ABCD  be  a  rhomboid,  the  opposite  sides  and  angles 
are  equal. 

Draw  the  diagonal  AC  ;  then,  since 
AB,  DC,  are  parallel,  the  alternate  an- 
gles BAC,  DCA,  arc  equal  (Pr.  XXIII. 
Cor.  3.),  and  because  AD,  BC,  are  also 
parallel,  the  alternate  angles  DAC, 
BCA,  are  likewise  equal :  hence  the 
two  angles  BAC,  DAC,  are  together  equal  to  the  two  angles 
CDA,  BCA ;  that  is,  the  opposite  angles  BAD,  DCB,  are 
equal.  Again,  since  the  angles  BAC,  BCA,  and  the  interja- 
cent side  of  the  triangle  ABC  are  respectively  equal  to  the 
angles  DCA,  DAC,  and  the  interjacent  side  of  the  triangle 
CDA,  the  triangles  are  equal  (Prop.  IX.) ;  therefore  the  side 
AB  is  equal  to  the  side  CD,  the  side  BC  to  DA,  and  the  an- 
gle B  to  the  angle  D ;  hence,  in  a  rhomboid,  the  opposite 
sides  and  angles  are  equal. 
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fji»r.  1.  From  this  proposition,  and  proposition  XXVllI. 
or.  1..  it  follows,  that  if  one  ansrle  of  a  rhomboid  be  right, 
II   the  angles  will  be  right. 

Oor.  2.  Therefore  in  the  rectangle  and  sqnare  (see  Defini- 
t  ions)  all  the  ancles  are  riffht,  and  in  the  latter  all  the  sides 
^re  eqnal. 

Oir.  3.  The  diagonal  divides  a  rhomboid  into  two  equiva- 
\  ent  triangles. 

Cor,  4.  Parallels  included  between  two  other  parallels  are 
^?q\jal. 

PROPOSITION    XXXIII.       THEOREM. 

C^t^nrer^^ehj^  [f  the  opposite  suhs  of  a  qwtdnlateral  he  equc^^ 
€kr  if  tha  opposite  angles  be  equal,  the  Jigtire  mill  be  a  rhon^ 
bold. 

In  the  quadrilateral  ABCD  let  tlie  opposite  sides  be  equal, 
tlae  figure  will  be  a  rhomboid. 

Let  the  diagonal  AC  be  drawn,  then 
ttxe  triangles  ABC,  ADO,  arc  equal, ^ 
si  rice  the  three  sides  of  the  one  are  re- 
s  j:x?ctively  equal  to  tliosc  of  llie  other, 
(^  l^*rop.  X'lII.)  ;  therefore  the  andes  BAG, 
t>CA,  opposite  the  equal  sides  BC,  DA, 
aire  ecpial ;  therefore  DC  is  parallel  to  AB  ;  the  angles  ACB, 
r  '  ^D.  opposite  the  equal  sides  AB,  DC,  are  also  etjual ;  BC  is 
t  h  <jrofore  parallel  to  AD  (Prop.  XXII.  Cor.  1.):  hence  AB- 
CT  X  is  a  rhomboid. 

•Vext,  let  the  opposite  angles  be  equal. 

Then  the  sum  of  the  angles  BAD,  ADC,  must  be  equal  to 

^'^^  sum  of  the  angles  DCB,  CB A;  therefore  each  sum  is 

^^i  'lal  to  two  right  angles  (Prop.  XXViil.  Cor.  1.)  ;   therefore 

^j  DC,  are  paraller(Prop.  X\II.  Cor.  I.)     For  sunilarrea- 

^s  AD,  BC,  are  parallel;  therefore  the  figure  is  a  rhom*. 

PROPOSITION   XXXIV.      THEOREM. 

twn  of  the  opposite  sides  of  a  qwidrilnteral  are  both  equal 
afid  jjarallel,  thejigure  is  a  rltomhoid. 

In  the  quadrilateral  ABCD  (preceding  diagram),  let  AB 

equal  and  parallel  to  DC,  then  will  ABCD  be  a  rhomboid. 

f^or  the  diagonal  AC  makes  the  alternate  angles  BAC, 

*^  A,  equal  (Prop.  XXHI.  Cor.  2. ) ;  so  that  in  the  triangles 
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ABC,  CDA,  two  sides,  and  the  included  angle  in  each,  arcf 
respectively  equal;  these  triangles  are,  therefore,  equal, 
(Prop.  VIII.):  the  angle  ACB  is,  therefore,  equal  to  the  an- 
gle CAD;  hence  AD  is  parallel  to  BC  (Prop.  XXII.  Cor.  1.), 
and  the  other  two  sides  are  parallel  by  hypothesis ;  therefore 
ABCD  is  a  rhomboid. 

Cor.  If,  in  addition,  the  parallel  sides  be  each  equal  to  a 
third  side,  the  rhomboid  will  be  either  a  rhombus  or  a  square^ 
according  as  it  has,  or  has  not,  a  right  angle. 

Scholium.  It  has  been  proved  (Prop.  \ III.)  that  two  tri- 
angles are  equal,  when  two  sides  and  the  included  angle  in 
the  one,  are  respectively  equal  to  two  sides  and  the  included 
angle  in  the  other ;  we  may  now  infer  further,  that  two  tri- 
angles are  equivalent  or  equal  in  surface,  when  two  sides  of 
tne  one  are  respectively  equal  to  two  sides  of  the  other, 
and  the  sum  of  the  included  angles  equal  to  two  right  angles. 

For,  let  the  triangles  ADC,  BCD,  having  two  sides,  AD,. 

DC,  in  the  one  equal  to  the  two  BC,  CD,  ^^_ ^ 

in  the  other,  be  placed  as  in  the  margin,  a 
side  of  the  one  coincidhig  with  the  equal 
side  in  the  other ;  let  also  the  included  an- 
gles ADC,  BCD,  be  together  equal  to  two 
right  angles,  and  let  AB,  BD  be  drawn. 

Then,  since  the  angles  ADC,  BCD,  are  together  equal  to 
two  right  angles,  the  lines  AD,  BC,  are  parallel  (Prop.  XXIt 
Cor.  1 .),  but  they  are  also  equal  by  hypothesis ;  hence,  by 
the  above  proposition,  the  figure  ABCD  is  a  rhomboid  ;  now, 
the  triangle  ADC  is  half  the  rhomboid  (Prop.  XXXII.  Cor. 
3.),  so  also  is  the  triangle  BCD;  these  triangles  are,  there- 
fore, equivalent. 

PROPOSITION  XXXV.   THEOREM. 

3'Ae  diagonals  of  a  rhomboid  bisect  each  other. 

The  diagonals  AC,  BD,  of  the  rhomboid  ABCD  (see  pre- 
ceding diagram)  arc  mutually  bisected  in  the  point  P. 

For,  since  AB,  CD,  are  parallel,  the  angles  PAB,  PBA,  are' 
respectively  equal  to  the  angles  PCD,  PDC  (Prop.  XXIll. 
Cor.  2.),  and  AB  being  also  equal  to  CD,  the  triangles  PAB, 
PCD,  are  equal  (Prop.  IX.)  therefore  the  sides  AP,  CP,  op- 
posite the  equal  angles  ABP,  CDP,  are  equal,  as  also  the 
sides  BP,  DP,  opposite  the  other  equal  angles.  The  diago- 
nals of  a  rhomboid,  therefore,  bisect  each  other. 
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Conversely,   if  the  diagonals  of  a  quadrilateral  bisect  each 

other,  the  figure  is  a  rhomboid. 

If  the  diagonals  AC,  BD,  bisect  each  other,  ABCD  is  a 
ibomboid. 

For,  the  two  sides  AP,  BP,  and  included  an-^^  C 

gle,  being  equal  to  the  two  sides  CP,  PD,  and  " 
included  anele,  the  side  AB  is  equal  to  the  side 
CD  (Prop.  VIII.  Cor.  2.)    For  similar  reasons 
AD  is  equal  to  CB ;  hence  (Prop.  XXXIII.)  the 
foadiilateral  is  a  rhomboid. 


It  may  be  remarked  thai  in  this  and  the  four  succeeding 
hooks  of  these  elements,  the  lines  concerned  in  ectch  proposi* 
tion  are  supposed  to  be  all  situated  in  the  same  plane. 


8 


BOOK  III. 


THE  CIBCLE  AND  THE  MEASUBEMENT  OF  ANGLES! 


DEFINITIONS. 

1.  Every  line  which  is  not  a  right  line,  oi  composed  oC 
right  lines,  is  a  curve  line. 

2.  A  circle  is  the  surface  terminated  by  a  curve  line,  which 
is  in  every  part  equally  distant  from  a  point  within,  called 
the  centre. 

3.  The  boundary  of  a  circle  is  called  its  circumference. 

4.  The  radius  is  a  right  line  drawn  from  the  centre  of  a 
circle  to  the  circumference,  and  it  follows  from  Def.  2.  that 
all  radii  arc  equal. 

5.  The  diameter  of  a  circle  is  a  right  line  drawn  through 
the  centre.  Hence,  according  to  Def.  4,  it  is^twice  the  ra* 
dius.  „ 

In  the  annexed  diagram  the  surface  en- 
closed by  the  boundary  curve  line,  is  the 
circle;  the  curve  line  AFIIGBDE,  the  cir- 
cumference; the  lines  CE,  CD,  drawn 
from  the  centre  to  the  circumference,  are 
radii  ;  and  the  right  line  AB  drawn 
through  the  centre  C,  terminating  in  the 
circumference,  the  diameter. 

6.  An  arc  is  any  portion  of  a  circumference. 

7.  A  chord  of  an  arc  is  a  riifht  line  joining  the  extremities, 
of  that  arc.     Hence,  it  is  said  to  subtend  the  arc. 

8.  A  segment  of  a  circle  is  the  surface  included  between 
an  arc  and  its  chord. 

The  surface  FHG,  included  between  the  arc  FHG  and  the 
chord  FG  is  a  segment;  so  likewise  is  the  surface  includ^ 
by  the  same  chord  and  the  arc  FAEDBG. 

9.  A  sector  of  a  circle  is  the  surface  included  between  two 
radii,  and  the  intercepted  arc.  The  surface  ECD  is  a  sector 
of  a  circ  e. 

10.  A  tangent  is  a  line  which  touches 
a  circumference,  so  that  if  it  is  produced, 
it  will  not  cut  it.  The  line  AB  is  a  tan- 
gent. 

11.  A  secant  is  a  line  that  cuts  a  circle 
lying  partly  witliin  and  partly  without. 

The  line  CD  is  a  secant. 

12.  One  circle  is  said  to  touch  another, 
when  they  have  one  point  common,  and  but  one. 
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13.  A  line  is  inscribed  in  a  circle,  when 
its  eitremi ties  are  iu  the  circumference,  as 
ABorBC. 

li.  An  angle  is  inscribed  in  a  circle, 
vhen  its  sides  are  inscribed. 

The  angle  ABC  is  an  inscribed  angle. 

15.  An  inscribed  triangle  is  one  which,  like  BAG,  has  its 
three  angular  points  in  the  circumference. 

16.  A  polygon  is  inscribed  in  a  circle,  when  its  sides  are 
iiiscribed ;  and  under  the  same  circumstances,  a  circle  is  said 
to  circumscribe  a  polygon. 

17.  A  circle  is  inscribed  in  a  polygon,  when  all  its  sides 
^tich  the  circumference,  and  the  polygon  is  said  to  circum- 

^^(^ibe  the  circle. 

18.  By  an  angle  in  the  segment  of  a  circle,  is  meant  one 
"^hich  has  its  vertex  in  tk<3  arc,  aud  wliose  sides  intercept 
the  chord  And  by  an  angle  at  tlie  centre,  is  meant  one 
^hich  has  its  vertex  in  the  centre.     In  both  cases,  the  angles 

^re  said  to  be  subtended  by  the  chords,  or  tiie  arcs,  wiiich 

•^h^ir  sides  include. 


PROPOSITION    I.       THEOREM. 

diameter  divides  a  circle  and  its  circumference  into  iW0 

equal  parts. 

Let  AEDF  be  a  circle,  and  AB  a  diame- 

T.    Now,  if  the  figure  AEB  be  applied  to 

rFB,  their  common  base  AB  retaining  its 

osition,  the  curve  line  AEB  must  fall  ex- 

«tly  on  the  curve  line  AFB,   otherwise 

tiere  would,  in-  the  one  or  the  other,  be 

mt8  imequally  distant  from  the  centre, 

hich  is  contrary  to  the  definition  of  a  circle. 


PROPOSITION   II.      THEOREM. 

Every  chord  is  less  than  the  diameter. 

Xjet  AD  (see  preceding  diagram)  be  any  chord.  Draw  the 
dii  CA,  CD,  to  its  extremities.     We  shall  then  have  AD<^ 

-A^C+CD  (Prop.  X.  B.  II.);  or  AD<AB. 

Cor.  Hence,  the  greatest  line  which  can  be  inscribed  in  a 

•ircla  is  its  diameter. 
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PROPOSITION  III.      THEOREM. 

A  right  line  cannot  meet  the  circumference  of  a  circle  in 

more  than  two  points. 

For,  if  it  could  meet  it  in  three,  those  three  points  would 
be  equally  distant  from  the  centre  ;  and  hence,  there  would 
be  three  equal  right  lines  drawn  from  the  same  point  to 
the  same  right  line,  which  is  impossible,  (Prop.  XVII. 
Cor.  2.  B.  II.) 

PROPOSITION   IT.      THEOREM. 

In  the  same  circle  or  in  equnl  circles^  eqval  arcs  are  subtended 
by  equal  chords ;  and  conversely  equal  chords  subtend 
equal  arcs. 

If  the  radii  AC,  EO,  are      d 
equal,  and   the   arcs  AMD,  M 
ENG;  then   the  chord  AD 
will  be  equal  to  the  chord -^^ 
EG. 

For,  since   the   diameters  

AB,  EF  are  equal,  the  semi-  k 

circle  AMDB  may  be  applied  exactly  to  the  semicircle  EN- 
GF,  and  the  curve  line  AMDB  will  coincide  entirely  with  the 
curve  line  ENGF.  But  the  part  AMD  is  equal  to  the  part 
ENG  by  hypothesis ;  hence  the  point  D  will  fall  on  G; 
therefore  the  chord  AD  is  equal  lo  the  chord  EG. 

Conversely,  Suppose  again  the  radii  AC,  EO,  to  be  equal, 
if  the  chord  AD  is  equal  to  the  chord  EG,  the  arcs  AMD, 
ENG,  will  also  be  equal. 

For,  if  the  radii  CD,  OG,  be  drawn,  the  triangles  ACD, 
EOG,  having  all  their  sides  respectively  equal,  namely,  AC- 
=E0,  CD=OG,  and  AD=EG,  are  themselves  equal;  and, 
consequently,  the  angle  ACD  is  equal  to  EOG  (Prop.  VIII. 
Cor  2.  B.  II.)  Now,  placing  the  semicircle  ADB  on  its  equal 
EOF,  since  the  angles  ACD,  EOG  are  equal,  it  is  plain  that 
the  radius  CD  will  fall  on  the  radius  00,  and  the  point  D  on 
(the  point  G ;  therefore  the  arc  AMB  is  equal  to  the  arc  ENG. 

PROPOSITION   V.      THEOREM. 

In  the  same  circle^  or  in  equcU  circles^  a  greater  arc  is  sub- 
tended by  a  greater  chord ;  and  conversely,  the  greater 
chord  suhtends  the  greater  arc. 
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Let  the  arc  AH  be  jjrcater  than  the 
arc  AD:  ihen  will  the  cliord  All  be 
greater  than  tlic  cliord  A  D. 

For.  draw  llie  radii  CD,  CIl.  The 
two  sides  AC.  CH,  of  the  triaiisle  ACH, 
are  equal  to  the  two  AC,  CD,  of  the 
triangle  ACD,  and  the  anslc  ACII  is 
greater  than  ACD:  lience,  the  tliird 
side  AH  is  greater  tlian  the  third  side  AD  (Prop.  XII.  B. 
II.):  therefore  the  chord,  which  subtends  the  greater  arc,  is 
the  greater. 

Conversely,  if  the  chord  AH  is  greater  than  AD,  it  will 
follow,  on  coniparino"  the  same  triangles,  that  the  angle 
ACH  is  greater  than  ACD  (Prop.  All.  Sch.  Book  II.);  and 
hence  that  the  arc  AH  is  greater  than  AD  ;  since  the  whole 
is  greater  than  its  part. 

Srholiiitn.  The  arcs  here  treated  of  are  each  less  than  the 
semicirpumfnrenre.  If  they  were  jrreater,  the  reverse  pro- 
perty would  iiave  pl.ice  ;  for.  as  the  arcs  increase,  the  chords 
'^'ould  diminish,  and  conversely.  Thus,  the  arc  AKBD  is 
preaterthan  AKBll,  and  the  chord  AD,  of  the  first,  is  less 
^han  the  chord  AH  of  the  second. 


PROPOSITION    VI.       THE0RE3I. 

'^'■flrf/wj,  perpnul'iruJnr  to  n  chord,  hherts  the  chord,  and  bi- 
sects also  the  subtended  arc  of  the  chord. 

•t-et  AB  be  a  chord,  and  CG  the  radins 

/^^pendicular   to   it :  then   will  AD=DB, 

^^  the  arc  AG=<JB. 

j^^or,  draw  the  radii  CA,  CB.     Then  the 

^^^^rifirht  angled  triandes  ADC,  CDB,  will 

•  ^VeAC=CB,  and  CD  common:  hence  AD 

«qiiai  to  DB  (Prop.  XIX.  B,  II.) 

Again,  since  AD,  DB,  are  equal,  CG  is  a 

V— rpendicniar  erected  from  the  middle  of 


^" 


hence,   every   i>oint  of   this  perjxendicular  must  be 

ually  distant  from   its   two  extremities  A  and  B  (Prop. 

nil.  B.  II.)     Mow,   G  is  one  of  these  points;  therefore 

,^^,  BG,  are  equal.     But  if  the  chord  AG  is  equal  to  the 

^«ord  GB,  the  arc  AG  will  be  equal  to  the  arc  GB  (Prop. 

^^.);  hence,  the  radius  CG,  at  right  angles  to  the  chord  AB, 

^i'vides  the  arc  subtended  by  that  cliord  into  two  equal  parts 

5^t  the  point  G. 

SmUum.  The  centre  C,  the  middle  point  D,  of  the  chord 
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AB,  and  the  middle  point  G,  of  the  arc  subtended  by  this 
chord,  are  three  points  of  the  same  line  perpendicular  to  the 
chord.  But  two  points  are  sufficient  to  determine  the  posi- 
tion of  a  straight  line ;  hence  every  straicrht  line  which  pass- 
es throuoh  two  of  the  points  just  mentioned,  will  necessarily 
pass  through  the  third,  and  be  perpendicular  to  the  chord. 

It  follows,  likewise,  that  the  perpendicular  raised  from  the 
middle  of  a  chord  passes  through  the  centre  of  the  circle, 
and  through  the  middle  of  the  arc  subtended  by  that  chord. 

For,  this  perpendicular  is  the  same  as  the  one  let  fall  from 
the  centre  on  the  same  chord,  since  both  of  them  pass 
through  the  centre  and  middle  of  the  chord. 

PROPOSITION   Vn.       THEOREM. 

Through  three  given  points  not  in  the  same  right  line,  one 
circumference  rnay  be  made  to  pass,  a7id  but  one. 

Let  A,  B,  and  C,  be  the  given 
points. 

Draw  AB,  BC,  and  bisect  these 
right  lines  by  the  perpendiculars 
DE,  FG  :  we  say  first,  that  DE  and' 
FG,  will  meet  in  some  point  O. 

For,  they  must  necessarily  cut 
each  other,  if  they  are  not  parallel. 
Now,  if  they  were  parallel,  the  line  AB,  which  is  perpendi- 
cular to  DE,  would  also  be  perpendicular  to  FG,  and  the  an- 
gle K  would  be  a  right  angle  (Prop.  XXIII.  Cor.  1.  B.  IL) 
But  BK,  the  prolongation  of  BD,  is  a  different  line  from  BF, 
because  the  three  points  A,  B,  C,  are  not  in  the  same  right 
line ;  hence  there  would  be  two  perpendiculars,  BF,  BK,  let 
fall  from  the  same  point  B,  on  the  same  straight  linej  which 
is  impossible  (Prop.  I.  B.  II.)  ;  hence,  DE,  FG,  will  al- 
ways meet  in  some  point  O. 

And  moreover,  this  point  O,  since  it  lies  in  the  perpendicu- 
lar DE,  is  equally  distant  from  the  two  points,  A  and  B, 
(Prop.  XVIII.  B.  II.) ;  and  since  the  same  point  O  lies  in 
the  perpendicular  FG,  it  is  also  equally  distant  from  the  two 
points  B  and  C ,  hence  the  three  distances  OA,  OB,  OC,  are 
equal;  therefore  the  circumference  described  from  the  centre 
O,  with  the  radius  OB,  will  pass  through  the  given  points  A, 
B,  C. 

We  have  now  shown  that  one  circumference  carf  always 
be  made  to  pass  through  three  given  points,  not  in  the  same 
right  line :  we  say  farther,  that  but  one  can  be  described 
through  them. 


Cor.  1.  Two  circumferences  cannot  meet  in  more  than  two 
ciints;  for,  if  ihcy  have  three  common  points,  there  would 
e  tTO  circumferences  passing  through  the  same  three  points; 
liicbbas  been  shown  by  the  propnsilion  to  be  impossible. 

Cor.  2.  Therefore,  from  "any  point  not  the  centre,  more 
aotTO  equal  lines  cannot  be  drawn  to  the  circumference. 

Cor.  3.  Consequently,  that  point  from  which  three  equal 
esmay  be  drawn  is  the  centre. 

PEOPOSITION   Tin,       THEOREM. 

'^lal  ehord.1  are  equfil/t/  distant  from  iht  centre ;  andofun^ 
'^ual  c/iords,  the  less  is  at  the  greatest  distance  from  the 
^<ntre. 

IPirst.  Suppose  the  chord  AB=DE. 

Sect  these  chnrds  by  the  perpendi- 

lars  CF,   CG,  and  draw  the   tadli 

I,  CD.  II 

[n  the  right  angled  tnaiiijles  CAF.  i 

IG,  the  hypotliemises  CA,  CD,  are  \ 

lal;  and   the  side  A F,  the   half  of 

I,  is  equal  to  the  side  DG,  the  half 

DE:  hence  the  triangles  are  equal, 

1  CF  is  equal  to  CG,  (Prop.   X[X. 

n.);  hence,  the   two  equal  chords  AB,  DE,  are  equally 

taot  from  the  centre. 

SecoTtdltf.  l*t  the  chord  AH  be  crealer"  than'  DE.     The 

!  AKH  will  be  greater  than  DME  (Prop.  V.) :  cut  off  from 
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PROPOSITION   IX.       THEOREM. 

A  perpendicular  at  the  exti^einity  of  a  radhis  is  a  tangent  of 
the  circti/nference  ;  and  converacly^  a  tangent  to  the  circle 
is  perpendicular  to  the  radius  dratvn  to  the  point  of  contact. 

Let  ABD  be  perpendicular  to  the  radius 
CB,  it  shall  touch  the  circle  in  the  point  ^  B         Ed 

B. 

For  to  sho\v  that  this  point  B  is  the  only- 
one  which  the  circle  has  in  common  with 
AD,  let  CE  be  drawn  to  any  other  point  E 
in  that  line,  then  CE  being  longer  than  CB,  (Prop.  XVlI. 
B.  II.)  the  point  E  must  necessarily  lie  without  the  cir- 
cumference; B,  therefore,  is  the  only  point  in  AD  which  is 
also  in  the  circumference ;  AD  is  therefore  a  tangent  to  the 
circle. 

Conversely,  Let  now  AD  touch  the  circle  in  B,  and  let  BO 
be  drawn  from  the  point  of  contact  to  the  centre;  AD  shall 
be  perpendicular  to  BC. 

For  every  point  in  AD,  except  B,  lies  without  the  circum- 
ference :  to  suppose  that  any  point  lay  within  the  circumfer- 
ence, the  line  AT)  must  be  supposed  to  pass  through  the- 
circle,  and  thus  cut  the  circumference  in  some  other  point 
besides  B;  but  this  is  contrary  to  the  hypothesis;  therefore  a 
line  drawn  from  C  to  any  other  point,  E  in  AD,  must  be- 
longer  than  CB;  this  therefore  being  the  shortest 4ine,  isper- 
perdicular  to  AD  (Prop.  XVII.  B.  II.) 

Cor.  1.  From  the  same  point  in  a  circumference  only  one 
tangent  can  be  drawn,  for  two  lines  could  not  be  both  per- 
pendicular to  the  diameter  at  the  same  point. 

Cor,  2.  Tangents  at  each  extremity  of  a  diameter  are  par- 
allel, (Prop.  XXII.  Cor.  1.  B.  II.) 

Scholium,  At  a  given  point  B,  only  one  tangent  AD  can 
be  drawn  to  the  circumference;  for,  if  another  could 'be 
drawn,  it  would  not  be  perpendicular  to  the  radius  CB: 
hence  in  reference  to  this  new  tangent,  the  radhis  CB  would 
be  an  oblique  line,  and  the  perpendicular  let  fall  from  the 
centre  upon  this  tangent  would  be  shorter  than  CB ;  hence 
this  supposed  tangent  would  enter  the  circle,  and  be  a  se- 
cant. 

PROPOSITION   X.      THEOREM. 

The  arcs  of  a  circle  intercepted  by  two  parallels,  are  tqtiaC 
There  may  be  three  cases. 
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First.  If  the  two  parallels  are  secants, 

draw  the  radius  CH  perpendicular  to  the 

chord  MP.     It  will,  at  the  same  time  he 

J^rpendicular  to  NL  (Prop.  XXIII.  ('or. 

i.  B.  II):  therefore,  the  point  11  will  he 

at  once  the  middle  of  the  arc  MlIP,  and 

of  the  arc  NHL  (Prop.  VI.);  therefore, 

We  shall  have  the  arc  M1I=IIP,  and  the 

arc  NH=HL;  and  therefore  Mil— X1I=HP— HL;  in  other 

Words,  M\:=sPL. 

Second.  When,  of  the   two  parallels,  d 
AB,  DB,  one  is  a  secant,  the  other  a  tan-  ^ 
gent,  draw  the  radius  Cil  to  the  point  of 
contact  H  ;  it  will  be  perpendicular  to  the 
ta^n^ent   DC  (Prop.  IX.),  and  also  to  its 
.atrallel  MP.     But,  since  ClI  is  perpendi- 
itlar  to  the  chord  MP,  the  point  li  nmst 
J  the  middle  of  the  arc  .M  IIP  (l^rop.  VI.)  ; 
erefore  the  arcs  Mil,  HP,  included  between  the   parallels 
B,  I)H,  are  equal. 

Third.  If  the  two  parallels  DE,  IQ,  are  tangents,  the  one 

:  H,  the  other  at  K,  draw  the  parallel  secant  AIJ  :  and,  from 

hat  has  just  been  shown,  we  shall  have  MI1=HP,  MK= 

P;  and  hence  the  whole  arc  II AIK=l I PK.     It  is  farther 

-^deut  tliateach  of  these  arcs  is  a  semicircumfercnce. 


PROPOSITION  ZI.      THEOREM. 

Conversely^  if  two  lines  intercept  equal  arcs  of  a  circle  and 
do  not  cut  each  oilier  within  tlie  circle^  the  lines  will  be  pcw' 
alleL 

If  the    two    lines    be  DE  and  IQ  (see   preceding  dia- 
imj  which  touch  the  circumference,  and  if  at  the  same 
ime  llMK  and  HPK  are  equal,  KH  must  be  the  diameter 
Prop.  I.),  and  therefore  DE  and  lU  are  parallel  (Prop.  IX. 
^)r.  2.) 
But  if  only  one  of  the  lines,  as  DE,  touch,  while  the  other 
cuts  the  circumference,  making  the  arcs  HM  and  HP 
|UaI,  then  the  diameter  HK  which  bisects  the  arc  MllPbi* 
^la  the  chord  MP  (Prop.  VI.)  and  is  also  perpendicular  to 
^'le  tangent  DE  (Prop.  IX.) ;  therefore  DE  and  AB  are  par- 

If  both  lines  cut  the  circle,  as  DE  and  AB  (see  diagram 
l^bove),  and  intercept  equal  arcs  MN  and  LP,  let  the  radius 
^^^  bisect  one  of  the  chords,  as  DE;  it  will  also  bisect  the 
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arc  NHTi  (Prop.  VI.):  so  that  HN  is  equal  to  HL:  and  since 
NM  is  by  hypothcsfs  equal  to  LP,  the  whole  arc  H\M  is 
equal  to  the  whole  HIP;  therefore  the  chord  AB  is  bisected 
by  the  radius  Cil ;  hence,  as  both  chords  arc  bisected  by  this 
radius,  they  are  perj  endicular  to  it  (Prop.  VI.) ;  that  is, 
they  are  parallel. 

PROPOSITION   XII.      THEOREM. 

Jf  two  circles  ad  each  other  in  two  points^  th^t  line  which  joins 
their  centres  will  be  perpendicular  to  the  rhnrd  which  joins 
the  points  of  intersection^  and  will  divide  it  into  two  eqncU 
parts. 

For,  let  the  line  AB  join  the  points  of  intersection.    It  will 
be  a  common  chord  to  the  two  circles.     Now  if  a  perpendi* 


cular  he  erected  from  the  middle  of  this  chord,  it  will  pass^ 
through  each  of  the  two  centres  C  and  D  (Prop.  VI.  Sch.) 
But  no  more  than  one  straight  line  can  be  drawn  through 
two  points;  hence  the  straight  line,  which  passes  through  the 
centres,  will  bisect  the  chord  at  right  angles. 


PROPOSITION   XIII.      THEOREM. 

If  the  distance  between  the  centres  of  two  circles  is  less  than 
(he  sum  of  their  radii,  the  greater  radius  being  at  the  samer 
tijne  less  than  the  sum  of  the  sm-aller  and  the  distance  be^ 
tween  the  centres^  the  two  circumferences  will  cut  each  other* 

For,  to  make  an  intersection  pos- 
sible, the  triangle  CAD  must  be  pos- 
sible. Hence,  not  only  must  wo  have 
CD<AC+AD,  but  also  the  greater 
radius  A IJ<AC+CD  (Prop.  X.  B. 
II.)  And,  whenever  the  triangle 
CAD  can  be  constructed,  it  is  plain 
that  the  circles  described  from  the  centres  C  and  D,  will  cat 
•ach  other  in  A  and  B. 
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PROPOSITION   XrV      THEOREM. 

If  fh  <Ihtni?rr  hr/irreii  fhc  centres  of  hro  circles  is  equal  to 
the  Slim  of  ihcir  radii,  the  two  circles  will  touch  each  other 
eileruullj/, 

Ijet  C  and  D  be  the  centres  at  a 
distance  from  eacli  other  equal  to 
CA-^AD. 

Tlip  circles  will  evidently  havf 
the  point  A  common,  and  they  will 
have  no  other :  because  if  they  had 
two  points  common,  the  distance  be- 
tween tiicir  centres  must  be  less  thiui  the  sum  of  their  radii. 


PROPOSITION   XV.      THEOREM. 

If  the  distance  between  the  centres  of  two  circles  is  equal  fo 
thp  fJliffirence  of  their  radii,  the  iv:o  circles  vriU  touch  each 
other  intvntallij, 

I^t  C  and  D  be  the  centres  at  a  dis-  jj 
]?''^e  ironi  each  other  equal  to  AD — 

.  '*  is  evident,  as  before,  that  they  will 

ware  the  point   A   common:    they  can 

^^e  no  other  ;  because,  if  they  had,  the 

^^ter  radius  AD  must  be  less  than  the 

pj^  of  tho  radius  AC  and   the  distance 

^  between  the  centres  (Prop.  XIII.); 

^\r\\  is  contrary  to  the  supposition. 

Cor.  Hence,  if  two  circles  touch  each  other,  either  rxter- 
^Uy  or  internally,  tlicir  centres  and  the  point  of  contact  will 
''^  in  the  same  right  line. 

^hothnn.  All  circles  which  have  their  centres  on  the  right 
'^•2  AD,  .in(J  which  pass  through  the  point  A,  are  tangent  to 
^^li  other.  For  they  have  only  the  point  A  common,  and  if 
^*"oiigh  the  point  A,  Xii*  be  drawn  perpendicular  to  AD,  ilie 
^r^ight  line  AB  will  be  a  common  tangent  to  all  the  circles. 


PROPOSITION   XVI.      THEOREM. 


*»  '*e  same  circles,  or  in  equal  circles,  equal  angles^  having 
^^eir  vertices  at  the  cejUre^  intercept  equal  arcs  on  the  clr^ 
^^msianee;  and  aHivsrsely^  if  the  are^  intercepted  are 
^fud^  the  anglee  caMiained  by  i/ie  radii  will  be  equoL 
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Tjet  C  and  C  be  the  centres  of  equal  circles,  and  th6  angle 
ACR=DCE. 

First  Since  the  angles  ACB, 
DCE,  are  equal,  they  mayb  e 
placed  upon  each  other;  and 
since  their  sides  are  equal,  tlie 
point  A  will  evidently  fall  on 
D,  and  the  B  on  E.  But,  in 
that  case,  the  arc  AB  must  also 
fall  on  the  arc  DE;  for  if  the  arcs  did  not  exactly  coincide, 
there  would,  in  the  one  or  the  other,  be  points  unequally 
distant  from  the  centre,  which  is  impossible;  hence  the  arc 
AB  is  equal  to  DE. 

Secondly.  If  we  suppose  AB=DE,  the  angle  ACB  will  be 
equal  to  DCE.  For,  if  these  angles  are  not  equal,  supposie 
ACB  to  be  the  greater,  and  let  ACI  be  taken  equal  to  DCE. 
From  what  has  just  been  shown,  we  shall  have  Al=DE  : 
but,  by  hypothesis,  AB  is  equal  to  DE;  hence  AI  must  be 
equal  to  AB,  or  a  part  to  the  whole,  which  is  absurd  (Ax. 
8.);  hence,  the  angle  ACB  is  equal  to  DCE. 

Cor.  Since  the  sum  of  the  angles  formed  by  right  lines 
meeting  in  a  common  pouit,  are  equal  to  four  right  angles 
(Prop.  V[.  Sch.  B  II.),  if  these  lines  be  produced  to  meet 
the  circumference  of  a  circle,  it  follows  from  this  proposition 
that  the  whole  circumference  is  intercepted  by  four  right  an- 
gles. 


PROPOSITION   XVn.      THEOREM. 


tn  the  same  circle,  or  in  equal  circles,  if  two  angles  cU  the 
centre  are  ifi  the  proportion  to  each  other  as  two  assumed 
numbers,  the  ititercepfed  arcs  will  be  to  each  other  in  the 
proportion  of  the  same  numbers,  and  we  shall  have  the  an^ 
gle  to  tlie  angle,  as  the  arc  to  the  corresponding  arc. 

Suppose,  for  example,  that  the  angles  ACB,  DCE,  are  to 
each  other  as  6  is  to  3 ;  or,  which  is  the  same  thing,  sup- 
pose that  the  angle  M,  which  may  serve  as  a  common  mea- 
sure, is  contained  6  times  in  the  angle  ACB,  and  3  times  in 
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DCE.    The  seven  partial  angles  ACm,  tnCn,  nCp,  &c.,  into 
▼hich  ACB  is  divided,  being  each  equal  to  any  of  the  three 
partial  angles  into  which  DC£  is  divided  ;  each  of  the  par- 
tial arcs  Am,  mn,  np,  &c.,  will  be  equal  to  each  of  the  par- 
tial arcs  Dxy  xy,  &c.  (Prop.  XVI.)     Therefore  the  whole  arc 
AB  will  be  to  the  whole  arc  DIC,  as  6  is  to  3.     But  the  same 
reasoning  would  evidently  apply,  if  in  place  of  6  and  3  any 
numbers  whatever  were  employed ;  hence,  if  the  ratio  of  the 
vigles  ACB,  DCE,  can  be  expressed  in  whole  numbers,  the 
vcs  AB,  l)E,  will  be  to  each  other  as  the  angles  ACB,  DCE. 
Scholium,  Conversely,  if  the  arcs,  AB,  I)E,  are  to  each 
<Mheras  two  whole  numbers,  the  angles  ACB,  DCE,  will  be 
<Ofach  other  as  the  same  whole  numbers,  and  we  shall  have 
ACB :  DCE: : AB  :  DE.     For  the  partial  arcs.  Am,  mn,  &c., 
^d  Dr.  xy,  &c.,  being  equal,  the  partial  angles  ACm,  mCn, 
^1  and  DCor,  jrCy,  &c.,  will  also  be  etjual. 

raoposiTioN  zvin.    theorem. 

'^d/cwr  be  the  ratio  of  two  angles,  they  will  always  be  to 
^^>ch  other  as  the  arcs  intercepted  between  their  sides  ;  the 
ts  being  dpscribed  from  the  vertices  of  the  angles  as  cenr 
ms  with  equal  radii. 


* -.J-^t  AC  B  be  the  greater  and 
Vr  X)  the  less  angle, 
jj^  "'--■et  the  less  anele  be  pladed 
J^ ,  the  greater.  If  the  propo- 
l^^.^;^n  is  not  true,  the  angle 
^J::;^B  will  be  to  the  angle  - 
1^^  D  as  the  arc  AB  is  to  an 
^^  greater  or  less  than  AD.  Suppose  this  arc  to  be  greater, 
1^^  let  it  be  represented  by  AG;  we  shall  thus  have  the  an- 
2^  ACB  :  angle  AC D:: arc  AB  :  AG.  Next,  conceive  the 
A B  to  be  divided  inio  equal  parts,  each  of  w^hich  is  less 
n  DO;  ihere  will  be  at  least  one  point  of  division  be- 
ecn  D  and  O;  let  I  be  that  point ;  and  draw  CI.  The  arcs 
■J,  Al,  will  be  to  each  other  as  two  whole  numbers,  and,  by 
e  preceding  theorem,  we  shall  have  the  angle  ACB  :  angle 
Cl::arc  AB  :  arc  AI.  Comparing  these  two  proportions 
ith  each  other,  we  see  that  the  antecedents  arc  the  same: 
e,  the  consequents  are  proportional  (Prop.  XIX.  B.  I.); 
thus  we  find  the  angle  AuD  :  angle  ACl:  :arc  AG  :  arc 
^  Bat  the  arc  AO  is  greater  than  the  arc  AI ;  hence,  if 
^tt  pcoporticHL  is  true,  the  angle  ACD  must  be  ereater  than 
^  togle  ACI ;  on  the  contrary,  however,  it  is  lest ;  hence 


i 
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the  angle  ACB  cannot  be  to  the  angle  ACD  as  the  arc  AB  is 
to  an  arc  greater  than  AD. 

By  a  process  of  reasoning  entirely  similar,  it  may  be 
shown  that  the  fourth  term  of  the  proportion  cannot  be  less 
than  AD ;  hence  it  is  AD  itself;  therefore  we  have 

Angle  ACB  :  angle  ACD:  :arc  AB  :  arc  AD. 

Cor.  Since  the  angle  at  the  centre  of  a  circle,  and  the  arc 
intercepted  by  its  sides,  have  such  a  connection,  that  if  the 
one  be  augmented  or  diminished  in  any  ratio,  the  other  will 
be  augmented  or  diminished  in  the  same  ratio,  we  are  au- 
thorized to  establish  the  one  of  those  magnitudes  as  the  mea- 
sure of  the  other;  and  we  shall  henceforth  assume  the  arc 
AB  as  the  measure  of  the  angle  ACB.  It  is  only  necessary 
that,  in  the  comparison  of  angles  with  each  other,  the  arcs 
which  serve  to  measure  them,  be  described  with  equal  radii, 
as  is  implied  in  all  the  foregoing  propositions. 

Scholium,  1.  Since  the  whole  circumference  is  intercepted 
by  four  right  angles  (Prop.  XVI.  Cor.),  a  right  angle  is  mea- 
sured by  one  fourth  part  of  the  circumference,  and  this 
would  be  an  obvious  unit  of  measure  for  all  other  angles, 
and  with  this  measure  an  acute  angle  would  beexpressed  by 
some  number  between  0  and  1 ;  an  obtuse  angle  by  some 
number  between  1  and  2.  This  mode  of  expressing  atigles 
would  not,  however,  be  the  most  convenient  in  practice.  It 
has  been  found  more  simple  to  measure  them  by  arcs  of  a 
circle,  on  accoimt  of  the  facility  with  which  arcs  can  be 
made  equal  to  given  arcs,  and  for  various  other  reasons.  At 
ail  events,  if  the  measurement  o\  angles  by  arcs  of  a  circle 
is  in  any  degree  indirect,  it  is  still  equally  easy  to  obtain  the 
direct  and  absolute  measure  by  this  method;  since,  on  com- 
paring the  arc  which  serves  as  a  measure  to  any  angle,  with 
the  fourth  part  of  the  circumference,  we  find  the  ratio  of  the 
given  angle  to  a  right  angle,  which  is  the  absolute  measure. 

Scholium  2.  All  that  has  been  demonstrated  in  the  last 
three  propositions,  concerning  the  comparison  of  angles  with 
arcs,  holds  true  equally,  if  applied  to  the  comparison  of  sec- 
tors with  arcs ;  for  sectors  are  not  only  equal  when  their  an- 
gles are  so,  but  are  in  all  respects  proportional  to  their  an- 
gles;  hence,  two  sectors  ACB,  ACD,  taken  in  the  same  cir- 
cle, or  in  equal  circles,  are  to  each  other  as  the  arcs  A  B,  AD, 
the  bases  of  those  sectors.  It  is  hence  evident  that  the  arcs 
of  the  circle,  which  serve  as  a  measure  of  the  different  an- 
gles, are  proportional  to  the  different  sectors,  in  the  saaie  cir- 
cle, or  in  equal  circles. 
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PROPOSlTrON    XIX.       THEOREM. 


^  ^ 


F. 


An  insmbed  angle  is  ineafntred  hy  half  the  arc  inctuded  ic- 

twceti  ils  aides. 

I/Ct  BAD  be  an  inscribed  angle,   and 

kt  us  first  suppose  that  the  centre  of  the 

circle  lies  within  the  angle  BAD.     Draw 

^Ae  diameter  AE,  and  the  radii  CB,  CD. 

The  an^ie  BCE,  being  exterior  to  the 

''■'angle  ABC,  is  equal  to  the  sum  of  thcB 

'^"o  interior  angles  CAB.    ABC,    (Prop. 

^-\'VII.  Cor.  6.  B.  II.):  but  the  triangle 

^^■\C  being  isosceles,  the  an«Ie  CAB  is  ecjual  to  ABC:  hence, 

'*^^  angle  BCK  is  double  of  BAC.     Since  BCK  lirs  at  the 

^^tiire,   it  is  measured  by  the  arc  BE:  hence  BAC  will  be 

,!^^  ^>asured  by  the  half  of  BE.     Eor  a  like  reason,  the  angle 

^    --"^D  will   be  measured  by  the  half  of  I'jD;  hence,   BAC-f- 

^D,  or  BAD,  will  be  measured  by  half  of  BE+ED,  or  of 

Suppose,  in  the  second  place,  tliat  the 

ntre   C    lies    without  the   anyle   BAD. 

hen  drawing  the  diameter  AE.  the  angle 

AH  will  be  measured  by  the  half  of  BE, 

e  ansle  DAE  bv  the  half  of  DE  :  hence 
^eir  diff'ercnce  BAD  will  be  measured  bv 
-*t>  half  of  BE  fiiinus  the  half  of  ED,  or 
:S'  the  half  of  BD. 

Hence  every  inscribed  angle  is  measured 
half  of  the  arc  included  between  its  sides. 

D 


Cor  1.  All  the  angles  BAC,  BDC,  and 
EC,  inscribed  in  the  same  segment,  are 

^ual ;  because  they  are  all  measured  by 

lie  half  of  the  same  arc  BOC. 


u 


\v. 


c 


Cor.  2.  Every  angle  BAD,  inscribed  in 

^ »cinicircle,  is  a  right  angle;  because  it  is 

^casured  by  half  the  semi-circumference 

«0D,  that  is,  by  the  fourth  part  of  the  whole 

^uciunference. 
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Cor.  3.  Every  angle  BAG,  inscribed  in  a 
segment  greater  than  a  semicircle,  is  an 
acute*aiig1e;  for  it  is  measured  by  half  of 
the  arc  BOC,  less  than  a  semi-circumference. 

And  every  angle  BOC,  inscribed  in  a  seg- 
ment less  than  a  semicircle,  is  an  obtuse  an- 
gle ;  for  it  is  measured  by  half  of  the  arc 
BAG,  greater  than  a  semi  circumference. 

Cor,  4.  The  opposite  angles  A  and  C,  of 
an  inscribed  quadrilateral  ABCD,  are  to- 
gether equal  to  two  right  angles  :  for  the  an- 
gle BAD  is  measured  by  half  the  arc  BCD, 
the  angle  BCD  is  measured  by  half  the  arc 
BAD ;  hence  the  two  angles  BAD,  BCD,  ta- 
ken together,  sre  measured  by  the  half  of  the  circumfer-' 
ence ;  hence  their  sum  is  equal  to  two  right  angles. 


PROPOSITION   XX.      THEOREM. 

The  angle  formed  by  two  chords^  which  intersect  each  other f 
is  measured  by  half  the  sum  of  the  arcs  included  betweem 
its  sides. 

Let  AB,  CD,  be  two  chords  intersecting 
each  other  at  E:  then  will  the  angle 
AEC,  or  DEB,  be  measured  by  half  of 
AC+DB. 

Draw  AP  parallel  to  DO:  then  will  the 
arc  DP  be  equal  to  AC  (Prop.  XX  and  the 
angle  PAB  equal  to  the  angle  DEB  (Prop. 
XXIII.  Cor.  3.  B.  II.)  But  the  angle  FAB 
is  measured  by  half  the  arc  FDB  (Prop. 
XIX.);  therefore,  DEB  is  measured  by  half  of  FDB;  that 
is,  by  half  of  DB+DP,  or  half  of  DB+AC. 

Again,  a&the  angle  AEC=BBD,  and  that  BED  is  mea- 
sured by  half  the  sum  of  the  arcs  AC  and  BD,  the  two  an- 
gles are  measured  by  the  sum  of  those  arcs ;  and  also  as  the 
sum  of  the  foiir  angles  made  by  two  lines  intersecting  each 
other,  are  equal  to  four  right  angles,  and  that  the  opposite 
vertical  angles  are  equal,  and  since  the  circumference  mea- 
sures four  right  angles  (Prop.  XVIII.  Sch.  1.),  it  follows  that 
the  two  are  measured  by  the  sum  of  those  arcs,  and  also  that 
either  of  them  is  measured  by  half  of  that  sum. 
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PROPOSITION   XXT.      THEOREM. 

Tk^  angle  formed  by  n  tauf^ent  and  a  chord  is  measured  by 
half  the  arc  included  between  its  sides. 

Lot  BE  be  the  tangent,  and  AC  the 
;orA 

Prom  A,  the  point  of  contact,  draw  the 
inietcr  AD.  Tlie  ancrle  BAD  is  a  ris:ht 
zk  (Prop.  IX.),  and  is  moasnred   by 
t"  the  senii-circunifercnro  AMD  ;  the 
r!c  DAC  is  measured   bv  the  half  of 
;  hence,  BAD-J-DAC.  or  BAG,  is  niea- 
L*ri  by  liie  half  of  A.MD  phis  the  half 
DC.  or  bv  half  the  whole  ore  AMDC. 
:  m\'.i\i\  be  shown,  by  taking  the   difference  between  the 
les  DAE,  DAC,  that  the  angle  CAE  is  measured  by  half 
arc  AC,  included  between  its  sides. 

-V.  Jleuce  the  anele  formed  by  a  tanorent  and  chord  is 
at  to  an  angle  described  in  tlie  opposite  segment,  and 
irh  subtends  the  chord.  For  (Pro|).  XLV.)  an  angle  de^ 
bed  m  a  circle  is  measured  by  half  the  arc  inchided  be- 
en iis  sides. 


PROPOSITION   XXII.       THi:0RLM. 


angle  formed  by  two  secants  is  measured  by  half  the  dif- 
ference of  the  arcs  included  between  its  sides. 


Dt  AB,  AC,  be  two  secants  :  then  will 
mele  BA(/  be  measured  by  half  the 
rence  of  the  arcs  BEC  and  [)F. 
raw  Dfci  parallel  to  AC  :  then  will  the 
EC  be  equal  to  DF.  and  the  anjrle 
1  equal  to  the  angle  BAC.  But  BDE 
easured  by  half  tiie  arc  BE;  hence, 
!  is  also  measured  by  half  the  arc  BE ; 
is,  by  half  the  ditl'erence  of  BEC  and 
or  half  the  diflerence  of  BEC   and 


PROPOSITION   XXIII.      THEOREM, 


from  the  centre  of  a  circle,  a  line  be  draum  at  right  angles 
^fl  radius  of  the  circle  and  extend  to  any  point  wiihoui  the 
"^sfc^  and  if  a  secant  be  drawn  from  such  pointy  to  the  ex- 

10 
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tremity  of  the  rddius,  cuttinsr  off  an  arc  from  the  circle;^ 
then  the  a rn^le  formed  by  those  lines  without  the  circle  wilt 
be  equal  to  an  angle  measured  by  half  the  arc  cut  off  by  the 
secant. 

Let  CD  be  a  line  drawn  from  the 
centre  C  of  the  circle  AB  perpendi- 
cular to  the  radius  CA,  and  from 
the  point  D  draw  the  secant  DA  to 
the  extremity  of  the  radius,  cutting 
off  AF  an  arc  of  the  circle;  then 
will  the  angle  formed  by  the  meet- 
ing of  the  lines  at  D  be  equal  to  an 
angle  measured  by  half  the  arc  AF 
cut  off  by  the  secant  DA. 

From  the  point  E,  where  the 
line  CD  cuts  the  circle,  draw  the 
line  EH  parallel  to  DA  and  pro- 
duce the  line  DC  to  the  circumfer- 
ence at  G.  Now  because  two  lines  which  are  parallel  inter- 
cept equal  arcs,  on  the  circmnference  of  a  circle  (Prop.  X.), 
the  arc  EF=the  arc  AH,  being  arcs  intercepted  by  the  paral- 
lel lines  AD  and  HE.  And  because  the  quadrant  AE=the 
quadrant  AG,  and  because  the  arc  FE=:the  arc  AH,  the 
quadrant  AE — arc  FE=:the  quadrant  AG — arc  AH  (Ax.  3.) 
Hence  the  arc  AF=arc  HG. 

And  as  the  lines  GE  and  ED  are  one  continued  straight 
line,  meeting  the  two  parallel  lines  HE  and  AD,  the  angles 
E  and  D  formed  by  its  meeting  with  those  lines  will  be  equal 
(Prop.  XXH.  B.  I.  Cor.  3.),  viz :  the  angle  CDA=the  angle 
CEH. 

Again,  as  an  inscribed  angle  is  measured  by  half  the  arc 
included  between  its  sides  (Prop.  XIX.),  the  angle  GEH  or 
GDA  is  measured  by  half  the  arc  HG  or  its  equal  FA ;  or 
the  angle  ADC=the  angle  ACL=half  the  angle  ACF. 

Cor,  i.  The  line  CL,  bisecting  the  angle  ACF,  divides  the 
triangle  ADC  into  two  triangles  ACN  and  CND,  which  are 
equiangular  and  the  angles  of  which  are  similar  to  those  of 
the  triangle  ADC. 

For  (Prop.  VI.)  the  line  CL  bisecting  the  arc  AF  is  per- 
pendicular to  the  chord  AF,  and  since  the  chord  AF  is  a  part 
of  the  right  line  AD,  it  is  perpendicular  to  that  also;  and 
since  we  have  shown  the  angle  C  in  the  triangle  ACN  to  be 
equal  to  the  angle  D  in  the  triangle  CDN,  and  since  the  two 
triangles  have  each  a  right  angle  at  N,  their  remaining  an- 
gles are  equal   (Prop.  XX VH.  Cor.  2.  B.  H.);  hence  (Def. 
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3.).  B.  II.)  the  two  triangles  ACN  and  CDN  are  equiangular. 

Airaiii.  since  in  the  two  right  angled  triangles  ACD  and 
CnN,  the  andc  D  is  common  to  both,  their  remaininc  an- 
:k  viz :  the  angles  DAC  and  DCN  are  equal  (Prop. 
VWIi.  Cor.  2.  B.  II.);  hence  also,  the  two  triangles  ADC 
mdCDN  are  equiangular. 

C//r.  2.  Hence,  generally,  if  a  perpendicular  be  let  fall 
rora  the  right  angle  of  a  right  angled  triangle,  on  the  oppo- 
^^  side,  this  perpendicular  will  divide  the  triangle  into  two 
'•iMgles  whose  angles  are  similar,  and  similar  to  those  of 
-  former  triangle. 


PROPOSITION    XXIV.       THEOREM. 

'^ow  any  point  of  the  base  of  a  right  angled  triangle,  as 
^eiitrf,  or  from  any  point  of  the  b  ise  produced  opposite 
'^rirrhf  angle  as  a  centre,  a  circle  be  described  passing 
'  roinjh  the  angle  formed  by  the  base  with  the  hypofhennse, 
'  ^nrc  of  the  circle  cut  off  by  the  hypofheniise,  or  the  hypo- 
^-cmisc  prodaced.  will  be  eqiud  to  twice  the  measure  of  t/ie 
pjHfsite  acute  angle. 


'or  since  it  was  shown 
op.  XXIII.)  that  the  arc 
isuring  the  angle  ADC  is 
I  half  the  arc  AF  cut  olf 
:he  line  AD,  let  AD  be 
inued  to  I,  and  draw  IK 
llel  to  DC  ;  and  because 
riauglos  ACD  and  AKI 
i  each  a  right  angle,  viz : 
ingles  at  C  and  K  l)eing 
;  angles,  and  because 
have  also  the  angle  at  A 
non,  it  follows  (Prop. 
11.  Cor.  2.  B.  II.)  that 
-  remaining  andes  are 
equal.  Hence  the  angle 
is  measured  by  half  the 

gain,  from  any  point  F 
» line  AD  draw  FM  par- 
l  to  DC,   and  from   the 


~~  B 


le  reasoning  the  angle  AFM  is  equal  to  the  angle  ADE, 
I  therefore  the  angle  AFM  is  measured  by  half  the  arc 
;  ind  as  this  is  true  in  every  position  of  FM,  DC,  or  IK, 
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perpendicular  to  the  base  AC  or  AC  produced,  it  follows  that 
the  affirmation  expressed  in  the  proposition  is  established. 

Scholium.  From  the  last  two  propositions  some  important 
trigonometrical  principles  may  be  deduced. 


E 
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PROBLEMS  RELATING  TO  THE  SECOND  AND  THIRD  BOOKS. 

PROBLEM    r. 

To  divide  a  given  right  line  into  two  equal  parts. 

9 

Let  AB  be  the  given  right  line. 

From  the  points  A  and  B  a>  centres,  with  a 
radius  greater  than  the  half  of  AB,  describe 
two  arcs  cutting  each  other  in  D;  the  point  D 
will  be  equally  distant  from  A  and  B.  Find  in  — 
like  manner,  above  or  beneath  the  line  AB,  a 
second  point  E,  ecjually  distant  from  the  points  \/£ 

A  and  B;  through   the   two   points  D   and  E,  ''^ 

draw  the  line  DE :  it  will  bisect  the  line  AB  in  C. 

For,  the  two  points  D  and  E,  being  each  equally  distant 
from  the  extremities  A  and  15,  must  both  lie  in  the  perpendi- 
cular raised  from  the  middle  of  AB  (Prop.  XVIII.  Cor.  B.  II.) 
But  only  one  right  line  can  pass  through  two  given  points; 
hence  the  line  DE  must  itself  be  that  perpendicular,  wiiich 
divides  AB  into  two  equal  parts  at  the  point  O. 

PROBLEM   n. 

At  a  given  point,  in  a  right  line,  to  erect  a  perpendicular  to 

this  line. 

Let  A  be  the  given  point,  and  BC  the  ^    jn^ 

given  line. 

Take  the  points  B  and  C  at  equal  dis- 
tances from  A ;  then  from  the  points  B  and 
C  as  centres,  with  a  radius  greater  than 
BA,  describe  two  arcs  intersecting  each 
other  in  D;  draw  AD:  it  will  be  the  per-  S 
pcndicular  required. 

For,  the  point  D,  being  equally  distant  from  B   and   C, 
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must  Ik?  in  the  porpnndicnlar  raised  from  the  middle  of  BC 
(l^rop.  XVllI.  B.  II.);  and  since  two  points  determine  aline, 
AD  is  that  perpend  icnlar. 

Srholium.  The  same  construction  serves  for  making  a  right 
angle  BAD,  at  a  given  point  A,  on  a  given  riglit  line  BC. 

PROBLEM   ni. 

?*>  erect  a  perpendicular  at  or  near  the  end  of  a  given  line, 

^om  any  point   C   taken  without 

'^ip  line  with  a  radius  equal  to  the 

^fajujce  CP  d(iscribe  a  circinnfcrence, 
«iii'j  iVoni  D,  where  it  cuts  AP  or  its 
J'^'iloijiration.  draw  the  diameter  DE  ; 
^mi  \y[}  ^yjij  \yQ  [\^^  perper.d icnlar  re- 

^/."^fed.  as   is  manifest   from    (Prop. 
-^^-V.  Cor.  2.) 


u 


PROBLEM    IV. 

'  *^fn  a  given  point  without  a  right  line  to  let  fall  a  perpen^ 

dirular  on  this  line. 

-,  ^/>.v/.  Ijet  A  be  the  point,  and  BD 
^^'  Ntraii:lit  line. 

^  I'Vom  the  point  A  as  a  centre,  and 

'Ml  a   radms  sulliciently  great.de- 

J^^'ibe  an  arc  cutting  the  line   BI)  in     B 

He  two  points  B  and  D;  then  mark 

^    point  E,  equally  distant  from  the 

P^Uits  B  and  D,  and  draw  AE  :  it  will 

'^^  the  p{?rpendicular  required. 

^^  Por,  the  two  points  A  and  E  are  each  equally  distant  from 

*^e  points  B  and  D;  hence  the  line  AE  is  a  perpendicular 

*^^ssing  throiigh  the  middle  of  BD  (Prop.  XVIll.  Cor.  B.  II.) 

»SVrr>//c/.  When  the  given  point  is 
Ppposite  ftic  extremity  ol*  the  given 
**Me,  or  nearly  so,  proceed  as  fol- 

Let  AB  be  the  given  line,  and  let 
"  be  the  given  point.  Then  from 
^he  other  extremity  of  the  line  AB, 

<>i'  from  any  other  point  in  AB,  with 

^  Tidius  equal  to  its  distance  from 
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D,  describe  an  arc ;  then  from  any  second  point  in  AB,  with 
its  distance  from  D  as  a  radius,  describe  another  arc,  and 
through  iheir  points  of  intersection  draw  a  Hne  wliich  will 
be  the  perpendicular  required,  as  is  obvious  from  (Prop. 
XII.) 

PROBLEM  V. 

At  a  point  m  a  given  line  to  make  an  angle  equal  to  a  given 

angle. 

Let  A  be  the  given  point,  AB  the  given  Une,  and  IKL  the 
given  angle. 

From  the  vertex  K,  as  a  cen- 
tre, with  any  radius,  describe 
the  arc  IL,  terminating  in  the 
two  sides  of  the  angle.  From 
the  point  A  as  a  centre,  with  a 
distance  AB,  equal  to  KI,  de- 
scribe the  indefinite  arc  BO ;  then  take  a  radius  equal  to  the 
chord  LI,  with  which,  from  the  point  B  as  a  centre,  describe 
an  arc  cutting  the  indefinite  arc  BO;  in  D;  draw  AD;  and 
the  angle  DAB  will  be  equal  to  the  given  angle  K. 

For,  the  two  arcs  BD,  LI,  have  equal  radii,  and  equal 
chords;  hence  they  are  equal  (Prop.  IV.)  >  therefore  the  an- 
gles BAD,  IKL,  measured  by  them,  are  equal. 

PROBLEM    VL 

To  divide  a  given  arc  or  a  given  angle  into  equal  parts. 

First.  Let  it  be  required  to  divide  the 
arc  AEB  into  two  equal  parts.  From  the 
points  A  and  B,  as  centres,  with  the  same 
radius,  describe  two  arcs  cutting  each  oth- 
er in  D ;  through  the  point  D  and  the  cen- 
tre C,  draw  CD :  it  will  bisect  the  arc  AB 
in  the  point  E. 

For,  the  points  C  and  D  are  each  equally 
distant  from  the  extremities  A  and  B  of  the  ^ 

chord  x\B;  hence  the  line  CD  bisects  the  chord  at  right  an- 
gles (Prop.  XVIU.  Cor.  B.  II.) ;  hence,  it  bisects  the  arc  AB 
in  the  point  E  (Prop.  VI.) 

Secondly,  Let  it  be  required  to  divide  the  angle  ACB  into 
two  equal  parts.  We  begin  by  describing,  from  the  vertex 
C  as  a  centre,  the  arc  AEB;  which  is  then  bisected  as  above. 
It  is  plain  that  the  line  CD  will  divide  the  angle  ACB  int© 
two  equal  parts. 
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Scholium.  By  the  same  construction,  each  of  the  halves 
AE,  EB,  may  be  divided  into  two  equal  parts;  ami  thus,  by 
successive  divisions,  a  given  angle,  or  a  given  arc  may  be 
divided  into  four  equal  parts,  into  eight,  into  sixteen,  and  so 
on. 


PROBLEM    VH. 


Two  angles  of  a  triangle  being  given,  tojind  the  third. 

Draw  the  indefinite  line  DEF ;  at  any 
point  as  E,  make  the  angle  DEC  equal  to 
one  of  the  given  ani;:les,  and  the  angle 
CKH  equal  to  the  other:  the  remaining 
analr  HhiF  will  be  the  third  angle  requi-  ^ 
ro<l:  because  those  throe   angles  are  to-  l>  ^  F 

eeiher  equal  to  two  right  angles  (Prop.  Ill  and  XXVII.  B. 

11.) 

PROBLEM    Vm. 

Tico  sides  of  a  triangle  aiul  the  angh  which  they  contain  be- 
ing  given  J  to  construct  the  triangle. 


B 


liCt  the  lines  B  and  C  be  equal  to 
the  given  sides,  and  A  the  given  an- 
cle. 

Having  drawn  the  indefinite  line 
DE.  at  the  point  D,  make  the  angle 
EDF  equal  to  the  given  an£ile  A; 
then  take  DG=B,  DH=C,  and 
drawGH;  DGH  will  be  the  triangle  required  (Prop.  VIH 

PROBLEM    IX. 

V 

i  life  and  two  angles  of  a  triangle  being  given,  to  describe 

the  triangle, 

.  The  two  angles  will  either  be  both  ad- 
J*^t  to  the  given  side,  or  the  one  adja- 
^^^  and  the  other  opposite :  in  the  latter 
^^,find  the  third  angle  (Prob.  VII.); 
f^  the  two  adjacent  angles  will  thus  be 
\^  i  *'*^  ^**®  straight  line  DE  equal 
to  the  given  side :  at  the  point  D,  make  an  angle  EDF  equal 
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to  one  of  the  adjacent  angles,  and  at  E,  an  angle  DEG  equal 
to  the  other:  the  two  lines  DF,  E(i,  will  cut  each  other  in 
H;  and  DEU  will  be  the  triangle  required  (Prop.  IX.  B.  II.) 


PROBLEM    X. 

The  three  sides  of  a  triangle  being  given^  to  construct  the 

trians'le. 

Let  A,  B,  and  C,  be  the  sides. 

Draw  DE  equal  to  the  side  A  ;  from 
the  point  E  as  a  centre,  with  a  radius 
equal  to  the  second  side  B,  describe  an  ^ 
arc;  from  D  as  a  centre,  with  a  radius 
equal  to  the  third  side  C,  describe  an- 
other arc  intersecting  the  former  in  F  ;  Bi 1 

draw  DF,  EP;  and  DEF  will    be   the  c, , 

triangle  required  (Prop.  XI II.  B.  II.) 

Scholium.  If  one  of  the  sides  were  greater  than  the  sum 
of  the  other  two,  the  arcs  would  not  intersect  each  other: 
but  the  solution  will  always  be  possible,  when  the  sura  of 
two  sides,  any  how  taken,  is  greater  than  the  third. 

PROBLEM    XI. 

Tiro  sides  of  a  trimnrle  and  the  anrrle  opposite  one  of  them 
being  gicen,  to  describe  thut  triangle. 

Let  A  and  B  be  the  given  sides,  and  C  tlie  given  angle. 
There  are  two  cases. 

First.  When  the  angle  C  is  a  right 
angle,  or  when  it  is  obtuse,  make  the 
angle  h:DF=0;  take  Dl!:=A ;  from  the 
point  E  as  a  centre,  with  a  radius  ccpial 
to  the  given  side  B.  describe  an  arc  cut- 
ting DF  in  F;  draw  EF :  then  DEF 
will  be  the  triangle  required. 

hi  this  first  case,  the  side  B  must  be 
greater  than  A  ;  for  the  angle  G,  being 
a  right  angle,  or  an  obtuse  angle,  is  the 
greatest  angle  of  the  triangle,  and  the 
side  opposite  to  it  must,  therefore,  also  be  the  greatest  (Prop^ 
XVi.  B.  II.) 
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Secondly.  If  the  angle  C  is  acute, 
aad  B  greater  than  A,  the  same  con- 
struction will  again  apply,  and  DEF 
will  be  the  triangle  required. 


Ah 


But  if  the  angle  C  is  acute,  and 
the  side  B  less  than  A,  then  the 
arc  described  from  the  centre  E, 
with  the  radius  EF=B,  will  cut 
the  side  DF  in  two  points  F  and 
O,  lying  on  the  same  side  of  1) : 
hence  there  will  be  two  triangles, 
DEF,  DEG,  either  of  which  will 
satisfy  the  conditions  of  the  pro- 
position. 

Scholium,  If  the  arc  described  with  E  as  a  centre,  should 
be  tangent  to  the  line  DG,  the  triangle  would  be  right  an- 
gled, and  tliere  would  be  but  one  solution.  The  problem 
would  be  impossible  in  all  cases,  if  the  side  B  were  less  than 
the  perpendicular  let  fall  from  E  on  the  line  DF. 

PROBLEM   XII. 

Thrmgh  a  given  pointy  to  draw  a  parallel  to  a  given  right 

line 

Let  A  be  the  given  point,  and       p  E       ^ 

BC  the  given  line.  ^ 

From  the  point  A  as  a  centre, 
^th  a  radius  greater  than  the 
shoitest  distance  from  A  to  BC, 
^ribe  the  indefinite  arc  EO; 
fifomthe  point  E  as  a  centre,  with  the  same  radius,  describe 
4earc  AF ;  make  ED=AF,  and  draw  AD :  this  will  be  the 
Pvallel  required. 

for,  drawing  AE,  the  alternate  angles  AEF,  EAD,  are 
•^Mently  equal;  therefore,  the  Unes  AD,  EF,  are  parallel, 
(Prop.  X3m.  Cor.  1.  B.  IL) 


..---' 


o 


V— D 


PROBLEM  Xin. 


*^^iiacmi  sides  of  a  rhomboid^  with  the  angle  which  ii 
oofileitft,  being  given,  to  describe  the  rlimnhoid. 

I^  A  aiid  B  be  the  given  sides,  and  C  the  given  angle. 

H 
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A^- 


B 


Draw  the  line  DE=A ;  at  the  point  D 
make  the  angle  EDF=C  ;  take  DF=B ; 
describe  two  arcs,  the  one  from  F  as  a 
centre,  with  a  radius  FG=DE,  the  other  d 
from  E  as  a  centre,  with  a  radius  EG= 
DF ;  to  the  point  G,  where  these  arcs  in- 
tersect each  other,  draw  FG,  EG ;  DE- 
GF  will  be  the  parallelogram  required. 

For,  the  opposite  sides  are  equal,  by 
construction  ;   hence  the   figure  is  a  parallelogram  (Prop. 
XXXIII.  B.  II.) ;  and  it  is  formed  with  the  given  sides  and 
the  given  angle. 

Cor,  If  the  given  angle  is  a  right  angle,  the  figure  will  be  ■ 
a  rectangle;  if,  in  addition  to  this,  the  sides  are  equal,  it  will, 
be  a  square. 


PROBLEM    XIV. 


•%   / 


To  find  the  centre  of  a  giveti  circle^  or  arc. 


Take  three  points,  A,  B,  C,  any- 
where in  the  circumference,  or  the 
arc;  draw  AB,  BC,  or  suppose 
them  to  be  drawn;  bisect  those 
two  lines  by  the  perpendiculars 
DE,  FG :  the  point  O,  where  these 
perpendiculars  meet,  will  be  the 
centre  sought  (Prop.  VI.  Sch.) 


Scholium.  The  same  construc- 
tion serves  for  making  a  circumference  pass  through  threcr 
given  points  A,  B,  C ;  and  also  for  describing  a  circumfer- 
ence, in  which  ^  given  triangle  ABC  shall  be  inscribed.* 


PROBLEM    XV. 


Through  a  given  point  to  draw  a  tangent  to  a  given  circk. 

If  the  given  point  A  lies  in  the  circum-  ii 
ference,  draw  the  radius  CA,  and  erect 
AD  perpendicular  to  it ;  AD  will  be  the 
tangent  required  (Prop.  IX.) 


If  the  point  A  lies  without  the  circle, 


k 


BOOK   HI. 


83 


join  A  and  the  centre,  by  tlie  right  line 

CA:  bisect  CA  in  O;  from  O  as  a  centre, 

with  the  radius  OC,  describe  a  circumfer- 
ence intersecting  the  given  circumference 

in  6;  draw  AB  :  this  will  be  the  tangent 

required- 
For,  drawing  CB,  the  angle  CBA  being 

ioxribed  in  a  semicircle  is  a  right  angle 

(Ph)p.  XIX.   Cor.  2.);  therefore  AB  is  a 

perpendicular  at  the  extremity  of  the  ra- 
dius CB ;  hence,  it  is  a  tangent. 

Scholium.  When  the  point  A  lies  without  the  circle,  there 
»iiJ  evidently  be  always  two  equal  tangents  AB,  AD,  pass- 
ing through  the  point  A  :  they  are  equal,  because  the  right 
angled  triangles  CBA,  CD  A,  have  the  hypothenuse  CA  com- 
inon,  andthe  sideCB=CD;  hence   they  are  equal   (Prop. 
XIX.  B.  II.) ;  hence  AD  is  equal  to  AB,  and  also  the  angle 
CAD  to  CAB.     And  as  there  can  be  but  one  line  bisecting 
the  angle  BAC,  it  follows  that  the  line  which  bisects  the  an- 
?le  formed  by  two  tangents,  must  pass  through' the  centre  of 
he  circle. 


PROBLEM    XVI. 


^om  a  given  point  B  in   the  arc  BCP  of  a  circle^  to  draw 
a  tangent  thereto^  without  having  the  centre. 

Take  two  equal  distan- 
BC,  CD,  on  the  arc ; 
*^in  BD,  and  from  B  as  a 
^nimon  centre,  with  a  ra- 
dius equal  to  the  distance 
^C,  describe  an  arc  FG  ; 
^ke  the  distance  CG  equal  to  the  distance  CF,  and  through 
^  draw  the  straight  line  BG,  which  will  be  the  tangent  re- 
quired; for  if  the  chords  BC,  CD  be  drawn,  the  angle  CBD 
^l  be  equal  to  the  angle  CDB  (Prop.  XIX.  Cor.  1.) ;  and 
*€tefore  the  angle  GBC  will  be  equal  to  the  angle  CBF,  that 
is,  to  CDB,  an  angle  in  the  alternate  segment;  hence  BG  is  a 
togent  at  B. 


PROBLEM  xvn. 


^^  given  right  line  AB,  to  describe  a  aefftnent  capable  of 
containing  a  given  angle  IKL. 
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Draw  KM  perpendicular  to  KL,  one 
of  the  sides  of  the  given  angle ;  then,  at 
each  extremity  of  AB,  make  an  angle 
equal  to  I  KM,  the  sides  AC,  BC,  of 
which  will  meet  in  a  point  C,  from 
which  as  a  centre,  with  a  radius  equal 
to  CA,  or  CB,  describe  the  arc  ADB, 
and  the  required  segment  will  be  com- 
pleted ;  for  the  three  angles  of  the  tri- 
angle ABC  are  together  equal  to  twice 
the  angle  MKL,  and,  by  construction, 
the  two  angles  CAB,  CBA,  are  together 
equal  to  twice  IKM  ;  therefore  the  angle 
C  is  equal  to  twice  IKL,  but  it  is  also 
equal  to  twice  the  inscribed  angle  D ; 
consequently  the  segment  ADB  contains 
an  angle  equal  to  the  given  angle,  IKL. 

Scholium.  If  the  given  angle  were  obtuse,  the  centre  must 
lie  without  the  segment  (Prop.  XIX.  Cor.  3.)  ;  if  it  were 
right,  the  segment  would  be  a  semicircle;  and  consequently 
the  centre  would  be  the  middle  of  AB. 


PROBLEM  xvm. 


To  inscribe  a  circle  in  a  given  triangle. 

Let  ABC  be  the  given  triangle.  ® 

Bisect  the  angles  A  and  B,  by  the  lines 
AO  and  BO,  meeting  in  the  point  O ;  from 
the  point  O,  let  fall  the  perpendiculars 
OD,  OE,  OF,  on  the  three  sides  of  the  tri- 
angle: these  perpendiculars  will  all  be  J^ 
equal. 

For,  by  construction,  we  have  the  angle  DAO==OAF,  the 
right  angle  ADO==AFO;  hence  the  third  angle  AOD  is 
equal  to  the  third  AOF  (Prop.  XXVIl.  Cor.  2.  B.  II.)  More^ 
over,  the  side  AO  is  common  to  the  two  triangles  AOD, 
AOF ;  and  the  angles  adjacent  to  the  equal  side  are  equal : 
hence  the  triangles  themselves  are  equal  (Prop.  IX.  B.  II.) ; 
and  DO  is  equal  to  OF.  In  the  same  manner  it  may  be 
shown  that  the  two  triangles  BOD,  BOE,  are  equal ;  there^ 
fore  OD  is  equal  to  OE;  hence  the  three  perpendiculars 
OD,  OE,  OF,  are  all  equal. 

For,  if  from  the  point  O  as  a  centre,  with  the  radius  OD, 
a  circle  be  described,  this  circle  will  evidently  be  inscribe^ 
in  the  triangle  ABC ;  for  the  side  AB,  being  perpendicular  ta 
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radius  at  its  extremity,  is  a  tangent ;  and  the  same  thing 
is  true  of  the  sides  BC,  AC. 

&luiium.  The  three  lines  which  bisect  the  angles  of  a 
triangle  meet  in  the  same  point. 

PROBLEM    XIX. 

On  a  given  right  line^  to  describe  a  segment  that  shall  contain 
a  given  angle :  that  is  to  say,  a  segment  such,  that  aU  the 
(ingles  inscribed  in  it  shall  be  eqtuU  to  the  given  angle. 

Let  AB  be  the  given  right  line,  and  C  the  given'angle. 

£ 


-.  I^roduc^  AB  towards  D ;  at  the  point  B,  make  the  angle 
^T^E=C;  draw  BO  perpendicular  to  BE,  and  GO  perpen- 
^'^ular  to  AB,  through  the  middle  point  G;  and  from  th6 
P^int  0,  where  these  perpendiculars  meet,  as  a  centre,  with 
^  distance  OB,  describe  a  circle :  the  required  segment  will 
^  AMB. 

Por,  since  BF  is  a  perpendicular  at  the  extremity  of  the 
J^dius  OB,  it  is  a  tangent,  and  the  angle  ABF  is  measured 
^half  the  arc  AKB  (Prop.  XXI.)  Also,  the  angle  AMB, 
^ing  an  inscribed  angle,  is  measured  by  half  the  arc  AKB  : 
l^ence  all  the  angles  inscribed  in  the  segment  AMB  are  equal 

^  the  given  angle  C. 

SduAimn.  If  the  given  angle  were  a  right  angle,  the  re- 

ooired  segment  would  be  a  semicircle,  described  on  AB  as  a 
&meter. 
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OF  THE  PROPORTIONS  AND  AREAS  OF  FIGURES. 


Definitions. 

1.  Similar  figures  are  those  which  have  their  angles  re* 
spectively  equal  each  to  each,  and  their  homologous  sides 
proportional. 

2.  In  two  different  circles,  similar  arcs,  sectors  or  segments, 
are  those  which  correspond  to  equal  angles  ai  the  centre. 

A> 

Thus,  if  the  angles  A  and  O  be  equal, 
the  arc  BC  will  be  similar  to  the  arc  DE, 
the  sector  ABC  to  the  sector  ODE. 

B 

I 

3.  The  base  of  any  rectilineal  figure  is  the  side  on  which 
the  figure  is  supposed  to  stand. 

4.  The  altitude  of  a  triangle  is  the  per-  A 
pendicular  distance  from  the  vertex  of 
an  angle  to  the  opposite  side,  as  a  base. 
Thus  AD  is  the  altitude  of  the  triangle 
BAG. 

5.  The  altitude  of  a  rhomboid  is  the  per- 
pendicular distance  of  one  of  its  sides  con- 
sidered as  a  base,  from  the  opposite  side. 
Thus  EF  is  the  altitude  of  the  rhomboid 
DB. 

6.  The  altitude  of  a  trapezium  is  the  per- 
pendicular distance  between  its  parallel  sides. 
Thus  EF  is  the  altitude  of  the  trapezium 
DB. 

A        F  B 

7.  The  area  and  surface  of  a  figure  are  terms  very  nearly 
synonymous.  The  area  is  the  superficial  contents  contained 
within  the  line  or  lines  by  which  the  figure  is  bounded,  and 
is  numerically  expressed  by  the  number  of  times  which  the 
figure  contains  some  other  area,  that  is  assumed  for  its  mea- 
suring unit. 

8.  Figures  have  equal  areas,  when  they  contain  the  same 
measuring  unit  an  equal  number  of  times. 


E     C 
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9.  A  rectangle  is  said  to  be  contained  by     *  ^ 
any  two  of  the  right  lines  which  are  adjacent 
to  one  of  its  angles.     Thus  the  rectangle  AB- 
CD  is  contained  by  the  lines  AB  and  BC,  or 
by  BC  and  CD. 

A  rectangle,  or  polygon,  may,  for  the  sake  of  brevity,  be 
designated  by  two  letters  at  its  opposite  angles,  as  AC  or 
BD;  and  the  rectangle  contained  by  the  lines  AB,  BC,  may 
be  expressed  AB.BC  ;  and  the  square  of  a  line,  as  AB,  may 
be  written  AB*. 

10.  If,  within  a  rhomboid,  or  parallelogram,  two  right 
lines  be  drawn  parallel  to  the  adjacent  sides,  so  as  to  inter- 
sect the  diagonal  in  the  same  point ;  then,  of  the  four  rhom- 
boids into  which  the  figure  is  divided,  those  two  through 
which  the  diagonal  passes  are  said  to  be  about  the  diagonal, 
and  the  other  two  are  called  their  complements. 

Thus  of  the  four  rhomboids  into  which 
the  lines  HF,  IE,  divide  the  rhomboid  jj 
AC,  the  rhomboids  HI  and  EF  are  about 
the  diagonals ;  and  AG  and  GC  are  the 

complements. 

▲       E  B 

PROPOSITION    I.       THEOREM. 

The  complemetits  of  the  rhomboids  about  the  d'uigonals  of  a 

rhomboid  are  equivalent. 

Thus,  in  the  above  diagram,  the  rhomboids  AG,  GC,  are 
«qnivalent. 

The  triangle  ABD  is  equal  to  the  triangle  CDB ;  the  trian- 
gle HGD  to  the  triangle  IDG,  and  the  triangle  EBG  to  the 
triangle  FGB  (Prop.  XXXII.  Cor.  3.  B.  II.) :  tuke  the  trian- 
gles HGD,  EBG,  from  the  triangle  ABD,  and  there  will  re- 
Duiin  the  rhomboid  AG  ;  take,  in  like  manner,  from  the  oth- 
^  half  of  the  rhomboid  AC  the  triangles  IDG,  FGB,  equal 
•^the  former  two,  and  there  will  remain  the  rhomboid  GC  : 
^kese  rhomboids,  therefore,  are  equivalent. 

PROPOSITION   n.      THEOREM. 

^^^oinboids  are  equals  which  have  two  eqiml  sides  and  i/ie  in- 

eluded  angle  in  each  equal. 

Ut  the  sides  AB,  AD,  and  the  angle  A  in  the  rhomboid 


X 

G                          ' 
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AC  be  respectively  equal  to  the  sides  EP,  EH,  and  the  angles 
E  in  the  rhomboid  EG  ;  these  rhomboids  are  equal 

For  the  opposite  sides  of  rhom-       ^ p  H ^ 

boids  being  equal,  it  follows  that      T  7   j  7 

the  four  sides  of  the  rhomboid  AC     /  /   /  7 

are  respectively  equal  to  those  of    * '    '■ ^ 

the  rhomboid  EG ;   and  since  the     ^  ^  ^         ^     ^ 

angle  A  in  the  rhomboid  AC  is  equal  to  the  angle  E  in  th» 
rhomboid  EG,  it  follows  that  the  remaining  angles  in  tfa» 
rhomboids  are  respectively  equal.  Hence,  if  the  rhomboid 
AC  be  applied  to  the  rhomboid  EG,  so  that  the  side  AB  shall 
coincide  with  the  side  EF,  then  since  the  angles  A  and  B: 
are  respectively  equal  to  the  angles  E  and  F,  and  since  the 
sides  containing  those  angles  are  also  equal,  the  two  rhom^ 
boids  will  coincide  in  all  their  parts,  and  hence  are  equal. 

PROPOSITION   ni.      THEOREM. 

Rhomboids,  and  also  triangles,  which  have  eqiial  bases  €inA 

equal  altitudes  are  equivalent. 

Let  the  rhomboids  AC,  AE,  standing  upon  the  same  base 
AB,  have  equal  altitudes ;  or  which  amounts  to  the  same 
thine,  let  the  opposite  sides  DC,  FE,  lie  in  the  same  line  DE. 
parallel  to  the  base ;  these  rhomboids  are  equal. 

For  DC  is  equal  to  FE,  each  be-  DCFE  DFCE 
ing  equal  to  AB  (Prop.  XXXII.  B.   V      ^7      V     VI      TV 
HJ  ;  consequently  DP  is  equal  to     \  /\   /       \/       \  / 

CE  :  and  since  DA,  AF,  are  re-       V_V  V V 

spectively  equal   to   CB,   BE,  the        -^      ^  A         B 

triangle  ADF  is  equal  to  the  triangle  BCE.     Take  the  for-- 
mer  triangle  from  the  quadrilateral  ABED,  and  there  will 
remain  the  rhomboid  AE  ;   take  the  latter  triangle  from  the* 
same  space,  and  there  will  remain  the  rhomboid  AC ;  these 
rhomboids  are,  therefore  equivalent. 

Cor,  I.  Rhomboids  whose  bases  and  altitudes  ase  respect- 
ively  equal  are  equivalent,  for  the  equal  bases  being  placed; 
the  one  upon  the  other  must  coincide. 

Cor,  2.  Triangles  whose  bases  and  altitudes  are  respect- 
ively equal  are  equivalent,  as  they  are  the  halves  of  equiva- 
lent rhomboids  (Prop.  XXXII.  Cor.  3.  B.  II.) 

Cor.  3.  Every  rhomboid  is  equivalent  to  a  rectangle  of* 
equal  base  and  altitude. 

Cor.  4.  A  line  bisecting  the  opposite  sides  of  a  rhomboid, 
divides  the  rhomboid  into  two  equal  parts. 
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iScholium.  It  is  rery  evident  that  the  converse  of  the  above 
proposition  is  not  true,  that  is  to  say,  it  cannot  be  inferred 
that  two  equivalent  rhomboids  shall  have;  the  bases  and  alti- 
tudes equal ;  for  it  has  been  shown  (Prop.  I.)  that  the  rhom- 
boids AG,  GC,  are  equivalent  (see  tlie  diasjram)  where  the 
base  GP  must  be  longer  than  the  base  GE,  provided  AB  is 
knger  than  AD,  for  then  the  angle  ADB  being  greater  than 
ABD  (^Prop.  XIX.  B.  II.),  the  angle  EGB,  which  is  equal  to 
ADB,  is  greater  than  EBG;  consequently,  EB  is  longer  than 
EG,  but  EB  is  equal  to  GF,  therefore  GF  is  longer  than  GE. 

2.  It  is  however,  true,  that  equivalent  rhomboids  upon  the 
same  base  have  equal  altitudes,  for  if  the  altitude  of  one  be 
supposed  less  than  that  of  the  other,  and  the  side  opposite  its 
base  be  prolonged,  a  portion  of  the  other  rhomboid  must  be 
cut  oflF  thereby,  and  the  remaining  portion  still  be  equal  to 
the  former  rhomboid,  by  the  proposition,  which  is  absurd ; 
the  altitudes  therefore  are  equal.  Having  shown  this,  we 
may  further  prove  that  equivalent  rhomboids  of  equal  alii- 
tudes  have  also  equal  bases,  for  they  are  equivalent  to  rectan- 
gles of  the  same  bases  and  altitudes :  now,  any  side  of  a 
rectangle  may  be  considered  as  the  base ;  taking  then  those 
sides  as  bases  which  are  equal  to  the  altitude  of  the  rhom- 
boids, the  other  sides  or  altitudes  are,  as  shown  above,  equal, 
and  these  altitudes  are  the  bases  of  the  rhomboids :  the  bases 
are  therefore  equal. 

« 

PBOPOSITION    IV.       THEOREM. 

Every  triangle  is  half  the  parallelogram  or  rhomboid  which 
luLS  the  same  base  and  the  same  allilude. 

Let  the  parallelogram  BCDA,  and  P 
the  triangle  BCA  have  the  same  base 
BC,  and  the  same  altitude,  then  will 
the  triangle  be  half  the  parallelogram. 

For  (Prop.  XXXII.  Cor.  3.  B^  IL), 
the  triangles  ABC,  ACD,  are  equal. 

Cor.  1.  Hence  a  triangle  ABC  is  half  of  the  rectangle 
BCEF,  which  has  the  same  base  CB,  and  the  same  altitude 
AO:  for  the  rectangle  BCEF  is  equivalent  to  the  parallelo- 
gram ABCD. 

Cor.  2.  All  triangles,  which  have  equal  bases  and  alti- 
tudes, are  equivalent. 

Cor.  3.  Hence  triangles  having  equal  altitudes  are  to  each 
other  as  their  bases;  conversely,  triangles  having  equal  bases 
are  to  each  other  as  their  altitudes. 

Cor.  4  Therefore  a  trianixI^J  is  equivalent  to  a  rhomboid  of 
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equal  base  and  of  half  its  altitude,  or  to  one  of  equal  alti^ 
tude  and  of  half  its  base. 


B 


PROPOSITION  V.      THEOREM. 

If  there  he  two  right  lines,  of  which  one  is  divided  into  parts, 
the  sum  of  the  rectangles  contained  by  the  undivided  line 
and  the  several  parts  of  the  other,  will  he  equal  to  the  reo- 
tangle  cojitained  by  the  two  whole  lines. 

Let  the  lines  be  AB,  AC,  of  which  the  former  is  divided 
into  the  parts  AD,  DE,  EB,  then  the  rectangles  contained  by 
AC,  and  each  of  these  parts,  are  together  equal  to  the  whole 
rectangle  AH,  contained  by  AB,  AC. 

Let  DF,  EG,  be  parallel  to  AC,  then 
the  angles  FDE,  GEB,  being  each 
equal  to  the  angle  A,  the  rhomboids 
AF,  DG,  EH,  are  rectangles,  and  DF, 
EG,  being  each  equal  to  AC  (Prop. 
XXXH.  Cor.  4.  B.  H.),  these  rectan- 
gles are  contained  by  AC,  and  the  several  parts  of  AB,  and 
as  they  make  up  the  whole  rectangle  AH,  they  are  together 
equal  to  it. 

Cor.  1.  The  square  of  a  line  is  equivalent  to  twice  the  rect- 
angle of  the  whole  line  and  the  half  thereof 

Cor,  2.  Hence,  rectangles  having  the  same  altitude  are  to 
each  other  as  their  bases. 


PROPOSITION   VI.      THEOREM. 

Any  two  rectangles  are  to  each  other  as  the  products  of  their 

hases  multiplied  hy  their  altitudes. 

Let  ABCD,  AEGF,  be  two  rectangles ;  then  will  the  rec- 
tangle, 

ABCD  :  AEGF::AB.AD  :  AF.AE. 


H 


D 


Having  placed  the  two  rectangles, 
so  that  the  angles  at  A  are  vertical, 
produce  the  sides  GE,  CD,  till  they 
meet  in  H.  The  two  rectangles  AB- 
CD, AEHD,  having  the  same  altitude 
AD,  are  to  each  other  as  their  bases 
AB,  AE  :  in  like  manner  the  two  rect- 
angles AEHD,  AEGF,  having  the  same  altitude  AE,  are  to 
each  other  as  their  bases  AD,  AF :  thus  we  have  the  two  pro- 
portions, 


A                  B 

F 
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ABCD  :  AEHD: :  AB: :  AE, 
AEHD  •  AEGF: : AD  :  AF. 

-Slultjplying  the  corresponding  terms  of  these  proportions 
"^^Eteiher.  and  observing  that  the  term  AEHD  may  be  omit- 
'^^ci.  since  it  is  a  multiplier  of  both  the  antecedent  and  the 
^isequcnt,  we  shall  have 

ABCD  •  AEGF::ABxAD  :  AExAF. 


SchoVuim.  The  product  of  the  base  by  the  altitude,  may 
-^refore  be  assumed  as  the  measure  of  a  rectangle. 

But  the  more  common  and  simple, method  is  to  assume  the 

uare  as  the  measuring  unit  ot  surfaces ;  and  that  square 
been  adopted,  whose  side  is  the  unit  of  lengthy  or  a  lin- 

r  unit.     For  example,  if  the  length  of 

e  rectangle  A  is  six  units  and  its  alti- 

de  three,  then  6x3,  or  IS,  represents 

e  number  of  superficial  units  or  squares 

ntained  in  the  rectangle,  and  each  side 
these  squares  is  equal  to  a  linear  unit 
the  same  name  as  the  square.  If  the 
^e  of  the  square  is  a  linear  inch,  the  rectangle  contains  18 
^uare  inches ;  if  the  side  of  the  square  is  a  foot,  the  rectan- 
1<  contains  18  square  feet. 


— I — I     I     I     I    ■ 
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'^^  area  of  any  rhomboid  is  equal  to  ike  product  of  its  base 

by  its  altitude. 

Pot,  the  parallelogram  ABCD  is  equiva- 
'^t  to  the  rectangle  ABEF,  which  has  the 
^me  base  AB,  and  the  same  altitude  bK 
(Prop.  III.  Cor.) :  but  this  rectangle  is 
Pleasured  by  ABxBE  (Prop.  VI.  Sch.); 
Aerefore,  ABxBE  is  equal  to  the  area  of  the  parallelogram 
ABCD. 

Cor.  Parallelograms  of  the  same  base  are  to  each  other  as 
their  altitudes  ;  and  parallelograms  of  the  same  altitude  are 
^  each  other  as  their  bases :  lor,  let  B  be  the  common  base, 
^lul  C  and  D  the  altitudes  of  two  parallelograms : 

*cn,        BxC  :  BxD:  :C  :  D,  (Prop.  XIII.  B.  L) 

And  if  A  and  B  be  the  baseSi  and  C  the  common  altitudcL 
**«hiUhava 
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AxC  :  BxC::A  :  R 

And  parallelograms,  generally,  are  to  each  other  as  th^ 
products  of  their  bases  and  altitudes. 

PROPOSITION  VIII.      THEOREM. 

The  area  of  a  triangle  is  eqiial  to  the  product  of  Us  base  by 

half  its  altitude. 

For,  the  triangle  ABC  is  half  of  the  par- 
allelogram ABCE,  which  has  the  same  base 
BC,  and  the  same  altitude  AD  (Prop.  IV.); 
but  the  area  of  the  parallelogram  is  equal 
to  BCxAD  (Prop.  VII.);  licnce  that  of  the 
triangle  Tiiust  he  JBCx  AD,  or  BCxJAD. 

Cor.  Two  triancrles  of  the  same  altitude  are  to  each  other 
as  their  bases,  and  two  triangles  of  the  same  base  are  to  each 
other  as  their  altitudes.  And  triangles  generally,  arc  to  each 
other,  as  the  products  of  their  bases  and  altitudes. 

PROPOSITION    IX.       THEOREM. 

The  area  of  a  trapezium  is  equal  to  its  altitude  multiplied  by 

half  the  sum  of  its  parallel  bases. 

Let  ABCD  be  a  trapezium,  CE  its  alti- 
tude, AB  and  CD  its  parallel  bases ;  then 
will  its  area  be  equal  to  CExKAB+OD.) 

Join  AC;  then  since  CExiAB  is  the 
measure  of  the  triangle  ABC  (Prop.  VIII.),  a 
and  since  CEx^DC  is  the  measure  of 
the  triangle  ADC,  the  measure  of  both  the  triangles  is  CEx 
J(AB-f  CD.)  But  the  sum  of  the  two  triangles  ABC-f-ACD 
is  equal  to  the  trapezium  ABCD  (Ax.  8.),  therefore  the 
area  of  ABCD=CExKAB+CD),  (Ax.  1.) 

PROPOSITION   X.      THEOREM. 

If  a  line  be  divided  into  two  parts^  the  square  described  on  the 
whole  line  is  cqtficnlcnt  to  the  sum  of  the  squares  described 
on  the  p./rts,  tfjgether  icith  twice  the  rectangle  contained  by 
the  parts. 

Let  AC  be  the  line,  and  B  the  point  of  division ;  then,  is 
AC'  or  (AB+BC)'=:AB'+BC»+2ABxB0. 


ft 

1 

•r 
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Construct  the  square  ACDE  ;  take  AF= 
AB :  draw  FG  parallel  to  AC,  and  BH  paral-*" 
lei  to  AE. 

Tlie  square  ACDE  is  made  up  of  four  parts  ; 
the  first  A  BIF  is  the  square  described  on  AB, 
since  we  made  AF=AB :  the  second  IGDH 
is  the  square  described  on  IG,  or  BC ;  for  since  we  have  AG 
=AE  and  AB=AF,  the  difference  AC — AB  must  be  equal 
tothe  difference  AE — AF,  which  gives  BC=EF ;  but  IG  is  e- 

Spal  to  BC,  and  DG  to  EF^  since  the  lines  are  parallel ;  there- 
ore  IGDH  is  equal  to  a  square  described  on  BC.  And  those 
two  squares  being  taken  away  from  the  whole  square,  there  re-* 
mains  the  two  rectangles  BCGI,  EFIH,  each  of  which  is 
measured  by  ABxBC  :  hence,  the  large  square  is  equivalent 
to  the  two  small  squares,  together  with  the  two  rectangles. 

Cor.  1.  If  the  line  AC  were  divided  into  two  equal  parts,  the 
two  rectangles  EI,  IC,  would  become  squares,  and  the  square 
described  on  the  whole  line  would  be  equivalent  to  four 
times  the  square  on  half  the  line. 

Cor.  2,  Hence  it  may  be  inferred,  that  the  square  of  the 
whole  line  is  equal  to  the  square  of  one  of  the  parts  pltis 
twice  the  rectangle  of  the  whole  line  and  the  other  part,  mU 
nus  the  square  of  that  part.  For  AD  is  the  square  of  the 
whole  line  AC,  and  AI  is  the  square  of  one  of  the  parts, 
FD-|-DB  twice  the  rectangle  of  the  whole  line  and  the  other 
part;  in  wliich  HG,  the  square  of  BC,  is  taken  twice. 

Cor.  3.  We  may  likewise  infer,  that  the  square  of  the 
whole  line,  mlnvs  the  square  of  one  of  the  parts,  minus 
twice  the  rectangle  of  its  parts,  is  equal  to  the  square  of  the 
other  part. 

Srholhtm.  This  property  is  equivalent  to  the  property  de- 
monstrated in  algebra,  in  obtaining  the  square  of  a  binomial, 
which  is  expressed  thus : 

Sc/ioHf/m  2.  If  a  right  line  AC  is  bisected,  the 
square  described  on  the  whole  line  is  equivalent 
to  four  times  the  square  described  on  half  the 
line.  This  explains  the  apparent  paradox  in 
arithmetic,  that  the  square  of  a  half  is  equal 


to  a  fourth.     For  the  square  of  AB,  the  half  of    a      b       o 
AC,  is  equivalent  to  a  fourth  of  the  square  of  AC. 

Cor.  4.  If  a  line  be  divided  into  three  or  any  number  of 
pans,  the  square  described  on  the  whole  line  will  be  equal  to 
the  sum  of  the  squares  ot  each  of  the  parts,  together  with 
twice  the  rectangles  of  the  parts  into  each  other. 
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Let  A6  be  the  line,  and  D  and  C  the 
points  of  division ;  then  will  AB'^=AD°-f- 
CB'+l)C=-]-2Alt.DC+2AD.CB+2DC.CB. 

For  FD  is  the  square  of  ihe  part  AD, 
and  be  the  square  of  the  part  DC,  and  Nft  ,,  _ 
the  square  of  the  part  BC,   and   ihe*  com- 
plements of  these  several  squares  are  D/ 
=¥e,  each  equal  toADxDG,  and  Oe=  1  „      „ 

CE,  each  eqiiai  to  ADxCB,  and  I6=E6, 
each  equal  to  CBxDl^-  Now  these  several  squares  and  their 
complements  make  np  the  square  OB.  The  same  may  b« 
shown  for  any  number  of  parts  into  which  a  line  may  be  di- 
vided. This  is  equivalent  to  the  algebraical  expression 
(o4_6_|_c)'=a'+2oA+2ac-i-6=+26c+c*. 

PROPOSITION    ZI.      THEOREM. 


The  square  described  on  the  difference  of  two  lines  ia  «_ 
lent  to  ihe  sum  oj  the  squares  described  on  the  lines,  minus 
twice  the  rectangle  contained  by  the  lines. 

Let  AB  and  BC  be  two  lines,  AC  their  difference :  then  u 
AC,  or  (AB— BC)'=AB=+fiC'— iABxBC. 

Describe  the  square  ABIF ;  take  AE 
=AC;  draw  CG  parallel  to    BI,   HK 
paral'et  to  AB,  and  complete  the  square    k 
EFLK. 

The  two  rectangles  CBIG,  GLKD, 
are  each  measured  byABxBC;  take 
them  away  from  the  whole  figure  A  BI- 
LKEA,  which  is  equivalent  to  AB'+BC,  and  there  will  ©▼- 
idently  remain  the  square  ACDE;  hence  the  theorem  is  true. 

Scholium.  This  proposition  is  equivalent  to  the  algebraical 
formula,  (a— *)'=«'— 2aA+i'. 

PROPOSITION   zn.       THEOREM. 

The  rectangle  ctmtained  by  ike  sum  and  ihe  different  of  two 
lines,  is  eqvivalent  to  the  differettce  of  the  squares  of  those 
lines. 

Let  AB,  BC,  be  two  lines ;  then  will 

(AB+BC)X(AB— BC)=AB'— BC. 


H 

D 

/BOOK  IT. 
OdAB  sod  AC,  describe  the  squares 
^JBIF,  ACDE;    produce  AB   till   the 
/>r«Iuced  part  BK  is  equal  to  BC ;  and  E 
complete  the  rectangle  AKLE. 

The  base  AK  of  the  rectangle  EK, 
i^  the  sum  of  the  twci  lines  AB,  BC; 
iC^s altitude  AE  is  the  difference  of  the 
s.^^.  me  lines  ;  therefore  the  rectan^'le 
^^^  KLE  iseqnal  to(AU+BC)x(AB— AC).  Dnt  this  rectan- 
^  X  « is  composed  of  the  two  parts  ABHE+BHLK  ;  and  the 
p»^^>n  BHLK  is  equal  to  the  rectangle  EDUF,  because  BH  is 
et^i^uat  to  DE,  and  BK  to  EF  ;  hence  AKLE  is  equal  to 
/^~  BHE-|-EDGF.  These  two  parts  make  up  the  square 
j^^  ^IP  minus  the  sijuare  DHIG,  which  latter  is  equal  to  a 
ift<i  Hue  described  on  BC  :  hence  we  have 

CAB+AC)  X  (  AB— BC)=AB*— BC. 

^c/ioliufn.  This  proposition  is  equivalent  to  the  algebraical 
f^^nnula,  ia-\-b)X{a~-b)=a'—b\ 

PROPOSITION   Xni.       THEOKEM. 

■^^^  sum  of  the  squares  on  two  lines  is  equivalent  to  half  the 
■*gyian  on  their  sum,  togcl/ier  with  half  tlui  square  oh  (Iteir 
'difference. 

fc^l  iTie  squares  on  the  two  lines  AB,  AC,  are  together  eqniv- 
-^^^It  to  half  the  square  on  their  sum,  and  half  the  square 

*^  Be  their  difference. 

^     Let  AG  be  the  square  on  AB.  and  AD  the  square  on  CD, 

^*»d  through  P,  the  middle  of  BC,  let  LH,  parallel  to  EA,  be 

Ta^n,  meeting  FG  produced  in  H ;  make  PI  equal  to  PH, 

^*»d  draw  IK  parallel  to  PC.  L 

^      Since  the  angles  at  A  are  right,  EAF 

_^  a.  straight  line,  so  that  Ell  is  a  rectan- 

i^*,  and  it  is  contained  by  lines  equal  to 

^*«  sum  of  AC,  AB,  and  half  that  sum 

Z^**;  it  is  Ihefefore  equal  to  half  the 

^!3.t>ate  of  the  sum  AC,  AB,  (Prop.  V. 

J^OT.  1.)  Again,  IP,  PC,  being  equal,  by   ■ 

^<^«truction,  to  PH,  PB,  the  rectangles 

*^«S.,  ?G,  are   equal ;    hence   the   two 

^quaies  AD,  EG,  are  together  equiva- 

•«iit  to  the  two  rectangles  EH,  LK ;  now,  CK  being  equal  to 

«G  or  AS,  KD  is  equal  to  BC,  for  EC  is  a  square  ;  the  rect- 

^ngls  LK  ii  thus  contained  by  lines  equivalent  to  BC,  and 


I 

B       p 
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the  half  thereof  PC,  and  is  consequently  equal  to  half  fhd 
square  on  BC ;  it  therefore  follows  that  the  squares  AP,  AGy 
are  together  equivalent  to  half  the  square  on  the  sum  of  AC, 
AB,  and  half  the  square  on  BC,  the  difference  of  AC,  AB. 

Cor.  Hence,  tw\pe  the  sum  of  the  squares  of  two  lines  is 
equivalent  to  the  squares  of  their  sum  and  difference. 

Scholium.  This  proposition  is  equivalent  to  the  algebrai- 

cal  formula,  (f±^+(?:r*iW+&'. 


PROPOSITION   XIV.      THEOREM. 

If  a  line  be  drawn  parallel  to  the  base  of  a  triangle,  it  wiU 

divide  the  sides  proportionally. 

Let  ABC  be  a  triangle,  and  DE  a  straight  line  drawn  par- 
allel to  the  base  BC;  then  will 

AD  :  DB::AE  :  EC. 

Draw  BE  and  DC.  The  two  triangles 
BDE,  DEC,  having  the  same  base  DE,  and 
the  same  altitude,  since  both  their  vertices  lie 
in  a  line  parallel  to  the  base,  are  equivalent 
(Prop.  IV.  Cor.  II.) 

The  triangles  ADE,  BDE,  whose  common 
vertex  is  E,  have  the  same  altitude,  and  are 
to  each  other  as  their  bases  (Prop.  VIII.  Cor.) 
Hence  we  have  B  c 

ADE  :  BDE:: AD:  DB. 

The  triangles  ADE,  DEC,  whose  common  vertex  is  D^ 
have  also  the  same  altitude,  and  are  to  each  other  as  their 
bases;  hence  ADE  :  DEC::AE  :  EC. 

But  the  triangles  BDE,  DEC,  arc  equivalent;  and  theie^ 
fore  we  have  (Prop.  XIX.  Cor.  B.  I.), 

AD:  DB::AE  :  EC. 

Cor.  1.  Hence,  by  composition,  we  haveAD-(-DB  :  AD:: 
AE+EC  :  AE,  or  AB  :  AD:  :AC  :  AE;  and  also  AB  :  BD:: 
AC  :  CE. 

Cor.  2.  If  between  two  straight  lines  AB,  CD,  any  num- 
ber of  parallels  AC,  EF,  GH,  BD,  6cc.  be  drawn,  those 
straight  lines  will  be  cut  proportionally,  and  we  shall  have 
AE  :  CF  :  EG  :  FH  :  GB  :  HD. 
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For.  lei  0  be  th«  point  where  AB  and  O 

r  D  meet.  In  the  triangle  OEF,  the  line 
_  C  boiiiff  drawn  parallel  to  the  base  EF, 
—  ^  shair  have  Ofi  :  AE::OF  :  CF,  or 
m  JK  :  l)F : :  A  E  :  G F.  In  the  triangle 
^  ^ili.  we  shall  likewise  have  OE  :  E(j  : : 
^  r  :  FH,  or  OE  :  OF : :  KO  :  FH.  And 
-3-;'rt:asoii  of  the*  common  ratio  OE::OF, 
fc  -  i  •ijK'  two  proportions  give  AE  :  CF ::  EG 
^  FH.  It  may  be  proved  in  the  same 
x-^fc  calmer,  that  EG  :  FH::GB  :  HD,  and  so  on;  hence  the 
l3  J  tes  AB.  CD,  are  cut  proportionally  by  the  parallels  AC,  EF, 

1-f,  iSlC.' 

PROPOSITION    XV.       THEOREM. 

^onremrhj,  if  two  sides  of  a  triangle  are  cut  proportionally 
^*J  a  rig  fit  line,  this  tine  will  be  parallel  to  the  third  side. 

hi    the  trianele  ABC,  let  the  line  DE  be  drawn,  making 
AD^:   DB::AE  :  EC;  then  will  DE  be  parallel  to  BC. 
^^<  »r,  if  DE  is  not  parallel  to  BC,  draw  DO  par-        A 
3'=el     toil.     Then,  bv  the  preceding  theorem,  we 
^y\\   have  AD  :  bB::AO  :  OC.     But,  by  hypo- 
fe-is.  we  have  AD  :  DB::AE  :  EC:  hence   we 
ni"s.t   have  AO  :  OC::AE  :  EC,  or  AO  :  AE::OC 

•  E^O :  an  impossible  result,  since  AO,  the  one  an-  

uct'rl<»nt,  is  less  than  its  consequent  AE,  and  OC,  B  c 

rtw  oiher  antecedent,  is  greater  than  its  consequent  EC. 
Heiice  the  parallel  to  BC^  drawn  from  the  point  D,  cannot 
diftVr  from  DE :  hence  DE  is  that  parallel. 

^<*hol'nifji.  The  same  conclusion  would  be  true,  if  the  pro- 
portion AB  :  AD:  :AC  :  AE  were  the  proposed  one.   For  this 
pjf^Twioii  would   give  AB— AD  :  AD::AC— AE  :  AE,   or 
BD:AD::CE:  AE. 

PROPOSITION   XVI.      THEOREM. 

The  line  which  bisects  any  angle  of  a  triangle  divides  the 
opposite  sides  into  portions^  which  are  to  each  other  as  the 
adjacent  sides.  ^ 

In  the  triangle  ACE,  let  AD  be  drawn,  bisectinc:  the  angle 
CAB;  then  will  i  e  6 

BD:CD::AB:  AC. 
13 
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Through  the  point  C,  draw  CE   E 

Sarallel  to  AD  till  it  meets  BA  pro- 
uced. 

In  the  triangle  BCE,  the  line  AD 
is  parallel  to  the  base  CE;  hence 
we    have    the    proportion    (Prop. 

XIV.), 

ED:  DC::AB:  AE. 

But  the  triangle  ACE  is  isosceles  :  for,  since  AD,  CE,  are 
parallel,  we  have  the  angle  ACE=DAC,  and  the  angle  AEG 
==BaD  (Prop.  XXIII.  Cor.  3.  B.  II.)  ;  but,  by  hypothesis, 
DAC=BAD;  hence  the  angle  ACE=AEC,  and  consequent- 
ly AE=:AC  (Prop.  XV.  B.  ll.)  In  place  of  AE  in  the  alwve 
proportion,  substitute  AC,  and  we  shall  have  BD  :  DC:  :AB 

:  AC. 

Scholium,  The  converse  of  this  proposition  is  true,  viz : 
If  a  line  from  the  vertex  of  any  angle  of  a  triangle  divide 
the  side  opposite  into  portions  which  are  to  each  other  as  the 
sides  adjacent,  the  line  so  drawn  bisects  the  angle. 

For,  let  the  line  AD  divide  BC  so  that  BD  :  DC:  :BA  :  AC, 
then  is  the  angle  BAD=:thc  ang:lc  CAD.  Draw  CE  parallel 
to  DA,  meeting  BA  produced  in  E.     Then  (Prop.  XlV.)  BD 

:  DC::BA  :  AE ;  but,  by  hypothesis,  BD  :  DC::BA  :  AC, 
therefore  BA  :  AE::BA  :'AC  ;  consetiuently  AE=AC,  and 
therefore  ihe  angle  ACE  is  equal  to  the  angle  AEC  ;  but  be- 
cause of  the  parallels  AD,  EC,  the  angles  ACE,  AEC,  are  re- 
spectively equal  to  the  angles  DAC,  DAB ;  these  angles  are 
therefore  equal,  and  consequently  AD  bisects  the  angle  BAG. 

PROPOSITION    XVII.  .     THEOREM. 

Two  equiangular  triangles  hatw  their  homologous  sides  pro^ 

poriional  and  are  similar. 

Let  ABC,  CDE,  be  two  triangles  which 
have  their  angles  equal  each  to  each,  viz; 
BAC=CDE,  ABC=DCE  and  ACB= 
DEC  ;  then  the  homologous  sides,  or  the 
sides  adjacent  to  the  equal  angles,  will  be 
proportional,  so  that  we  shall  have  BC  : 
CE::AB  :  CI)::Aq||DE. 

Place  the  homologous  sides  BC,  CE,  in  the  same  straight 
line,  and  ])roduce  the  sides  BA,  ED,  till  they  meet  in  F. 

Since  BCE  is  a  straisrht  line,  and  the  auiile  BCA  is  equal 
to  CED,  it  follows  that  AC  is  parallel  to  DE  (Prop.  XXII. 
Cor.  2.  B.  II.)  In  like  manner,  since  the  angle  ABC  is  equal 
to  DCE,  the  line  AB  is  parallel  to  DC.  Hence  the  figure 
ACDF  is  a  parallelogram. 


/ 
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In  the  triangle  BFE,  the  line  AC  is  parallel  to  the  base  FE ; 
hence  we  have  BC  :  CE::BA  :  AF  (Prop.  XIV.)  ;  or  putting 
C  £)  in  the  place  of  its  equal  AF, 

BC  :  CE::BA  :  CD. 

In  the  same  triangle  BEF,  CD  is  parallel  to  BF  which  may 


C 


^    coiisi-lercJ  as  tlie  base ;  and  wc  have  the  proportion  BC  : 
E:  :FD  :  DE  ;  or  putting  AC  in  the  place  of  its  equal  FD, 


BC  :CE::AC::DE. 

And  finally,  since  both  these  proportions  contain  the  same 
tio  BC  :  C£,  we  have 

AC:  DE::BA:CD. 

Thus  the  equiancjular  triangles  BAC,  CED,  have  their  ho- 
ologous  sides  proportional.  But  tu'-o  tigures  are  similar 
^"Jien  they  have  their  angles  equal,  each  to  each,  and  their 
"<^rnolou"ous  sides  proportional  (Def.  1.);  consequently  the 
^ -luiangiilar  triangles  BAC,  CED,  are  two  similar  figures. 

S'.'holium.  Observe,  ijiat  in  similar  triangles,  the  homolo- 
&'^us  sides  are  opp:)site  to  the  equal  angles  ;  thus  the  angle 
T^^B  being  equal  to  DEC.  the  side  AB  is  homologous  to  DC  ; 
^^^  like  manner,  AC  and  DE  are  homologous,  because  they  are 
^^Pposite  to  the  ecjual  angles  ABC,  IK'E.  When  the  homolo- 
S'->Us  sides  are  determined,  it  is  easv  to  form  the  proportions: 

AB  :  DC:: AC  :  DE'::BC  :  CE. 

hCor.  1.  For  the  similaritv  of  two  triansles,  it  is  enousjh  that   • 
^y  have  two  angles  equal,  each  to  each,  since  then,  the 
*^iril  will  also  be  equal  in  both,  and  the  two  triangles  will  be 
^*4'iian^ular. 

.  C'or.  2.  Hence,  if  from  the  right  angle  of  a  right  angled 

*"^5*-ngle  a  perpendicular  be  let  fall  on  the  hypothenuse,  the 

^^""o  partial  triangles  thus  formed,  will  be  similar  to  each  oth- 

"j^  5^nd  to  the  whole  triangle,  since  (Prop.  XXIII.  Cor.  2.  B. 

^*-)  they  are  equiangular. 

C'or.  3.  Hence,  also,  we  have  BD  :  BA  A 

\-  Ba  :  BC,  or  BA==BD.RC,   and   DC  : 
-^C::AC  :  BC,  or  AC==DC,BC. 

.  Therefore  either  side  adjacent  to  the      . 

^^glil  angle  of  a  right  angled  triangle  is  a  ^  5     C 

**^ean  proportional  between  the  hypothenuse  and  the  adja- 
^®^t  segmenu 

Cor.  4.  And  since  the  triangles  BDA,  ADC,  are  similar,  by 
'^^Oipaiing  their^hoxnologous  sides  we  have  BD  :  AD: : AD : 
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DC,  or  BD.DC=AD'.  Hence  the  perpendicular  let  fall  from 
the  right  angle  of  a  right  angled  triangle  on  the  hy]»otliennse 
is  a  mean  proportional  between  the  segments  of  the  hypothe- 
nuse. 

Cor,  6.  If  from  a  point  A,  in  the  circumfer- 
ence of  a  circle,  two  chqrds  AB,  AC,  be  drawn 
to  the  extremities  of  a  diameter  BC,  the  trian- 
gle BAC  will  be  right  angled  at  A  (Prop.  XIX.  ^  ^ 
Cor.  2.  B.  III.);  hence,  first,  the  perix?ndicular  AD  is  a  mean 
pro[)ortional  between  the  two  segments  BD,  DC,  of  the  dia- 
meter, or  what  is  the  same,  AD*=BD.DC. 

Hence  also,  in  the  second  place,  tlie  chord  AB  is  a  mean 
proportional  between  the  diameter  BC  and  the  adjacent  seg- 
ment BD,  or,  wliat  is  the  same,  AB^=BD,BC. 

Cor.  6.  Since  the  homologous  sides  of  similar  triangles  are 
proportional,  the  sum  of  their  sides  or  their  perimeters  are 
proportional  also  as  their  homologous  sides. 

PROPOSITION    XVHI.       THEOREM. 

Conversely^  two  triangles^  which  have  their  homologous  sides 
proportional,  are  equiangular  and  similar. 

In  the  two  triangles  BAC,  DEF, 
suppose  we  have  BC  :  EF::AB 
DE::AC  :  DP;  then  will  the  trian- 
gles ABC,  DEF,  have  their  angles 
equal,  namely,  A=D,  B=E,  C=F. 

At  the  point  E,  make  the  angle 
•  FEG=B,  and  at  F,  the  angle  EFG 
=C ;  the  third  G  will  be  equal  to  the  third  A,  and  the  two 
triangles  ABC,  EFG,  will  be  equiangular.  Therefore,  by  the 
last  theorem,  we  shall  have  BC  :  EF: :  AB  :  EG ;  but,  by  hy- 
pothesis, we  have  BC  :  EF:  :/\  l>  :  DE  ;  Ikmioo  E(i=DE.  By 
the  same  theorem,  we  shall  also  have  BC  :  EF::AC  :  FG ; 
and,  by  hypothesis,  we  haveBC  :  EF::AC  :  DF;  hence  FG 
=DF.  Hence  the  triangles  EGF,  DEF,  having  their  three 
sides  equal,  each  to  each,  are  themselves  equal  (Prop.  Xill. 
B.  II.)  But,  by  construction,  tlie  triangles  EGF  and  ABC 
are  equiangular:  hence  DEF  and  ABC  are  also  equiangular 
and  similar. 

tScholium  1.  By  the  last  two  propositions,  it  appears  that 
in  triangles,  equality  among  the  angles  is  a  consequence  of 
proportionality  among  the  sides,  and  conversely;  so  that 
eitlier  of  those  conditions  sufficiently  determines  the  similar- 
ity of  two  triangles.  The  case  is  dij^'erent  with  regard  lo 
figures  of  more  than  three  sides :  even  in  quadrilaterals,  the 
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proportion  between  the  sides  may  be  altered  without  altering 
ibe  angles,  or  the  angles  may  be  altered  without  altcrinsr  the 
proportion  between  the  sides ;  and  thus  proporiionality 
among  the  sides  cannot  be  a  consequence  of  equality  among 
the  angles  of  two  quadrilaterals,  or  rice  versa.  It  is  evident, 
for  example,  that  by  drawing  EF  parallel  to  1^/^  F 

BC,  the  angles  of  the  quadrilateral  AEFD, 
are  mafle  equal  to  those  of  ABCD,  though 
the  proportion  between  the  sides  is  diiferenl ; 
ind,  in  like  manner,  without  changing  tiie 
four  sides  AB,  BC,  CD,  AD,  we  can  make 
the  point  B  approach  D,  or  recede  from  it, 
which  will  change  the  angles. 

Scholium  2.  The  two  preceding  propositions,  which  in 
strictness  form  but  one,  together  with  that  relating  to  the 
squares  described  on  ihe  sides  of  a  right  angled  triangle, 
(see  Prop.  XXIV.  following)  are  the  most  important  and  fer- 
tile in  results  of  any  in  geometry :  they  are  almost  suliicient 
of  themselves  for  every  application  to  subsequent  reasoning, 
and  for  solving  every  problem.  The  reason  is,  that  all  fi- 
gures may  be  divided  into  triangles,  and  any  triangle  into 
two  right  angled  triangles.  Thus  the  general  i)r()perties  of 
triangles  include,  by  implication,  those  of  all  figures. 


PROPOSITION   XIX.       THEOREM.- 

Two  triangles,  which  have  an  angle  of  the  one  equal  to  an 
angle  of  the  other,  and  the  sidc3  containing  tho^e  angles 
proportionul,  are  similar. 

In  the  two  triangles  ABC,  DBF,  let  the  A 
angles  A  and  D  be  equal ;  then,  if  AB  : 
DE;:AC  :  DF,  the  two  triangles  will  be 
similar.  ti 

Take  AG=DE,  and  draw  GH  parallel 
to  BC.  The  angle  AGH  will  be  equal  to  L- 
the  angle  ABC  (Pr.  XXllI.  Cor.  3.  B.  11.) ; 
and  the  triangles  AGH,  ABC,  will  be  equiangular:  hence  we 
shall  have  AB  :  AG: :  AC  :  AH.  But,  by  hypothesis,  we  have 
AB  :  DE::AC  :  DP;  and,  by  construction,  AG:=DE;  hence 
HA=DF.  The  two  triangles  AGH,  DEF,  have  an  equal 
angle  included  between  equal  sides;  therefore  they  are  equal ; 
but  the  triangle  AGH  is  similar  to  ABC  :  therefore  DEF  is 
also  similar  to  ABC. 
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PROPOSITION  XX.      THEOREM. 


Two  triangles^  which  have  their  homologous  sides 
perpendicular  to  each  olher^  are  similar. 


Let  BAC,  EDF,  be  two  triangles. 

First.  If  the  iiidc  AB  is  parallel  to  DE, 
and  HC  to  FF,  the  ancrlc  ABC  will  be  equal 
to  DEF  (Prop.  XXVL  B.  II.)  :  if  AC  is  par- 
allel to  DF.  the  an^le  ACB  will  be  equal  to 
DFE,  and  also  BAC  to  EDF;  hence  the 
triangles  ABC,  DEF,  are  equiangular ;  and 
consequently  they  are  similar  (Prop.  XVII.) 


Secondly,  If  the  side  DE  is  perpen- 
dicular to  AB,  and  the  side  DF  to -AC, 
the  two  angles  I  and  H  of  the  qua- 
drilateral AIDII  will  be  right  angles; 
and  since  all  the  four  angles  are  to- 
gether   equal    to    four    riv:lit    angles 
(Prop.  XXVIII  Cor.  1.  B.  II.),  there- 
mainnig  two  lAlI,  IDG,  will  be  to- 
gether equal  to  two  right  angles.     But  the  two  angles  E 
IDH,  are  also  equal  to  two  right  angles :  hence  the  a 
EDF  is  equal  to  lAH  or  BAC.     In  like  manner,  if  the  t 
side  EF  is  perpendicular  to  the  third  side  BC,  it  ma 
shown  that  the  angle  DFE  is  equal  to  C,  and  DEF  t 
hence  the  triangles  ABC,  DEF,  which  have  the  sides  of" 
one  perpendicular  to  the  corresponding  sides  of  the 
are  equiangular  and  similar. 

Scholium. — In  the  case  of  the  sides  being  parallel,  th 
mologous  sides  are  the  parallel  ones :  in  the  case  of  thei 
ing  perpendicular,  the  homologous  sides  are  the  perpen 
lar  ones.     Thus  in  the  latter  case  DE  is  homologous 
AB,  DF  with  AC,  and  EF  with  BC. 

The  case  of  the  perpendicular  sides  might  present  a 
tive  position  of  the  two  triangles  different  from  that  exim 
.  ed  in  the  diagram.  But  we  might  always  conceive  a  tK 
gle  DEF  to  be  constructed  within  the  triangle  ABC,  and 
that  its  sides  should  be  parallel  to  those  of  a  triangle 
pared  with  ABC/ ;  and  then  the  demonstration  given  i 
text  would  apply. 


PROPOSITION    XXI.      THEOREM. 


In  any  triangle,  if  a  line  be  drawn  parallel  to  the  base^ 
ail  lines  drawn  from  a  vertex  wiU  divide  the  base  ~" 
parcUlel  into  proportional  parts. 
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let  DE  be  parallel  to  the  base  BC, 
a-'E-o- Jthe  other  lines  drawn  as  in  the 
a  ST  MFC ;  then  will  DI  :  BF::IK  :  FG 
:   r   «L:GH. 

Tor,  sinof^  DI  is  parallel  to  BF,  the 
tri  nni;ies  ADI  and  ABF  arc  ocinian- 
e-t  hr";  and  we  have  DI  :  l>F::AI  : 
A.  Jr:  and  since  IK  is  parallel  to  FG, 
vv-eliave  in  like  manner  AI  :  AFriflv 
A  I  :  AF  bein^r  common,  ^^e  shall  have  DI  :  liTirlK  :  FG. 
In  the  same  manner  we  shall  find  IK  :  FGrrKL  :GH ;  and 
sr>  with  the  other  secmcnts:  hence  the  line  DE  is  divided  at 
th<?  points  I,  K,  L,  in  the  same  proportion,  as  the  base  BC,  at 
til*?  points  F,  G,  H. 

Cor.  Therefore  if  DC*  v/cro  divided  into  eqnal  parts  at  the 
Points  F,G,  H.  the  parallel  DE  wonld  also  be  divided  into 
^q.ualparts  at  the  points  I,  K.  L. 


B       !■'  G        H     c 

;  F(f :  hence   the  ratio 


PROPOSITION   XXII.       THKOREM. 

"^o  trianorjpst,  harin<r  an  ansh  in  oac/i  equal,  are  to  each 
^i/ier  as  the  rectangles  of  the  sides  which  contain  the  equal 
^  Piffles. 

^n  the  two  triangles  ABC,  ADE,  let  the  angle  A  be  eqnal  to 
*^^  angle 'A;  then  will  the  triangle 

ABC  :  ADE::AB.AC 
.    t^raw  BE.     The  triangles 
^■^E,  ADE,  having  the  coni- 
^^*^U  vertex  E,  have  the  same 
?"^^itude,  and  conseqnently  are 
^^  each  other  as  their  bases 
v^^rop.  VIll.  Cor.)  :  that  is 
ABE  :  ADE::AB  :  AD. 
In  like  manner, 
^  ABC  :  ABE:: AC:  AE. 

-Multiply  together  the  corresponding  terms  of  these  propor- 
"^lons, omitting  the  common  term  ABE,  we  have 

ABC  :  ADF::AB.AC  :  AD.AE. 
Cor.  Hence  the  two  triangles  wonld  be  eqnivalcnt,  if  the 
Tec  tangle  A  B.AC  were  eqnal  to  the  rectangle  AD.AE,  or  if 
'^e  bad  AB  :  AD::AE  :  AC  ;  which  would  happen  if  DC 
^ere  parallel  to  BE. 


PROPOSITION   XZni.      THEOREM. 


*^  ^ilar  polygons  are  composed  of  the  same  number  of 
^'^f'nglesj  similar  each  to  each  and  similarly  sittsated. 
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Let  ABCDE,  FGHIK,  be  two  similar  polygons. 

From  any  angle  A,  in 
the     polygon     ABCDE,     1 
draw  diagonals  AC,   AD, 
to  the  other  angles.  From  a 
the  homologous  angle  F, 
in  the  other  polygon  FG- 
HIK, draw  diagonals  FH, 
FI,  to  the  other  angles. 

These  polygons  being  similar,  the  angles  ABC, 
which  are  homologous,  must  be  equal,  and  the  side 
BC,  must  also  be  proportional  to  FG,  GH,  that  is,  AE 
::13C  :  GH  (Def.  L)  Wheretore  the  triangles  ABC, 
have  each  an  equal  angle,  con  tallied  between  propoi 
sides;  hence  they  are  similar  (Prop.  XIX.);  therefoi 
angle  BOA  is  equal  to  GHF.  Take  away  these  equ 
gles  from  the  equal  angles  BCD,  GHl,  and  there  re 
ACD=FHI.  But  since  the  triangles  ABC,  FGH,  are  si 
we  have  AC  :  FH::BC  :  GU;  and,  since  the  polygoi 
similar,  BC  :  GH::CD  :  HI;  hence  AC  :  FH::CD  :  HI 
the  angle  ACD,  we  already  know,  is  equal  to  FHI; 
the  triangles  ACD,  Fill,  have  an  equal  angle  in  each,  ii 
ed  between  proportional  sides,  and  are  consequently  si 
(Prop.  XIX.)  In  the  same  manner  it  might  be  showi 
all  the  remaining  triangles  are  similar,  whatever  be  the 
ber  of  sides  in  the  polygons  proposed :  therefore  two  si 
polygons  arc  composed  of  the  same  number  of  triangh 
milar  and  similarly  situated. 

Scholium.  1.  The  converse  of  the  proposition  is  eq 
true :  If  two  polygons  are  composed  of  the  same  numi 
triangles  similar  and  similarly  situated,  those  two  pob 
will  be  similar. 

For,  the  similarity  of  the  respective  triangles  will  gi-^ 
angles  ABC=F(iH,  BCA=GI1F,  ACD=FHI :  hence  B 
GHI,  likewise  CDE=HIK,  6ic.  Moreover  we  shall  ha\ 
:  DG::BC  :  GH::AC  :  FH::CD  :  HI,  &c. ;  hence  the 
polygons  have  their  angles  equal  and  their  sides  proporti 
consequently  they  are  similar. 

CoroWirij,  The  contours  or  perimeters  of  similar 
gons  are  to  each  other  as  their  homologous  sides,  smc 
])erimeters  of  similar  triangles  of  which  they  are  com 
are  in  that  ratio,  (Prop.  XVH.  Cor.  6.) 
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^  Vi.,n  square  described  on  the  Jnjpofhejuise  of  a  ris^kt  angled 
^rianffle  is  equlvulent  to  the  sum  of  the  s^qiiires  described  on 
^heotUer  two  sides. 

T^?t  the  triangle  ABC  bo  rii?ht  K 

a-T^glcd  at  A.     Havinc;  described 
sv:|^uures  on  t!ic   ihreu  sides,  let 
lia.1;  from  A,  on  the  hypothcimse, 
vHe    perpendicular    AD,    wliich 
produce  to  E  :  and  draw  the  di-  ^^' 
•Lgonals  AF,  CH. 

The  angle  ABF  is  made  np  of 
tbc  angle  ABC.  together  witfi  the 
Tight  ansle  CBF  :  the  an:;le  CBH 
is  made  up  of  the  same  ani»Ie 
ABC.  tfgether  with  the  right  an- 
g:e  ABH^;  hence  the  angle  A1]F 
ise-jua!  to  HBC.  But  we  liave 
AB===BH,  being  sides  of  the  same  square;  and  BF:=BC,  for 
fe  same  reason:  Ihcrelorc  tlic  triangles  ABF,  IIBC,  have 
t^o  sidks  and  t!ie  included  i\i\ii\'?.  in  each  equal;  tlierefore 
i/j*^' V  arc  themselves  eqiuil  (Fjof>.  Vlll.  B.  11.) 

The  triangle  ABF  is  h:iir  of  (he  ro?tangie  BE,  because 
thfiyhavc  the  samo  base  HF,  and  tlie  same  aliimde  BD 
(f  rop.  IV'.  Cor.  1.)  TIjc  triangle  lliiC  is  in  like  manner  half 
^r  rhe  square  AH;  for  the  angles  BAC,  BAL,  being  both 
rig  hit  angles.  AC  and  AL  form  one  and  the  same  straight 
li{^<^  parallel  to  HB  (Frop.  IV.  B.  [I.)  ;  and  consequently  the 
'fisLiigle  HBC,  and  the  square  Al:[,'whi"li  have  the  common 
ha  se  BH.  have  also  the  common  altitude  AB  ;  hence  the  tri- 
^^  ^le  is  half  of  the  square. 

'he  triangle  ABF  has  already  been  proved  equal  to  the 
Dgle  HBC;  hence  the  rectangle  BDEl',  wliich  is  double 
^*  the  triangle  ABF,  must  be  e([uivalent  to  the  square  AH, 
vnich  is  double  of  the  triangle  HBO.  In  the  same  manner 
'J  »Tiay  be  proved,  that  the  rectangle  CDEU  is  equivalent  to 
•"^  square  AL  But  the  two  rcctangios  BDEF,  CDE(J,  taken 
^^^Iher,  make  up  the  square  BCOF:  therefore  the  square 
**CGp^  described  on  the  hypothenuse,  is  equivalent  to  the 
**^xxi  of  the  squares  ABHL,  ACIK,  described  on  the  two  oth- 
^«'  sides;  in  other  words,  BC==AB'4-AC^ 

Cor,  1.  Hence  the  square  of  one  of  the  sides  of  a  right 
•^ngled  triangle  is  cqtiivalent  to  the  square  of  the  hvpotiie- 

11 
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nuso  diminished  by  the  square  of  the  other  side;  which  is 
thus  expressed :  AB'=BC^ — AC*. 

Cor.  2  It  has  just  been  shown  that  the  square  AH  is  equi- 
valent to  the  rectangle  BDEF ;  but  by  reason  of  the  common 
altitude  BP,  the  square  BCGF  is  to  the  rectangle  BDEF  as 
the  base  BC  is  to  the  base  BD ;  therefore  we  have 

BC*:  AB=::BC  :  SD. 

Hence  the  square  of  the  hypothenuse  is  to  the  square  of 
one  of  the  sides  about  the  right  angle,  as  the  hypothenuse  is 
to  the  segment  adjacent  to  that  side.  The  word  segment 
here  denotes  that  part  of  the  hypothenuse,  which  is  cut  off 
by  the  perpendicular  let  fall  from  the  right  angle :  thus  BD 
is  the  segment  adjacent  to  the  side  AB ;  and  DC  is  the  seg- 
ment adjacent  to  the  side  AC.  We  might  have  in  like  man- 
ner, 

BC»:  AC'::BC  :  CD. 

Cor.  3.  The  rectangles  BDFE,  DCGE,  having  likewise 
the  same  altitude,  are  to  each  other  as  their  bases  BD,  CD. 
But  these  rectangles  are  equivalent  to  the  squares  AH,  AI; 
therefore  we  have  AB' :  AC:  :BD  :  DC. 

Hence  the  squares  of  the  two  sides  containing  the  right 
angle,  are  to  each  other  as  the  segments  of  the  hypotlienuse 
which  lie  adjacent  to  those  sides. 

Cor.  4.  Let  A  BCD  be  a  square,  and  AC  its    ^       D      G 
diagonal :  the  triangle  ABC   being  right  an- 
gled and  isosceles,  we   shall  have  AC-=AB" 
-j-BC*=;2AB' ;  hence  the  square  described  on 
the  diagonal  AC,  is  double  of  the  square  de-     _ 
scribed  on  the  side  AB.  e""    3       f 

This  property  may  be  exhibited  more  plain- 
ly, by  drawing  parallels  to  AC,  through  the  points  B  and  D. 
A  new  square  EFGH  will  thus  be  fonncd,  equal  to  the 
square  of  AC.  Now  EFGH  evidently  contains  eight  trian- 
gles each  equal  to  ABE;  and  ABCD  contains  four  such  tri- 
angles: hence  EFGH  is  double  of  ABCD. 

Since  we  have  AC* :  AB^:  :2  :  1 ;  by  extracting  the  square 
roots,  we  shall  have  AC  :  AB:  :a/2  :  1. 

T/iat  the  square  described  on  the  hypothenuse  of  a  right 
angled  triangle  is  equivalent  to  the  sum  of  the  squares  de- 
scribed on  the  other  two  sides,  nwy  be  otherwise  demo?istraled 
as  follows : 


^ 

NZ 


ed  on  the  hypothenuse  in  the 
t  Lm  ;  produce  KC  one  side  of 
qiiare  erected  on  the  side  AC, 
eet  the  liue  BL  ia  P.     Pro- 

also  DB  to  meet  the  line  AG,  ^  _ 

iide  of  the  square  FA,  in  N,  "  " 

n  the  angle  HAC  draw  AM  parallel  to  BC.  Then  witt 
riangle  ACM,  which  is  equal  to  half  the  rhomboid  BA- 

(Prop.  IV.),  be  equal  to  the  triangle  PBC,  which  is 
,1  to  half  the  rhomboid  BAPC,  since  the  triangle  ABC  is 
iiou  to  both  rhomboids  and  is  the  half  of  each.  Also  in 
rhoniboid  BNCL,  the  triangles  BCL  and  BCN  are  equal 
ip.  IV, J  each  to  each;  and  if  from  each  wetaite  the 
lis  BOP  and  BCA  respectively,  we  have  the  triangle 
S  equal  to  the  triangle  CLP.  Hence  the  triangle  BPC-f 
iriangle  CPL  is  equal  to  the  two  triangles  ACM+BAN  ; 

smce  in  the  triangle  BCL  the  perpendicular  OP  on  the 
5  BL  divides  the  triangle  into  two  similar  triangles  BPC 

CPL  (Prop.  XXI.  Cor.  2.),  which  are  similar  also  to 
Hand  BAN  (Prop.  XX.),  since  their  homologous  sides 
parallel,  hence  we  have  BA  :  AN::AC  :  C1VI;:BC  :  CL 
op,  XVX.)  Draw  the  diagonals  BG,  AK  and  BE;  then  the 
Igles  formed  by  these  lines  with  the  sides  of  the  squares 
eciively  will  be  to  each  other  as  the  former  triangles 
ectively,  viz:  BAG  :  BAN::ACK  :  ACM::BCE  :  BCL; 
by  composition,  BAG+ACK  :  BAN+ACM::BCE  : 
4;  hence  if  the  triangle  BAN-j-tho  triangle  ACM=the 
tgle  BCL,  then  also  the  triangle  BAG-j-the  triangle  ACK 
e  triangle  BCE.   Hence  the  squares  FA-|-HC  bemg  dou- 
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if  similar  triangles  are  described  on  the  three  sides  of  a  right 
angled  triangle,  if  tlie  sides  of  the  right  angled  triansjlc  form 
homologous  sides  of  the  similar  triangles,  that  described 
on  the  hypothenuse  will  be  equivalent  to  the  sum  of  the  oth- 
er two. 

Cor.  B.  Hence,  also,  if  similar  rhomboids  arc  described  on 
the  three  sides  of  a  right  angled  triangle,  the  one  described 
on  the  hypothenuse  will  be  equivalent  to  the  sum  of  the  oth- 
er two,  since  similar  rhomboids  are  the  doubles  of  similar 
triangles,  having  the  same  bases  and  altitudes. 

Cor.  C.  And  since  the  similar  triangles  BCL,  ACM,  BAN, 
described  on  the  sides  BC,  AC,  AB,  are  proportional  to  the 
squares  CD,  CH,  AF,  described  on  the  same  sides,  being 
homologous  sides  of  the  similar  triangles;  we  may  further 
enunciate  that  similar  triangles  are  proportional  to  the 
squares  described  on  their  homologous  sides. 

Cor.  D.  It  having  been  shown  that  the  sum  of  the  trian- 
gles ACK+BAG=tlie  triangle  BCK,  and  that  the  sum  ACM 
+BAN=BCL,  it  follows  tliat  ACK— ACM+BAG— BAN=9 
AMK-pBNG=BliE,  which  are  also  similar  triangles,  and 
similarly  related  to  their  respective  sides  of  the  triangle 
ABC,  sjnce  they  intercept  with  those  sides  respectively  the 
similar  triangles  ACM,  BAN,  BCL.  And  hence  we  may 
infer  that  of  similar  triangles  similarly  situated  in  reference 
to  the  sides  of  a  right  angled  triangle,  that  referred  to  the  hy- 
pothenuse is  equivalent  to  the  sum  of  those  referred  to  the 
other  two  sides.  And  hence  also,  similar  triangles  similarly 
related  to  the  sides  of  a  rigfit  angled  triangle,  or  similarly 
drawn  in  reference  to  their  sides,  are  also  proportional  to  the 
squares  described  on  those  sides  respectively. 

Cor.  E.  And  since  similar  polygons  are  composed  of  simi- 
lar triangles  similarly  placed  (Prop.  XXIII.),  if  similar  poly- 
gons are  described  on  the  hypothenuse  and  on  the  other  two 
sides  of  a  right  angled  triangle,  the  sides  of  the  triangle 
forming  homologous  sides  of  the  similar  polygons,  the  poly- 
gon described  on  the  hypothenuse  will  be  equivalent  to  the 
sum  of  the  other  two. 

Cor.  F.  Hence  also,  as  in  similar  triangles  (Cor.  C),  and 
for  the  same  reasons,  similar  polygons  are  proportional  to  the 
squares  described  on  their  homologous  sides. 

Cor.  G.  Since  it  has  been  shown  that  of  similar  triangles 
similarly  related  to  the  sides  of  a  right  angled  triangle,  those 
similar  triangles  are  proportional  to  the  squares  on  the  several 
sides  of  the  triangle  to  which  they  are  respectively  referred, 
imd  since  this  is  true,  in  whatever  manner  the  trianj^let  ar^ 
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drawn  in  reference  to  those  sides,  it  follows  that  similar 
triangles,  and  also  similar  polyirons,  are  proportional  to  ihe 
squares  described  on  any  lines  similarly  drawn  in  cacli. 

Scholium,  Sim-e  HP  :  BC::BC  :  BL,  the  product  of  the 
extremes  will  be  equal  to  that  of  the  means,  or  B(;==^JU*:BL. 
For  the  same  reason,  we  have  CL^=iHi.BIi;  therefore  EC* 
+CLWBP.BL+lM..I3L=(BP+PL).BL=BL.BL=BL';or 
the  square  described  on  the  hypoihenuse  BL  is  equal  to  the 
two  squares  described  on  the  two  sides  BC,  CL,  as  we  have 
previously  shown  in  the  proposition. 

The  property  of  the  equality  of  the  square  of  the  hypo- 
thenuse  with  the  sum  of  the  squares  of  the  other  two  sides 
of  a  right  angled  triangle,  and  that  of  the  proportionality  of 
thesides  of  equiangular  triangles  on  which  the  former  is  per- 
haps dependent,  are  the  two  fundamental  propositions  of  ge- 
ometry, and  those  on  which  nearly  all  the  others  depend. 
No  wonder,  then,  that  Pythagoras,  the  discoverer  of  this, 
should  have  sacrificed  a  hundred  oxen  to  the  Godsy  for  his 
discovery,  in  those  days  of  Mythology,  as  some  historians 
have  informed  us  that  he  did. 

PROPOSITION   XXV.      THEOREM. 

If  a  square  be  described  on  each  of  the  sides  of  any  triangle^ 
08  ABC,  and  if  the  lines  BE  a?id  BP  be  drawn  in  such 
mviner  thai  Ihe  angles  AEB  and  CFB  shall  each  be  equal 
(othe  angle  B ;  and  lastly^  if  El  and  FL  be  drawn  paral- 
Id  to  CG  or  AH,  ihe  sides  of  the  square  ;  the  square  of  AB 
^ill  be  equal  to  the  rectangle  AI,  a?id  the  square  of  BC= 
the  rectangle  CL  ;  consequently  the  sum  of  the  squares  on 
AB  and  B(J  will  be  equal  to  the  square  described  on  the  base 
AC, /cw  the  rectangle  EL,  //  the  anole  B  be  obtuse,  and 
plus  the  same  rectangle,  if  the  angle  B  be  acute. 


no 
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For  the  angles  ABC  and  AEB 
are  eqiiiil  by  hypothesis,  and  be- 
cause the  triangles  ABC  and  AEB 
have  the  angle  at  A  common  and  the 
angle  at  E  equal  to  tho  angle  at  B, 
the  rcmamiiig  angles  ABE  and  ACB 
are  equal  (Prop.  XXVU.  Cor.  2.  B. 
H^;  hence  the  triangles  ABC  and 
ABB  are  similar.  Therefore  AC  : 
AB: ;  AB  :  AE  (Proposition  XVII)  ; 
whence  it  follows  that  the  rectangle 
of  ACxAE,  ot  AExAH,  is  equal  to 
the  square  of  AB.  ^ 

In  like  manner  it  may  be  shown       "    *■         "        " 
that  the  square  of  BC  is  equal  to  the  rectangle  CL. 

But  it  is  plain  that,  if  the  angle  B  be  obtuse,  the  line  BE 
will  fall  between  the  points  A  and  D,  and  the  line  DF  be- 
tween C  and  D ;  the  contrary  of  which  is  the  case  if  the  an- 
gle B  be  acute ;  and  that  these  two  lines  coincide  with  the 
perpendicular  BD,  when  the  angle  B  is  a  right  angle. 

In  the  first  case  then,  it  is  evident  that  the  sum  of  the 
squares  of  the  sides  is  less  than  the  square  of  the  base  by  the 
rectangle  £I<;  and  ui  the  second  case  that  they  exceed  it  by 
the  rectangle  EL, 

Liastly,  that  if  the  triangle  be  right  angled  at  B,  as  the 
rectangle  EL  vanishes,  the  sum  of  the  squares  of  the  sides  is 
equal  to  the  square  of  the  base. 

HchoHiim.  This  theorem,  it  may  be  observed  is  a  generali- 
zation of  the  XXIVth  Proposition. 

PROPOSITION   XITI.      THEOBEM. 

In  every  triangle,  the  sq%tare  of  a  side  opposite  an  acute  an- 
gle is  iess  than  the  sum  of  the  squares  of  the  other  two 
sides,  by  twice  the  rectangle  contained  by  the  base  and  the 
part  of  the  base,  or  t/ie  base  produced,  incbtded  bettoeen  the 
perpendicjtlar  from  the  opposite  angle  and  the  acute  angle 
on  tlie  base. 

Let  ABC  be  a  triangle,  and  AD  perpendicular  to  the  base 
CB;  then  will  AB'=AC'+BC'—2BCxCD. 
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There  are  two  cases. 

First.  When  the  perpendicular  falls  within 
the  triangle  ABC,  we  have  BD=BC— CD, 
ind  consequently  BD'=BC'+CD'— 2BCx 
CD  (Prop.  XL)  Adding  AD'  to  each,  and  ob- 
serring  that  the  right  angled  triangles  ABD, 
ADC,  give  AD'+BD'=AB^  and  AD'+CD^= 
AC,  we  have  AB'=BC'+AC'— 2BCxCD. 

Secondly.  When  the  perpendicular  AD 
fills  without  the  triangle  ABC,  we  have  BD 
=CD— BC ;  and  consequently  BD'=CD'+ 
BC-2CDXBC  (Prop.  XI.)  Adding  ADMo 
both,  we  find,  as  before,  AB»=BC*+AC*— 
8BCXCD. 


PBOPOSITION  ZXVn.    THEOREM. 


hany  triangle  having  an  obtuse  anglCy  the  square  of  the 
9ide  opposite  thereto  exceeds  the  squares  of  live  base  and  oth- 
<r  side^  by  twice  the  rectangle  of  the  base  and  the  distance 
of  the  perpendicular  from  the  vertex  of  the  obtuse  angle. 

In  the  triangle  ABC,  let  B  be  an  obtuse  angle,  AD  the  per- 
pendicular on  the  prolongation  of  the  base  BC,  then  will  the 
iqnare  of  AC  be  equivalent  to  the  squares  of  AB,  BC,  to- 
gether with  twice  the  rectangle  of  BC,  BD. 

For  the  square  of  AC  is  equivalent  to 
the  squares  of  CD,  DA  (Prop.  XXIV.),  and 
the  square  of  CD  is  equivalent  to  the 
iquares  of  CB,  BD,  together  with  twice 
the  rectangle  of  CB,  BD  (Prop.  X.)  ;  there- 
fore the  square  of  AC  is  equivalent  to  the 

2uares  of  the  three  lines  CB,  BD,  DA,  and  twice  the  rectan- 
^  3  of  CB,  BD,  that  is,  to  the  squares  of  CB,  BA,  and  twice 
the  rectangle  of  CB,  BD. 

Cor.  1.  From  the  last  two  propositions,  the  converse  of  pro- 
position XXIV.  immediately  follows,  that  is,  it  the  square  of 
any  side  of  a  triangle  be  equivalent  to  the  sum  of  the 
squares  of  the  other  two  sides,  the  angle  opposite  the  former 
Aall  be  right;  for  these  propositions  show,  that  if  such, 
equivalence  exist,  the  angle  can  neither  be  acute  nor  obtuse. 

Cor.  2.  We  may,  moreover,  readily  infer  the  converse  of 
these  two  propositions  themselves,  that  is,  first,  if  in  the  tri- 


113  N    ELEMENTS  OF   GEOMETRY. 

angle  ABC  (see  diagram  to  Prop.  XXVI.)  the  square  of  AS 
is  equivalent  to  the  squares  of  AC,  BC,  diminished  by  twice 
the  rectanijle  of  BC,  CD,  the  an?le  C  shiill  be  acute ;  for  by 
the  above  proposition  and  proposition  XXl  V.  if  this  angle  were 
either  obtuse  or  right,  the  said  equivalence  could  not  exist. 
Again,  if  in  the  triangle  ABC  the  square  of  AC  is  equivalent 
to  the  squares  of  AB,  BC,  together  with  twice  the  rectangle 
of  CB,  BD,  the  angle  B,  opposite  AC,  shall  be  obtuse;  for 
by  last  proposition,  and  proposition  XXIV.,  this  angle  can  nei- 
ther be  acute  nor  right. 

Srholium.  The  last  corollary  may  obviously  be  expressed 
in  a  more  unrestricted  form,  thus:  if  the  square  of  any  side 
of  a  triangle  is  less  than  the  siun  of  the  squares  of  the  other 
two  sides,  the  angle  opposite  the  former  side  is  acute,  but  if 
it  is  greater  than  that  sum,  the  opposite  angle  is  obtuse. 

PROPOSITION   XXVin.      THEOREM. 

In  any  triangle^  if  a  right  line  be  drawn  from  the  vertex  to 
the  middle  of  the  base,  twice  ths  square  of  this  line,  togeth* 
er  wiih  twice  the  square  of  half  of  the  btise,  is  equivalent  to 
the  sum  of  the  squares  of  the  other  two  sides  of  i/ie  trian- 
gle. 

Let  ABC  be  the  triangle,  and  AE  a  line  drawn  to  the  mid- 
dle of  the  base  BC  ;  then  will 

2  AE'+2BE==A  B*+AC*. 
On  BC,  let  fall  the  perpendicular  AD. 
Then,  by  Prop.  XXVI. 

AC^=AE=+  KC^— 2EC  X  ED. 
And  by  Prop.  XXVII. 

AB*=AE^+EB*+2EBxED. 
Hence,  by  adding,  and  observing  that  EB 
and  EC  are  equal,  we  have 

AB'+AC='=2AE=-f2EB». 
Cor,  Hence,   in  every  parallelogram,   the  squares  of '  the 
sides  are  together  equivalent  to  the  squares  of  the  diagonals. 

For  the  diagonals  AC,   BD,  bisect  each  B_ C 

other  (Prop.  XXXV.  B.  II.);  consequently 
jlhe  triangle  ABC  gives 

AB'+  BC'=2  AE'+2B  E*. 
The  triangle  ADC  gives,  in  like  manner, 

AD»+DC'=2AE'+2I)E^ 
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Adding  the  corresponding  members  together,  and  observing 
Ihat  BE  and  DE  are  equal,  we  shall  have 

AB*+AD«+DC»+BC'=4AE'+4DE«. 
But  4AE'  is  the  square  of  2AE,  or  of  AC;  4DE'  is  the 
iqaare  of  BD  (Prop.  X.  Cor.  1.) :  hence  the  squares  of  the  sides 
are  together  equivalent  to  the  squares  of  the  diagonals. 

PROPOSITION   XZIX.      THEOREM. 

b  ecery  quadrilateral^  the  sum  of  the  sqares  of  the  four  sides 
u  equal  to  the  sum  of  the  squares  of  the  two  diagonals^  plus 
four  times  the  square  of  the  line  that  joins  the  middle  of 
these  diagonals. 

Let  ABCD  be  a  quadrilateral  figure, 
the  two  diagonals  of  which  are  AC  and 
BD;  and  let  us  suppose  them  bisected 
in  E  and  F ;  join  EF  :  then  will  the  sum  ^ 
of  the  squares  of  the  four  sides  be  e- 
foal  to  the  sum  of  the  squares  of  the 
two  dia|onaIs,  plus  four  times  the 
iquare  of  the  line  E  F. 

For,  join  E  to  B  and  D.  Then  AB»+ 
BC=2AE*+2EB»,  and  AD'+DC'=:2AE'+2DE*  (Prop. 
KVIII.)  ;  therefore  AB'+BC»+AD''+DC^^4AE»+2EB'+ 
2ED*.  But  BE'+DE'=2BF='+2EF^  Therefore  2BE«— 
2ED==4BF'+4EF'.  And  AB*+BC'+CD'+AD=^=4BE'-- 
<BP»4-4EF'=ACH  BD'+4FE^ 

Cor.  If  the  quadrilateral  is  a  parallelogram,  then  EF  co- 
incides, and  the  proposition  shows  that  the  square  of  the 
wles  of  a  parallelogram  are  together  equal  to  the  squares  of 
4e  diagonals,  as  formerly  shown  in  Cor.  to  Prop.  XXVIII. 

Scholium.  The  preceding  proposition,  therefore,  is  only  a 
pirticular  case  of  the  present  one. 

PROPOSITION   XXX.       THEOREM. 

The  square  of  the  difference  of  the  hypothenuse  and  sum  of 
the  base  and  perpendicular  of  a  right  angled  triangle^  is 
^ual  to  twice  the  rectangle  of  the  difference  of  the  hypothec 
iwse  and  each  of  the  otrter  sides. 

In  the  right  angled  triangle  ABC,  the  square  of  ( AC+BO 
"-AB)=twice  the  rectangle  of  (AB— BC)X(AB— AC.) 

15 


114       ELEMENTS  OP  GEOMETRY. 

For  AC«-f  CB'=AB*  (Prop.  XXIV.)  Now 
if  we  set  off  from  B  toward  A  a  distance  BE 
=BC,  and  from  A  toward  B  a  distance  AD= 
AC,  we  shall  have  BE*+AD'=AB^  Now 
AD'=AE»+ED»+2AE.EU  (Prop.  X.),  and 
BE»=BD=+ED=+2ED.BD.  Therefore,  BE* 
+AD"  or  AB'=BD'+AE*+2ED'+2BD.ED+ 
2AE.ED.  But  AB^=BD=+AE=+ED'+2AE. 
DB+2ED.1)B+2BU.ED  (Prop.  X.  Cor.  4.)  ; 
and  this  being  put  equal  to  the  other  expression 
for  AB',  and  cancelling  the  common  terms,  there  will 

main  Eiy=2AE.DB.  .^..--r^e 

Cot.  By  an  inverse  process,  it  may  be  shown,  that  if  twic^^^ 
the  rectangle  AE.DB  be  equal  to  the  square  DE,  the  line  A. — 
will  be  the  hypothenuse  of  a  right  angled  triangle  ACB.  ^^^. 
Scholium.  By  this  proposition  we  are  enabled  to  find  ra-"^^^ 
tional  numbers  for  the  three  sides  of  a  right  angled  triangl^^^ 
For  since  AE.DB=JDE',  if  DE  bo  expressed  by  a  whol^^^ 
number  and  iDE^  be  resolved  into  factors,  then  AE+DE  ---^ 
DB+DE  and^AE-f  ED+DB  Avill  be  the  two  legs  and  hypo--^^ 
thenuse  of  a  right  angled  triangle.  Let  DE=2/i,  ther*  - 
JDE^=2/r=AE.bB;  now  take  AE=2;i=  and  PB=l ;  the: 
the  sides  will  be  27i=+2w,  2/?+l,  and  2/i-+2;i+l ;  if  w=lr 
the  sides  are  3,  4  and  5  ;  if  /?=2,  the  sides  are  5,  12  and  13 
&c.  If  AE  be  taken=:2»  and  l)JB=7i,  then  the  sides  will" 
377,  47^  and  on. 

PROPOSITION    XXXI.       THEOREM. 

The  area  of  any  iriajigle^  referred  to  a  base  drawn  from  on 
of  lis  anghs  to  meet  the  opposite  side  produced,  is 
to  half  the  product  of  the  bdse  with  the  difference  of  per.^ 
pendiculars  from  the  other  two  angles  to  this  base. 

Let  ABC  be  a  triangle,  and  let  BD  be  ^ 

a  base  exterior  to  the  triangle,  drawn 
from  the  angle  B  to  meet  the  opposite 
side  AC  produced  in  D ;  then  will  the 
area  of  the  triangle  ABC  be  equal  to 
half  the  product  of  the  base  BD  into 
the  difference  of  the  perpendiculars  AE 
and  CH  drawn  from  the  two  angles  A 
and  C  to  the  base  BD. 

For,  from  the  angle  B  draw  BI  per- 
pendicular to  AD;  then  in  the  three  triangles  ABD,  BCD  anc- 
ABC,  all  of  the  same  altitude  BI,  their  areas  are  as  their 
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^  reral  bases  AD,  CD  and  AC  (Prop.  IV.  Cor.  3.),  and 
izr^rop.  VIII.)  area  ABD=iADxBI,  area  BCD=iCDxBI, 
^  :ndarca  ABC=(iAD— iDC)xBI  or  iACxBI.  And  reci- 
V  t-(>?:illv  on  the  base  BD,  the  triangle  ABD=JBDxAE,  tri- 
-  I  i"ie  BCn=\BDxCH,  and  triangle  A BC=trianglcABD — 
.  r  i:inL'leBCD=iBDx(AE— CH.) 

Sr/io/iuni.  If  the  base,  instead  of  being  exterior,  should 
r;£^  11  within  tlie  triangle,  as  I?l),  then  the  area  of  the  triangle 
_X.  UC  is  equal  to  half  the  product  of  the 
>-.-c2»se  liD  into  the  sum  of  tlie  perpendieu-  A 

l3.TsAF-}-CH  let  fall  from  the  angles  A 
a.r  J I  C  on  this  base  or  base  produced. 

For  the  base  BD  divides  the  triangle 
A  "BG  into  the   two   triangles    ABD   and 
<Z  BD,  which  are  respectively  equal  to  the 
^a.se  BD  multiplied  by  one  half  their  re- 
spective altitudes  AF  and  CH  on  that  base. 

PROPOSITION  XXXH.   THEOREM. 

^M  area  of  cuery  triansrle  is  equal  to  half  the  product  of  any 
tiro  of  its  sides  reduced  in  the  ratio  of  either  of  those  sides 
to  the  perpendicular  drawn  to  the  other  side,  or  the  other  side 
produced  from  the  opposite  angle. 

Let  ABC  be  a  triangle  ;  from  the 
^^2:le  B  let  fall  the  perpendicular 
^H;  then  will  the  area  of  the  tri- 
^^^\o  be  equal  to  half  the  product 
^f  the  side  AC  multiplied  by  AB, 
^^diiced  in  the  ratio  of  the  side  AB 
^^  the  perpendicular  BD. 

F^roduce  AD  toward  rf,  and  from  A  as  a  centre,  with  the 
"^stance  AB,  describe  the  semicircle  aFE;  then  from  the 
P^iiit  A  draw  FA  perpendicular  to  AC,  and  join  FC.  It  is 
'J^^rc  evident,  that  the  two  triangles  FAC  and  BAC  are  re- 
spectively to  each  other  as  AF  or  AB  is  to  BD ;  bat  the  area 
0^"  the  triangle  AFC  is  equal  to  half  th3  product  of  the  base 
•^C:  m«  liplied  by  the  ahitude  FA.  Therefore  the  area  of  the 
^riainrie  ABC  is  equal  to  the  area  of  the  triangle  AFC,  re- 
A\ieedin  the  ratio  of  AF  or  AB  to  BD.  Thus  AB  :  BD:: 
^A.'B.BC  :  the  area  of  the  triangle  A  EC. 

Again,  draw  A/ and  fC,  making  the  triangle  AfC;  draw 

Jd  perpendicular  to  aC :  then  will  the  triangle  AFC  be  to  the 

^^nrfe  A/C  as  AF  or  A/  to/rf. 
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Thus,  AF  or  A/:/rf::lACx(AF  or  A/) :  the  tria 

Scholium.  The  merits  of  this  theorem  will  be  appreci 
when  we  come  to  treat  of  trigonometry  ;  for  it  may  the 
shown  that  it  will  not  even  be  necessary  to  know  the  le: 
of  the  perpendicular  BD,  but  the  area  may  be  determine 
having  the  two  sides  and  their  included  angle  given,  hat 
product  of  which  must  be  multiplied  by  the  sine  of  suck 
gle ;  and  the  sine  may  be  shown  to  be  the  ratio  of  the 
of  a  triangle  to  a  perpendicular  drawn  from  one  of  the  s 
cent  angles  to  the  opposite  side. 

PROPOSITION   XXXm.      THEOREM. 

The  area  of  a  trapezium  is  eqtiol  to  half  the  product  oj 
tu^  dia^ntUs  reduced  in  the  ratio  of  one  of  those  dl 
nals  to  the  sum  of  the  two  perpendiculars  from  its  extr 
ties  to  the  other  diasronals. 

Let  ABCD  be  a  trapezium,  and  B 

AC  and  BD  its  diagonals,  and  let 
BF  and  DH  be  perpendiculars  from 
the  extremitiesof  the  diagonal  BD 
to  the  diasronal  AC.  Then  will 
the  area  of  the  trapezium  be  equal 
to  half  the  product  or  rectangle  of 
the  two  dia£^'»nals  reduced  in  the  ratio  of  the  diagonal  B 
the  perpendiculars  BF  and  DH. 

For,  let  the  trapezium  be  divided  into  the  four  triai 
AEB,  BEC,  CED  and  AED:  and  it  is  evident  by  last  pi 
sition,  that 

BE  :  6F::|AE.BE  :  area  of  the  crianele  AEB, 
and      BE  :  BF::|EC.BE  :  area  of  the  trianele  BEC, 
and      ED  :  DH:  :|EC.ED  :  area  of  the  triangle  CED, 
and      ED  :  DH:  rJAE-ED  :  area  of  the  triangle  AED. 

Whence  bv  addiiioii  we  have 
2BE-U2ED  *:  2BF-r2DH::JAE.BE-i-JEC.BE— 4EC.E 

|A£.ED  :  (area   AEB-7.BEC-r-CED-rAED)=ihe    d 

ziun  ABCD: 
and  B£-f-ED :  BF-rDH::(|AE-^lEC)xBE-^(4EC-4 

XED: 

BE-hED  :  BF-rI>H::CJAE--iEC)x(BE— ED)  : 

pezium  ABCD, 
1 :  BF-^DH::KAE— EC>  :  area  ABCD. 
J(AU-:-EC)\i,BF— DH)=areai  oi"  ihe  irapraii: 
\  1.  HeoGc  it  follows  thai  if  two  quadrilateral  fis 
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hare  ihcir  diagonal  equal,  and  intersecting  each  other  at  the 
same  angle,  whatever  may  be  their  difference  in  other  re- 
spects, these  quadrilaterals  will  be  equal  as  to  their  area. 

Thus  the  trapezium    ABCD    (see  last 
figaie)  is  equal  to  the  parallelogram  abcd^ 
when  its  diagonals  are  equal  to  those  of 
the  trapezium  and  inclined  toward  each 
other  al  the  same  angle. 


Car.  2.  Hence  also  the  triangle  ABC, 
if  two  of  its  sides  AC  and  CB  are 
equal  to  the  two  diagonals  of  the  tra- 
pezium and  inclmed  at  the  same  angle, 
vill  be  equal  to  the  trapezium. 


Cw.  3.  And  in  the  triangle  EFG,  if  the 
base  EG  and  the  line  FH  equal  the  diago- 
nals, and  if  FH  is  inclined  to  EG  in  the 
nme  angle,  the  areawill  be  equal  to  that  of 
the  trapezium. 


Cor.  4.  And  lastly  in  the  quadrilateral 
«W,  the  diagonals  of  which  do  not  cut 
«tch  other,  if  ac  and  db  are  equal  to  AC 
^d  DB,  and  if  the  angle  bee  is  equal  to 
fte  angle  BEC,  the  areas  of  the  two  fi- 
Pires  will  be  equal. 


a 


PROPOSITION  XXXIV.      THEOREM. 


V  the  sides  of  any  qucuiriUUeral  be  bisected^  and  if  lines  be 
inmnfrom  the^  points  of  bisection  so  as  to  form  another 
luadrUaieral  within  the  former,  the  quadrilateral  so  formed 
^bea  rhomboid,  or  the  opposite  sides  will  be  equal  and 
P<traUeL 
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I^t  EFGH  be  a  quadrilate-  ^^ 
ral  formed  by  joining  the  bi- 
sections of  the  sides  of  the 
quadrilateral  ABDC,  and  the 
quadrilateral  EFGH  will  be  a 
rhomboid. 

For,  draw  the  diagonals  EG, 
FH,  and  on  the  diagonal  EG 
let  fall  the  perpendiculars  An,  ME,  FL,HI,B/?,  rG,  and  in  tl 
triangle  EGF,  its  altitude  FL  is  equal  to  iAw+iB/>,  and  tl 
altitude  IH  of  the  triangle  EGH  on  this  same  base  EG 
equal  to  JEM+J/'G;  and  because  AE=EC,  and  since  Aw 
and  EMC  are  similar  triangles,  An  is  equal  to  EM;  hen< 
also  Bp=^Gr,  Therefore  the  altitude  IH=the  altitude  LI 
Hence  the  triangle  EG F=the  triangle  EGH;  and  in  tl 
same  manner  it  may  be  shown  that  the  triangle  FHG 
equal  to  the  triangle  FHE.  Hence  the  quadrilateral  mustl 
a  rhomboid. 

Cor.  If  from  the  points  of  bisection  of  the  opposite  sid« 
of  a  quadrilateral,  lines  be  drawn,  those  lines  will  bise 
each  other. 


PROPOSITION   XXXV.      THEOREM. 


The  segments  of  txco  chords  which  intersect  each  other  in 

circle^  are  reciprocally  proportional. 

Let  the  chords  AB  and  CD  intersect  at  O :  then  will 

AO:DO::OC:OB. 


Draw  AC  and  BD.  In  the  triangles  ACO, 
BOD,  the  angles  at  O  are  equal,  being  verti- 
cal ;  the  angle  A  is  equal  to  the  angle  D,  be- 
cause both  are  inscribed  in  the  same  segment 
(Prop.  XIX.  Cor.  1.  B.  III.);  for  the  same 
reason  the  angle  C=B ;  the  triangles  are 
therefore  similar,  and  the  homologous  sides 
give  the  proportion 

AO:DO::CO:OB. 


Cor,  Therefore  AO.OB=DO.CO ;  hence  the  rectangh 
der  the  two  segments  of  the  one  chord  is  equal  to  the 
angle  under  the  two  segments  of  the  other. 
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PBOPOStTION   XXXTI.      THEOREM. 

If  frwn  the  same  point  without  a  circle^  two  secmits  he  drnirn 
terminating  in  the  common  arc^  the  whole  serants  will  be 
reciprocally  proportional  to  their  external  seg-ments. 

Let  the  secants  OB,  OC,  be  drawn  from  the  point  O :  then; 

▼ill 

OB.  OC::OD:OA. 

For,  drawing  AC,  BD,  the  triangles  OAC, 
OBD  have  the  angle  O  common ;  likewise 
the  angle  B=C  (Prop.  XIX.  Cor.  1.  B.  III.); 
these  triangles  are  therefore  similar ;  and  their 
homologous  sides  give  the  proportion 

OB:OC::OD:OA. 

Cor,  Hence  the  rectangle  OA.OB  is  equal 
to  the  rectangle  OC.OD. 

Scholium.  This  proposition,  it  may  be  observed,  bears  a 
great  analogy  to  the  preceding,  and  differs  from  it  only  as 
the  two  chords  AB,  CD,  instead  of  intersecting  each  other 
within,  cut  each  other  without  the  circle.  I'he  following 
proposition  may  also  be  regarded  as  a  particular  case  of  the 
proposition  just  demonstrated. 

PROPOSITION  XXXVII.      THEOREM. 

If  from  the  same  point  icithoui  a  circle^  a  tangent  and  secant 
o€  draiDfi,  the  tangent  will  be  a  mean  proportional  between 
the  secant  and  its  external  segment. 

Prom  the  point  O,  let  the  tangent  OA,  and  the  secant  OC, 
he  drawn  ;  then  will 

OC  :  OA:  :0A  :  OD,  or  OA*=OC.OD. 

For,  drawing  AD  and  AC,  the  triangles  ^ 
OAD,  OAC,  have  the  angle  O  common ;  al- 
so the  angle  OAD,  formed  by  a  tangent  and 
a  chord,  has  for  its  measure  half  of  the  arc 
AD  (Prop.  XXI.  B.  III.)  ;  and  the  angle  C 
has  the  same  measure :  hence   the  angle 

OAD=C;  therefore  the  two  triangles  are 

fimiiar,  and  we  have  the  proportion  OC  : 

OA::AO  :  OD,  which  gives  OA'=OC.OD 
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PROPOSITION   ZXJVIII.      THEOREM. 

If  either  angle  of  a  triangle  be  bisected  by  a  line  drminaiing^ 
in  the  opposite  side,  the  rectangle  of  the  sides  including  the 
bisected  angle,  is  equivalent  to  the  square  of  the  bisecting 
line  together  with  tlie  rectangle  contained  by  the  segments  of 
the  third  side. 

In  the  triangle  BAG,  let  AD  bisect  the  angle  A :  then  will 

AB.AC=AD'+BD.DC. 

Describe  a  circle  through  the  three 
points  A,  B,  C ;  produce  AD  till  it  meets 
the  circumference,  and  draw  CE. 

The  triangle  BAD  is  similar  to  the 
triangle  EAC  ;  for,  by  hypothesis,   the 
angle  BAD=EAC ;  also  the  angle  B= 
E,  since  they  are  both  measured  by  half 
of  the  arc  AC ;  hence  these   triangles 
are  similar,  and  the  homologous  sides 
give  the  proportion  BA  :  AE::AD  :  AC  ;  hence  BAJLCss 
AE. AD ;  but  AE=AD+DE^  and  multiplying  each  of  these 
equals  by  AD,  we  have  AE.AD=AD*+AD.DE;  now  AD. 
DE=BD.DC  (Prop.  XXXV.  Cor.) ;  hence,  finally, 

BA.AC==AD*-fBD.DC. 


PROPOSITION   XXXIX.      THEOREBI. 

In  every  triangle,  the  rectangle  contained  by  two  sides  is  equi-' 
valent  to  the  rectangle  contained  by  tlie  diameter  of  the  cir- 
cumscribed  circle,  and  the  perpendicidar  let  faU  tepofi  the 
third  side. 

In  the  triangle  ABC,  let  AD  be  drawn  perpendicular  to 
BC  ;  and  let  EC  be  the  diameter  of  the  circumscribed  circle : 
then  will 

AB.AC=AD.CE. 


For,  drawing  AE,  the  triangles  ABD, 
AEC,  are  right  angled,  the  one  at  D,  the 
other  at  A  :  also  the  angle  B=E ;  these 
triangles  are  therefore  similar,  and  they 
give  the  proportion  AB  :  CE::AD  :  AC: 
hence  AB.AC=CE.AD. 
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Cor.  If  these  equal  quantities  be  multiplied  by  the  same 

iquantity  BC,  there  will  result  AB.AC.BC=CE.AD.BC;  now 

AD. BC  is  double  of  the  area  of  the  triangle  (Prop.  VIIL); 

thrrcfore  the  product  of  three  sides  of  a  triangle  is  equal  to 

its  area  multiplied  by  twice  the  diameter  of  the  circumscribed 

circle. 

T»ic  product  of  three  lines  is  sometimes  called  a  soUd^  for 
a  reason  that  will  be  given  in  another  place.  Its  value  is  easily 
<»ono»Mvt?d.  by  iniairininsr  tliat  the  lines  are  reduced  into  num- 
bers^, and  multiplying  these  numbers  together. 

Sr/toihtm.  It  may  also  be  demonstrated,  that  the  area  of  a 
f  ri;ingle  is  equal  to  its  perimeter  multiplied  by  half  the  radi- 
us of  ilip  inscribed  circle. 

Fur,  the  triangles  AOB,  BOC,  AOC, 
xrhiih  have  a  common  vertex  atO,  have 
for  their  common  altitude  the  radius  of 
the  inscribed  circle;  hence  the  sum  of 
these  triangles  will  be  equal  to  the  sum 
of  tlie  ba^es  AB,  BC,  AC,  multiplied  by 
half  the  radius  OD;  hence  the  area  of 
the  triangle  ABC  is  equal  to  the  perimeter  multiplied  by  half 
the  radius  of  the  inscribed  circle. 


PROPOSITION   XL.      THEOREM. 

If  from  half  the  sum  of  the  several  sides  of  any  triangle 
enrh  of  the  sides  are  severally  taken ^  and  their  remainders 
are  multiplied  into  each  other,  and  their  product  into  the  half 
sum,  then  the  area  of  the  triangle  is  equal  to  the  square 
rout  of  their  product. 

For,  let  ABC  be  the  civen  tri- 
angle. From  the  angle  B  draw 
BD  meeting  the  side  AC,  makinfir 
CD=CB,  and  from  the  angle  A 
draw  AE  parallel  to  D15  to  meet 
the  side  CU  produced  in  E,  and 
CE  will  be  equal  to  CA.  Draw 
also  CFG  bisecting  DB  and  AE 
perpendicularly  in  F  and  G,  and 
from  F"  draw  FHI  parallel  to  the 

side  BA  meeting  the  side  AD  in  H,  and  AE  produced  in  I. 
Then  with  the  centre  H  and  radius  HP  describe  a  circum- 
ference meeting  AC  produced  in  K,  which  will  also  pass 
through  G,  since  G  is  a  right  angle,  and  through  I,  because 
AI  is  equal  and  parallel  to  J)F ;  therefore  HD=^UA,  and  HP 
«HI=ftAB. 

16 
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Hence  HA  or  HD  is  half  the  difference  of  the  sides  AG, 
CB,  and  HC=half  their  sum  or=5AC+JCB;  also  HK= 
HI=JIF  oriAB;  consequently,  CK=iAC+4CB+iAB,  half 
the  sum  of  all  the  three  sides  of  the  triangle  ABC  ;  or  CK= 

that  sum,  which  sum  we  will  call  S.  Again,  HK=HI= 
IF=JAB,  or  KL=AB;  therefore  CL=CK—Kl^iS—AB, 
and  AK=CK— CA=iS— AC,  and  AL=|>K=CK— CD-«lS 
— CB. 

Now  AG.CG=the  triangle  ACE,  and  AG.FG=the  trian- 
gle ABE;  therefore  AG.CF=triangle  ACB.  Alio  AG  :  CG 
;:DF  or  lA  :  CF;  therefore  AG.CF=triangle  ACB=CiG.IA 
=CG.DF.  Consequently,  AG.CF.CG.DF=square  of  the 
triangle  ACD. 

ButCG.CF=CK.CL=iSx(iS— AB),  and  AG.DF=AK. 
AL=(JS— AC)x(iS— BO.)  Therefore  AG.CF.CG.DF=tri- 
angle  ACB'=JSX(4S— AB)x(iS— AC)x(iS— BC.)  Hence 
V(  JSX  (4S— AB)  X  ( JS— AC)  X  (4S— BC)  )=the  area  of  the 
triangle  ABC. 

Cor,  Hence,  to  find  the  radius  of  a  circle  inscribed  in  a 
triangle  whose  sides  are  given,  all  that  is  necessary  is  to 
multiply  together  the  ditference  of  each  side  and  the  half 
sum,  and  divide  the  square  root  of  this  product  by  half  the 
sum  of  the  sides,  since  it  is  shown  (Prop.  XXXIX.  Schol.^ 
that  the  area  of  a  triangle  is  equal  to  its  perimeter  multipiiea 
by  half  the  radius  of  its  inscribed  circle. 

PROPOSITION   ILL      THEOREM. 

In  every  quadrilateral  inscribed  in  a  circle^  the  rectangle  of 
the  two  diagonals  is  equivalent  to  the  sum  of  the  rectangles 
of  the  opposite  sides. 

In  the  quadrilateral  ABCD,  M'-e  shall  have 

AC.  BD= AB.C  D+  AD.  BC. 

Take  the  arc  CO=AD,  and  draw  BO 
meeting  the  diagonal  AC  in  I. 

The  angle  ABD=CBI,  since  the  one 
has  for  its  measure  half  of  the  arc  AD, 
and  the  other,  half  of  CO,  equal  to  AD ; 
the  angle  ADB=BCI,  because  they  are 
both  inscribed  in  the  same  segment  AOB ; 

hence  the  triangle  ABD  is  similar  to  the         _    

triangle  IBC,  and  we  have  the  proportion  AD  :  1C::BD  ; 
BC ;  hence  AD.BCssCI.BD.     Again,  the  triangle  ABI  is  aim- 
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ilar  (o  the  triangle  BDG  ;  for  the  arc  AD  being  equal  to  COL 
if  OD  be  added  to  each  of  them,  we  shall  have  the  arc  AO 
t=iX};  hence  the  angle  ABI  is  equal  to  DBC;  also  the  an- 
gle BAI  to  BDC,  because  they  are  inscribed  in  the  same  seg- 
ment; hence  the  triangles  ABI,  DBC,  are  similar,  and  the 
iMmoiogous  sides  give  the  proportion  AB  :  BD::AI  :  CD; 
hence  AB.CDb=AI.BD. 
Adding  the  two  results  obtained,  and  observing  that 

AI.BD.CI.BD=(AI+Cl).BDt=AaBD, 

we  shall  have 

AD.BC-I-AB.CD— AC.BD. 

PROPOSITION  XLII.      THEOREM. 

If  a  point  be  taken  on  the  radius  of  a  circle^  and  this  radius 
be  then  produced  and  a  second  point  taken  on  it  without  the 
circumference  of  the  circle  ;  these  points  being  so  siiucUed^ 
that  the  radius  of  the  circle  shall  be  a  mean  proportional 
between  their  distances  from  the  centre  ;  if  lines  be  draiDn 
jrmm  those  points  to  any  points  of  the  circumference^  the 
ratio  {of  these  lines)  will  be  constant. 

Let  P  be  the  point  within  the 
circumference,  and  Q,  the  point 
without;  then  if  CP  :  CA::CA  : 
CQ,  the  ratio  of  OM  and  MP  will 
be  the  same,  for  all  positions  of  the 
point  M. 

For  by  hypothesis,  CP  :  CA:: 
CA  :  CQ ;  or  substituting  CM  for  CA,  CP  :  CM:  :CM  :  CQ>- 
nence  the  triangles  CPM,  CQM,  have  each  an  equal  angle 
C  contained  by  proportional  sides ;  hence  they  are  similar 
(Prop.  XIX.);  and  henc2  the  third  side  M.^  is  to  the  third 
side  Ma,  as  CP  is  to  CM  or  CA.  But  by  division,  the  pro- 
portion CP  :  CA:  :CA  :  CQ  gives  CP  :  CA :  :CA— CP  :  CQ— 
i^A,  or  CP  :  CA: : AP  :  AQ  ;  therefore  MP  :  MQ: : AP  :  ACt 
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PROBLEMS  RELATING  TO  THE  FOURTH  BOOK. 


PROBLEM   I. 

To  divide  a  given  straight  line  into  any  number  of  eq^l 
partSj  or  i7ito  parts  proportional  to  givtn  lines. 

First.  Let  it  be  proposed  to  divide  the 
line  AB  into  five  equal  parts.  Through  the 
extremity  A,  draw  the  indefinite  straight 
line  AG  ;  and  taking  AC  of  any  magnitude, 
apply  it  five  times  upon  AG  ;  join  the  last 
point  of  division  G,  and  the  extremity  B, 
by  the  straight  line  GB ;  then  draw  CI  par- 
allel to  GB :  AI  will  be  the  fifth  part  of  the 
line  AB;  and  thus,  by  applying  AI  five 
times  upon  AB,  the  line  AB  will  be  divided 
into  five  equal  parts. 

For,  since  CI  is  parallel  to  GB,  the  sides  AG,  AB,  are  cut 
proportionally  in  C  and  I  (Prop.  XIV.)  But  AC  is  the  fifth 
part  of  AG,  hence  AI  is  the  fifth  part  of  AB. 

Secondly,     Let  it  be  proposed  to  di-     A  IP 

vide  the  line  AB  into  parts  proportion- 
al to  the  given  lines  P,  Q,  R.  Through 
A,  draw  the  indefinite  line  AG  ;  make 
AC=P,  CD==Q,  DE=R;  join  the  ex- 
tremities  E  and  B ;  and  through  the 
points  C,  D,  draw  CI,  DF,  parallel  to 
EB";  the  hue  AB  will  be  divided  into  ^  ^ 
parts  AI,  IF,  FB,  proportional  to  the  given  lines  P,  d,  R. 

PBOBLEM   II. 

To  Jind  a  fourth  proportional  tO' three  given  lines  ^  A,  B,  C. 

Draw  the  two  indefinite 
lines  DE,  DF,  forming  any 
angle  with  each  other.  Upon 
DR  take  DA=rA,  and  DH= 
B:  npm  DF  take  l)('=t;; 
draw  AC ;  and  through  the 
point  B,  draw  BX  parallel  to 
AC;  DX  will  be  the  fourth  £ 
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noportional  required;  for,  since  BX  is  parallel  to  AC,  we 
have  the  proportion  DA  :  DB:  2DC  :  DX;  now  the  first  three 
terms  of  this  proportion  are  equal  to  the  three  given  lines ; 
consequently  DX  is  the  fourth  proportional  required. 

Cor.  A  third  proportional  to  two  given  lines  A,  B,  may  be 
found  in  the  same  manner,  for  it  will  be  the  same  as  a  fourth 
proportional  to  the  three  lines  A,  B,  B. 

PBOBLEM   IV. 

To  find  a  mean  proportional  between  two  given  lines  A  and  B, 

Upon  the  indefinite  line  DF,  take 
DE=A,  and  EF=B ;  upon  the  whole 
line  DF,  as  a  diameter,  describe  the 
semicircle  DGF ;  at  the  point  E,  erect 
MDon  the  diameter  the  perpendicular 
EiG  meeting  the  circumference  in  G;  Bi  jj 

EG  will  be  the  mean  proportional  re-  A»      ' 
quired. 

For,  the  perpendicular  EG,  let  fall  from  a  point  in  the  cir- 
cumference upon  the  diameter,  is  a  mean  proportional  be- 
tween DE,  EF,  the  two  segments  of  the  diameter  (Prop. 
ITU.  Cor.  4.^ ;  and  these  segments  are  equal  to  the  given 
lines  A  and  B. 


PROBLEM   IV. 

p 

To  divide  a  given  line  into  two  parts,  stick  that  the  greater 
pari  shall  be  a  mean  proportional  between  the  whole  line  and 
the  other  part. 

Let  AB  be  the  given  line. 

At  the  extremity  B  of  the  line 
AB,  erect  the  perpendicular  BC 
equal  to  the  half  of  AB  ;  from 
the  point  C,  as  a  centre,  with  the 
radius  CB,  describe  a  semicircle ; 
draw  AC  cutting  the  circumfer- 
ence in  D ;  and  take  AF=AD :  "^ 
the  line  AB  will  be  divided  at  the  point  F  in  the  manner  re- 
quired; that  is,  we  shall  have  AB  :  AF::AF  :  FB. 

For,  AB  being  perpendicular  to  the  radius  at  its  extremity, 
is  a  tangent;  and  if  AC  be  produced  till  it  againjmeets  the 
circumference  in  C,  we  shall  have  AE  :  AB : :  AB  :  AD  (Prop. 
XXVIL) ;  hence,  by  division,  AE—AB  :  AB::AB— AD  :  AD. 


tas 


ELEMENTS  OP  GEOMETRY. 


But  since  the  radius  is  the  half  of  AB,  the  diameter  DE 
equal  to  AB,  and  consequently  A£ — AB=:AD=AF;  ali 
because  AP^=AD,  we  have  AB — AD=FB;  hence  AF  :  ^ 
:  :PB  :  AD  or  AF ;  whence,  by  exchanging  the  extremes  i 
the  means,  AB  :  AF::AF  :  FB. 

Cor,  Since  AB=DE,  the  proportion  AE  :  AB::AB  :  A 
enables  us  to  perform  the  following  somewhat  singular  pi 
blem,  viz :  To  increase  a  given  line,  so  that  the  given  li 
may  be  a  inean  proportional  between  the  whole  line  so  increas 
ana  the  part  added.  All  that  is  necessary  after  performij 
the  above  construction  is  to  add  DA  to  AB. 

Scholium,  This  sort  of  division  of  the  line  AB  is  call 
division  in  extreme  and  mean  ratio:  the  use  of  it  will  be  pi 
ceivcd  in  a  future  part  of  ihe  work.  It  may  further  be  c 
served,  that  the  secant  AE  is  divided  in  extreme  aud  me 
ratio  at  the  point  Dj  for,  since  AB=DE,  we  have  AE  :  I 
::D£:  AD. 

PROBLEM    V. 


Through  a  given  point,  in  a  given  angle,  to  draw  a  line 
that  the  segments  comprehended  between  ike  point  and  t 
two  sides  of  the  angle  shaU  be  eqtud. 

Let  BCD  be  the  given  angle,  and  A  ^ 

the  given  point. 

Through  the  point  A,  draw  AE  par- 
allel to  CD,  make  BE4=CE,  and  through 
the  points  B  and  A  draw  BAD ;  this  will 
be  the  line  required. 

For,  AE  beincr  parallel  to  CD,  we  have 
BE  :  EC  : :  BA  :  AD  ;  but  BE=EC ; 
therefore  BA=AD. 


PROBLEM  VI. 


To  describe  a  square  that  shaU  be  equivalent  to  a  given  pan 

lelogramf  or  to  a  given  triangle. 


First.  Let  ABCD  be  the  giv- 
en parallelogram,  AB  its  base, 
DE  its  altitude :  between  AB  and 
DB'find  a  mean  proportional  X  Y ; 
then  will  the  square  described  up- 
on XY  be  equivalent  to  the  par- 
allelogram ABOD. 
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Rdt,  by  coostniction,  AB  :  XY  ::XY  :  DE  ;  therefore, 
XVaAELDE;  but  AB.DE  is  the  measure  of  the  parallelo- 
gnun,  and  XY*  that  of  the  square;  consequently,  ihey  are 
equivalent 

Secondly,  Let  ABC  he  the  given  trian- 
gle, BC  its  base,  AD  its  altitude :  find  a 
mean  proportional  between  BC  and  the 
laH  of  AD,  and  let  XY  be  that  mean ;  the 
iqoare  described  upon  XY  will  be  equiva- 
imt  to  the  triangle  ABC. 

For,  since  BC  .  XY::XY  :  J  AD,  it  fol- 
lows that  XY'=BC.  JAD :  hence  the  square  described  upon 
XY  is  equivalent  to  the  triangle  ABC. 


PROBLEM   VII. 


Upon  a  given  Une^  to  describe  a  rectangle  that  shall  be  equiva^ 

lent  to  a  given  rectangle. 


X 


E 


Let  AD  be  the  line,  and  ABFC  the  given  rectangle. 

Find  a  fourth  proportional 
to  the  three  lines  AD,  AB, 
AC,  and  let  AX  be  that 
ibarth  proportional;  a  rect- 
ingle  constructed  with  the 
lines  AD  and  AX  will  be 
equivalent  to  the  rectangle 
ABfC. 

For,  since  AD  :  AB::AC  :  AX,  it  follows  that  AD.AX== 
AB.AC ;  hence  the  rectangle  ADEX  is  equivalent  to  the  rect- 
fmgle  ABFC.  ' 


PROBLEM   Vin. 


To  find  two  lines  whose  ratio  shall  be  the  same  as  the  ratio  of 
two  rectangles  contained  by  given  lines. 


Let  A.B,  CD,  be  the  rectangles  contained  by  the  given 
lines  A,  B,  C,  and  D. 

Find  X,  a  fourth  proportional  to  the  three 
lines  B,  C,  D;  then  will  the  two  lines  A  and 
X  have  the  same  ratio  to  each  other  as  the 
lectangles  A.B  and  CD. 

For,  since  B;C::D:X,  it  follows  that 
C.D=B.X;  hence  A.B  :  CD::A.B  :  B.X::A  :  X. 

Cor.  Heoce,  to  obtain  the  ratio  of  the  squares  described 
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upon  fhe  given  lines  A  and  C,  find  a  third  proportional  X  tt 
the  lines  A  and  C,  so  that  A  :  C:  :C  :  X ;  you  will  then  hava 

A.X     C*,  or  A*.X    A.C;  hence 

A*:C'::A:X. 

PROBLEM   IX. 

Tefind  a  triangle  that  shattbe  equivaleni  to  a  given  pofyffoHL 

Let  ABODE  be  the  given  polygon. 
Draw  first  the  diagonal  CE  cutting  oflf 
the  triangle  CDE  ;  through  the  point  D, 
draw  DF  parallel  to  CE,  and  meeting 
AE  produced;  draw  CF  :  the  polygon 
ABCDE  will  be  equivalent  to  the  poly- 
gon ABCF,  which  has  one  side  less  than^ 
the  original  polygon. 

For,  the  triangles  CDE,  CFE,  have  the  base  CE  common, 
they  have  also  the  same  altitude,  since  their  vertices  D  and 
F,  are  situated  in  a  line  DF  parallel  to  the  base :  these  trian- 
gles are  therefore  equivalent  .(Prop.  IV.  Cor.  2.)  Add  to  each 
of  them  the  figure  ABCE,  and  there  will  result  the  polygon 
ABCDE,  equivalent  to  the  polygon  ABCF. 

The  angle  B  may  in  like  manner  be  cut  ofi",  by  substitu- 
ting for  the  triangle  ABC  the  equivalent  triangle  AGC,  and 
thus  the  pentagon  ABCDE  will  be  changed  into  an  equiva<- 
lent  triangle  GCF. 

The  same  process  may  be  applied  to  every  other  figure; 
for,  by  successively  diminishing  the  number  of  its  sides,  one 
being  retrenched  at  each  step  of  the  process,  the  equivalent 
triangle  will  at  last  be  found. 

Scholium.  We  have  already  seen  that  every  triangle  may 
be  changed  into  an  equivalent  square  (Prob.  VI.) ;  and  thus 
a  square  may  always  be  found  equivalent  to  a  given  recti- 
lineal figure,  which  operation  is  called  sqtiaring  the  rectilin- 
eal figure,  or  finding  the  quadrature  of  it 

PROBLEM  z. 

To  find  the  side  of  a  square  which  shall  be  equivaleni  to  iki 
sum  or  the  difference  of  two  given  squares. 

Let  A  and  B  be  the  sides  of  the 
given  squares. 

First,  If  it  is  required  to  find  a 
square  equivalent  to  the  sum  of 
these  squares,  draw  the  two  indefi- 
nite lines  ED,  EF,  at  right  angles 
to  each  other ;  take  ED=  A,  and  EG 


BOOK  IT. 


129 


=sB;  draw  DG :  this  will  be  the  side  of  the  square  required. 

For,  the  triangle  DEG  being  right  angled,  the  square  de- 
scribed upon  DG  is  equivalent  to  the  sum  of  the  squares  up- 
QQ  ED  and  EG. 

Secondly.  If  it  is  required  to  find  a  square  equivalent  to 
tlw  difference  of  the  given  squares,  form  in  the  same  manner 
the  right  angle  FEH;  take  GE  equal  to  the  shorter  of  the 
sides  A  and  B ;  Irom  the  point  G  as  a  centre,  with  a  radius 
GH,  equal  to  the  other  side,  describe  an  arc  cutting  EH  in 
H:  the  square  described  upon  EH  will  be  equivalent  to  the 
differeace  of  the  squares  described  upon  the  lines  A  and  B. 

For,  the  triangle  GEH  is  right  angled,  the  hypothenuse 
GH=A,  and  the  side  GE=B  ;  hence  the  square  described 
upon  EH,  is  equivalent  to  the  difference  of  the  squares  A 
andB. 

Scholium.  A  square  may  thus  be  foimd,  equivalent  to  the 
rom  of  any  number  of  squares  ;  for  a  similar  construction 
which  reduces  two  of  them  to  one,  will  reduce  three  of  them 
to  two,  and  these  two  to  one,  and  so  of  others.  It  would  be 
the  same,  if  any  of  the  squares  were  to  be  subtracted  from 
Ae  sum  of  the  others. 

PROBLEM   XT. 

To  find  a  square  which  shall  be  to  a  given  square  as  a  given 

line  to  a  given  line,  n 

Let  AC  be  the  given  l> 
>!Qare,  and  M  and  N 
4e  given  lines. 

Upon  the  indefinite 
line  EG,  take  EF=M, 
and  FG=N  ;  upon  EG 
as  a  diameter  describe  a 
Kmicircle,  and  at    the  ^ 

point  F  erect  the  perpendicular  FH.  From  the  point  H, 
few  the  chords  HG,  HE,  which  produce  indefinitely:  upon 
the  first,  take  HK  equal  to  the  side  AB  of  the  given  square, 
«Jd  through  the  point  K  draw  KI  parallel  to  EG ;  HI  will  be 
the  side  of  the  square  required. 

For,  by  reason  of  the  parallels  KI,  GE,  we  have  HI  :  HK 

;;HE  :  HG;  hence,  HP  :  HK':  :HE' :  HG' :  but  inthe  right 

angled  triangle  EHG,  the  square  of  HE  is  to  the  square  of 

Htfas  the  segment  EF  is  to  the  segment  FG  (Prop.  XXIV. 

Cor.  3.),  or  as  M  is  to  N  3  hence  UP  :  HK'::M  :  N.     But 
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HK=AB ;  therefore  the  square  described  upon  HI  is  to  the 

square  described  upon  AB  as  M  is  to  N. 

PROBLEM   XII. 

Upon  a  given  line,  to  describe  a  polygon  similar  to  a  given 

polygon. 

Let  FG  be  the  given 
line,  and  AEDCB  the 
given  polygon. 

In  the  given  polygon, 
draw  the  diagonals  AC, 
AD;  at  the  point  F 
make  the  angle  GFH 
=BAC,  and  at  the  point  G  the  angle  FGH  ABC ;  the  lines 
FH,  GH,  will  cut  each  other  in  H,  and  FGH  will  be  a  tri- 
angle similar  to  ABC.  In  the  same  manner  upon  FH,  ho- 
mologous to  AC,  describe  the  triangle  FIB  similar  to  ADO  i 
and  upon  FI,  homologous  to  AD,  describe  the  triangle  FIK 
limilar  to  ADE.  The  polygon  FGHIK  will  be  similar  to 
AjBCDE,  Jis  required. 

For,  these  two  polygons  are  composed  of  the  samenumboi 
of  triangles,  which  are  similar  and  similarly  situated  (Pro^ 
XXIII.  Sch.) 

PROBLEM   XIII. 

Two  similar  figures  being  give7i,  to  describe  a  similar  figur^^ 
which  shall  be  equivalent  to  their  sum*  or  their  difference. 

Let  A  and  B  be  two  homologous  sides  of  the  given  figurei^* 

Find  a  square  equivalent  to  the  sum 
or  to  the  difference  of  the  squares  de- 
scribed upon  A  and  B  ;  let  X  be  the  side 


of  that  square;  then  will  X  in  the  fi-    \  /     /^^^^s 

gure  required,  be  the  side  which  is  ho-     \  /      \       / 

mologous  to  the  sides  A  and  B  in  the       »— A— /        \JSj 
given  figures.     The  figure  itself  may  _     "^ 

then  be  constructed  on  X,  by  the  last  problem. 

For,  the  similar  figures  are  as  the  squares  of  their  homo- 
logous sides ;  now  the  square  of  the  side  X  is  equivalent  to 
the  sum  or  to  the  difference  of  the  squares  described  upon 
the  homologous  sides  A  and  B ;  therefore  the  figure  described 
upon  the  side  X  is  equivalent  to  the  sum  or  to  the  differenoa 
of  the  similar  figures  described  upon  the  sides  A  and  B. 
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PROBLEM   XIT. 


To  describe  a  figure  similar  to  a  given  fig- we,  and  bearing  to 

it  the  given  ratio  of  M  to  N. 

Let  A  be  a  side  of  the  given  figure,  B  the 
homologous  side  of  the  figure  required.  The 
sqnarc  of  B  must  be  to  the  square  of  A,  as  M 
istoX:  hence  B  will  be  found  by  (Prob.  XL), 
ad  bowing  B,  the  rest  will  be  accomplished 
kf  (Prob.  XII.) 


PBOBLEM   XV, 

T^coHsiruci  a  figure  similar  to  the  figure  P,  and  equivalent  to 

the  figure  CI. 

ftid  M,  the  side  of  a  square 

JJJQiralent  to  the  figure  P,  and 

A  ^he  side  of  a  square  equiva- 

^  to  the  figure  QL  Let  X  be  a 
j^th  proportional  to  the  three 
^^n  lines,  M,  N,  AB ;  upon  the 
^  X,  homologous  to  AB,  de- 
rj^be  a  figure  similar  to  the  figure  P ;  it  will  also  be  equiva- 
^  to  the  figure  Q, 

-^or,  calling  Y  the  figure  described  upon  the  side  X,  we 
*"Ve  P  :  Y::AB* :  X»;  but,  by  construction,  AB  :  X::M  : 
•     or  AB« :  X'::4P  :  N*;  hence  P  :  Yi.W  :  N».    But,  by 
^V^truction  also,  M'=P  and  N'=Q;  therefore  P  :  Y:  :P  : 
consequently  Y=Q,;  hence  the  figure  Y  is  similar  to  the 
P,  and  equivalent  to  the  figure  Q. 

PROBLEM  zvi. 

**  eonstrud  a  rectangle  equivalent  to  a  given  square,  and  hav^ 
ing  the  sum  of  its  adjacent  sides  equal  to  a  given  line, 

X^C  be  the  square,  and  AB  equal  to  the  sum  of  the  sides 
^  the  required  rectangle. 
^_ypon  AB  as  a  diameter 
^•Qfibe  a  semicircle  draw 
*!«  Kne  DE  parallel  to  the 
^yter,  at  a  distance  AD 
^^  it,  eqnal  to  the  side 
**•  given  square  C; 
™n  tfao  point  E,  where 


132 


ELEMENTS  OF  GEOMETRY. 


the  parallel  cuts  the  circumference,  draw  EF  perpendicular 
to  the  diameter ;  AF  and  FB  will  be  the  sides  of  the  rectan- 
gle required. 

For  their  sum  is  equal  to  AB;  and  their  rectangle  AF.FB 
is  equivalent  to  the  square  of  EF,  or  to  the  square  of  AD; 
hence  that  rectangle  is  equivalent  to  the  given  square  C. 

Scholium.  To  render  the  problem  possible,  the  distance 
AD  must  not  exceed  the  radius;  that  is,  the  side  of  the 
square  C  must  not  exceed  the  half  of  the  line  AR 


PROBLEM   XVII. 

To  construct  a  rectangle  thai  shall  be  equivalent  to  a  given 
squaiCy  and  the  difference  of  whose  adjacent  sides  shall  be 
equal  to  a  given  line. 

Suppose  C  equal  to  the  given  square,  and  AB  the  differ- 
ence of  the  sides. 

Upon  the  given  line  AB  as  a  diame- 
ter, describe  a  semicircle;  at  the  ex- 
tremity of  the  diameter  draw  the  tan- 
gent AD,  equal  to  the  side  of  the 
square  C  ;  through  the  point  D  and  the 
centre  O  draw  the  secant  DF;  then 
will  DE  and  DF  be  the  adjacent  sides  ^ 
of  the  rectangle  required. 

For,  first,  the  difference  of  these 
sides  is  equal  to  the  diameter  EF  or  AB ; 
secondly,  the  rectangle  DE,  DF,  is  equal  to  AD*  (Prop. 
XXXVII.);  hence  that  rectangle  is  equivalent  to  the  given 
square  C. 


PROBLEM   XVIII. 

Upon  a  given  base  AB  to  construct  an  isosceles  triangle,  hcnh 
ing  each  of  the  angles  at  the  base  double  the  vertical  angle. 

Produce  AB  till  the  rectangle  AC.BC 
may  be  equivalent  to  the  square  of  AB 
(Prob.  IV.),  then,  with  the  base  AB  and 
sides  each  equal  to  AC,  construct  the 
isosceles  triangle  DAB,  ;and  the  angle 
A  will  be  double  the  angle  D. 

For  make  DE=AB,  or  make  AE= 
BC,  and  join  EB. 

Then,  by  construction,   AD:AB::1 
AB:AE,  for  AE=BCj  consequently^ 
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the  triangles  DAB,  BAE,  have  a  common  angle  A  contained 
bv  proportional  sides  :  honco  (Prop.  A IX.)  llicy  arc  similar, 
and,  tliercforCj  these  triangles  are  both  isosceles,  for  DAB  is 
isosceles  by  construction,  so  that  AB=EB;  but  AB=DE ; 
consequently  DE=EB,  and  therefore,  tlie  ansrle  D  ise([ual  to 
the  an-TJe'EBD:  hence  tlie  exterior  angle  AEB  is  equal  to 
double  the  angle  D,  but  the  angle  A  is  equal  to  the  angle 
A£B;  therefore  the  angle  A  is  double  ihe  angle  L). 

&:holinm.  It  is  obvious  that,  in  a  triauiric  so  constructed, 
the  vertical  angle  is  a  fifth  part  of  two  right  an^^lcs,  and  each 
angle  at  the  base  is  two-iifths  of  two  right  angles,  or  one 
fiftii  of  four  right  angles. 

PROBLEM    XIX. 

Th  divide  a  triangle  ABO  into  two  parts  hy  a  line  from  A, 
ihe  vertex  of  one  of  its  angles^  so  that  the  parts  may  be  to 
each  other  as  a  straight  line  ^l  to  another  straight  line  N. 

Divide  BC  into  parts  BD,  DC,  propor- 
tional to  M,  N ;  draw  the  line  AD,  and 
the  triangle  ABC  will  be  divided  as  re- 
quired. 

For  since  triangles  of  the  same  altitude 
are  to  each  other  as  their  bases,  we  have 
ABD  :  ADC::BD  :  DC::M  :  N. 

iicholiiini.  A  triangle  may  evidently  be  divided  into  any 
nvimber  of  parts  proportional  to  given  lines,  by  dividing  the 
base  in  the  same  proportion. 
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To  divide  d'triangle'into  ihe  tiro  parts  by  a  line  drawn  par- 
allel to  a  side  BU,  so  that  these  parts  /nay  be  to  each  other  as 
two  straight  Unes  M,  N. 

As  M-f  N  is  to  N,"somake  AB»  to  AD=  (Prob.  XI.) 

Draw  DE  parallel  to  BC,  and  the  trian- 
gle is  divided  as  required. 

For  the  triangles  ABC,  ADE,  beino:  si- 
milar, ABC  :  ADE: :  AB»  :  AD^* ;  but  iM-f- 
N  :  N::AB* :  AD=;  therefore  ABC  :  ADE 
::M+N  :  N  ;  consequently  (Prop.  XV. 
Cor.  3.  B.  1.)  BDEC  :  ADE: :M  •  i\. 
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PROBLEM    XXT. 

To  divide  a  triangle  ABC  into  two  parts  by  a  line  perpendicu' 
lar  to  the  base,  so  that  these  parts  may  be  to  each  other  as 
two  given  lines  M,  N. 

From  the  vertical  angle  A  draw  the  per- 
pendicular AD,  let  M'+jN'  represent  the 
triangle  ABC,  and  let  Q!  represent  the  tri- 
angle ADC.  Then,  since  BD  :  DC: : ABD 
:  ADC,  and  BC  :  DC:  :ABC  :  ADC,  there- 
fore BC  :  DC: :M'+N' :  Q';  or  M+N  :  d' 

Draw  EF  parallel  to  DA,  so  that  BD    

shall  be  to  BE'  as  M— a  to  N,  and  the  B  e  D  c 
line  EF  will  divide  the  triangle  as  required,  since  similar  tri- 
angles are  proportional  to  the  squares  described  on  their  ho- 
mologous sides. 

PROBLEM  xxn. 

To  divide  a  triangle  into  ttco  parts  by  a  line  drawn  from  a 
given  point  P  in  one  of  its  sides,  so  tliat  the  parts  may  be 
to  each  other  as  two  given  lines  M,  N. 

Draw  PC,  and  clivide  AB  in  D,  so  that  AD  is  to  DB  as  M 
is  to  N  f  draw  DE  parallel  to  PC,  join  PE,  and  the  triangle 
will  be  divided  by  the  line  PE  into  the  proposed  parts. 

For,  join  DC ;  then  because  PC,  DE, 
are  parallel,  the  triangles  PDE,  CDE, 
are  equal;  to  each  add  the  triangle 
DEB,  then  PEB=DCB  ;  and  conse- 
quently,  by  taking  each  from  the  trian- 
gle ABC,  there  results  the  quadrilateral 
ACEP  equivalent  to  the  triangle  ACD. 

Now  ACD  :  BCD: : AD  :  DB:  :M  :  N; 
consequently, 

ACEP:  PEE: :M:N. 

Scholium.  The  above  operation  suggests  the  method  of 
dividing  a  triangle  into  any  number  of  equal  parts  by  lines 
drawn  from  a  given  point  in  one  of  its  sides :  for  if  AB  be 
divided  into  equal  parts,  and  lines  be  drawn  from  the  points 
of  division  parallel  to  PC,  they  will  intersect  BC  and  AO ; 
and  if  from  these  several  points  of  intersection  lines  be 
drawn  to  P,  they  will  divide  the  triangle  into  equal  parts. 


PBOBLEM    X31II. 

r>>  diridea  iriam^le  into  tkr^e  cqiiicaleut  parts  by  lines  drawn 
J'rom  the  vertices  of  the  angles  to  the  same  point  within  the 
triangle. 

iWake  BD  equal  to  a  third  part  of 
Be,  and  draw  DE  parallel  lo  BA, 
'*i^  side  to  which  BD  is  adjacent. 
from  F,  the  middle  of  DE,  draw 
•f*e  straight  lines  FA,  FB,  FC,  and 
tlicjy  will  divide  the  triangle  as  re- 
q.tiired. 

Tor,  draw  DA,  then  since  BD  is  C 
<**^  «  third  of  BC.  the  triangle  ABD  is  one  third  of  the  triangle 
*-  Be  :  but  ABb=ABF  (Prop,  III.  Cor.  2.);  therefore  ABP 
's  one  ihirdof  ABC;  also  since  DF=t'E,  Hl)F=AFE,  jike- 
^">  se  CFD=:CFE:  conscqiienlly  the  whole  triangle  FBC  is 
5^*1  iial  lo  the  whole  triangle  FCA;  and  FBA  has  been  sho^vn 
*-*  te  equal  to  a  third  part  of  the  whole  triangle  ABC  :  con- 
,^*^ucntly  the  triangles  FBA,  FBC,  FCA,  are  each  equal  to  a 
***  Arc!  part  of  ABC. 

PBOBLEM   XXIT. 

**  *4icide  a  triangle  ABO  into  three  ei/tiivalent  parts  by  lines 
drawn  froim  P,  a  given  point  within  it. 

P^        liivide  BC  into  three  equal  A 

d  ^■*"*s  in  the  points  D,  E,  and 
p»^^-vr  PD,  PE;  draw  also  AF 
r^^*"allel  to  PD,  and  AG  paral- 
.^:^i^loPE  :  then  if  the  lines  PF, 
-—    ^^j  ^-*  ^  drawn,  the  trianglo 
•iO  will  be  divided  by  them 
*«3  three  equivalent  parts. 
^^^       l^or  join  AD,  AE ;   then  be- 
■^^■^^Mo  AF,   PD,  are  parallel, 
-^^^^^^  triangle  AFP  is  equivalent 
,^^^      the  triangle   AFD;  conse- 
^Oacntly,  if  to  each  of  these  there  be  added  the  triangle  ABP, 
^«ere  will  result  the  quadrilateral  ABFP,  equivalent  to  the 
"^■riangle  ABD ;  but  since  BD  is  a  third  part  of  BC,  the  trian- 
gle ABD  is  a  third  part  of  the  triangle  ABC  (Prop.  IV.  Cor.) : 
^loniequently  the  quadrilateral  ABFP  is  a  third  part  of  the  tri- 
mngle  ABC.    Again,  because  AG,  PE,  are  parallel,  the  trian- 
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gle  AGP  is  equivalent  to  the  triangle  AGE;  add  to  each  the 
triangle  ACU,  and  there  results  the  quadrilateral  ACGP 
equivalent  to  the  triangle  ACE;  and  this  triangle  is  one  third 
of  ABC  ;  hence  the  quadrilateral  ACGP  is  one  third  of  the 
triangle  ABC;  consequently,  the  spaces  ABFP,  ACGP,  FPG, 
are  each  equal  to  a  third  part  of  the  triangle  ABC. 

PROBLEM    XXV. 

To  divide  a  triangle  into  any  square  number  of  equal  triann 
gies  similar  to  each  other  and  to  the  original  triangle. 

Let  it  be  required  to  divide  the  triangle  ABC  into  sixteen 
equal  triangles  similar  to  it. 

Divide  one  side  AB  into  four 
equal  parts,  and  from  the  points 
of  division  draw  DG,  EH,  FI, 
parallel  to  BC,  and  DM,  EL, 
FK  parallel  to  AC.  Through 
the  intersections  of  these  par- 
allels draw  GK,  HL,  IM,  and 
the  triangle  ABC  will  be  divi- 
ded as  required. 

For  the  triangles  whose  ba- 
ses are  AD,  DE,  EF,  FB,  have 
their  sides  parallel  to  those  of 
the  triangle  ABC,  and  are  therefore  similar  to  it;  and  as  the 
bases  of  these  triangles  are  equal,  the  triangles  themselves 
are  equal,  and  have  equal  altitudes,  so  that  a  single  straight 
line  GK  passes  through  the  vertices  of  all,  and  is  parallel  to 
AB.  The  rhomboid  DK  is  divided  into  equal  rhomboids  by 
the  parallels  from  E  and  F,  and  these  again  are  divided  into 
equal  triangles  by  their  diagonal.  In  a  similar  manner  the 
rhomboid  AM  is  divided  into  equal  triangles,  as  also  the 
rhomboids  DL,  EK,  BI  andlFC,  and  each  of  these  rhomboids 
contain  one  or  more  of  the  triangles  contained  in  DK ;  hence 
the  triangles  are  all  equal,  and  they  are  similar  to  ABC. 

peoble:.!  XXVI. 

To  divide  a  quadrilateral  into  two  parts  by  a  straight  line 
drawn  from  C,  the  vertex  of  one  of  its  angles^  so  that  the 
parts  may  be  to  each  other  as  a  line  M  to  another  line  N. 
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Draw  CE  perpendicular  to 
AB,  and  construct  a  rectan- 
gle equivalent  to  tlie  given 
quadrilateral,  of  which  one 
side  may  be  CE;  let  the  oth- 
er side  be  EF;  and  divide 
EF  in  G,  so  that  M  :  N:  :GF 
:  EG;  take  BP equal  to  twice  ^ 
EG,  and  join  PC,  then  the  quadrilateral  will  be  divided  as 
required. 

For  by  construction  the  trian<rle  CPfl  is  equivalent  to  the 
rectangle  CE. EG;  therefore  the  rectangls  CE.GF  is  to  the 
triangle  CPB  as  GF  is  to  EGr.  Now  CE.GF  is  equivalent  to 
the  quadrilateral  DP,  and  GF  is  to  EG  as  M  is  to  N,  there- 
fore DP:CPB::M:  N; 
that  is,  the  quadrilateral  is  divided  as  required. 


PBOBLEM   XXVn. 

To  divide  a  qwidrilateral  AC  into  two  parts  by  a  Vine  parallel 
io  AB  one  of  its  sides,  so  thai  these  parts  may  be  to  each 
other  as  the  line  M  is  to  the  line  N. 

Produce  AD,  BC,  till  theymc^t 
in  E ;  draw  the  perpendicular  EF 
and  bisect  it  in  G.  Upon  the  side 
GF  construct  a  rectangle  equiva- 
lent to  the  triangle  EDC,  and  let 
HB  be  equal  to  the  other  side  of 
this  rectangle.     Divide  AH  in  K, 

so  that  AK  :  KH:  :M  :  N,  and  as  a  k     f      a  b 

AB  is  to  KB,  so  make  E.V  to  Ea*;  draw  ab  parallel  to  AB, 
and  it  will  divide  the  quadrilateral  into  the  required  parts. 

For  since  the  triangles  E  AB,  Eab,  are  similar,  we  have  the 
proportion  EAB  :  Eab:  :EA*  :  Ea^ ;  but  by  construction,  EA' 

:  Ea'::AB  :  KB,  so  that  EAB  :  Ea^::AB  :  KB::AB.GF  : 

KB.GP;  and  consequently,  since  by  construction  EAB= 
AB.GF,  it  follows  that  E^b=KB.(JF,  and  therefore  AK. 
GF=A4;  and  since  by  construction  AH.GF=A(;,  it  follows 
that  KH.GF=aC.  Now  AK.GF  :  KIl.GF: :  AK  :  KH ;  but 
by  construction,  AK  :  KH:  :M  :  N ;  consequently, 

A6:aC::M:N; 
that  is,  the  quadrilateral  is  divided  as  required. 

18 
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If  the  sides  AD,  BC,  are  parallel, 
then  make  AE=BC,  bisect  ED  in  F, 
and  divide  AF  in  a,  so  that  Aa  :  aF: : 
M  :  N,  then  the  parallel  ab  will  divide 
the  quadrilateral  as  required. 

For  draw  FG  parallel  to  ab  meeting 
the  production  of  BC,  then  since  FD 
=CG,  the  triangles  DFH,  GCH,  are 
equal ;  so  that  the  quadrilateral  aC  is 
equivalent  to  the  rhomboid  aG,  and  by 
construction  M  :  N  : :  Aa  :  aF  : :  A6  : 
aG;  consequently, 

M  :  N::Ai  :  aC. 


PROBLEM   XXVni. 


To  divide  a  quadrilateral  into  two  parts  by  a  liiie  drawn  from^ 

P,  a  point  in  one  of  its  sides,  so  thai  the  parts  may  be  io^ 

each  other  as  a  line  Mis  to  a  li?ie  N. 

E 

Draw  PD,  upon  which  construct 
a  rectangle  equivalent  to  the  given 
quadrilateral,  and  let  DK  be  the 
other  side  of  this  rectangle ;  divide 
DK  in  L,  so  that  DL  :  LK:  :M  : 
N  ;  make  DF=2DL,and  FG  equal 
to  the  perpendicular  Aa ;  draw  G^ 
parallel  to  DP,  join  the  points  P, 
/>,  and  the  quadrilateral  will  be 
divided  as  required. 

For  draw  the  perpendicular  po ; 
then,  by  construction,  PD.DK= 
AC,  and  PD.DF=PD.Aa-|-PD./?o,  that  is,  PD.DF  is  equiva- 
lent  to  twice  the  sum  of  the  triangles  APD,  pPD ;  conse^ 
quently  since  DL  is  half  DP\  PD.DL=AP./>D;  and  there* 

fore  PD.LK=PBCp;  but  PD.DL  :  PD.LK:  :DL  :  LK:  :M  : 

N;  consequently^ 

AP/>D:PBC;j::M:N;  • 

hence  the  quadrilateral  is  divided  as  required. 


PROBLEM   XXIX. 


To  divide  a  quadrilateral  A  BCD  by  a  line  perpendicular  t& 
one  of  the  sides  AB,  so  that  the  two  parts  may  be  to  each' 
other  as  a  line  M  is  to  a  line  N. 
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Construct  on  DE,  perpend  i- 

calar  to  AB,  a  rectangle  DE. 

EF,  quivalent  to  tlio  qnadri- 

?afcral  AC.  and  divide  FE  in 

G,  so  that  FG:  GE::M  :  N. 

BLsect  AE  in  H,  and  (Prob. 

X^VI.)  divide  the  quadrilate- 

^^l  EC  into  two  parts  by  a  line 

^^  parallel  to  the  side  DE,  so  that  those  parts  may  be  to 
^^oh  other  as  FG  is  to  GH,  then  PQ  will  also  divide  the 
[UaJrilateral  as  required. 

For^  by  construction,  DE.EF=AC,   and  DE.EH=DAE; 
^*ice  DE.HF=EC,  and  consequently,  since  the  quadrilate- 
1^*  tic  is  divided  in  the  same  proportion  as  the  base  FH  of 
equivalent  rectangle,  it  follows  that  CiC=DE.FG,  and 
==DE.GH,  also  AE=DE.GE ;  consequently, 

QC:  AP::FG:GE::M:N; 

is,  the  quadrilateral  is  divided  as  required. 


PROBLEM    XXX. 


^  elivide  a  quadrilateral  ABCD  info  three  cqinvalent  parts 
^9/  lines  drawn  from  C,  the  vertex  of  one  of  Ih'  angles, 

■t>raw  the  diagonal  AC,  and  the  perpendicular  CE,  which 
^^ct  in  F ;  construct  upon  FE  a  rectangle  equivalent  to  the 
'^  ^^igle  D AC,  and  let  AG  be  equal  to  the  other  side  of  this 
^^  tangle. 

^hen  the   remaining  con-  C 

^^ction  of  this  problem  will 
^^  axrcordingly  as  AB  ex- 
^^ds  twice  AG,  is  less  than 
^f  AG,  or  is  between  these 
^p.  Let  us  first  suppose  that 

^]>2AG.  G  A    P  P'  E  B 

^  l^ake  AP  equal  to  a  third  part  of  AB— 2AG ;  bisect  PB  in 

;   then  draw  the  lines  CP,  CF,  and  they  will  divide  the 
^adrilateral  into  three  equivalent  parts. 

B'oT  PB=AB— AP,  and  since  AP=JAB— ?AG,  by  con- 
fcruction,  it  follows  that  PB  =  AB— (JAB— §AG)='5AB-f 
AG,thatis  to  say,  PB=JGB,  and  therefore  lM}.FE=sGB. 

E,  that  is,  the  triangle  CPB  is  two  thirds  of  the  quadrilat- 
il  AC;  but  the  triangles  CPF,  CFB,  having  equal  bases, 

*P^j  FB,  are  each  half  the  triangle  CPB,  and  consequently 
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one  third  of  the  quadrilateral ;  hence  the  spaces  DAPG, 
CPF,  CI 'B,  are  equivalent. 

Scholium.  In  this  case  of  the  problem  the  lines  of  division 
must  necessarily  fall  within  the  triangle  CAB;  for  AB  being 
greater  than  2AG,  AB.FE>2AG.FE,  that  is,  the  triangle 
CAB  exceeds  twice  the  triangle  DAC,  and  is  therefore  great- 
er than  two-thirds  of  the  quadrilateral.  In  the  third  case  of 
the  problem  (provided  AG  is  not  equal  to  JAB,  nor  to  2AB) 
this  triangle  will  be  less  than  two-thirds  of  the  quadrilate- 
ral, but  greater  than  one-third;  consequently  one  line  of  di- 
vision only  will  fall  within  the  triangle  CAB,  and  the  other 
within  the  triangle  DAC  ;  in  this  case,  therefore,  after  having 
determined  the  line  CF,  by  making  AF=:i(2AB— AG),  it 
will  only  be  necessary  to  divide  the  remaining  quadrilateral 
AP.CD,  hy  Problem  XXVI.,  into  two  equal  parts,  by  a  line 
from  the  point  C.  In  the  second  case  of  this  problem,  that 
is  to  say,  when  AB  is  less  than  half  AG,  the  triancrle  CAB 
will  be  less  than  ono-third  of  the  proposed  quadrilateral, 
and  consequently  both  lines  of  division  will  fall  within  the 
other  triangle  DAC;  and  therefore  this  case  is  virtually  the 
same  as  the  first:  the  perpendicular  from  C  being  to  the  side 
AD  instead  of  AB.  When  we  happen  to  have  AG=JAB,  or 
AG=2AB,  then  the  diagonal  CA  will  be  one  line  of  division. 

A  mere  inspection  of  the  figure  will  always  enable  us  to 
determine  upon  which  side  the  perpendicular  is  to  fall;  for 
as  one  triangle  will  be  always  at  least  double  the  other  in 
surface,  the  greatest  will  be  at  once  recognized. 

PROBLEM   XXXI. 

To  divide  a  quadrilateral  AC  into  three  equivaleni  parts  hy 
lines  drawn  from  a  given  point  P  in  one  of  its  sides. 

The  construction  of  this 
problem  will  be  modified 
accordingly  as  the  triangle 
CPB,  cut  off  by  the  line 
PB,  is  less  or  greater  than 
one  third  of  the  quadrilate- 
ral AC,  which  will  be  dis-    

covered  by  constructing  up-  LA  I    K     B  U 

on  a  common  base,  rectangles  equivalent  to  the  triangle  CPB, 
and  to  the  quadrilateral  ADPB  : — If  the  altitude  of  the  for- 
mer be  less  than  half  the  altitude  of  the  latter,  the  triangle 
CPB  will  obviously  be  less  than  one  third  of  the  quadrilafe- 
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ral  AC;  and  if  it  be  greater,  then  the  same  triangle  will  ex- 
ceed one-third  of  the  quadrilateral.  Suppose  then  CP13<^ 
J  AC.  Draw  PI  perpendicalar  to  All,  and  npoii  FI,  tlio  half 
of  PI,  construct  a  rectangle  equivalent  to  ADl^B;  and  lot  the 
other  side  of  this  rectangle  be  equal  to  LB :  construct  also  on 
Fla  rectangle  equivalent  to  the  triangle  CPB,  and  let  Uli  be 
the  other  side  of  this  rectangle. 

Take  BK=iLB— |BH;  join  PK,  then  PIv  will  be  one  of 
the  lines  of  division. 

For  the  triangle  PIvB  is  equal  to  the  rectangle  BK.Fl,  and 
the  triancle  CPB=BII.Fl  bv  construrtion,  therefore.  PKBCP 
=(K«-|:BH).PI  :  but  hv  construction,  KI]=iLB— JllH; 
therefore  KB+BH=iLB+iliH=iLll  ;  hence  PlvBCP= 
iLH.FI=iAB(;D. 

If  CPB>iAC,  then,  instead  of  the  perpendicular  PI  to 
AB,  draw  PE  perpendicidar  to  BC  or  its  production,  and  up- 
on F'E,  the  half  thereof,  construct  a  rectanirle  equivalent  to 
ADPB,  and  let  (iB  be  equal  to  its  base.  Take  BK'=§BC— 
JBG,  and  join  PK',  then  PK'  will  be  one  of  the  lines  of  di- 
vision. 

For   K'C=BC— BK',   and  by  construction    BK'=;BC— 

iBG  :  therefore  K'C=HC— (^BC— iB(0=iR^+U5^'»  so 
that  tiie  triangle  PK'C=JBC.F'k+JBG.F'E,  which  by  con- 
struction is  equivalent  to  one  third  of  the  whole  quadrilate- 
ral ABCD. 

The  oilier  line  of  division  will  be  readily  found  by  Prob. 
XXVI. 

SchoUum,  If  LB=JBH,  or  BC=.iBG,  then  the  value  of 
BK  or  BK'  is  0,  wiiich  must  necessarily  be  the  case,  since  the 
hne  PB  must  then  cut  otT  a  third  part  from  the  quadrilate- 
ral AC.  This  case  of  the  problem  will  be  intimated  by  the 
preliminary  construction  employed  as  above  directed,  to  as- 
certain whether  the  part  cut  olf  by  this  line  be  greater  or 
lesslhan  a  third  of  the  quadrilateral.  It  may  be  necessary 
to  remark  that  the  common  base  upon  which  the  rectangle 
equivalent  to  these  two  parts  are  constituted,  may  as  well  be 
one  of  the  perpendiculars  PI  or  PE :  for  should  the  one 
chosen  happen  to  be  that  which  is  to  be  drawn  in  the  con- 
struction of  the  problem,  it  is  plain  that  this  construction 
will  thus  be  forwarded. 

PROBLEM   XXXn. 

To  divide  the  irregular  petiiagon  ABODE  into  three  cquiva- 
ieni  surfaces  by  lines  drawn  from  E,  the  vertex  of  one  of 
the  angles. 
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The  construction  of  this  problem,  like  that  -•f  the  prece-* 
ding,  will  vary  accordingly  as  the  diagonal  EC  cuts  oflF  a 
portion  EDC,  less  or  greater  than  the  third  part  of  the  whole 
poly«;on,  which  may  be  ascertained  by  pertbrniing  the  same 
preliminary  operation  as  was  directed  in  the  preceding  pro- 
blem. Suppose  that  the  trianc^Ie  EDC  is  less  than  a  third 
of  the  polygon,  in  which  case  both  lines  of  division  must  ne- 
cessarily fall  to  the  left  of  the  diagonal  EC. 

Draw  EF  perpendicular 
to  BC,  and  bisect  it  in  G. 
Upon  GF  construct  a  rect- 
angle OF. He  equivalent 
to  the  quadrilateral  AC  ; 
construct  also  upon  GF  a 
rectangle  GF.CK  equiva- 

knt  to^  the  triangle  EDC.     H  Ji  F  F    c  K 

Take  CP=iHO— gCK,  and  draw  EP,  which  will  cut  oflF  a 
portion  PU  equivalent  to  a  third  part  of  the  polygon. 

For  the  triangle  ECP  is  equivalent  to  the  rectangle  OF. 
PC,  and  by  construction  the  quadrilateral  AC  is  equivalent 
to  GF.HC  ;  hence  the  quadrilateral  AP  is  equivalent  to  GF. 
(HC— PC),  but  PC=iHC— §CK;  consequently  HC—PC= 
JHC+4CK=JHK:  therefore  AP=iGF.HK=^ABCDE. 

Having  found  one  line  of  division,  the  other,  EP,  may  be 
found  by  Problem  XXVI. 

If  one  of  the  lines  of  division  EP  fall  to  the  right  of  EC, 
then  the  perpendicular  from  E  must  be  drawn  to  CD,  and 
the  remaining  construction  will  suggest  itself  from  what  has 
been  done  above  and  in  the  preceding  problem. 

Scholium.  It  appears  to  be  unnecessary  to  extend  these 
problems  upon  the  division  of  polygons  to  any  greater 
length ;  a  suOicient  number  has  been  given  on  this  subject  to 
afford  the  student  an  opportimity  of  applying  the  principles 
established  in  the  preceding  books  to  an  interesting  and  use- 
ful class  of  problems.  We  have  been  thus  particular  in 
treating  this  branch  of  the  subject,  in  order  to  prepare  the 
student  for  one  of  the  most  difficult  subjects  in  practical  sur- 
veying, viz  :  the  dividing  and  laying  out  of  fields  according 
to  any  proposed  conditions.  We  shall  merely  add  the  three 
following  by  way  of  exercise,  and  then  terminate  this  part 
of  the  subject,  by  adding  one  curious  problem  in  reference  to 
forming  a  square  from  a  rectangle  by  a  transposition  of  its 
parts ;  for  the  ingenious  construction  of  which  the  author  ia 
indebted  to  Mr.  C.  H.  Hinckley. 

1.  To  divide  a  pentagon  by  a  line  drawn  from  the  vertex 
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of  one  of  its  angles,  so  that  the  parts  may  be  to  each  other 
as  a  line  M  is  to  a  line  N. 

:^.  To  divide  a  pentagon  into  three  eqiiivalcnt  surfaces  by 
lines  drawn  Inmi  a  given  point  in  one  of  its  sides. 

3-  To  divide  a  pentagon  into  tliree  equivalent  surfaces  by 
li/ies  drawn  from  two  given  pobits  in  one  of  its  sides. 


PROBLEM    XXXin. 


U: 


it  he  required  to  form  a  rectangle  AC  into  a  square^  hy  the 

transposition  of  iis  -parts. 


-^^-•ot  the  side  AB  of  the 

^^  t  xi\\2\Q  be  produced  to 

^'     25=^0  diat  BE  shall  be= 

,v^      sifle  nC ;  on  AE   as  a 

^^"^  T^Tieter  describe  a  semi- 

^     ^-*  V.  and  draw  BF  per- 

^y^  -licular  to  AE,  and  BF 

,\-^  X  Ijf  a  moan  proportion- 

i^  -  V^jftween  AB  and  BE  or 

»— ^     (J'rojt.  XVII.  Cor.  5.), 

*^    5l1i  will  be  evidently  e- 

2'^  -*'~i4.1  10  a  side  of  the  square 

^    ^ivalt'Ut  to  the  rectan- 

■^  ^     Un  A  B  set  oif  BF  as 


o! 


.        *?=::.ii  a"?  iK.>sil)le.  viz:  BG,  GH,  eacli     to  BF,  and  from  Don 
,  ^  •^^^^^     line    DC    take  DI=BF.     From  each  of  tlie  divisions  on 


t: 


line  Ali.  except  tlie  last  one  at  H,  draw  lines,   as  GK, 
lilel  to  BG.     Join  the  last  division  II  on  the  line  AB  to 


I. 


>i 


^-he  point  on  the  line  DC,  where  the  line  parallel  to  BC 
'  "311  the  next  previous  division  of  AB  terminates;  draw  IL 
c^ljeudicular  to  DC  to  meet  tlie  line  HK.  On  GB  construct 
g^  square  BP. 

Ik'U  since  HG  is  equal  toGB,  and  GK  is  parallel  to  BC,  and 
is  also  equal  to  KC.     Hence,  if  the  trianirle  IIGK,  which 
ight  angled  at  G,  be  brought  into  the  position  KCO  the 
^eHG  will  coincide  with  KC,   and  GK  will  coincide  with 
^  which  forms  with  BC  one  and  the  same  continued  right 
^^-<,  since  KCB  and  KCO  are  each  right  angles.     >iow,  be- 
-•-ise  DK  is=AG,  and  DI=HG,  then  also  IK=AH ;  and 
ce  ilie  interior  angles  formed  by  a  line  which  meets  two 
xallel  lines  ai:e  together  equal  to  two  right  angles  (Prop. 
^XU.  B.  ILV  it  follows  that  KHA+KHG  is=to  two  right 
^Tiglw,  and  because  tlie  meeting  of  the  lines  HL  and  DI  pro- 
duced in  K  forms  together  with  HKG  a  right  angle,  if  the 
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pentagon  DAHLI  be  brought  in  the  position  PMNOQ,  the 
line  OQ  will  be  a  production  of  the  right  line  BO,  and  since 
Q  is  a  right  angle,  PQ,  must  be  parallel  to  GB,  and  it  is  alsa 
equal  to  (113  by  construction;  and  since  U  or  P  is  a  right  an- 
cle  by  hypothesis,  PMKG  will  be  found  in  the  same  right 
line ;  au'l  since  we  have  previously  shown  that  IK  is  equal  to 
AH  or  MN,  and  since  HL+LK=HK  or  KO,  it  follows  that 
LK=KN;  and  since  PMX  is  a  right  angle,  and  also  LIK,  it 
follows  that  the  triangle  LIK  may  be  made  to  coincide  with 
the  triangle  KMN,  so  that  the  line  IK  shall  coincide  with  the 
line  Mi\,  the  line  LK  with  the  line  KN,  and  the  line  LI  with 
the  line  KM.  And  hence  the  rectangle  ABCD  is  all  included 
in  the  square  BP.     It  follows  that  the  construction  is  perfect. 

Scholium.  It  will  be  obvious  that  any  rectilinear  figure 
may  be  so  divided  as  that,  by  a  transposition  of  its  parts,  it 
may  be  formed  into  a  square ;  since  any  polygon  may  be  di- 
vided into  right  angled  triangles,  and  right  angled  triangles 
may  when  necessary  be  formed  into  rectangles  by  drawing  a 
line  parajjel  to  one  of  the  sides  including  the  right  angle,  bi- 
secting the  other  two  sides,  and  by  placing  the  vertical  angle 
so  cut  off  so  that  its  hypothenuse  shall  coincide  with  the  re- 
maining portion  of  the  hypothenuse  of  the  original  triangle, 
placing  the  two  acute  angles  of  the  c^iven  triangle  in  contact. 

Thus  if  the  triangle  CEl  be  cut  olf 
from  the  triangle  ABC  by  the  line  EI 
parallel  to  AB,  bisecting  the  sides  BC, 
AC,  in  the  points  E  and  I,  and  if  this 
triangle  be  brought  in  the  position 
IFA,  so  that  the  angle  C  shall  be  ad- 
jacent to  the  angle  A,  and  the  angle 
EIC  shall  be  in  the  position  of  the  angle  FIA,  then  the  trian- 
gle will  be  formed  inio  the  rectangle  AFEB.  And  in  the 
same  manner  may  the  rectangle  DllCB  be  formed,  by  pla- 
cing the  tiiande  ADl  in  the  position  CHI. 

2.  It  is  not  always  necessary  that  a  polygon  shall  be  di- 
vided into  triangles  in  order  to  prci)arc  them  for  a  suscepti- 
bility of  being  formed  into  a  square,  but  in  many  cases  a 
rectangle  may  be  furmeJ  from  a  polygon  merely  by  a  trans- 
position of  a  few  angular  portions,  and  as  we  have  shown,  a 
rectangle  may  always  be  formed  into  a  square.     . 

PROBLEM   XXXIV. 

To  draw  a  right  line,  that  shall  be  a  tangent  to  two  given 

circles. 


^ 


M 
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Let  DH  and  EF  be  two 
circles,  to  which  the  re- 

Juired  tangent  is  to  be 
rawn.  On  the  distance 
BJ  of  their  centres,  as  a 
diameter,  describe  the  se- 
micircle CLB  ;  take  the 
distance  CA  equal  to  the 
difference  of  the  radii  of 
the  two  given  circles,  viz :  CD — BN,  and  through  the  point 
A  where  this  distance  meets  the  arc  of  the  semicircle  draw 
the  radius  CD ;  draw  also  AB,  and  from  the  centre  B  draw  the 
raditts  BE  perpendicular  to  AB ;  join  DE,  which  will  be  the 
required  tangent  to  the  two  given  circles. 

For  the  angle  CAB,  being  an  angle  in  the  semicircumfer- 
ence,  is  a  right  angle  (Prop.  XIX.  Cor.  2.  B.  III.),  and 
fince  CD  is  one  right  line,  DAB  is  also  a  right  angle,  and  the 
angle  ABE  is  a  right  angle  by  construction.  Moreover,  since 
wc  have  taken  CA=CD— BE ;  CD— CA,  or  AD,  must  be 
equal  to  BE  ;  hence  we  have  the  quadrilateral  ABED,  two 
of  whose  opposite  sides  are  equal  and  parallel.  Therefore 
the  figure  is  a  parallelogram  or  rhomboid ;  and  since  two  of 
its  angles,  A  and  B,  are  right,  the  remaining  two,  D  and  £, 
are  also  right  (Prop.  XXVII.  Cor.  1.  B.  II.)  Hence  (Prop. 
IX.  B.  III.),  the  line  DE  is  tangentto  the  two  circles. 

19 
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REGULAR    POLYGONS    AND    THE    MEASUREMENT    OF    THKT 

CIRCLE. 


Definition. 

A  polygon  which  is  at  once  equilateral  and  equiangular  is< 
called  a  regular  polygon.  Regular  polygons  may  have  any 
number  of  sides :  the  equilateral  triangle  is  one  of  three 
sides;  the  square  is  one  of  four. 


PROPOSITION   I.       THEOREM. 

Two  regular  polygons  of  the  same  number  of  sides  aresifni-- 

lar  figures. 

Suppose,  for  example, 
that  ABCDEF,  abcdef 
are  two  regular  hexa- 
gons. The  sum  of  all 
the  ancles  is  the  same  in  E 
both  ficfures,  being  in 
each  equal  to  eight  right 
angles  (Prop.  XXVllI. 
Cor.  3.  B.  II.)  The  angle  A  B 

A  is  the  sixth  part  of  that  sum ;  so  is  tlie  angle  a :  hence  the* 
angles  A  and  a  are  equal ;  and  for  the  same  reason,  the  an- 
gles B  and  b,  the  angles  C  and  c,  &c.,  are  equal. 

Again,  since  the  polyuons  are  regular,  the  sides  AB,  BC, 
CD,  &c.,  arc  equal,  and  likewise  the  sides  ab,  bcy  cd,  &c., 
(Def);  i"  is  plain  that  AU  :ab  ::  \\C  :  be  ::  CD  :  cd,  &c. ; 
hence  the  two  firures  in  question  liave  their  angles  equal, 
and  their  homologous  sides  proportional;  consequently  they 
are  similar  (Dcf  i.  B.  IV.) 

Cor.  I'he  perimeters  of  two  regular  polygons  of  the  same 
number  of  sides,  are  to  each  other  as  their  homologous  sides 
(Prop.  XXlll.  Cor.  B.  IV.),  and  their  surfaces  are  to  each 
other  as  the  squares  of  those  sides  (Prop.  XXIV.  Cor.  P^ 
B.  IV.) 
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F:cholium.  The  angle  of  a  regular  polygon,  like  the  angle 
4>T  an  equiangular  polygon,  is  determined  by  the  number  of 
its  sides  (Prop.  XXVlll.  B.  II.) 

PROPOSITION   n.       THEOREM. 

Any  regular  jwlygon  may  be  inscribed  in  a  circle  and  cir" 

cumscribed  about  one. 

Let  ABCDE,  &c.,  be  a  regular  poly- 
gon; describe  a  circle  through  the 
three  points  A,  B,  C,  the  centre  being 
0,  and  OP  the  perpendicular  let  fall 
from  it,  to  the  middle  point  of  BC : 
draw  AO  and  OD.  ^ 

Ifthe  quadrilateral  OPCD  be  placed 
upon  the  quadrilateral  OPBA,  they 
will  coincide ;  for  the  side  OP  is  com- 
mon; the  angle  OPC=OPB,  each  be-  ^ 
ing  a  right  angle ;  hence  the  angle  PC  will  apply  to  its  equal 
PB,  and  the  point  C  will  fall  on  B :  besides,  from  the  nature 
of  the  polygon,  the  angle  PCD=PBA  ;  hence  ('!)  will 
take  the  direction  BA ;  and  since  CD=BA,  the  point  D 
will  fall  on  A,  and  the  two  quadrilaterals  will  entirely  coin- 
cide. The  distance  OD  is  therefore  equal  to  AO ;  and  conse- 
quently the  circle  which  passes  through  the  three  poiuts  A, 
B,  C,  will  also  pass  through  the  point  D.  By  the  same  mode 
of  reasoning,  it  might  be  shown,  that  the  circle  which  pass- 
es through  the  three  points  B,  C,  U,  will  also  pass  through 
the  point  £;  and  so  of  all  the  rest;  hence  the  circle  which 
passes  through  ^he  points  A,  B,  C,  passes  also  through  the 
vertices  of  all  the  angles  in  the  polygon,  which  is  therefore 
inscribed  in  this  circle.  4 

Amiin,  in  reference  to  this  circle,  all  the  sides  AB,  BC,  CD, 
&c.,  are  equal  chords;  they  are  therefore  equally  distant 
from  the  centre  (Prop.  Ylll.  B.  111.):  hence,  if  from  the 
point  O  with  the  distance  OP,  a  circle  be  described,  it  will 
touch  the  side  BC,  and  all  the  other  sides  of  the  polygon, 
each  in  its  middle  point,  and  the  circle  will  be  inscribed  in 
the  polygon,  or  the  polygon  described  about  the  circle. 

Scholium,  I.  The  point  O,  the  common  centre  of  the  in- 
scribed and  circumscribed  circles,  may  also  be  regarded  as 
the  centre  of  the  polygon;  and  upon  this  principle  the  angle 
AOB  is  called  the  angle  at  the  ce?itre,  being  formed  by  two 
radii  drawn  to  the  extremities  of  the  same  side  AB. 

Since  all  the  chords  AB,  BC,  CD,  &c.,  are  equal,  all  the 
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angles  at  the  centre  must  evidently  be  equal  likewise ;  and 
tiierefore  the  value  of  each  will  be  found  by  dividing  four 
right  angles  by  the  number  of  sides  of  the  polyfiron. 

Scholium  2.  To  inscribe  a  regular  poly- 
gon of  a  certain  number  of  sides  in  a  giv- 
en circle,  we  have  only  to  divide  the  cir-  , 
cumference  into  as  many  equal  parts  as 
the  polygon  has  sides :  for  the  arcs  being 
equal,  the  chords  AB,  BC,  CD,  &c.,  will 
also  be  equal ;  hence  likewise  the  triangles 
AOB,  BOC,  COD,  must  be  equal,  because  the  sides  are  equal 
each  to  each ;  hence  all  the  angles  ABC,  BCD,  CDE,  &c., 
will  be  equal;  hence  the  figure  ABCDEH  wiil  be  a  regular 
polygon. 

PROPOSITION  m.    THEOREM.     (  CoYiverse  of  Prop.  II.) 

If  from  a  commnon  centre^  circles  can  be  inscribed  within  and 
circumscribed  aboai  a  polygon,  that  polygon  is  regular* 

Suppose  that  from  the  point  0,  as  a  centre,  circles  can  be 
described  in,  and  about  the  polygon  in  the  margin ;  this  poly-i 
gon  is  regular. 

For,  supposing  these  circles  to  be  de-  A      F 

scribed,  the  inner  one  will  touch  all  the 
sides  of  the  polygon ;  these  sides  are  there- 
fore equally  distant  from  its  centre  (Prop. 
IX.  B.  III.),  and  consequently,  being  chords 
of  the  outer  circle  they  are  equal,   and,  _ 

therefore,  include  equal  angles  (Prop.  XIX. 
Cor.  I.  B.  III.^     Hence  the  polygon  is  at  once  equilateral 
and  equiangular,  that  is  (Det),  it  is  regular. 

PROPOSITION   IV.      THEOREM. 

A  diagonal  cutting  off  three,  five,  or  arty  odd  number  of  sideSj 
from  a  regular  polygon^  is  parallel  to  the  middle  one  of 
those  sides. 
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Let  AB  be  a  duodecagon,  or  _«  / 

polygon  of  tweWe  sides,  and  let 
MS  conceive  a  circle  to  be  cir- 
cumscribed about  it.  From  the 
centre  C  draw  the  radial  line  C/ 
bisecting  one  of  the  sid^^  ed  in  ; 
/,  and  this  line  Wili  Ix*.  [>erp('n- 
dicular  to  ed  (Prop.  VI.  B.  III.) 
From  the  angles  b  and  c  draw 
the  diagonal  be,  cutting  off  the 
three  sides  be,  ed  and  dc.  Now, 
because  the  side  be  is  equal  to  the  side  dc  (Def ),  they  each 
sabtend  equal  arcs  (Prop.  IV.  B.  III.) ;  the  arcs  subtended 
by  the  chords  be  and  dc  are  equal ;  and  because  parallel  lines 
intercept  equal  arcs  of  the  circumference  (Prop.  X.  B.  Ill.)j 
the  lines  ed  and  be  are  parallel.  Hence,  also,  for  the  same 
reasons,  aB  is  parallel  to  be  or  id. 

Car,  Hence,  if  the  diagonal  cuts  off  an  even  number  of 
•ides,  a  perpendicular  from  the  centre  of  such  diagonal  will 
bisect  the  vertical  angle.  Thus  the  line  Ce  perpendicular  to 
a  diagonal  supposed  to  be  drawn  from  b  to  d,  bisects  the  ver- 
tical angle  Asa. 
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PROPOSITION  V.      THEOREM. 

T^eside'Of  a  regular  hexagon  inscribed  in  a  circle  is  equal 

to  the  radius  of  that  circle. 

Let  ABCDEF  be  a  regular  hexagon  inscribed  in  a  circle, 
the  ceitf  re  of  which  is  O,  then  a  side  as  BC  will  be  equal  to 
the  radius  OD. 

For  draw  AD.  Then,  since  the  arcs 
subtended  by  equal  chords  are  equal,  it 
follows  that  the  three  arcs  AF,  FE,  ED, 
are  together  equal  to  the  three  arcs  A  B, 
BC,  CD ;  that  is,  the  diagonal  AD  is  a 
diameter  of  the  circle.  For  similar  rea- 
sons the  diagonal  BE  is  also  a  diameter. 
Now,  AD  is  paral  el  to  BC,  and  BE  to  CD  (Prop.  IV.) ;  so 
that  BD  v^  a  rhomboid,  and,  consequently,  BC  is  equal  to 
OD. 

Scholium.  Hence,  in  order  to  inscribe  a  regular  hexagon  in 
a  given  circle,  nothing  more  is  required  than  to  repeat  the 
radius  of  the  circle  round  the  circumference.  By  joining  the 
alternate  points  A,  C ;  C,  E ;  E,  A,  an  equilateral  triangle 
will  be  inscribed  in  the  circle. 
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PROPOSITION   VI.      PROBLEM. 

# 

To  inscrilm  a  square  in  a  given  circle. 

Draw  two  diameters  AC,  BD,  cut-  ^    B 

tin?^  each  other  at  right  angles;  join 
their  extremities  A,  B,  C,  D:  the 
figure  A  BCD  will  be  a  square.  For 
the  angles  AOB,  BOC,  &c.  being  ^ 
equal,  the  chords  AB,  BC,  &c.  are 
also  equal  ;  and  the  angles  ABC, 
BCD,  &c.  being  in  semicircles,  are 
right  angles. 

Scholium,  Since  the  triangle  BCD  is  right  angled  n?  disis-  j 

celes,  we  have  BC  :  80:  :a/2  :  1  (Prop.  XXIV.  Cor.  4.  B.  IV.) ;  4 

hence  the  side  of  the  inscribed  square  is  to  (he  radius^  as  the  \ 
square  root  of  2,  is  to  unity, 

PROPOSITION   VII.      PROBLEM. 

In  a  given  circle  to  inscribe  a  regular  hexagon  o^d  an  equi* 

lateral  triangle,  /^. 

From  any  point  B  in  the  circumfer- 
ence apply  the  radius  OB  six  times, 
(Prop.  V.  Sch.)  to  the  circumference, 
and  the  figure  ABCDEF,  thus  formed, 
is  an  incribed  hexagon. 

Join  the  alternate  angles  AE,  EC  and 
CA,  and  the  figure  AEC  thus  formed  is 
an  equilateral  triangle,  since  the  three 
sides  subtend  equal  arcs  of  the  circum- 
ference. 

Scholium,  The  fitrure  ABCO  is  a  parallelogram  and  even 
a  rhombus,  since  AB=BC=CO=AO ;  hence  the  sum  of  the 
squares  of  the  diagonals  AC^+B^'  is  equivalent  to  the  sum 
of  the  squares  of  the  sides,  that  is,  to  4AB',  or  4B0  (Prop. 


1    —  "   — '"' 

_  ,  ^  equilateral  triangle 

is  to  tlie  radium  as  (he  square  root  of  three  is  to  unity. 


PROPOSITION   VIII.      PROBLEM. 


In  a  given  circle,  to  inscribe  a  regular  decagon,  then  a  penior 
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gOTtj  and  fllso  a  regular  pentedecagon  or  polygojh  of  fifteer^ 
tides. 

Divide  the  radius  AO  in  ex- 

tieme   and  mean    ratio   at    the 

point  M  (Prop.  IV.  B.  IV.j;  take 

ihe  chord  AB  equal  to  OM  the 

greater  segment ;  AB  will  be  the 

tide  of  the  regular  decagon,  and 

will  require  to  be  applied   ten 

times  to  the  circumference. 
For,  drawing  MB,  we  have  by 

coiistmction,  AO  :  OM  : :  OM  : 

AM;  or,  since  AB=OM,   AO  : 

AB::AB  :  AM  ;  since  the  trian- 
gles ABO,  AMB,  have  a  com- 
mon angle  A,  included  between 
mportional  sides,   they  are  similar  (Prop.  XIX.    B.  IV.) 

,  S'ow  the  triangle  OAB  being  isosceles,  AMB  must  be  "isosce- 
les also,  and  AB=BM ;  but  AB=OM ;  hence  also  MB= 
OM;  hence  the  triangle  BMO  is  isosceles. 

Again,  the  angle  AMB  being  exterior  to  the  isosceles  trian 
gle  BMO,  is  double  of  the  interior  angle  0  (Prop.  XXVII. 
Cor.  6.  B.ir.)  :  but  the  angle  AMB=MAB;  hence  the  trian- 
gle OAB  is  such,  that  each  of  the  angles  OAB  or  OBA,  at 
its  base,  is  double  of  0,  the  angle  at  its  vertex  ;  hence  the 
three  angles  of  the  triangle  are  together  equal  to  five  times 
the  angle  O,  which  consequently  is  the  fifth  part  of  the  two 
right  angles,  or  the  tenth  part  of  four ;  hence  the  arc  AB  is 
the  tenth  part  of  the  circumference,  and  the  chord  AB  is  the 
side  of  the  regular  decagon. 

2d.  By  joining  the  alternate  corners  of  the  regular  deca- 
gon, the  pentagon  ACEGI  will  be  formed,  also  regular. 

3d.  AB  being  still  the  side  of  the  decagon,  let  AL  be  the 
wdeof  a  hexagon ;  the  arc  BL  will  then,  with  reference  to 

the  whole  circumference,  be  ^ — 75,  or  ^ ;  hence  the  chord 
BL  will  be  the  side  of  the  regular  polygon  of  fifteen  sides, 
or  pentedecagon.  It  is  evident  also,  that  the  arc  CL  is  the 
third  of  CB. 

Scholium,  Any  regular  polygon  being  inscribed,  if  the  arcs 
subtended  by  its  sides  be  severally  bisected,  the  chords  of 
those  semi-arcs  will  form  a  new  regular  polygon  of  double 
the  number  of  sides:  thus  it  is  plain,  that  the  square  will 
enable  us  to  inscribe  successively  regular  polygons  of  8, 16, 
32,  &c.  sides.     And  in  like  manner,  by  means  of  the  hcxa- 
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gon,  regular  polygons  of  12,  24,  48,  &c.  sides  may  be  in- 
scribed ;  by  means  of  the  decagon,  polygons  of  20,  40,  80^ 
&c.  sides;  by  means  of  the  pentedecagon,  polygons  of  30^ 
60,  120,  (Sec.  sides. 

It  is  further  evident,  that  any  of  the  inscribed  polygons 
will  be  less  than  the  inscribed  polygon  of  double  the  num- 
ber of  sides,  since  a  part  is  less  than  the  whole. 

And  it  is  manifest  that  each  polygon  will  exceed  the  pre- 
ceding in  surface  and  perimeter.  It  is  obvious  that  a  regu- 
lar polygon  of  any  number  of  sides  whatever  might  be  in- 
scribed in  a  circle,  if  its  circumference  could  be  divided  into 
any  proposed  number  of  equal  parts;  but  this  cannot  be  ef- 
fected universally  till  we  have  the  means  of  trisecting  any 
given  arc  or  angle,  a  problem  which  has  not  yet  been  brought 
to  a  complete  solution.  No  method  has  yet  been  devised,  of 
inscribing  in  a  circle  a  regular  heptagon,  or  which  is  the  samor 
thing,  of  dividing  the  circumference  into  7  equal  parts. 

And  indeed  till  quite  recently  it  was  supposed  that  na 
others,  but  such  as  we  have  noticed  above,  could  admit  of 
geometrical  inscription  in  a  circle.  But  by  a  curious  work, 
published  by  M.  Gaus,  of  Gottingcn,  in  1801,  and  afterward 
translated  into  French,  under  the  title  of  Recherches  Ariih^ 
tnetiques,  it  was  shown  that  the  circumference  of  a  circle 
could  be  divided  into  any  number  of  equal  parts,  capable  of 
being  expressed  by  the  formula  2"-{-lj  provided  it  be  a  prime 
number,  that  is  a  number  that  cannot  be  resolved  into  fac- 
tors. 

The  number  3  is  the  simplest  of  this  kind,  it  being  the 
value  of  this  formula  when  ?i=l ;  the  next  prime  number  is 
6,  and  this  also  is  expressed  by  the  formula.  But  we  have 
already  inscribed  polygons  of  three  and  five  sides.  The  next 
prime  number  expressed  by  the  formula  is  1 7,  so  that  a  sev- 
enteen sided  polygon  may  be  inscribed  in  a  circle. 

M.  Gaus's  theorem,  although  it  establishes  the  above  geo- 
metrical fact,  depends  upon  the  theory  of  algebraical  equa^ 
tions,  and  involves  other  considerations  of  a  nature  that  da 
not  enter  into  elements  of  geometry;  we  have  therefore 
merely  alluded  to  it. 

PROPOSITION   IX.      PROBLEM. 

A  regular  inscril)ed  polygon  being  given,  to  circumscrilte  a 

similar  pUygon^  about  the  circle. 
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Let  CBAFED  be  a  regular  polygon. 


At  T,  the  middle  point 
of  the  arc  AB,  apply  the 
tangent  GH,  which  will 
be  parallel  to  AB  (Prop.  X. 
B.  111.) ;  do  the  same  at 
the  middle  point  of  cacli 
of  the  arcs  BC,  CD,  &c. ; 
these  tangents,  by  their  in- 
tersections, will  form  the 
regular  circumscribed  po- 
lygon GHIK,  &c.,  similar 
to  the  one  inscribed. 


Since  T  is  the  middle  point  of  the  arc  BTA,  and  N  the 
middle  point  of  the  equal  arc  BXC,  it  follows,  that  BT=BN  ; 
or  that  the  vertex  B  of  the  inscribed  polygoii,  is  at  the  mid- 
dle point  of  the  arc  j\B T.  Draw  OH.  The  line  OH  will 
pass  throuarh  the  point  B. 

For,  the  right  angled  trian-jles  OTH,  OHN,  having  tho 
common  hypothenuse  OH,  and  the  side  OT=-.ON,  must  be 
equal  (Prop.  XIX.  B.  11.),  and  consequently  the  angle 
TOH=H(L\,  wherefore  the  line  OH  passes  through  the 
middle  point  B  of  the  arc  TN.  For  a  like  reason,  the  point 
I  is  in  the  prolongation  of  OC  ;  and  so  with  the  rest. 

But,  since  GH  is  parallel  to  AB,  and  HI  to  BC,  the  angle 
GH1=ABC  (Prop.  XXVI.  B.  11.) ;  in  like  manner  H1K= 
BCD;  and  so  with  all  the  rest :  hence  the  andes  of  the  cir- 
camscribed  polygon  are  equal  to  those  of  the  inscribed  one. 
And  further,  hv  reason  of  these  same  parallels,  we  haveGH 
:  AB::OH  :  OB,  and  HI  :  HC::OH  :  OB;  therefore  GH  : 
AB::HI :  BC.  But  AB=BC,  therefore  GH==H1.  For  the 
same  reason,  Hl=IK,  &c. ;  hence  the  sides  of  the  circum- 
scribed polygon  are  all  equal;  hence  this  polygon  is  regular, 
and  similar  to  the  inscribed  one. 

In  like  manner,  let  the  chords  a/>,  ir,  erf,  &c.,  ba drawn, 
forming  a  regular  inscribed  polygon  abed,  <fcc.,  of  Twice  as 
many  sides  as  the  former;  and  if  we  complete  the  construc- 
tion as  above,  we  shall  have  also 'a  regular  circumscribed 
polygon /«"^/r,  <fcc.,  similar  to  the  inscribed  one. 

Cor.  1.  Reciprocally,  if  the  circumscribed  polygon  GHIK, 
&c.  were  given,  and  the  inscribed  one  ABC,  &:c.,  were 
required  to  be  deduced  from  it,  it  would  only  be  necessary  to 
draw  from  the  angles  G,  H,  I,  &c.  of  the  given  polygon, 
straight  lines  OG,  OH,  &c.,  meetinq:  the  circumference  in  the 
points  A,  B,  C,  &x:. ;  then  to  join  those  points  by  the  chords, 
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AB,  BC,  &c. ;  this  would  fonn  the  inscribed  polygon.  Aif 
easier  solution  of  this  problem  would  be  simply  to  join  the 
points  of  contact  T,  N,  P,  &c.,  by  the  chords  TN,  NP,  &c., 
which  likewise  would  form  an  inscribed  polygon  similar  to 
the  circumscribed  one. 

Cor*  2.  Hence  we  may  circumscribe  about  a  circle  any 
regular  polygon,  which  can  be  inscribed  within  it,  and  con- 
versely. 

Cor,  3.  It  has  been  shown  that  NH=HT ;  hence  iif  is 
plain  that  NH+HT=HT+TG=HG,  one  of  the  equal  sides 
of  the  polygon. 

PROPOSITION   X.      PROBLEM. 

A  circle  and  regxilar  circumscribed  polys^on  being  given^  it  is 
required  to  circumscribe  the  circle  by  another  regular  poly^ 
gon  having  double  the  number  of  sides. 

Let  the  circle  whose  centre  is  P,  be  circumscribed  by  the 
square  CDEG :  it  is  required  to  find  a  regular  circumscribed 
octagon. 

Bisect  the  arcs  AH,  HB,  BF,  FA,  G  i  F  fc  E 
and  through  the  middle  points  c,  d, 
a,  b,  draw  tangents  to  the  circle,  and 
produce  them  till  they  meet  the  sides 
of  the  square :  then  will  the  figure 
pnkg^  &c.  be  a  regular  octagon. 

For,  having  drawn  Prf,  Pa,  let  the 
quadrilateral  Prf^'B,  be  applied  to  the 
quadrilateral  PB/a,  so  that  PB  shall         C     n      H    fc 
fall  on  PB.     Then,  since  the  angle  ciPB  is  equal  to  theangL 
BPa,  each  being  half  a  right  angle,  the  line  Vd  will  fall 
its  equal  Pa,  and  the  point  d  on  the  point  o.     But  the  angl 
Vdg^  Pa/,  are  right  angles  (Prop.  IX.  B.  IH.) ;  hence  t 
line  dg  will  take  the  direction  af.     The  angles  PB^,  PB 
are  also  fight  angles;  hence  Bo- will  take  the  direction  B 
therefore,  the  two  quadrilaterals  will  coincide,  and  the  poi 
g  will  fall  at/;  hence  Bg"=B/,  dg=af  and  the  angle 
=B/a.     By  applying  in  a  similar  manner,  the  quadrilater 
PB/a,  PFAa,  it  may  be  shown,   that  o/=aA,  /  B:=rF A, 
the  angle  B/a=aAF.     But  since  the  two  tangents /a,/ 
are  equal  (Prop.  IX.   Cor.   3.),   it  follows  ihat  /A,  whi 
is  twice /a,  is  equal  to/g-,  which  is  twice /B. 

In  a  similar  manner  it  may  be  shown  that  A/=Ai,  and 
angle  Fi6=FAa,  or  that  any  two  sides  or  any  two  angles 
the  octagon  are  equal :  hence  the  octagon  is  a  regular 
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fon  (Def.)  The  construction  which  has  been  made  in  the 
•case  of  the  square  and  the  octagon,  is  equally  applicable  to 
otlier  polygons. 

Cor,  It  is  evident  that  the  circumscribed  square  is  greater 
than  the  circumscribed  octagon  by  the  four  triangles,  C/?/?, 
kY^s^'  hVsf,  Git]  and  if  a  regular  polygon  of  sixteen  sides  be 
circumscribed  about  the  circle,  we  may  prove  in  a  similar 
way,  that  the  figure  having  the  greatest  number  of  sides  will 
be  the  least ;  and  the  same  may  be  shown,  whatever  be  the 
mimbci  oi'  sides  of  the  polygons:  hence,  in  general,  any  cir- 
cumscribed regular  polygon,,  will  be  greater  than  a  circwnv- 
scribed  regular  polygon  having  double  the  jiumber  of  sides. 


PROPOSITION   XI.      THEOREM. 

Erery  regular  polygon  is  composed  of  a^  many  equal  isosce- 
les triangles,  as  the  polygo?i  has  sides,  and  if  the  sides  of 
the  polygon  are  considered  as  their  bases,  their  vertices  will 
all  be  in  the  centre  of  the  inscribed  circle. 

If  in  the  polygon    ABCDEF 
Vines  be  drawn  from  the  centre  of 
the  inscribed  circle  at  O,  to  the 
several  vertices  of  the  polygon, 
then  will  these  lines  divide  the 
polygon  into  as  many  equal  tri- 
bes AOB,    BOC,    COD,  &c., 
^\iosQ  vertices  are  all  at  O,  as  the 
Polygon  has  sidest 

For  since  the  sides  of  a  regular 
-l^lygon  are  all  tangents  to  the  in- 
^<iril)ed  circle  (Prop.  II.),  and  all 
^^nal  by  definition,  and  since 
^^ose  sides  enclose  the  entire  cir- 
^ie  inscribed  in  the  polygon, 
^^hich  is  the  measure  of  four  right  angles,  it  being  all  the  an- 
^nilar  space  about  a  point  or  about  t|e  centre  O,  it  follows 
^laat  the  lines  AO;  BO,  CO,  DO,  EO  arid  FO,  divide  the  whole 
^%irface  of  the  polygon. 

And  becaus3  a  circle  may  be  described  about  the  polygon 
^Vom  the  centre  O,  touching  all  the  vertices  A,  B,  C,  D,  E,  F, 
^Prop.  II.),  it  follows  that  those  lines  drawn  from  the  verti- 
to  the  centre  are  each  equal  to  the  radius  of  the  circum- 
ribing  circle,  and  consequently  equal  to  each  other.  Hence 
^he  bases  being  equal,  and  the  other  sides  being  equal  each 
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to  each  (Prop.  XV.  B.  II.),  the  triangles  will  be  equal  and 
aljso  isosceles. 

Cor.  Since  the  radii  of  the  inscribed  circle  of  the  polygon, 
drawn  to  the  centres  of  its  sides,  or  to  the  points  of  contact 
of  the  sides  with  the  circle,  are  perpendicular  to  those  sides 
respectively  (Prop.  IX.  B.  III.),  the  radius  of  the  inscribed 
circle  is  equal  to  the  vertical  heights  of  the  several  triangles. 

Cor.  2.  Hence  the  area  of  each  of  the  triangles  composing 
the  polygon  is  equal  to  half  the  product  of  the  side  of  the 
polygon,  forming  the  base  of  the  triangle,  multiplied  by  the 
radius  Oa. 

Cor.  3.  Hence  also,  the  polyc^on  which  is  composed  of  all 
the  triangles,  is  equal  to  the  sum  of  all  their  bases,  or  the 
whole  perimeter  of  the  polygon,  multiplied  by  half  their 
common  altitude,  or  half  the  radius  of  the  inscribed  circle, 
whatever  he  the  number  of  the  sides  of  the  polygon. 

Scholium,  Since  triangles  are  the  most  simple  figures  into 
which  a  polygon  can  be  divided,  and  as  polygons  and  all 
rectilinear  fii^ures  may  be  divided  into  triangles  (Prop. 
XXIII.  B.  IV.),  therefore  triangles  may  be  considered  as  the 
elements  of  all  rectilinear  figures;  and  of  each  particular 
polygon,  the  triangles  composing  that  polygon  may  be  con-» 
sidered  as  the  elementary  triangles  of  that  or  a  similar  poly- 
gon. 


PROPOSITION   XH.       THEOREM. 

Tiao  regtdar  polygons^  of  the  same  iinmher  of  sides,  can  aU 
ways  be  fonnt^d,  the  one  circumscribed  about  a  circle^  the 
other  inscribed  in  it,  which  shall  differ  from  each  other 
by  less  than  any  assignable  surface 

Let  Q  be  the  side  of  a  square 
less  than  the  driven  surface.  Bi- 
sect AC,  a  fourth  part  of  the  cir- 
cumference, and  then  bisect  the 
half  of  this  fourth,  aftd  proceed 
in  this  manner,  always  bisecting 
one  of  the  arcs  formed  by  the  last 
bisection,  until  an  arc  is  found 
whose  chord  AB  is  less  than  Q. 
As  this  arc  will  be  an  exact  part 
of  the  circumference,  if  we  apply 
the  chords  AB,  BC,  CD,  &c.  each 
equal  to  AB,  the  last  will  terminate  at  A,  and  there  will  bo 
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Ibnned  a  re^lar  polygon  ABODE,  &c.  in  the  circle.. 

Next,  describe  about  the  circle  a  similar  polygon  abrde,  ice. 
(Prop.  IX.) :  the  difference  of  these  two  polygons  will  be 
less  than  the  square  of  Q. 

For,  from  the  points  a  and  i,  draw  the  lines  aO,  ^O,  to  the 
centre  O :  they  will  pass  through  the  points  A  and  B,  as  was 
shown  in  Prop.  IX.  Draw  also  OK  to  the  point  of  contact 
K:  it  will  bisect  AB  in  I,  and  be  perpendicular  to  it  (Prop. 
VI.  Sch.  B.  III.)     Produce  AO  to  E,  and  draw  BE. 

Let  P  represent  the  circumscribed  polygon,  and  p  the  in- 
seribed  polygon :  then,  since  the  triangles  a06,  AOB,  are  like 
parts  of  P  and  /?,  we  shall  have 

aOb  :  AOB:  :P  :  p  (Prop.  XV.  B.  I.) ; 
But  the  triangles  being  similar 

aOb  :  AOB:  :0a' :  0A^  or  0K^ 
Hence,  P  :/>::0a* :  0K^ 

Again,  since  the  triangles  OaK,  EAB,  are  similar,  having 
flicir  sides  respectively  parallel, 

Oa« :  OK^•:AE* :  EB^  hence, 

P  :  />: :  AE* :  EB",  or  by  division, 

P  :  p_p: :  AE* :  AE'— EB^  or  AB  . 

But  P  is  less  than  the  square  described  on  the  diameter 
AE  (Prop.  X.  Cor.) ;  therefore  P — p  is  less  than  the  square 
describea  on  AB;  that  is,  less  than  the  given  square  on  Q: 
hence  the  difference  between  the  circumscribed  and  inscribed 
polygons  may  always  be  made  less  than  a  given  surface. 

Cor,  1.  A  circumscribed  regular  polygon,  having  a  given 
namber  of  sides,  is  greater  than  the  circle,  because  the  circle 
makes  up  but  a  part  of  the  polygon  ;  and  for  a  like  reason, 
the  inscribed  polygon  is  less  than  the  circle.  But  by  increas- 
ing the  number  of  sides  of  the  circumscribed  polygon,  the 
polygon  is  diminished  (Prop.  X.  Cor.),  and  therefore  ap- 
proaches to  an  equality  with  the  circle ;  and  as  the  number 
of  sides  of  the  inscribed  polygon  is  increased,  the  polygon  is 
increased  (Prop.  VIII.),  and  therefore  approaches  to  an 
equality  with  the  circle. 

Now,  if  the  nufnber  of  sides  of  the  polygons  be  indefinitely 
increased,  the  length  of  each  side  will  be  indefinitely  smcdl^ 
^nd  the  polygonjt  will  tfltimately  become  equal  to  each  other ^ 
find  equal  also  to  the  circle. 

For,  if  they  are  not  ultnnately  equal,  let  D  represent  their 
smallest  difference. 

Now,  it  has  been  proved  in  the  proposition,  that  the  differ- 
ence between  the  circumscribed  and  inscribed  polygons,  can 
be  made  less  than  any  assignable  quantity :  that  is,  less  than 
D:  hence  the  difference  between  the  polygons  is  equal  to  D, 
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and  less  than  D  at  the  same  time,  which  is  absurd :  thero» 
fore,  the  polygons  are  ultimately  equal.  But  when  they  are 
equal  to  each  other,  each  must  also  be  equal  to  the  circleti 
since  the  circumscribed  poIy8:on  cannot  fall  within  the  circle, 
nor  the  inscribed  polygon  without  it. 

Cor,  2.  Since  the  circumscribed  polygon  has  the  same  num- 
ber of  sides  as  the  corresponding  inscribed  polygon,  and  since 
the  two  polygons  are  regular,  they  will  be  similar  (Prop.  I.) ; 
and  therefore  when  they  become  equal,  they  will  exactly  c^ 
incide,  and  ha^-e  a  compon  perimeter.  But  as  the  sides  of 
the  circumscribed  polygon  cannot  fall  within  the  circle,  nor 
the  sides  of  the  iiisciiLe  1  polyjron  without  it,  it  follows  t/iai 
the  perimeters  of  the  poly  1^071  s  will  unite  on  the  circumference 
of  the  circle,  and  become  equal  to  it. 

Cor.  3.  When  the  number  of  sides  of  the  inscribed  poly- 
gon is  indefinitely  increased,  and  the  polygon  coincides  with 
the  circle,  the  line  01,  drawn  from  the  centre  O,  perpendicu- 
lar to  the  side  of  the  polygon,  will  become  a  radius  of  the 
circle,  and  any  portion  of  the  polygon,  as  ABCO,  will  be- 
come the  sector  OAKBC,  and  the  part  of  the  perimeter  AB-f- 
BC,  will  become  the  arc  AKBC.  •, 

Cor,  4.  Hence  also,  as  a  regular  polygon  of  an  indefinite 
number  of  sides,  coincides  with  a  circle,  whatever  may  be 
its  radius  or  whatever  its  curvature,  it  may  be  inferred  that 
if  a  polygon  of  an  indefinite  number  of  sides  be  described 
about  a  curve  of  any  kind,  the  perimeter  of  the  polygon,  as 
also  its  area,  may  be  regarded  as  equal  to  the  length  of  the 
curve  and  to  its  area. 

Scholium.  The  problem  of  the  circle's  quadrature  consists 
in  finding  a  square  equivalent  to  a  circle  whose  radius  or 
diameter  is  given.  Hence,  if  a  polygon  can  be  found  equi- 
valent to  the  circle,  this  polygon  may  be  reduced  to  an  equi- 
valent square  (Prob.  IX.  Sch.  B.  IV.),  and  in  that  case  the 
quadrature  of  the  circle  would  be  obtained. 

PROPOSITION   Xm.      THEOREM. 

The  perimeters  of  two  regular  polygons^  having  the  same 
number  of  sides,  are  to  each  other  as  the  radii  of  the  ciT' 
cum^cribed  circles,  and  also,  as  the  inscribed  circles ;  and 
their  areas  are  to  each  other  as  the  sqtmres  of  those  radiL 
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Let  AB  be  the  side  of  one  polygon, 
0,  the  centre,  and  consequently  OA 
the  radius  of  the  circumscribed  cir- 
cle, and  OD,  perpendicular  to  AB,  the 
tidius  of  the  inscribed  circle ;  let  ab, 
in  like  manner,  be  a  side  of  the  other 
polygon,  o  its  centre,  oa  and  od  the  ra- 
dii of  the  circumscribed  and  the  in- 
xnbed  circles.  The  perimeters  of 
the  two  polygons  are  to  each  other  as  the  sides  AB  and  ab 
(Prop.  XXIII.  Cor.  B.  lY.):  but  the  angles  A  andaareequal, 
heing  each  half  ot  the  angle  of  the  polygon;  so  also  are  the 
angles  B  and  A;  hence  the  triangles  ABO,  abo,  are  similar,  as 
are  likewise  the  right  angled  triangles  ADO,  ado;  hence  AB 

:ai::AO  :  ao::DO  :  do;  hence  the  perimeters  of  the  poly- 
gons are  to  each  other  as  the  radii  AO,  oo,  of  the  circurn^ 

icribed  circles,  and  also,  as  the  radii  DO,  do,  of  the  inscribed 

dicles. 
The  surfaces  of  these  polygons  are  to  each  other  as  the 

iqnares  of  the  homologous  sides  AB,  ab;  they  are  therefore 

Kkewise  to  each  other  as  the  squares  of  AO,  ao,  the  radii  of 

the  circumscribed  circles,  or  as  the  squares  of  OD,  orf,  the 

ndii  of  the  inscribed  circles. 


PROPOSITION   XIV.      THEOREM.- 

The  circumferences  of  circles  are  to  each  other  as  their  n** 
dii,  and  the  areas  are  to  each  other  as  the  squares  of  their 
radii 

Let  us  designate  the  circumference  of  the  circle  whose  ra- 
dius is  CA  by  circ,  CA ;  and  its  area,  by  area  C A :  it  is  then 
to  be  shown  that 


circ.  CA  •  circ.  OB:  :CA  :  OB,  and  that 
area  CA  :  area  OB:  :CA*  -  0B». 
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Inscribe  within  the  circles  two  regular  polygons  of  the 
same  number  of  sides.  Then,  whatever  be  the  number  of 
sides,  their  perimeters  will  be  to  each  other  as  the  radii  CA 
and  OB  (Prop.  XIIL)  Now,  if  the  arcs  subtending  the  sid^s 
of  the  polygon  be  continually  bisected,  until  the  number  of 
sides  01  the  polygons  shall  be  indefinitely  increased,  the  pe- 
rimeters of  the  polygons  will  become  equal  to  the  circum- 
ferences of  the  circumscribed  circles  (Prop.  XII.  Cor.  2.),  and 
we  shall  have 

circ.  CA  :  circ.  OB::CA  :  OB. 

Again,  tlie  areas  of  the  inscribed  polygons  are  to  each  oth- 
er as  CA'  to  OB*  (Prop.  XIII.)  But  when  the  number  of 
sides  of  the  polygons  is  indefinitely  increased,  the  area^  of 
the  polygons  become  equal  to  the  areas  of  the  circles,  each  to 
each  (Prop.  XII.  Cor.  1.) ;  hence  we  shall  have 

area  CA  :  area  OB:  :CA» :  OB'. 

Cor,  The  similar  arcs  AB, 
DE,  are  to  each  other  as  their  A 
radii  AC,  DO;  and  the  similar 
sectors  ACB,  DOE,  are  to  each 
other  as  the  squares  of  their 
radii. 

For,  since  the  arcs  are  simi- 
lar, the  angle  C  is  equal  to  the  angle  O  (Def.  3.  B.  IV.) ;  but 
C  is  to  four  right  angles,  as  the  arc  AB  is  to  the  whole  cir- 
cumference described  with  the  radius  AC  (Prop.  XVIII.  B. 
III.);  and  O  is  to  the  four  right  angles,  as  the  arc  DE  is  to 
the  circumference  described  with  the  radius  OD  :  hence  the 
arcs  AB,  DE,  are  to  each  other  as  the  circumferences  of 
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▼hicfa  they  form  part :  but  these  circumferences  are  to  each 
other  as  their  radii  AC,  DO ;  hence 

arc  AB  :  arc  DE:  :AC  :  DO. 

For  a  like  reason,  the  sectors  ACB,  DOE,  are  to  each  other 
as  the  whole  circles ;  which  again  are  as  the  squares  of  their 
radii;  therefore 

5ec^.  ACB  :  sect.  DOE:: AC  :  DO'. 

(kfT.  2.  It  readily  follows  that  similar  segments  are  also  as 
the  squares  of  the  radii,  for  they  result  from  similar  sectors, 
by  taking  away  from  each  the  triangle  formed  by  the  chord 
and  radii,  which  triangles  being  similar,  are  also  to  each  oth- 
er as  the  squares  of  the  radii ;  therefore  the  sectors  and  tri- 
angles being  proportional,  it  follows  (Prop.  XY.  B.  I.)  that 
the  segments  also  are  as  the  sectors  or  as  the  squares  of  the 
ladii,  or  indeed  as  the  squares  of  their  chords. 

Cor.  3.  Hence  also,  and  in  reference  to  (Prop.  XIX.  Cor.  3. 
and  XXIV.  Cor.  E.  B.  IV.)>  ^^^  perimeters  of  any  similar 
figures  whatsoever  are  as  their  like  sides,  or  as  lines  similarly 
drawn  in  each,  and  their  areas  are  as  the  squares  of  their 
like  parts. 

Scholium.  From  this  proposition  and  its  corollaries,  we 
may  infer  that  if  on  the  several  sides  of  a  right  angled  tri- 
angle as  diameters,  circles  be  described,  or  if  similar  sectors 
or  segments  be  formed  on  the  sides,  it  will  result  that  the 
figare  on  the  hypothenuse  will  be  equivalent  to  both  those 
on  the  sides,  since  the  same  reasoning  as  employed  in  (Prop. 
XXIT.  and  Cor.  B.  IV)  will  also  apply  to  this. 

FBOPOSITION   XV.      THEOREM. 

Thi  area  of  a  circle  is  equal  to  the  product  of  its  circumfer- 
ence by  half  the  radius. 

For  if  about  a  circle  whose  ra- 
dius is  OH,  we  describe  a  regular 
polygon,  ABCD,  &c.,  the  area  of 
the  polygon  will  be  equal  to  the 
product  of  the  perimeter  ABCD,  . 
dec.  into  half  OH,  whatever  be  the 
number  of  the  sides  of  the  polygon 
(Prop.  XI.  Cor.  3.)  Let  the  num- 
ber of  the  sides  of  the  polygon  be 
indefinitely  increased,  and  the  peri- 

21 
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meter  of  the  polygon  becomes  the  perimeter  of  the  circFe; 
Hence,  the  area  of  a  circle  is  equal  to  the  product  of  the  cir- 
cumference into  half  the  radius. 

Cor.  1.  The  area  of  a  sector  is  equal  M 

to  the  arc  of  that  sector  multiplied  by 
half  its  radius. 

For,  the  sector  ACB  is  to  the  whole 
circle  as  the  arc  AMB  is  to  the  whole 
circumference  ABD  (Prop.  XV III.  Sch. 
B.  III.),  or  as  AMBx  JAC  is  to  ABDx 
JAC.  But  the  whole  circle  is  equal  to 
ABDxJAC;  hence  the  sector  ACB  is 
measured  by  AMBx  JAC. 

Cor,  2.  Let  the  circumference  of  the  circle  whose  diameter 
is  unity,  be  denoted  by  '^ ;  then,  because  circumferences  are 
to  each  other  as  their  radii  or  diameters,  we  shall  have  the 
diameter  1  to  its  circumference  ^,  as  the  diameter  2CA  is  to 
the  circumference  whose  radius  is  CA,  that  is,  1  :  -ki  :2BA  : 
clrc,  CA  ;  therefore  circ.  CA=5rx2CA.  Multiply  both  terms 
by  JCA;  we  have  JCAx^^Vc.  CA=^xCA',or  area  CA=7rX 
C A' :  hence  the  area  of  a  circle  is  equal  to  the  product  of  the 
square  of  its  radius  by  the  constant  number  ^,  which  repre- 
sents the  circumference  whose  diameter  is  1,  or  the  ratio  of 
the  circumference  to  the  diameter. 

In  like  manner,  the  area  of  the  circle,  whose  radius  is  OB, 
will  be  equal  to  ^X0B»;  but  ^XCA» :  xxOB*::CA»  :  OB*; 
hence  the  areas  of  circles  are  to  each  other  as  the  squares  of 
their  radii,  which  agrees  with  the  preceding  theorem. 

Scholium,  We  have  already  observed,  that  the  problem  of 
the  quadrature  of  the  circle  consists  in  finding  a  square- 
equal  in  surface  to  a  circle,  the  radius  of  which  is  known. 
Now  it  has  just  been  proved,  that  a  circle  is  equivalent  to  the 
rectangle  contained  by  its  circumference  and  half  its  radius; 
and  this  rectangle  may  be  changed  into  a  scjuare,  by  finding 
a  mean  proportional  between  its  length  and  its  breadth 
(Prob.  in.  B.,IV.)  To  square  the  circle,  therefore,  is  to  find 
the  circumference  when  the  radius  is  ^iven ;  and  for  eflecting 
this,  it  is  enough  to  know  the  ratio  of  the  circumference  to 
its  radius,  or  its  diameter. 

Hitherto  the  ratio  in  question  has  never  been  determined 
except  approximately;  but  the  approximation  has  been  car- 
ried so  far,  that  a  knowledge  of  the  exact  ratio  would  atlbrd 
no  real  advantage  whatever  beyond  that  of  the  approximate 

ratio. 

Archimides  showed  that  the  ratio  of  the  circumference  to 

the  diameter  is  included  between  3^^  and  3.^^;  hence  3^  or  j 

affords  at  once  a  pretty  accurate  approximation  to  the  num- 


BOOK  V.  .163 

her  above  designated  by  *• ;  and  the  simplicity  of  this  first 
approximation  has  brought  it  into  very  general  use.  Melius^ 
for  the  same  number,  found  the  ,much  more  accurate  value 

^^J.  At  last  the  value  x,  developed  to  a  certain  order  of  de- 
cimals, was  found  by  other  calculators  to  be  3. 14159265358- 
979^12,  &c. ;  and  some  have  had  patience  enough  to  contin- 
ue these  decimals  to  the  hundred  and  twenty-seventh  place, 
and  recently  indeed  to  the  hundred  and  fifty-fourth  place. 
Such  an  approximation  is  evidently  equivalent  to  perfect 
correctness :  the  root  of  an  imperfect  power  is  in  no  case 
more  accurately  known. 

PROPOSITION   XVI.      THEOREM. 

The  area  of  the  space  included  between  two  concentric  circles^ 
is  eqjial  to  half  the  sum  of  the  two  circumferences  multi' 
pU^  by  their  distance  from  each  other. 

Let'  AB  and  ah  be  two  concen- 
tric circles,  and  the  area  or  space 
included  between  them  will  be 
equal  to  half  the  sum  of  the  two 
circumferences  of  A B  and  ah,  mul-^ 
tiplied  by  the  distance  I^  between  ^ 
the  two  circles. 

For  let  two  similar  polygons  AC- 
DE,  acde,  be  described  about  those 
circles,  having  their  corresponding 
sides  agreeing  with  or  parallel  to  each  other,  viz :  AC  par- 
allel to  ac,  Cl5  parallel  to  cd,  &c.,  and  the  spaces  between  the 
two  polygons  will  be  composed  of  the  several  trapeziums 
DC,  rfc,  &c.,  each  of  which  is  equal  to  half  the  sum  of  the 
two  corresponding  sides  of  the  two  polygons,  multiplied  by 
the  perpendicular  distance  between  them  (Prop.  IX.  B.  IV.) 
Thus  J(AO-f-fl'c)X^I=area  ACca,  and  hence  the  area  of  all 
the  trapeziums  will  be  equal  to  half  the  sum  of  the  perime- 
ters of  ihe  two  polygons,  multiplied  by  the  common  distance 
/I.  Now,  let  the  number  of  the  sides  of  the  two  concentric 
polygons  be  indefinitely  increased,  and  the  space  between 
them  will  still  be  equal  to  half  the  sum  of  the  two  perime- 
ters, multiplied  by  the  distance  between  them.  But  (Prop. 
XII.  Cor.  1.)  when  the  number  of  sides  of  a  polygon  is  in- 
definitely increased,  the  polygon  becomes  idenAcal  with  the 
circle. 

Cor,  I.  We  have  from  this  and  the  preceding  proposition, 
shown  that  the  areas  of  circular  spaces,  as  well  as  rectiline- 
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al  spaces,  are  equal  to  their  circumferences  multiplied  by  cer- 
tain right  lines.  We  have,  therefore,  surfaces  bounded  by 
two  orders  of  lines,  viz :  right  lines  and  also  circles,  whose 
areas  are  equal  to  such  right  lines  or  circles,  as  bases,  imultiT 
plied  by  their  altitudes  on  such  bases. 

Cor.  2.  The  area  of  the  sectoral  segment  Ee£B  is  equal  to 
half  the  sum  of  the  two  arcs  £B,  e6,  multiplied  by  Ee,  the 
distance  between  the  two  arcs. 

Scholium,  1.  The  space  enclosed  between  two  concentric 
circles  is  called  a  circular  ring,  or  an  annular  space. 

Scholium.  2.  Let  ob  the  diameter  of  the  inner  circumfer^- 
ence  equal  1,  then  may  ^  represent  the  circumference  of  that 
circle ;  and  if  we  call  w^  the  circumference  of  the  outer  cir- 
cle, and  ct=the  difference  of  their  radii,  then  the  area  of  the 

ring  will  be  measured  by   --^  Xrf,   or  Jd.(«'+0  =  i^*"4' 

^dyr.  And  the  area  of  any  segment  ^Bbe  of  the  ring  will 
be  expressed  by  the  ratio  of  such  portion,  to  the  whole  ring; 

or  if  the  arc  EB  is  -  part  of  the  whole  circumference  AB, 
and  eb=:^  part  of  the  circumference  ab,  then  will  the  seg? 

ment  be  expressed  by  ^d  (y+'^On- 

Scholium.  1.  Hence  we  have  figures  whose  bases  are  of 
another  order  of  lines  than  right  lines,  and  whose  areas  are 
equal  to  those  bases  multiplied  by  certain  other  liues  per? 
taming  to  those  fieures.  ^ 

Thus  (Prop.  XV.  Cor.  1.)  we  have  the 
sector  ABC,  which  is  equal  to  its  circular 
base  AB  multiplied  by  half  the  altitude. 
This  is  also  the  property  of  the  triangle 
EFG,  whicb  is  equal  to  its  base  EF  multi- 
plied by  the  altitude  GH ;  but  in  order 
that  a  trilinear  figure  with  a  circular  base 
should  be  equal  to  that  base  multiplied  by  the  half  its  aitir 
tude,  that  altitude  must  be  equal  to  the  radius  of  the  circu- 
lar arc  of  th<^  base. 

We  have  also  thtf  sectoral  segment  ABCD,  which  is  equal 
to  half  the  sum  of  the  two  bases  AB,  ©C,  multiplied  by  AD 
the  altitude,  which  is  also  the  property  of  the  trapezium, 
ABED.  1)  £      D  C 


^, 
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PBOPOSinoN  xvn.    problem. 

TTke  9%irf(Mce  of  a  regular  inscribed  polygon^  and  ihnt  of  a 
similar  poiygon  circumscribed,  being  given  ;  to  find  the 
swrffMces  of  the  regular  inscribed  and  circutnscribcd  poly- 
gons having  double  the  number  of  sides. 

Let  AB  be  a  side  of  the  given     e      p 

inacribed  polygon ;  £F,  parallel 

to  AB,   a  side  of  the  circum- 

Bcribed  polygon ;  C  the  centre  of 

the  circle.  If  the  chord  AM  and 

the  tangents  AP,  BQ,  be  drawn, 

AM  will  be  a  side  of  the  in* 

scribed  polygon,  having  twice 

the  number  of  sides ;  and  AP-j- 

PM^=2PM  or  PQ,  will  be  a  side 

jo(  the    similar    circumscribed 

polygon  (Prop.  IX.  Cor.  3.)     Now,  as  the  same  construction 

will  take  place  at  each  oi  the  angles  equal  to  ACM,  it  will 

be  sufficient  to  consider  ACM  by  itself,  the  triangles  con- 
nected with  it  being  evidently  to  each  other  as  the  whole 
elygons  of  which  they  form  part.  Let  A,  then,  be  the  sur- 
:e  of  the  inscribed  polygon  whose  side  is  AB,  B  that  of 
the  similar  circumscribed  polygon ;  A'  the  surface  of  the 
polygon  whose  side  is  AM,  B'  that  of  the  similar  circum- 
Kril^  polygon  :  A  and  B  are  given ;  we  have  to  find  A' 
andB^. 

First.  The  triangles  ACD,  ACM,  having  the  common  ver- 
tex A,  are  to  each  other  as  their  bases  CD,  CM ;  they  are 
likewise  to  each  other  as  the  polygons  A  and  A',  of  which 
they  form  part:  hence  A  :  A':: CD  :  CM.  Again  the  trian- 
gles CAM,  CME,  having  the  common  vertex  M,  are  to  each 
other  as  their  bases  C A,  CE ;  they  are  likewise  to  each  other 
as  the  polygons  A'  and  B,  of  which  they  form  part;  hence 
A':B::CA  :  CE.  But  since  AD  and  ME  are  parallel,  we 
have  CD  :  CM:  :tA  :  CE ;  hence  A  :  A: :  A' :  B ;  hence  the 
polygon  A',  one  of  those  required,  is  a  mean  proportional  be- 
tween the  two  given  polygons  A  and  B,  and  consequently 
A'=VAXB. 

Secondly.  The  altitude  CM  being  common,  the  triangle 
CPM  is  to  the  triangle  CPE  as  PM  is  to  PE ;  but  since  CP 
bisects  the  angle  MCE,  we  have  PM  :  PE:  :CM  :  CE  (Prop. 
IXl  B.  IV.)  ::CD':  CA::A  :  A';  hence  CPM:  CPE::A  : 
A;  and  consequently  CPM  :  CPM+CPE  or  CME  ::A  :  A-|- 
A'.    But  CMPA,  or  2CMP,  and  CME  arc  to  each  other  as 
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iho  polygons  B'  and  B,  of  which  they  fonn  part;  hence  B^ 

:  B::2A  :  A+A'.     Now  A'  has  been  already  determined; 

tliis  :\o\v  proportion  will  serve  for  determining  B',  and  give 

2\  B 
lis    B'=  rV  A  / ;  and  thus  by  means  of  the  polygons  A  and 

B  it  is  easy  to  find  the  polygons  A^  and  B',  which  shall  have 
double  the  number  of  sides. 

PROPOSITION  xrm.    theorem. 

A  respilar  duodecaffon is  equivalent  to}  of  the  square  erected 
on  the  diameter  of  its  circumscribed  circle ;  or  is  equal  to 
the  square  erected  on  the  side  of  the  equilateral  triangle  in^' 
scribed  in  the  sams  circle,* 

Let  AC  be  the  radius  of  a  circle  in  B  • 

which  is  inscribed  the  side  AB  of  the 
hexagon ;  and  if  AD  and  DB  be  the 
sidt?s  of   the   regular   duodecagon,  it 
tlicncc  follows  that   by  drawing  the 
radius  DC,  it  will  cut  the  side  AB  per- 
pendicularly (Prop.  VI.   B.  III.)  and 
divide  it  into  two  equal  parts.  Now  it 
is  evident,  that  the  area  of  the  duodec-    ^ 
airou  is  equal  to  twelve  times  one  of  the  triangles  ADC  or 
DCB;  and  as  the  triangle  ADC  is  equal  to  the  product  of  the 
radius  by  half  of  AF,  or  by  the  fourth  part  of  the  radius, 
since  the  chord  AB  is  equal  to  the  radius  DC  (Prop.  V.) 
Hence  the  triangle  ADC  is  equivalent  to  a  fourth  of  the 
square  of  the  radius;  and  12  such  triangles  will  be  equal  to 
three  times  the  square  of  the  radius,  or  to  J  of  the  square  of 
the  diameter. 

Again,  the  side  of  an  equilateral  triangle  inscribed  in  a 
circle,  the  diameter  being  unity,  is  equal  to  V}  ;  consequent- 
ly, its  square  is  also  equal  to  }  of  the  square  of  the  diame- 
ter, or  equal  to  the  duodecagon. 

Scliolium.  Two  of  the  inscribed  polygons,  viz :  the  square 
and  the  duodecagon,  possess  the  property  of  having  a  simple 
numerical  ratio  to  the  square  erected  on  the  diameter  of  the 
circumscribed  circle,  for  the  inscribed  square  is  exactly  half 
of  the  circumscribed  square. 

PROPOSITION   XIX.      PROBLEM. 

To  find  the  approxim^ate  ratio  of  the  circumference  to  the  di- 
ameter. 


*  First  shown  by  SueUiut. 


/ 
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Let  the  radius  of  the  circle  be  I ;  the  side  of  the  inscribed 
quare  will  be  V2  (Prop.  VI.  Sch.),  that  of  the  circnm- 

ibed  square  will  be  equal  to  the  diameter  2 ;  licricc  the 
^  urface  of  the  inscribed  square  is  2,  and  that  of  the  circiun- 
s^cribed  square  is  4.  Let  us  therefore  put  A=2,  and  B=4; 
"*     y  proposition  XVIL   we  shall  tind  the  inscribed  octagon 

'=>y^S=^.8284271,  and  the  circumscribed  octagon  B'= 

16 
^-.    .-=3.3137085.     The  inscribed  and  the  circumscribed 

rv^ 

lagons  being  thus  determined,  we  shall  easily,  by  means 
fthem,  determine  the  polygons  having  twice  the  number 
i"  sides.  We  have  only  in  this  case  to  put  A=2.S2S4271, 
^==3.3137085;  we  shall  find  A'=VA.B=3.(I014()74,  and 

W"*-  -  ,=3.182o979.    These  polygons  of  10  sides  will  in 

A— pA 

eir  turn  enable  us  to  find  the  polygons  of  32 ;  and  the 
J^  focess  may  be  continued,  till  there  remains  no  longer  any 
^  ifference  between  the  inscribed  and  the  circumscribed  poly- 
S"^n,  at  least  so  far  as  that  place  of  decimals  where  the  com- 
^^^Uation  stops,  and  so  far  as  the  7th  place,  in  this  example. 
^j^eing  arrived  at  this  point,  we  shall  infer  that  the  last  re- 
"^ilt  expresses  the  area  of  the  circle,  which,  since  it  must  al- 
ys  lie  between  the  inscribed  and  the  circumscribed  poly- 
on,  and  since  those  polygons  agree  as  far  as  a  certain  place 
f  decimals,  must  also  agree  with  both  as  far  as  the  same 
lace. 
We  have  subjoined  the  computation  of  those  i)olygons, 
-  arried  on  till  they  agree  as  far  as  the  seventh  place  of  deci- 


umlnr  ofsidM.  Inscribed  polyson  Circumscribed  polygon. 

4 2.0000000  ....  4.0(100000 

8 2.8284271  ....  3.3137085 

16 3.061 4G74  ....  3.1s2.Vj79 

32 3.1214451  ....  3.1517249 

64 3.13G5485  ....  3.1-M1148 

128 3.1403311  ....  3.M22-J36 

256 3.1412772  ....  3.1U7504 

512 3.1415138  ....  3.1116321 

^024 3.1415729  .     .-  .     .  3.1416025 

^048 •3.1415S77  ....  3.1J1.VJ51 

^096 3.1415914  ....  3.1U,VJ33 

^lS2 3.1415923  ....  'SAiLVXM 

'^S4 3.1415925  ....  3.  M 15927 

^<38 3.1415926  ....  3.M15926 


m 
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The  area  of  the  circle,  we  infer  therefore,  is  equal  i& 
3.141592G.  Some  doubt  may  exist  perhaps  about  the  last 
decimal  figure,  owing  to  errors  proceeding  from  the  parts 
omitted ;  but  the  calculation  has  been  carried  on  with  an  ad- 
ditional figure,  that  the  final  result  here  given  might  be  ab- 
solutely correct  even  to  the  last  decimal  plsu^e. 

Since  the  area  of  the  circle  is  equal  to  naif  the  circumfet- 
cnce  multiplied  by  the  radius,  the  half  circumference  must 
be  3.1415926,  when  the  radius  is  1;  or  the  whole  circum- 
ference must  be  3.1415926,  when  the  diameter  is  1:  hence 
the  ratio  of  the  circumference  to  the  diameter,  formerly  ex- 
pressed by  ^,  is  equal  to  3.1415926.  The  number  3.1416  is 
the  one  generally  used. 

Scholium,  We  shall  have  occasion  to  recur  to  this  subject 
again,  in  a  subsequent  volume,  when  from  principles  there 
demonstrated,  we  shall  not  only  endeavor  to  show  that  the!  * 
quadrature  of  the  circle  is  possible ;  that  is,  that  it  is  possi- 
ble to  give  an  expression  for  its  value ;  but  we  shall  devel- 
ope  some  surprising  properties  of  the  circle  and  other  curvi- 
linear figures ;  which  opens  to  Geometry  a  wider  field  of  in- 
vestigation. 


PROPOSITION   XX.      THEOREM. 

If  there  be  any  number  of  concentric  circles,  such  thai  their 
several  radii  form  a  series  in  arithmetical  progression 
whose  cmnmon  difference  is  equal  to  the  radius  of  the  first ^ 
then  will  the  annular  spa^e  between  the  first  and  second  be 
equal  to  the  circumference  of  the  first  m^idtiplied  by  its  dis-^ 
tance  from  the  second  +  the  area  of  the  inner  circle  ;  atid 
the  annular  space  between  the  second  and  third  will  be  equal 
to  the  circumference  of  the  second  m^idtiplied  by  its  distance 
from  the  third -\- the  area  of  the  inner  circle;  and  so  an  io 
any  ntanber. 

Let  AD,  PE,  CF,  be  three 
concentric  circles,  such  that 
their  several  radii  lA,  IP,  IC, 
shall  form  a  series  in  arith- 
metical progressioif  whose 
common  difference  is  equal 
to  lA ;  then  will  the  annular 
space  included  between  the 
circles  AD  and  PE  be  equal 
to  the  circumference  ADx 
IP+area  AD.  And  the  an- 
nular space  between  the  cir- 
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cics  PE  and  CF  will  be  equal  to  the  circumference  PExPC 
-J-area  AD. 

For  (Prop.  XVI.)  the  area  of  the  annular  space  between 
the  circumferences  AD  ^nd  PE,  is  equal  to  half  the  sum  of 
their  circumferences  multiplied  by  the  distance  AP.  The 
circumference  PE=twice  the  circumference  AD,  its  radius 
by  hypothesis  being  double  that  of  Al).  Let  circumference 
-,  then  will  circumference  PE=:2» ;  and  let  lA  or  AP= 


S,  then  will   '^^-^x2S=5rS4-i'»'S=theannuIar  space;  but 

the  area  AD  is  equal  to  ^^S,  hence  the  annular  space  be- 
tween the  circles  AD  and  PE  is  equal  to  the  circumference 
AD  multiplied  by  the  distance  AP-f-the  area  of  the  circle 
AD. 

Again,  the  area  of  the  annular  space  between  the  circles 
PE  and  CF  is  equal  to  half  the  sum  of  their  circumferences 
(PE+CF)xPC  ;  and  if  circumference  AD=5r,  circumference 
PE=5=2»",  and  circumference  CF=3«',  the ir  radii  being  in  that 

proportion  by  hypothesis,  then  will'^''^^^-5  ^g^  or  IJ^S+^'^S 

=2a'S-[-i'»'S=the  annular  space;  but  the  inner  circle  AD= 
WS,  hence  the  annular  space  is  equal  to  the'^circumference 
I^ExPC+area  of  circle  AD;  and  as  the  same  may  be 
shown  for  any  number  of  concentric  circles  of  the  same  se- 
ti^  it  follows  that  the  result  is  as  enunciated  in  the  propo- 
sitioD. 

Cw.  Hence  the  annular  space  included  between  any  two 
concentric  circles  is  equal  to  the  circumference  of  the  inner 
circle  multiplied  by  the  distance  between  the  two  +  the  area 
of  a  circle  whose  circumference  is  the  difference  of  the  two 
circumferences,  and  whose  radius  is  equal  to  the  distance 
l«tween  the  two.  Or  it  is  equal  to  the  circumference  of  the 
outer  circle  multiplied  by  the  distance  between  the  two — the 
*reaof  a  circle  whose  circumference  is  equal  to  the  differ- 
ence between  the  two  circumferences,  and  whose  radius  is 
equal  to  the  distance  between  the  two  circles. 

PROPOSITION   XXI.      THEOREM. 

*he  angtdar  space  about  a  paint  and  included  within  a  given 
^^cumference^  is  equivalent  to  the  angular  space  of  a  cir- 
^"^  ^^ffi  ^A^  distance  of  whose  inner  and  outer  circuin- 
Jotnces  is  equal  to  the  radius  of  the  given  circle. 
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Let  three  regn- 
lar,  similar  and 
concentric  semi- 
polygons  AD,  BE, 
CF,  be  described 
about  semicircles 
whose  radii  form 
a  series  in  arilh- 
melical  progres- 
sion, as  in  the  last 
proposition.  From  the  centre  I,  through  the  several  a 
draw  IG,  III,  &c. ;  draw  afso  the  lines  IL,  IM,  blsectii 
sides  of  the  polygon.  Then  from  the  angles  A  and  g 
inner  polygon  draw  the  lines  Am,  gb,  perpendicular  t 
and  meeting  BN  in  m  and  b  ;  from  thp  angles  g  and  A 
gk,hi,  perpendicular  to  g-A,  meeting  NO  in  k  and  i\ 
also  from  the  angles  B,  N,  0,  similar  lines  RP,  NQ,  Nl 
perpendicular  to  the  adjacent  sides  of  the  polygons 
will  the  triangles  AwiB,  ^AN,  ^A'N,  hiO,  be  each  eqn; 
similar  to  the  triangles  leA,  ieg,  \fg,  ifh,  their  side 
angles  being eqnal and  similar;  and  the  same  is  tnie  < 
triangles  PBC,  NQU,  NRtJ.OSH.  Hence,  if  we  take 
all  the  above  mentioned  similar  triangles  from  the 
BNOA^a,  there  will  remain  the  two  rectangles  kgbm, 
equal  the  rectangle  ACwm  ;  and  if  we  take  away  the 
gles  from  the  space  BNOHUC,  there  will  remain  thi 
rectangles  BNQP,  NOSR,  equal  the  rectangle  B 
Hence,  the  sum  of  the  several  similar  triangles  in  each 
gonal  space  is  equal,  and  is  equal  also  to  the  angular 
about  a  point,  with  the  radial  distance  equal  to  the  di: 
of  the  faces  of  the  polygon  from  each  other,  and  the  r 
gles  remaining  in  eacli  portion  is  equal  to  the  perlmf 
the  inner  polygon  multiplied  by  the  distance  from  th 
outer  one.  Let  the  number  of  the  sides  of  the  several 
gons  be  indefinitely  increased,  and  the  same  will  be 
but  polygons  of  an  iTidefinile  number  of  sides  are  i 
(Prop.  XII.  Cor.  1.),  hence  also  the  same  is  true  wiih  i 
to  the  concentric  circles,  viz :  the  same  angular  space 
in  each  of  the  concentric  circular  riuirs,  and  it  is  equal 
angular  space  about  the  point  1,  the  centre  of  the 
circle. 

Cor.  Hence,  if  to  any  rectangle  a  circle  be  added,  " 
radius  is  equal  to  one  ol  the  parallel  sides  of  the  reel 
their  sum  will  be  equal  to  the  area  of  a  circular  rin 
disiaiice  of  whose  iinicr  and  outer  circumferences  isec 
the  radius  of  the  circle  added,  and  whose  itinei  ciict 
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^Hice  is  equal  to  the  length  of  one  of  the  other  parallel  sides 
•of  the  rectangle. 

SchoUunt,  The  angular  space 

let  ween    the     two     concentric 

squares,  ABCD   and   QNOP,  is    . 

equal  to  that  of  a  square,  one  of 

whose  sides  iseqnal  to  twice  the 

distance  between  the  outer  and 

inner  ones.  Thus,  if  the  squares 

are  described   in  such  manner, 

that  the  side  dP  of  the   inner 

one  shall  be  equal  to  2Q.E,  the 

distance      between     the     two 

squares,  then  all   the    angular 

i^pace,  viz:  AFNG,  HOTB,  KPLC,  EQMD,  will  be  equal 

to  the  inner  square  QNOP. 

Hence,  what  has  been  shown  to  be  true  with  regard  to  the 
angular  space  of  the  circular  ring,  and  that  of  the  space  be- 
tween two  concentric  squares,  is  also  true  of  any  angular 
space  contained  between  any  two  concentric  polygons,  viz: 
whatever  be  the  diameters  of  the  polygons,  the  angular  space 
is  always  the  same,  if  the  distance  between  them  is  the 
nine. 


•■. 

0 

o 
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PROPOSITION   XXn.      PROBLEM. 

To  divide  a  circle  into  any  number  of  equal  par4Sj  by  means 

of  concentric  circles. 

Let  it  be  proposed  to  divide  the 
circle  in  the  margin,  whose  centre 
i«C,  and  diameter  AB,  into  a  cer- 
tain number  of  equal  parts,  three 
for  instance,  by  means  of  circles 
^ncentric  with  it. 

Divide  the  radius  AC  into  three 
*«qual  parts,  AE,  ED,  DC ;  draw 
toe  perpendiculars  EF,  UG,  moet- 
iog  the  semi-circumference  de-  %, 

«cribed  upon  AC,  in  the  points  F,  G ;  draw  CF,  CG,  and  with 
these  lines  as  radii  from  the  centre  C,  describe  circles :  these 
<iiriles  will  divide  the  proposed  circle  into  the  recjuired  num- 
W  of  equal  parts. 

For  draw  AF,  AG^  then  the  angle  AGC  being  in  a  semi- 
WJle  is  a  right  angle.;  ^hence  the  triangles  GAC,  GDC,  are 
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similar,  and  consequently  are  to  each  other  as  the  squares  of 

their  homologous  sides,  that  is, 

GAC:GDC::CA*:CG*; 

hutGAC:GDC::CA  :CD; 

hence  C A'  :   CG* : :  C A  :  CD ; 

consequently,  since  circles  are  to  each  other  as  the  squares 
of  their  radii,  it  follows  that  the  circle  whose  radius  is  CA, 
is  to  that  whose  radius  is  CG,  as  C  A  is  to  CD,  that  is  to  say, 
the  latter  is  one  third  of  the  former. 

In  like  manner,  by  reasoning  on  the  right  angled  triangles 
FAC,  FEC,  it  may  be  proved  that  the  circle  whose  radius  is 
CF  is  two-thirds  that  whose  radius  is  CA.  Consequently 
the  smaller  circle  and  the  two  surrounding  annular  spaces 
are  all  equal. 

PROPOSITION  XXm.      PROBLEM. 

To  divide  a  circle  into  any  number  of  equal  parts ^  which  shall 
be  equal  both  in  surface  and  boundary. 

Let  it  be  required  to  divide  the  circle  whose  diameter  is 
AB  into  five  parts,  which  shall  be  equal  both  in  surface  aud 
boundary. 

Divide  the  diameter  into  five  P 

equal  parts,  in  the  points  C,  D, 
E,  F,  and  upon  AC,  AD,  AE, 
AF,  describe  semicircles.  De- 
scribe semicircles  also  upon  BC, 

BD,  BE,  BF,  but  on  the  oppo-  j^  f^^  \  J  tJ  1  B 
site  side  of  the  diameter  AB: 
then  the  circle  will  be  divided 
into  the  proposed  number  of 
curvilinear  spaces  equal  to 
each  other  both  in  surface  and 
boundary. 

For  the  diameter  AB  is  to  the  diameter  AD,  as  the 
cumference  on  A B  is  to  the  circumference  on  AD,  or  as  th 
semi-circumference  on  AB  is  to  the  semi-circumference 
AD;  also  AB  is  to  BD  as  the  semi-circumference  on  ABisto 
that  on  BD.   Consequently  AB  is  to  -AD and  BD  together, 
the  semi-circumference  APB  is  to  the  boundary  AIDKB; 
therefore  these  two  lines  are  equal.     In  a  similar  manner  i 
may  be  shown  that  each  of  the  other  boundaries  is 
equal  to  the  semi-circiuuferenee  APB. 


Again,  ihe  circle  od  AB  is  to  the  circles  on  AE,  AP,  as 
the  square  of  AB  is  to  the  squares  of  AE,  AP,  respectively. 
Consequently, 

circ.  AB  :  circ.  AF—circ.  AE::AB' :  AF'— AE'. 

Now  (Prop.  XII.  B.  IV.)  AF*— AE'=(AE+AF).EF:  Letm 
be  the  middle  of  EP,  then  AE+AF=^Aj».    Hence, 

circ  AB  :  i  circ.  AP— J  ctrc.  AE: : AB' :  A»».EP ; 

that  is  to  say,  the  circle  on  AB  is  to  ihe  space  included  be- 
tween semicircles  cm  AE  and  AF,  ^s  the  square  of  AB  Is  to 
the  rectangle  Am.EP.  In  exactly  the  same  way  it  is  proved 
that  the  circle  on  AB  is  to  the  space  between  the  semicircles 
on  BE  and  BF,  as  the  square  of  AB  is  to  the  rectangle  of 
Bm.EF.  It  follows  therefore  (Prop.  XXI.  B.  IJ  that  the 
circle  on  AB  is  to  the  whole  space  ALEMBOFN,  as  the 
tqiiare  of  AB  to  the  sum  of  the  rectangles  Am.EP,  Bm.EP, 
that  is,  lo  the  rectangle  AB.EF,  and  this  rectani;le  is  one- 
fifth  of  AB';  consequently  the  space  ALEMBOFN  is  one- 
fifih  of  the  circle,  and  Ihe  same  may,  in  tike  manner,  be 
ihovn  of  the  other  spaces. 

FBOPOSITION   XXI?.       PBOSLEH. 

To  dimde  a  circular  ring  in  such  manner,  that  one  portion 
lUf  be  equal  to  a  rectangle  formed  on  a  line  etptal  to  the 
"wer  circumference  of  the  ring,  and  whose  altitude  is  equal 
to  ihe  distance  of  the  two  circamferences. 

^         With  the  radins  IH  de-  0 

*wibe  a  circle   HL;   then 

*ilh  any  other  radius  AI, 

^hich  snppose  equal  2IH, 

'^Scribe  the  circle  AB,  and 

^hespace  included  between 
^]ietwo  circles  is  a  circular 
*^e;  take  the  distance 
-^DB  on  the  outer  circum- 
*«ence  equal  the  inner  cir- 
^^Miference;  divide  the  re- 
*ii»ining  portion  of  the  out- 

^t  ciicumference  into  any 

•unaber  of   equal  parts  at 

'^  poiots  £,  F,  G,  C,  O,  P,  Q,  and  draw  the  several  radii 
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IE,  IP,  IG,  &c.  Then  divide  llie  distance  AH  between  tlffl 
two  circmtiferencos  inio  half  the  number  of  eqna!  parts  al 
the  poiiils  t',/,  s,  and  ihroiiiili  those  poirils  describe  circles 
gg,  Jf,  ec;  i'rotn  Ihe  point  M,  ihiongh  the  poinis  1,2,3, 
wTiel'e  those  circles  cut  tlie  radial  hues,  describe  the  curve* 
M123A,  M12^B,  and  because  the  circnmlercnces  of  circles 
are  as  their  radii,  tiic  portions  of  those  circles  cut  off  towards 
D  will  all  be  equal. 

Let  the  number  of  the  concentric  circles,  and  also  the  ra- 
dial divisions  be  indefinitely  increased,  and  the  area  is  \ 
function  of  those  circular  arcs  cut  off,  and  the  sum  of  those 
circular  arcs  so  cut  off  may  be  regarded  as  the  area,  since 
they  will  nvidenily  agrps  Vith,  and  be  equivalent  to  a  simi- 
lar nnmlier  of  paraliuj  lines  of  equal  lengths,  drawn  in  the 
rectangle  whose  base  is  equal  to  the  inner  circumference, 
and  altitude  the  distance  AH. 


Cor.  If  a  trian- 
gle raM  lieform- 
ed,  whose  base  TQ, 
equals  the  semi- 
ci  rcumference 
ACB=thecircum- 
ference  of  the  cir- 
cle HL  or  CI,  and 
whose  allilude 
CM  is  the  radius 
CM  of  the  circle 
Ci  =  the  di! 


between  the  circumferences  AB,  HL,  then  the  triangle  wi'M 
be  equal  to  the  circle  CI — the  portion  of  the  ring  AMBC-^ 
cutoff  by  tho  curves  AM.MB;  since  the  triangle  is  equal  to  iK:^ 
base  PQxCM,  and  the  circle  01  is  equal  to  circumlcren(^= 
ClXradins  CM. 

•SchaliuTti.  Whatever  may  be  the  distance  between  thctw 
circumfcreuces  of  the  rin^.  it  is  siJIl  true  that  if  a  distance  ^B 
eet  off  on  the  outer  circumference  equal  to  the  imier  one,  an- 
if  portions  of  all  the  other  conf.eiHric  circles  are  taken  equ^K 
to  these,  the  space  cut  off  by  the  curve  through  their  termK^ 
nations  is  equal  to  the  reclauijle  formed  from  a  line  equal  t-  — 
the  inner  circumference,  and  the  distance  between  the  inn^^ 
and  outer  circinnfereuce;  and  when  the  distance  between  th.^ 
two  circumferences  is  equal  to  the  radius  of  the  inner  circle* 
the  portion  AKCBM  cm  off  by  the  curve,  is  equal  to  the  ii*^ 
scribed  circle  UU 
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PROPOSITION   XIV.      PROBLEM. 

To  draxD  a  riglU  line  nearly  equal  to  the  circumference  of  a 

given  circle, 

Throuffh  the  centre  C  of  the  cir-  ^ 

cle  draw  the  two  diameters  AB, 
JDE,    perpendicular    to    each    o- 
ther.     Join  AD.     Then  with  the 
T^dins  CD  and  any  point  D  in  the 
circninfcrence   as  a    centre,   de- 
scribe an  arc  FCG,  and  from  the 
r*oints  F,  G,  where  this  arc  cuts 
tlie    circumference  of  the   circle, 
draw  the   line  F(J,  and  FG+AD 
"^'ill  be  nearly  equal  to  the  scnii- 
<^ircnmfiTence   ADB;    hence   the 

double  of  that  sum,  or  2FG-|-2AD=the  circumference near- 
For,  the  length  of  the  chord  AD  being  the  hypothenuse.of 
sx   risht  anj^led  triangle,  whose  two  sides  AC  CD,  are  equal, 
it    is'equafto  a/2aC';  and  if  AC=1,  then  AD=1.41421,  &c. 
^^nd  GH=JF(jJ  is  the  side   of   the   ri^ht   angled   trianirle 
'  He,  whose  hypothennseCCi  is  the  radius,  and  tfie  side  HC 
balf  the  radius  ;  hence  HG=V(CG'— CH«)=,S6G02,  &c., 
rid  FG=l, 73204,  &c.,   and    AD+FG;=3,MG2;5==the  semi- 
*  rcnmference,  which  is  true  to  the  first  three  figures,  but  the 
^^rtb  should  be  1  instead  of  6. 


PROPOSITION   XXVI.      PROBLEM. 


To  describe  a  circle  equal  to  half  a  given  cirdj. 


E 


O 


Let  FGHI  be  the  given  circle; 
^^  scribe  in  the  circle   the  square 
^XjtiHMI.     If   in   this   square   a 
^vcle,  whose  radius  is  CL,  be  de- 
Tibed,    the    circle  so  described 
ill  be  equal  to  half  the  circle 
'^^liflse  radius  is  CF. 

For,    circumscribe    about    the 

'^rza  circle    the  square    ABDE, 

d  this    square    will   evidently 

equal    to    twice    the    square 

P^CHl,  and  the  two  squares  will  be  squares  described  on  the 

diameters  of  those  circles  respectively ;  but  circles  are  as 
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the  squares  erected  on  their  diameters.  Hence  the  circle 
inscribed  in  the  square  FGHI  is  equal  to  half  the  circle  in- 
scribed in  the  square  ABDE. 

Cor.  Hence  if  a  circle  be  circumscribed  about  a  square 
and  another  cirche  be  inscribed,  the  circumscribed  circle  will 
be  double  the  inscribed  one.  And  also,  if  a  square  circum- 
scribe a  circle,  and  another  square  is  inscribed  in  the  same 
circle,  the  circumscribing  square  will  be  double  the  inscribed 
square. 

PROPOSITION   XXVn.      PROBLEM. 

If  on  the  sides  of  a  right  angled  triangle  as  diameters^  semir 
circles  be  described^  the  one  described  on  the  hi/pothenus$ 
will  be  equal  to  the  sum  of  the  other  two. 

Let  ABG  be  a  right  angled  triangle, 
right  angled  at  B.  Describe  on  the 
hypothenuse  AG,  as  a  diameter,  the 
seinicircle  ACHG,  and  on  AB  and  BG 
as  diameters,  the  semicircles  ADB, 
BEG;  and  the  semicircle  ACHG  de- 
scribed on  the  hypothenuse  will  be  equivalent  to  the  other 
two. 

For,  since  it  has  been  shown  that  circles  are  proportional 
to  the  squares  of  their  diameters,  it  follows  that  if  the  sides 
of  a  triangle  are  made  the  diameters  of  circles,  those  circles 
will  be  as  the  squares  of  those  sides  respectively;  but  the 
square  on  the  hypothenuse  of  a  right  angled  triangle  is 
equivalent  to  the  other  two  (Prop.  XXIV.  B.  IV.)  ;  hence  the 
semicircle  described  on  the  hypothenuse  must  also  be  eqni* 
valent  to  the  two  semicircles  described  on  the  other  two 
sides. 

Cor.  Hence,  the  two  lunes  ADBCA  and  BEGHB  are  to^ 
gether  equivalent  to  the  triangle  ABG.  For  since  the  semi* 
circle  ACHG=ADB+BEG,  if  the  segments  ACB,  BHG, 
which  are  common  to  both,  be  taken  away,  there  will 
main  the  spaces  ADBCA+BEGHB=±the  triangle  ABG. 

Scholium.  If  the  sides  Aft,  AG,  are 
equal,  the  two  lunes  Arf6cA,  boGhb,  will 
evidently  be  equal,  and  each  will  be 
equal  to  half  the  triangle  AbG^  or  equal 
to  A6F  or  G6F. 
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Scholmm  2.  Let  ABC  be  a  semicircle 
on  the  diameter  AC,  and  AFC  an  isos- 
celes risht  angled  triangle.  If  from  the 
point  F  as  a  centre,  there  be  descrihod 
thnnigh  A  and  C  the  arc  of  a  circle 
ADC  on  tlic  base  AC,  the  Innnle  A  BCDA 
will  be  eqnivalont  to  the  triangle  CAF. 

Since  the  sqiiare  of  FC  is  donble  the  square  of  EC  or  of 
EF  (Prop.  XXVI.  ('or  ).  tlie  circle  described  with  the  ra- 
dius FC  will  be  donble  that  described  with  the  radins  EC; 
consequently  a  fourth  part  of  the  former,  or  the  quadrant 
FADC,  will  be  equivalent  to  the  half  of  the  second,  or  to 
ilie  semicircle  ABC.  If  the  common  segment  ADCEA 
therefore  be  taken  away,  the  remainders,  that  is  to  say,  the 
triangle  AEC  on  the  one  hand,  and  the  lunule  ABCDA  on  the 
other,  will  be  equivalent.'*'' 

•These  are  the  lanulfs  of  Hippocraien^  of  Chios,  Thosp  who  winh  to  pur- 
this  suhjeci  firther,  will  find  iheir  curiosity  amply  gratified  by  referriog  to 
"  t  ediiioA  of  HtUton't  Mathematical  JUcreatioiu. 


n 
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Definitions. 

1.  When  the  value  of  one  quantity  is  dependent  on  thir 
relative  values  of  two  or  more  other  quantities,  in  such  man- 
ner that  any  variation  in  the  ratio  of  those  other  quantitictf^ 
produces  a  variation  in  the  ratio  of  this  to  those  others,  the 
relative  vaUie  of  such  quantity  is  called  fimnximum^  when  it 
has  reached  the  greatest  relative  magnitude  it  can  possibly 
attain  ;  and  on  the  contrary,  when  it  has  arrived  at  che  least 
possible  relative  magnitude,  il  is  called  a  minimum, 

2.  Isoperimeiers,  or  Isoperim£tricalJignres,  are  ^hose  whiclt 
have  equal  perimeters. 

3.  Ttie  locus  of  any  point  or  intersection,  &c.,  is  the  right 
line  or  curve  in  which  these  are  always  situated. 


PROPOSITIOiN   I.      THEOREM. 

0/  all  triangles  of  the  same  base,  and  whose  vertices  faU  in 
a  riiiht  line  given  in  posilifni,  the  perimeter  of  the  one 
whose  other  two  sides  form  equal  angles  with  this  line^  is  a 
m^inimurn. 

Let  AB  be  the  common  base  of  a  series  of  triangles  A  Br, 
ABC,  &c.,  whose  vertices  C,  r,  &c.  are  all  in  the  right  line 
LM,  given  in  p'>^irion  ;  then  is  the  triangle,  whose  sides  AC, 
EC,  are  inclined  in  equal  angles  to  the  line  LM,  the  least  in 
perimeter. 

For  let  BM  be  drawn  from   B  por- 

BMidicnlar  to  LM,  and  produced  to 
,  makinir  Mn=BM;  join  AD,  and 
from  the  point  C,  where  AD  cuts  LM, 
draw  BC  ;  also,  from  any  other  point 
c  assumed  in  LM,  draw  cA,  cF3,  cD. 
Then  the  triangles  DMC,  BMC,  hav- 
ing the  angle  DCM=angle  ACL  (Prop. 
VL  B.  II.)  =:MCB ;  by  hypothesis,  DMC=BMC,  and  DM 
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«=BM,  and  MC  common  to  both;  hence  also  DC=BC  (Prop. 
YIII.  B.  II.) 

So  also  we  have  cD=cB.  Hence,  AC+CB=AC+CD= 
AD<;(Ac-f-cD)  (Prop.  X.  B.  11.),  or  less  than  its  equal  Ac-f- 
cB.  Aud  consequently,  AB+BC+AO  is  less  than  AB+Btf 
+Ac. 

Cor.  1.  Of  all  equivalent  triangles,  having  the  same  base, 
the  isosceles  triangle  has  the  smallest  perimeter. 

For  the  locus  of  the  vertices  of  all  triangles  of  the  same 
altitude  will  be  in  a  right  line  parallel  to  the  base  ;  and  when 
LM  in  the  above  figure  becomes  parallel  to  AB,  then,  since 
in  such  case  the  angle  MCB=ACL,  MCB  also  equals  CBA 
(Prop.  XXIII.  Cor.  2.  B,  11),  ACL=CAB;  it  follows  that 
CAB==CBA,  and  consequently  AC=CB  (Prop.  XV.  B.  II.) 

Cor.  2.  Of  all  triangles  of  the  same  surface  the  equilatercd 
triangle  has  the  minimum  perimeter. 

For  we  have  just  shown  that  the  triangle  of  the  least  pe- 
rimeter with  the  same  base  and  altitude  must  be  isosceles, 
whichever  of  the  sides  are  considered  as  the  base ;  therefore 
the  triangle  of  the  smallest  perimeter  has  each  pair  of  its 
sides  equal  and  is  hence  equivalent. 

Cor.  3.  Of  all  rectilinear  figures  with  a  given  surface  and 
a  given  number  of  sides,  that  which  is  equilateral  has  the 
smallest  perimeter. 

For  so  long  as  any  two  adjacent  sides  are  not  equal,  we 
may  draw  a  diagonal  to  become  a  base  to  those  two  sides, 
and  then  draw  an  isosceles  triangle  equivalent  to  the  trian- 
gle 90  cut  ofi*,  but  of  less  perimeter  ;  hence  the  corollary  is 
manifest. 

PROPOSITION   n.      THEOREM. 

Of  aU  triangles  of  the  same  base  and  eqtial  perimeters^  the 
isosceles  triangle  has  the  greatest  surface. 

Let  ABC,  ABD,  be  two  triangles  of  the 
same  base  AB,  and  with  equal  perimeters,  of 
which  the  one  ABC  is  isosceles,  the  other  is 
not;  then  the  triangle  ABC  has  a  surface,  and 
consequently  an  altitude,  greater  than  the  sur- 
face or  altitude  of  the  triangle  ABD. 

Draw  DP  parallel  to  BA,  to  cut  CE  perpen- 
dicular to  AB  in  F ;  then  it  is  to  be  proved  that  C£  is  great- 
er than  PE. 

The  triangles  AFB,  ADB,  are  equal  both  in  base  and  alti- 
tude;  but  the  triangle  AFB  is  isosceles,  while  ADB  is  sea- 
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lene ;  therefore  the  triangle  AFB  has  a  smaller  perimeter 
than  the  iriangle  ADB  (Prop.  I.  Cor.  1.),  or  than  ACB,  by 
hypothesis;  conscquentlys  AP<^AC;  and  in  the  right  an- 
gled triangles  AEF,  AEC,  having  AE  common,  we  have 
FE<CE. 

Cor,  Of  all  isoperimotrical  triangles,  that  whose  snrface  i» 
a  maximnm,  is  equilateral.  And  gcMierally,  of  all  isoperi- 
motrical figures,  of  which  the  nunibr.r  of  sides  is  given,  that 
wliich  has  the  greatest  surface,  has  all  its  sides  equal. 

For  so  long  as  any  two  adjacent  sides  are  not  equal,  the 
surface  may  be  augmciucd  without  increasing  the  perimeter. 

SclioUuni.  By  a  parity  of  rcasoiiiug  may  it  be  proved 
that  of  all  triangles  of  equal  altitudes,  and  of  which  the 
sum  of  the  two  sides  is  equal,  that  which  is  isosceles  has  the 
greatest  base.  And  of  all  triangles  standiug  on  the  same 
base  and  havini?  equal  vertical  angles,  that  which  is  isosce- 
les is  the  greatest. 

PROPOSITION   III.      THEOREM. 

Of  all  right  lines  that  can  be  drawn  through  a  given  poini 
between  two  converging  right  lilies  given  in  position^  thai 
which  is  bisected  by  tlie  given  point  for tns  with  the  other 
two  lines  the  least  triangle. 

Let  any  series  of  lines  AB,  GD, 
&c.,  be  drawn  through  the  point 
P,  to  meet  the  right  lines  CA,  CD, 
given  in  position,  and  the  line  AB, 
which  is  bisected  by  the  point  P, 
forms  with  CA,  CD,  the  least  tri- 
angle ABi/. 

For  through  A  draw  EE  parallel 
to  CD,  mceiiniT  DG  and  DG  produ- 
ced; then  the  triangles  PBD,  PAE, 

are  manifestly  equiansr^ilar;  and  since  the  correspondin 
sides  PB,  PA,  are  equal,  the  triangles  are  equal  also.  Henc 
PBD  will  be  less  or  creater  than  PAG,  according  as  CG  i 
less  or  greater  than  CA.  In  the  former  case,  let  PACD  b 
added  to  both;  then  we  shall  have  BAC<DGC  (Ax.  2.)-^ 
lu  the  latter  case,  if  PGCB  be  added,  we  shall  have  DCG — ' 
>BAC;  and  consequently,  in  this  case  also,  BAC<[DCG. 

Cor.  If  PM  and  PN  be  drawn  parallel  to  CB  and  CA  re^ — 
spectively,  the  two  triangles  PAM,  PBN,  will  be  equal,  and^ 
«uice  AM  iu  such  case  will  be  equal  to  PN=MC,  these  twji^ 
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triingles  will  be  equivalent  to  the  rhomboid  PMCN,  which 
ihomboiil  is  equal  lo  lialf  ABC,  but  less  than  half  [>GC. 

Wlipiice  it  follows,  ihat  a  rhomboiil  is  always  less  ihan 
isir  a  triangle  in  wliich  it  is  inscribed,  except  when  the  base 
•f  the  triangle  is  just  double  that  of  the  rhomboid,  this  be- 
ing the  maximum  rhomboid  inscribed  in  the  triangle. 

PROPOSITION   IT.       THEOREM. 

Of  all  triantrles,  in  vhii-k  tjro  sides  are  given  in  lens^th,  the 
grenlest  is  f/inl  in  which  the  ttco  given  sides  are  perpendi- 
cular lo  each  other. 

Let  BAG,  BAD,  be  two  triancles 
in  which  the  side  AB  is  common, 
and  the  side  Ar:=ihH  s-ide  AD;  if 
the  ansle  BAG  is  right,  tlie  triniigle 
Bag  will  be  greaier  than  any  trian- 
gle BAD,  of  which  tlic  angle  A  is 
acute  or  obtuse. 

I'or  the  base  AB,  being  the  same 
in  each,  the  two  triaiifrles  BAG, 
BAD,  arc  to  each  other  as  their  allt- 
ludes  AC,  DE;  btit  the  perpendicu- 
lar UE  \a  shorter  ihan  AD  or  AC  ;  hence,  the  triangle  BAD 
**  iess  than  the  triangle  BAG. 

PROPOSITION   T.       TUEOBEH. 

-^  **ll  recfUinear  fisTiires,  in  ichich  all  the  sides  except  oneare 
^uatcn,  the  greatest  is  thai  which  maybe  inscrilMiina 
*^micircle  whose  dutineter  is  thai  unknown  side. 

_P  l^t  ABCDEF  be  the  greatest  poly- 
5^1*  which  can  be  formed  from  the 
i '^es  AB,  BG,  CD,  DK.  Ef,  and  one 
j^Oeierniinate  side.  This  fi^re  will 
■^^  a  maximum  when  the  polygon  may 
Jj^  inscribed  in  a  seniiciicle  of  which 

■'ai  unknown  side  is  the  diameter. 
^,  r>raw  the  diagonals  AD,  DF ;  and  if  the  angle  ADF  is  a 
^*Sht  angle,  the  triangle  ADF  is  a  maxininm;  but  if  not, 
— «^n  by  malting  it  right,  the  triangle  would  be  angmented, 
^^*^r«p.  IV.),  and  with  it  the  whole  polygon  would  be  aug- 
.^Jentod,  becauae  the  remaining  partsAUU,  CBA,  DfE,  would 

*^~~iaue  Acacdy  the  same.     But  since  the  angle  ADF  is  a. 
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right  angle,  it  beinjr  an  angle  in  the  semicircle  by  hypofh^ 
sis,  ihe  triangle  ADP  is  already  a  niaximnm,  and  heucc  the 
same  may  be  s:iid  of  ABF,  ACF,  AEb';  hence  when  all  the 
auglos  A,  B.  C,  I),  E,  F,  arc  in  the  semi-circuniference  of  a' 
circle  of  which  the  unknown  side  AP  is  the  diameter,  the 
figure  is  a  maxinuun. 

Sckol'uun  I.  The  area  of  a  polygon  inscribed  in  a  semi* 
circle  will  not  be  a'tcred  by  varying  the  order  of  the  sides. 

The  sides  AB,  BC,  CD,  DE  and  EF,  are  the  chords  of  so 
many  arcs:  the  sum  of  these  arcs,  in  whatever  order  they 
arc  arranged,  will  evidently  be  equal  to  the  semi-circumfer- 
ence. 

And  the  segments  included  between  the  given  sides  and 
their  arcs,  will  be  the  same  in  whatever  part  of  the  circum- 
ference they  are  sihuited.  But  the  area  of  the  polygon  is 
equal  to  the  ar.^a  of  the  semicircle,  diminished  Ly  the  sum 
of  these  segments. 

Schuliujn  2.  If  a  polygon,  of  which  all  the  sides'except 
one  aregi^'^en,  be  inscribed  in  a  semicircle  whose  diameter  is 
that  unknown  side;  a  polygon  having  the  same  given  sides 
cannot  be  inscribed  in  any  other  semicircle  which  is  either 
greater  or  less  than  this,  and  whose  diameter  is  the  undeter- 
mined sid*>. 

The  given  sides  AB,  BC,  CD.  DE  and  EF,  are  the  chorda 
of  arcs,  which  together  are  equal  to  the  semi-circumference, 
but  in  a  larger  circle  each  would  be  the  chord  of  a  smaller 
portion  of  the  whole  semi-circumference;  and  therefore  the 
sum  of  the  arcs  would  in  this  case  be  less  than  a  semi-cir- 
cumference; and  in  a  smaller  circle,  each  would  be. the  chord 
of  a  greater  part  of  the  whole,  and  the  sum  of  the  arcs, 
would  be  greater  than  a  semi-circumference. 

PROPOSITION    VI.       THEOREM. 

Of  all  polygons  whose  sides  are  given,  that  which  can  be  in- 

scribed  in  a  circle  is  a  maximum. 


Let  ABCDEFG  be 
the  polygon  inscribed, 
and  abcdf'fg  a  poly- 
gon with  equal  sides 
but  not  inscribable  in 
a  circle,  but  AM-^^ab^ 
BC=6c,  &c. ;  yet  the 
former  polygon  is 
greater  than  the  lat- 
ter. 


a 
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Draw  the  diameter  EP:  join  AP,  PB;  upon  afc=ABmake 
ftc  triangle  abp  equal  in  all   respects  to  ABP ;  and  join  ep. 
Thon  of  the  two  fis:iircs  edrbp,  pf'gf^t  ^^^  ^t  Icost  is  not  by 
hypothesis  inscribable  in  the  semicircle  of  which  rp  is  the 
diameter.     Conseqncntly,  one  at  least  of  those    fiijnres   is 
smaller  than  ihe  corr'^sponding  part  of  tlie  fiLMire  PABCDE- 
FG  (Prop.  V.)  ;  therefore  the  polygon  APBCL)EF(^  is  great- 
er than  the  figure  aphcdefg;  and  if  from  these  there  be  ta- 
ien  the  respective  triangles  APB,  aph,  which  arc  equal  by 
construction,    there   will   remain   the   polygon   ABUDEFti 
greater  than  abcdefg, 

SrhoUum.  A  polygon  of  which  all  the  sides  nre  ffiven  in 
ien i^th  cannot  be   inscribed  in  circles  of  difTercnt  diameters 
(Prop.  V.  Sjh.  2.),  neither  will  the  area  of  the  polygon  be 
altered,  although  the  order  of  the  sides  may  be  changed. 

PROPOSITION   Vn.       THEOREM. 

^regiihr  polygo7t  is  the  greatest  of  all  thepohjgons  which: 
have  equal  par imeters  and  the  same  number  of  sides. 


ox  the  greatest  figure,  under  the  given  conditions,  has  all 
*^^  sides  equal  (Prop.  11.  Cor.);  and  if  the  snm  of  the  sides 
^nd  also  their  number  is  criven,  the  sides  themselves  become 

Oovvn.     Hence  (Prop.  VI.),  the  figure  is  hiscribable  in  a 

-'"oJe  J  consequently,  it  is  a  regular  polyn;on. 

^Proposition  vni.     theorem.     (^Converse  Prop.  VIl.) 

^.^fflar  polygon  has  a  smaller  perimeter  than  an  irregular 
^^^/G  with  an  equivalent  surface  and  an  equal  number  of 

j,^^  -^t  R  and  W  be  two  equivalent  figures,  having  the  same 

j^l     *^her  of  sides,  of  which  R  is  regtilar  and  W  irregular;  let 

^^^   R'  be  a  regular  figure  similar  to  11,  and  having  a  peri- 

^i^?"^^r  equal  to  that  of  W.     Then  (Prop.  VII.)  R>VV;  but 

^    '^^K,  therefore  R^-R.     But  R'  and  R  are  similar;  conse- 

^•itly,  perimeter  of  K^perim.  R,  while  perim,  R=^perifn. 

by  hypothesis.     Hence  y^erim.  \S^perim.  R. 

PROPOSITION  IZ.      THEOREM. 

surfaces  of  polygons  ciratmscribed  about  the  aame  9t 
9jiial  circles^  are  respectivefy  as  their  perimeters. 
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Let  the  polygon  ABCD  be  circumscribed 
about  the  circle  EFGH,  and   let  this  poly- 

§on  be  divided  into  triandes,  bv  lines 
rawn  from  its  several  angles  to  the  cen- 
tre O  of  the  circle,  and  draw  the  several 
radii  OE,  OF,  OG,OH,  perpendicular  lo  the 
sides  of  the  polygon  respectively  ;  and  the 
triangles  Ibimed  on  those  sides  ns  bases  will  all  have  equal  al- 
titudes, equal  to  the  radii  of  tlie  circle;  since  those  sidea 
are  all  tangents  of  the  circumference,  the  area  of  each 
triangle  AHO,  BOO.  is  equal  to  its  base  AU,  B(J,  mnliiplied 
by  half  the  radius  OK  or  OF.  Hence  the  area  ot  the  whole 
polyL^on  Al>cr)  is  equal  to  ihe  product  of  the  whole  perime- 
ter AB,  HC.  CD,  DA,  of  the  polygon  multiplied  by  half  the 
radius  of  the  inscribed  circle. 

Hut  the  area  of  the  circle  is  equal  to  the  product  of  the 
circumference  multiplied  by  half  the  radius  (Prop.  IX.  Cor.  3. 
B.  V.)  Therefore  the  area  of  the  circle  is  to  that  of  the 
polygon,  as  thecirctimference  of  the  former  to  the  perimeter 
of  the  latter. 

Now  let  P  and  F  be  any  two  polygons  circumscribing  m 
circle  C  ;  then  by  the  foregoing  we  have 

area  C  :  area  P:  icirctim,  C  :  perim,  P, 
area  C  ;  area  V:  icircum.  C  :  perim,  F'. 

But  since  the  antecedents  of  both  these  proportions  are  alike^  ^ 
the  consequents  are  proportional  (Prop.  XIX.  B.  I.),  that  is, 

area  P  :  area  P':  i perim.  P  :  perim.  P. 

Cor.  1.  Each  of  the  triangular  portions  ABO,  of  a  polygon 
circumscribinof  a  circle,  is  to  the  corresponding  circular  sec- 
tor, as  the  side  AB  of  the  polygon  to  the  arc  of  the  circle 
included  between  AO,  BO. 

Cor.  2.  Every  circular  arc  is  greater  than  its  chord,  and 
less  than  the  sum  of  the  tangents  drawn  from  its  extremitiea 
and  produced  till  they  meet. 

The  first  part  of  this  corollary  is  evident,  because  a  right 
line  is  the  shortest  distance  between  two  given  points.  Ihe 
second  part  follows  at  once  from  this  proposition  ;  for  EA-f- 
AH  being  to  the  arc  EIH,  as  the  quadrangle  AEOH  to  the 
eircular  sector  HIEO ;  and  the  quadrangle  being  greater  than 
the  sector,  because  it  contains  it;  it  follows  that  EA-f-AH 
is  greater  than  the  arc  EIH. 
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Cor.  3.  Hence  also,  any  tangent  EA  Is  greater  than  its 
corresponding  arc  EI. 

PROrOSITlON   X.      TREOREM. 

If  a  circle  and  a  polygon^  circtim.^crtbabFe  about  another  rir* 
c/e,  are  isoperimeters,  the  area  of  the  circle  is  a  geometrical 
mean  between  that  polygon  and  a  similar  polygon  circum-' 
scribed  about  that  circle. 

IiCt  C  be  a  circle,  P  a  polysron  isoperimetrical  to  that  circle 
and  circiimscribable  about  some  other  circle  G;  and  F' a 
limilar  polygo!!  circiimscribable  about  the  circle  C  ;  it  is  af- 
firmed that  P  :  C::C  :  P'. 

For  P  :  I^: zptrim^  Piiperim*  F': icircum.}  C  :  perim.*  F, 
(Prop.  Xin.   B.  V.)     But  (Prop.   IX.)  F  :  C  liperim.  F  : 
eirc.  C::perim*  P'  :  perim.  V^Xcirc.  C. 

Therefore  P  :  C  : :  circ*  C  :  perim.  Pxcirc.  C  : :  circ.  C  : 
perim.F::C  :F 

PROPOSITION   XI.      THEOREM. 

If  the  area  of  a  circle  is  equivalent  to  that  of  a  poh/sron  cir^ 
cuniscrib'jble  about  another  circle^  the  perimeter  of  that 
polysron  is  a  mean  proportional  between  the  rirn/mferenre 
of  the  first  ci.  c'e  and  the  perimeter  of  a  similar  polygon 
circumscribed  about  it. 

Let  C=P,  and  let  F  be  circumscribed  about  C,  and  simi- 
lar to  P:  then  it  is  affirmed  that  circ.  C  :  per.  P: :  per.  P  : 
Ft  ' 

For     circ.  C  :  per.  F:  :C  :  F':  :P  :  P':  iper.^  P  :  p^r.^P. 

Also    per.  P'  :  per.  1?::per.^  F  :  per.  Pxper.  F. 
Therefore  circ.  C  :  per.  P:  iper.*  P  ;  per.  PXper.  F':  iper.P 
:  per.  F. 

PROPOSITION   XII.      THEOREM. 

7%e  circle  is  greater  than  any  rectilinear  figure  of  the  same 
f perimeter  ;  and  it  his  a  less  perimeter  than  any  rectilinear 
figvre  of  an  equivalent  area. 

For  in  the  proportion  P  :  CrrC  :  F  (Prop.  X),  since  C> 
I',  therefore  1  <;C. 

And   in  the   proportion  circ.  C  :  per.  P  ::  pej-.  P  :  per.  F' 
(Prop.  XI.),  or  aire.  C  :  per.  F:  :circ.*  C  :  per.*  P, 

circ,  C<^p€r.  F'; 
tbereforei  eire.  C<oer.*  P,  or  circ.  C<Cver.  P. 

U 
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Cor,  1.  It  follows  at  once  from  this  and  the  two  prerecffngt 
propositions,  that  rectilinear  fiiaires,  which  are  iso|)erimeter9 
^nd  each  circumscribabie  about  a  circle,  are  respectively  in 
the  inverse  ratio  of  the  perimeters,  or  of  the  surfaces,  of 
figures  similar  to  them,  and  both  circumscribed  about  one 
and  the  same  circle.  And  that  the  perimeters  of  equivalent 
rectilineal  figures,  each  circumscribabie  about  a  circle,  9rer 
respectively  m  the  subduplicate  ratio  of  the  perimeters,  orof 
the  areas  of  figures  similar  to  them,  and  both  ciicumscribed 
about  one  and  the  same  circle. 

Cor,  Therefore  the  comparison  of  the  perimeters  of  regu- 
lar figures,  having  a  diflerent  number  of  sides,  and  that  of 
the  areas  of  regular  isoperimctrical  fieures,  is  reduced  to  the 
comparison  of  the  perimeters,  or  of  the  areas  of  regular 
figures  respectively  similar  to  them  arid  circumscribabie  about 
one  and  the  same  circle. 


NOT  E  S. 


^GioMBTBY,  in  its  most  extended  application,  is  not  only  appliet 
Ho  the  m«!a8urement  and  comparison  of  magnitudes,  but  also  lo  de- 
Pennine  their  local  relations  in  reference  to  each  other,  or  to  other 
objects  ;  I  have  therefore  defined  it  to  be  the  science  which  treats 
of  the  cfimparisoo  and  measurement  of  magnitude  and  the  rela- 
tions of  locality. 

Geometry  admits  ef  two  general  divisions,  plane  and  soltd.  By 
the  former,  we  investigate  the  relations  and  properties  of  lines,  an« 
gifsand  figures,  which  lie  in  the  same  plane;  ty  the  latter,  those 
of  ^lids,  lines  and  surfaces,  which  lie  in  different  planes. 

The  science  is  also,  by  authors,  divided  into  elementary  and 
higher  geometry.  Eltmruiary  geomttry  treats  of  right  lines,  cir- 
cles, solids  bounded  by  plane  surfaces,  and  solids  formed  by  ihe 
revolution  of  right  lined  figures  and  of  the  circle,  including  the 
C)li  ider,  cone,  polyiedroid  and  sphere. 

Higher  gtowetry  treats  of  the  properties  of  spherical  triangles, 
conic  sections  and  other  curves,  as  well  as  the  solids  enclosed  by 
surfaces  bounded  by  ^'uc'h  curves. 

The  author  has  thought  it  expedient  to  deviate  from  most  others 
who  have  written  on  this  subject,  in  the  arrangement ;  especially 
in  that  of  the  book  on  prnportions,  which   is   made  the  first  book  ; 
but  in  Euclid,  it  is  the  fifth,  and  also  in  Young';«;  and  in  most 
authors,  it  is  made  to  follow  in  a  more  or  less  advanced  position  in 
the  work.     Legenrlre,  in  leed,  chose  to  leive  otit  this  subject  alto- 
gether, reerring  hi&  reiders  to  the  subject  as  embraced  in  the  com- 
mon treatises  on  arithmetic  and  algebra;  supposing  the  student  to 
possess  some  knowledge  of  these  sub  ects,  before  entering  on  the 
study  of  geometry.     But  however  well  the  student  may  be  versed 
in  these  sciences,  there  seems  lo  be  a  necessity  that  the  doctrine  of 
the  application  of  numbers  to  masrnitudes,  and  of  ratios  and  pro- 
portio!)s,  should  be  investigated  m  a  more  rigorous  manfler  than  is 
usually  done  in  works  of  that  kind,  before  hjing  made  the  founda- 
tions for  geometrical  reasoning ;  and  as  the  student  progresses  in 
the  application  of  the  principles  therein  contained,   he   finds  fre- 
quent necessity  to  refer  to  the  premises,  as  well  as  to  the  deduc- 
tions on  that  subject.     Hence,  the  doctrine  of  proportion   being  of 
general  application  to  all  kinds  of  magnitudes,  as  well  as  numbers, 
and  quantities  of  all  kinds,  should  have  a  place  in  works  on  ele- 
mentary geometry. 

One  principal  reason,  that  proportion  is  made  to  precede  the  oth* 
er  parts  of  the  work,  is,  that  this,  being  not  so  purely  geometrical, 
should  not  tntenupt  the  consecutive  order  of  that  which  is  more 
Mrktlj  ao;  bat  if,  in  teaching  this  science,  it  is  thought  expedient* 
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the  student  may  be  allowed  to  commrnce  on  the  second  book,  j» 
recur  to  this  afterward,  as  he  will  have  no  occoision  for  the  appliii 
tion  o*'  the  principU'S  of  the  first  hook,  till  he  arrives  at  ihe  four- 
It  has  been  regarded  as  ei^senlial,  that  the  subject  of  proporlij 
as  applied  lo  magnitudes,  should  be  preceded  by  a  general  appli- 
iion  of  numb?r  to  fnagiiiiudes  ;  since  the  mode  of  treating  thes:- 
ject  requires  that  the  inagniuides  should  be  expressed  in  nuinl 
or  symbols  repnseniing  number. 

A  definition  of  Number  is  adoptel  whicb  is  believed   lo  be* 
acordance  with  the   more  correct  definitions  usually  given, 
perhaps  at  the  same  lime  of  more  genernl  application. 

The  definition  of  Rafioy  as  given  by  Euclid,  has  been  recarc3^< 
by  Simpson,  Phyfair  and  others,  as  more  of  a  metaphysical  tha 
a  mathematical  definition.  Dr.  Simpson,  indeed,  thinks  that  th 
definition  in  Euclid  was  added  by  some  unskilful  editor.  The  d< 
finition  there  given  is:  Ratio  is  the  mutual  relation  of  two  niasTi^ 
tildes  of  the  same  ki?td  to  each  other  in  rfspttt  of  quayitity.  Bi 
Playfair  remarks,  there  is  no  reason  to  suppose  it  lo  have  been  adc 
ed  by  others,  than  what  arii^es  from  the  definition  being  of  n 
mathematical  use  ;  supposing  at  the  same  lime,  that  a  certain  ide 
of  order  and  method  induced  Euclid  to  give  some  geieral  defini 
lion  of  ratio,  before  he  used  the  term  in  the  definition  of  equal  ra 
lios. 

Euclid's  definition  is  given  in  the  text,  with  such  explanatio 
and  qualification  as  renders  it  definite  and  gives  it  mathematics 
accurary. 

In  the  illustration   to  the  definition   the  ratio  of  A  and  B  is  sa* 

to  be  g.      It  will  be  observed  that  subsequently,  when  comparin 

quantities  with  each  other  in  this  book,  the  consequent  has  be^ 
made  the  numerator,  and  the  antfcedf.nt  ihe  denominator;  but  lb' 
has  no  other  eflfect  but  to  invert  the  order  of  the  ratio ;  the  reas^' 
ing  founded  on  the  application  of  the  principles,  not  being  afiect^ 
thereby. 

INCOMMENSURBLE    QUANTITIES. 

When  magnitudes  are  compared  with  magnitudes,  or  numb^ 
with  numbers,  according  lo  S(mie  jrencral  order  or  law,  by  which  V 
express  certain  other  magnitudes  or  numbers,  having  certain  rel 
tions  to  the  former,  it  is  found  impracticable  under  certain  con^ 
tions  to  develope  or  express  in  definite  terms,  the  magnitudes  * 
numbers  having  such  relations;  which  under  such  circumstarir"* 
are  called  incommensurable  magnitudes  or  quantities.  But  sin^ 
the  law  of  their  development  is  always  manifest,  and  since  tfc 
magnitudes  or  quantities  are  always  some  known  function  of  c^' 
tain  others  which  are  or  may  be  known,  they  may  by  means  ^ 
iiuch  functions  be  expressed  ;  and  hence,  under  such  expre«iio0 
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ftayl)e  rendered  as  definite,  as  if  capable  of  being  developed  in 
terms  indt*penilent  of  such  function. 

Thercfitre   any  niagniiuJes,  whether  commen^iirahle  or  incom- 

men.-'urible,  may  bi*  c(MH|)ared  with  each  other,  through  the  medium 

fiMenii?,  or  functions  under  \vh»«h  they  are  expressed  ;  and  »io  eni- 

^irri>stneni  will  arise,  in  the  applicutiou  of  r.tiio  and  proportion  to 

T.:i<rMitudos.  undei    any  conditions,  or   haviiig  any  relation  to  enrh 

oilie*".  wheih.-r  «*onnnensurable  with   each  other  or  nut ;  provided 

Only  that  they  are  so  fnr  of  >uch  nature   that  they  ran  properly  be 

/rja«Jeihe  >uhject  of  compari>on  witli  each  other.     Thus,  li::esnjoy 

^^    lompa  el  v  iih  lines,  surfaces  v.  ith    surfaces,  solids  with  solids; 

^tit  a  line  cannot   properly  be  compared  wiih  a  surface  or  a  solid* 

•  •ihou^h  the  number  representing  the  line  may  b^  compared  wiJi 

the*  numle:  representing  the  surface  or  the   solid,  and  iis  ratio  ob- 

^'i  ■  ned   in    reference   to  those  numbers;  but  in  app'yiug  ratios  lo 

iri£x  nQimJe.s,  those  magnitudes  must  be  of  the  same  kind. 
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TTavinc  p^'eeiously  defined  the  term  Geometry  in  the  first  book, 
i^  only  remains  for  us  to  give  here  the  definitions  of  the  various 
»*-■  \)jTts  on  which  it  treats. 

JExtejinit.n  is  considered  the  principal  subject,  and  Magnitude  is 
^*^  ^  re.<ult  of  extension. 

The  definition  of  Geometry  by  Euclid  is,  that   it  is  the  science 
^^~  Viich  ha6  for  its  object  the  measurement  of  magnitude. 

Lei'endre  defines  it  to  be  the  science  which  has  for  its  object  the 
***^nsuremenl  of  extension. 

N'ow,  both  of  these  definitions  1  consider  faulty  :  the  first,  that 
*  ^  i*  ni.i  sufficiently  rreneral,  and  the  second  has  the  same  fault  in 
'*'  _  ''Tiuin  degree;  besides  the  term  extension  being  more  indefi- 
*^  ■  ^e  as  commonly  used,  especially  when  spoken  of  in  re'erence  to 
*-^^'oor  ih;e?  dimensions. 

The  definition  of  apoiw/  might  perhaps  not  appear  difllcult;  but 

'^^  definition,  ihat  has  yet  appeared,  i.s   perfectly  free   from  ohjec- 

*  ^n.     Euclid  defined  it  to  he,  that  which  has  no  parts  or  which  has 

*^  9na^nitudr,     It  was  objected  to  this  definition,  that  it  contained 

^^y  Q  negative;  and  Playfair  pave  as  a  definition,  that  which  has 

^^ition  but  not  mas;nitiidr.     This  definition    has  received  consid- 

»i^ble   favor  and  been  adopted  by  many  others,  among  whom  is 

^^•^Uon.     But  it  may  be  objected  to  this  definition,  that  it  implies 

■^hodiment  or  substance,  by  the  use  of  the  demonsiraMve  pronoun, 

■though  it  is  afterwards  so  qualified  as  to  divest  it  of  this  quality  ; 

^  J*    to  the  ortlinnry  apprehension  there  would  appear  a  degree  of 

^^''urdity  in  the  expression.     For  an  illustration,  let  it  be  written 

^^^•«  that  ai  point  ia  that  thing  which  has  position  but  not  magni- 

^^     Now,  tho  idoft  of  a  thing  potsessing  no  jnagnitude  is  a  ma^. 
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ifest  absurdity,  and  the  idea  conveyed  by  the  first  part  of  the  deC* 
nition,  viz  :  that  which  has  position,  gives  us  an  idea  of  embodi* 

merit,  und  consequently  of  magnitude. 

Legendre*^  definition  is  perhaps  still  more  faulty;  he  says  fhe 
extremities  of  a  line  are  points  ;  a  poiht  therefor*  has  no  extettsUm. 
Here,  it  will  be  observed   that  he  has  not  told  us  what  a  point  is. 
It  is  true,  he  has  tcijd   us  the  extreinitif  s  of  a  line  are  points,  and 
therefore  a  point  has  n««  extension ;  he  has  given  us  a  particular 
case  uf  a  point,  and  forced  a  conclusion  upon  us  from  this  particu- 
lar case  ;  and   this  conclusion,  if  examined,  will  be  found  to  need 
proof,  for  the  idea  that  is  associated  with  the  expression,  the  eX' 
tfemfirs  of  a  line,  is  very  naturally  that  the  extremity  is  a  portion 
of  that  line,  and  since  the  line  is  extension  in  one  direction,  then 
the  ex  reiiiiiy  or  point  might  be  supposed   to  be  a  portion  of  that 
extension.     So  we  might  say  the  vertex  of  an  angle  is  a  point,  and 
one  might  infer,  with  the  same  reasons,  that  a  point  therefore  pos- 
sesses no  extension :  but  we  might  in  this  case  be  called  upon  to 
prove  that  a  point  did   not  possess  extension   in   two  dimensions, 
which  might  perhaps  be  somewhat  difficult  to  do,  to  perfect  satis- 
faction, from  this  definition. 

The  definition  adopted  in  the  text,  it  is  believed,  is  not  liable  to 
any  of  the  objei lions  urired  agiinsi  those  mentionod  above.  It  is 
at  once  definite  and  explicit,  without  any  necessary  idea  of  embodi- 
ment, and  the  qualification  is  in  perfect  harmony  with  the  affirma- 
tion. 

After  the  definition  of  a  point,  a  line  is  easily  defined ;  it  bein£^ 
the  extension  of  a  point  or  the  extension  of  locali'y  in  one  dimen- 
sion :  but  it  IS  much  more  diHi.'iiit  and  inelegant  to  attempt  to  de- 
fine a  point  from  the  proper  ies  c)f  a  li.ie,  as  is  done  by  Legendre. 

I  have  in  the  text  generally  adopif^d  the  term  right  line,  in  pre- 
ference to  that  of  straight  lifw,  us  being  more  in  accordance  with 
the  analysis  of  other  terms  used  in  the  scifnre.  Thus  we  have 
the  term  rectUin  al;  if  this  is  used,  there  would  seem  to  be  a  ne- 
cessity that  t  e  simple  words  from  which  this  is  compounded  should 
be  used  and  defined.  I  have,  however,  in  the  subsequent  parts  of 
the  work,  used  promiscuously  the  terms  right  or  strnght,  synony- 
mou<!ly  ;  by  the  use  of  which  in  ihnl  way,  the  student  will  natu- 
rally acquire  the  idei  of  their  perfect synonomy. 

In  definition  6,  it  is  observed  that  the  motion  of  a  point  gene* 
rates  a  line.  It  is  freqnentiv  ol jjcted,  that  motion  should  not  be 
made  the  subject  of  geometrical  science.  To  this  it  may  be  ob- 
served, that  this  is  not  a  definition  of  what  a  line  is,  nor  necessa- 
rily any  part  of  surh  definition.  It  is  only  an  illustration,  and 
perhaps  as  obvious  an  illustration  as  can  be  produced.  It  is  there* 
fore  thought  to  involve  no  impropriety,  as  here  used. 

DEFINITION  XYII. 

The  definition  ef  parmllel  lines,  as  asually  given,  involvM  wa 
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iire  80  indefinite  and  vague,  that  it  seems  one  should  he  soui^ht 
more  ?ricily  in  accordance  with  mathematical  aocunu'v  and  preci- 
sion; one  that  will  at  once  convey  a  definite  idea,  without  cun- 
duriinir  the  mind  into  the  mazes  of  infinity. 

Piayfair's  definition  i?  this  :  parallel  lines  are  such  as  are  in  the 
same  plane,  and  which,  bein&:  produced  ever  so  far  both  ways,  do 
Dot  meet.     Legendre's  definition  is  nearly  similar. 

What,  I  would  ask,  can  convey  a  more  confused  and  indefinite 
idea  than  this  ?  The  student,  before  he  has  fairly  acquired  a  cor- 
rect notion  of  right  lines,  is  compelled  to  delineate  in  his  mind  aa 
abstraction,  which  involves  much  consideration  even  in  those  that 
are  more  experienced  in  the  suhjeci 

A  d  what-  I  would  a>k.  is  defined  by  this?  Is  the  cond?tion  or 
mutual  relation  of  the  lines  under  consideration  rendered  definite 
eren  to  the  more  advanced  student  ? 

It  requires  a  degree  of  menttl  investiqfation,  to  deduce  from  this 
definition  the  conditions  of  the  lines  before  us;  by  saying  that 
their  indefinite  extension  should  never  meet. 

And  their  conditions  are  only  made  known  as  a  corollary  o^  the* 
XXXIVth  Proposition  in  Playfnir*s  Euclid,  and  they  are  made  the 
fubject  of  the  XXVth  Proposition  in  Legendre,  viz:  ih^i parai/el 
Hues  ar*:  equidulant  frovi  tack  other  in  all  their  parts.  This  I 
have  made  the  definition  of  parallel  lines  in  the  text.  Hutton,  in- 
deed, gives  the  same  definition,  but  coupled  with  the  condition  that 
they  never  meet,  though  ever  so  far  produced  This  condition  I 
conceive  to  be  wholly  unnecessary  in  the  definition,  and  highly 
ifliproper,  since  it  is  susceptible  of  proof  from  the  premises,  and 
not  necessarily  connected  w^ith  the  definition  ;  and  therefore  should 
be  made  the  subject  of  a  rigorous  demonstration,  a  course  which 
is  pursued  in  this  work,  and  makes  the  subject  of  a  scholium  to 
Proposition  XX.  B.  11. 

The  definition  given  in  the  text  has  frequently  been  given  by 
others,  by  Boswick,  and  Simpsons  in  the  first  edition  of  his  ele- 
ments made  use  of  the  same.  Much  fault,  however,  has  been 
found  by  authors  with  this  definition. 

Playfair  remarks  concerning  it,  that  "  it  contains  an  axiom,  and 
takes  for  granted  a  property  of  straight  lines  that  ought  either  to 
be  laid  down  as  self-evident,  or  demonstrated,  if  possible,  as  a  theo-^ 
rem.  Thus  if,"  says  he,  •'  from  the 
three  points  d,  e,f,  in  the  straight  line 
CD,  perpendiculars  da,  eb,  fc,  be 
drawn,  all  equal  to  one  another,  it  is 
implied  in  the  definition  that  the 
points  0,  h  and  c,  are  all  in  the  same 
straight  line  ;  which,  though  it  be  true,  it  was  not  the  business  of 
the  definition  to  inform  us  of.  Two  perpendiculars,"  he  observes, 
**  ta  da,  fc,  are  alone  sufiicient  to  determine  the  position  of  the 
stiaigbt  line  AB,  and  therefore  the  definition  ought  to  be,  that  two 
MUmgbi  lines  are  parallel  when  there  are  two  points  in  the  one* 
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from  which  the  perppndiculars  drawn  to  the  other  are  equal,  «TmJ 

on  the  same  side  of  ii." 

To  all  this  1  would  answer,  that  in  giving  n  dellnilinn  of  liner 
havini*  certain  relation  to  other  lines,  we  should  give  siirh  defii^i* 
lions  as  will  deiiniiely  nnd  most  obviously  express  those  re]atiff»nsi 
and  if  possihle,  in  terms  and  under  such  conditions,  that  the  ntit^d 
will  readily  yield  its  assent;  and  then  every  property  which  i»  ncit 
neres>ariiy  included  in  the  definition  should  be  made  the  subject 
of  a  theorem. 

Now,  what   more  definitely  expresses  the  relation   of  pamllel 
lines,  than   to  say  thev  are  eqtiidisirtnt  in  all  their  parts?     The 
niind  readily  yields  assent  to   the  conditions  of  that  relation  thtjts 
expressed,  and   it   is   this  definite  relation  that  we  wifh  to  define. 
How,  I  ask,  could  we  know  a  priori,  or  without  analxzlng  the  sul-- 
jert,  thai  ri^^hi  lines,  which  are  equidistant  in  two  points,  are  ecjui- 
distant  in  all  iheir  parts  ?     Hen«e.  wliat  wonid    be   ihp   id*?a  con- 
veyed to  the  mind  by  sayinff,  parallel  lines  are  those  that,  iyinc'  ^^ 
the  s:ime  plane,  are  equidistant  in  two  points?     The  nature    o^ 
meaning  of  parallel   lines  would   not  thereby  be  expressed.     It,  is 
true  that,  by  leasoningon  I'le  subject,  we  might  ultimately  roraeto 
a  correct  conr-lusion   in   relation   to  iheir  properties  or  relatione  W" 
each  other,  but  definitions  should  be  at  once  explicit  and  exp«"*^ 
plainly  the  ideas  meant  to  be  conveyed.     In  order  to  divest   th»s 
definition  of  every  degree   of  impropriety,  I   have   subsequei*   "Y* 
viz  :  in  the  XXth  Propc  sition,  demonstrated,  that  ris^kt  lint-sw^^^^ 
lie  in  the  same  plant:  and  are  equidistant  in  two  points,  are  equr  ^*^' 
tant  in  nil  their  poi7ifs,  and  hencf  arc  paralleL  according  to  de^^**'*. 
lion.     After  once  demonstrating  this,  it  is  sufficient,  in  speakin^^.®* 
any  two  right  lines,  lo  say  they  are  parallel,  if  ihey  are  equi  ^■l**' 
tant  in  two  [loinls  and  lie  in  the  same  plane. 

In  the  sei'ond  part  of  this  work,  it  will  be  demonstrated,  that  if     '^^?' 
lines  cannot  be  included  in  the  same  plane,  they  cannot  be  paraf      '^'' 
I  would  here  suggest  another  definition  for  parallel  lines,  viz:  F^  '^J' 
alhl  rirrht  Ihifsare  such  as  lie  in  the  same  direction  and  are  not        *"* 
dined  tow*ard  each  other.     This  perhaps  would  express  the  projj^  *•  -» 
ties  of  such  lines,  in   such   manner  as  to  convey  a  distinct  idea- 
their  relations  without  assuming  anything   in  relation  to  the  P  £^ 

perties  of  such   lin^s  that  needs  to  he  proved,  since  nothinflf  is 
firmed  of  the  lines  but  their  position  in  reference  to  each  other. 

A  new  dofiniiion  is  given   in  the  article  Geometry,  in  the  Em 
chrpcedia  Metropolitaua,  which   is  this  :  Parallel   lines  are  ihos 
in  which   any  point  being  taken  in  the  one,  and  any  point  beii 
taken  in  the  other,  the  perpendicular  distance  of  these  points  fro3 
the  other  line  shall  be  equal  to  each  other. 

Whatever  may  be  the  definition  employed,  much  difficulty  is  n( 
cessarily  experienced  at  all  times,  in  discussing  the  subject  of  pai^ 
allel  lines,  and   deducing  the  properties  dependent  thereon   in 
etrictly  rigorous  manner;     Ft  is  unnecessary  to  extend  our  remark! 
farther  on  this  subject     Those  who  wish  to  pursue  it,  may 
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Icious  remarks  in  Notes  to  Plavfair's  Euclirl,  Young's 
and  Thompson's  Abridgment  of  Legend  re's  Geometry. 

rRorosiTioN  xxv. 

demonsilRlon  we  have  conceived  the  production  of  a 
generated  hy  the  motion  of  a  point,  according  to  the  ilhis- 
our  definition  of  a  right  line.  Now,  if  it  be  objcclcd  to 
:count,  it  may  be  observed  that  the  production  of  a  line 
y  ^upposes  motion  in  that  production  ;  and  therefore  th^re 

impropriety,  when  speaking  of  the  production  of  a  lino, 
\g  of  the  means  of  that  production  also. 


BOOK  III. 

bjects  mostly  disLMissed  in  this  book  are  the  circle  and  the 
iPiit  of  angles.  It  may  be  observed,  thai  antjles  have  no 
)  the  lines  bv  which  thev  are  subtended,  and  that  an  an- 

1  no  case  be  comparetl  with  a  rifrht  li»ie  ;  but  since  (Prop. 
he  angles  are  always  proportional  to  the  arcs  of  circk's 
about  their  vertices  as  centres,  the  arcs  of  circles  so  de- 
icludcd  between  any  two  lines  forming  an  ani^le,  may  be 
as  the  measure  of  such  angle;  and  if  the  circumference 
i  is  divided  into  number  of  equal  parts,  one  of  which  is 
IS  a  unit,  the  number  of  such  parts  or  units  intercepted 
o  lines  forming  an  angle  in   the  centre  of  such  ciicle, 

2  measure  of  such  angle. 

PROPOSITIONS    XXIII   AND   XXIV. 

5e  propositionr  we  may  obtain   data  of  importance  in  tri- 

V  ;  and  as  a  corollary  to  the  XXIlId.  we  are  enabled  to 
the  same  result  that  is  obtained  by  Prop.  VIII.  B.  VI, 
Euclid.     But  not  yet  havi-ji^  treated  of  similar  figures, 

c  the  application  n(  this   principle  till  we  treat  of  similar 

>rlional  ligures  in  Book  IV. 


BOOK  IV. 

ibjecf  of  the  proportionality  of  the  sides  of  similar  figures, 
lade  to  precede  iho  celebrated  pioposilion  relating  to  the 
(IcsiTibed  on  the  three  sides  of  a  richl  antjled  triangle; 
neans  of  the  corollary  to  Proposition  XXIII.  B.  HI.,  we 
•led  10   deduce   from    the   demonstration   of    Proposition 
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XVII.   several  corollaries,  one  of  which  is  made  ihe  tabj 
Prop.  VIIL  B.  VI.  Euclid,  before  referred  to. 

And  by  means  of  adopting  this  order  in  the  arrangemei 
are  enabled  to  bring  the  subject  of  similar  and  proportional  C 
into  the  properties  of  the  right  angled  triangliMfcand  thereby 
new  demonstration  of  that  proposition,  in  reference  to  the  p 
tionality  of  the  sides  of  siniiFar:  triangles*  we  are  enabled  i 
most  direct  and  satisfactory  manner  peossibTe,  to  show  in  llie 
laries,  that  the  areas  of  all  simifar  reclifinear  fiijures  are  tf 
other  as  the  squares  described  on  their  homologous  sides.  1 
in  Euclid,  Lcgendre,  and  oilier  authors,  are  made  the  subjc 
several  propositions,  but  by  means  of  the  second  mode  of  d\ 
stration  in  the  XXIVlh  Proposition,  the  whole  subject  is  ren 
much  more  satisfactory,  and  the  results  are  more  beautiful! 
taincd. 

PROPOSITION  ixv. 

Is  a  generalization  of  the  XXIVth.  This  is  said  to  have 
first  domenstraled  by  young  Clairault  when  at  the  age  of  16*; 
The  demonstration  here  is  somewhat  altered  from  the  origin? 

Several  curious  propositions  follow  toward  the  close  o 
book,  some  of  which  are  wholly  original,  and  some  are  taker 
other  sources ;  but  generally  with  alteration  so  as  to  make 
correspond  with  the  style  of  this  work.  Many  of  these  pr< 
tions  are  not  generally  found  in  elementary  works. 

To  this  book,  the  following  proposition  might  be  added  : 

If  from  the  three  vertices  o}  a  triangle  perpendicidars  he  dra 
the  opposite  sides,  they  will  interspct  each  other  in  the  same  j 
and  the  rectangle  of  the  parts  will  be  the  same  in  each. 

If  in  the  triangle  ABC,  perpendiculars 
BD,  CE  and  AG,  be  drawn  from  the  verti- 
ces B,  C  and  A,  to  the  opposite  sides,  they 
will  all  intersect  each  other  in  some  point 
F,  such  that  the  rectangle  of  the  paits  of 
each  perpendicu-Iar,  viz :  BF.FD=CF.FE 
=AF.FG. 

Draw  DE  ;  then  in  the  quadrilateral 
AEFI),  since  the  opposite  angles  AEF, 
ADF,  are  equal  to  two  right  angles,  a  circle  may  be  described 
it  (Prop,  XI A.  Cor.  B.  III.)  Also,  since  the  angles  BEG, 
are  right  angles,  their  opposite  sides,  viz  :  BC,  which  is  cor 
to  both,  will  be  the  diameter  of  the  semicircle  BEDC  whic 
cumscribes  both  triangles.  Now  the  nngles  BCE,  BDE,  su 
the  same  arc  BE,  and  hence  are  equal ;  but  the  angles  FDE,  1 
which  are  subtended  by  the  arc  EF,  are  also  equal ;  hence  th 
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^leBCE  is  equal  to  the  angle  BAG;  and  since  the  lrian'^r|es 
iJCE.  BAG,  have  a  common  angle  B,  it  follows  that  the  third  an- 
Lj-|es  BEC,  BAG,  are  also  equal. 

AijJ  in  a  similar  manner  it  may  be  shown  that  tlic  an^lc  CBD 


=llii;  angle  GAG,  and  heiicc  each  of  th(^  angles  of  the  triangle 
<JRare  equal  and  similar  to  the  anq^los  of  the  triangle  ACG 
AnJ  (Prop.  XXXV.  Cor.B.  IV.)  BF.FD=CF.FE  ;  also  since 
1. 1 1  ^»  irianjrics  CFG,  APE,  are  similar,  CF  :  FG;:AF  :  FE;  there- 
^     xe  CF.FE=AF.FG.     Consequently. 

BF.FD=CF.FE=AF.FG. 


INCOMMENSURABLE    MAGNITUDES. 


From  the  known  properties  of  certain  figures,  it  is  discovered 
^  h  ni  certain  lines  are  incommensurable  with  certain  other  lines 
^  Tiwij  in  the  same  figure,  which  may  be  shown  from  the  following 


5>r 
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The  diagonal  of  a  square  is  incommeiisurahle  icith  its  side. 


»5& 


In  any  square  ABCD,  the  diagonal  AC 

incommensurable  with  its  side  AB. 

From  the  angle  C  as  a  centre,  with  the 

»,^fJius  CB,  describe   the  semicircle  FBE. 

"•^lien  since  the  angle  CBA  is  a  riijht  an- 

^*«,  AB  is  a  lancrenl  to  the  <-. i re u inference, 

'^  •  4d  (Prop.  XXXVII.  B.  IV.)  AE  :  AB: : 

"^  B  :  AF.and  hence  (Prop.  XXV.  B.  1.) 

"^^  £,   AB,  are  incommensurable  ;  conse- 

5i  ■  lently  AC,  AB,  are  also  incommensura- 

'  ^.  for  if  these  had  a  common  measure,  the  same  would  also 
\*^  ^asure  their  sum  AE  (Prop.  I.  B.  I.),  which  has  been  proved  to 
-■■^^  incommensurable  with  AB.  Hence  the  diagonal  of  a  square  is 
*•  •"*  commensurable  with  its  side. 

Scholium.  Although  the  line  AC  cannot  be  accurately  developed 

^  "^    the  same  series  of  numbers,  or  any  multiple  or   submuliiple 

*  *  oreof,  vet  it  is  evident  that  its  value  is  definite  and  may  be  defi- 

^  •  xely  expressed  in  view  of  its  known  relation  to  those  other  quan- 

^  i  ties, viz:  by  V(AB'+BC^),  or  V^AB. 

The  foregoing  preposition  as  well  as  the  XXVth  proposition  B. 
^  -  ,  were  first  given  in  this  form  by  Young.  Legendre  has  the 
"^^Exme,  but  under  a  different  form. 

The  variety  of  problems  introduced  at  the  close  of  this  book 
^inables  the  student  to  apply  the  print:iples  in  such  a  manner,  as  to 
6',ivetheui  much  practical  utility.     That  part  relating  to  the  divi- 
sion of  surfaces  is  much  more  copious  than  is  generally  found  in 
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works  of  this  kind.  Most  of  these  problemd  have  been  taken  pr« 
miscuousiy  from  L^gcndrcs  Young  and  Euclid.  Some,  howevc 
have  been  uddcd. 


BOOK  V. 

By  means  of  circumscribed  and  inscribed  polygons,  which's 
treated  of  in  thi.-!*  book,  we  are  enabled  by  a  proces^s  of  reason  i 
somewhat  indirect,  but  not  wholly  unsatisfactory,  to  arrive'al  ini 
of  the  useful  properties  of  the  circle  ;  and  that  perhaps  by  the  or 
means  susceptible  of  bein£>^  introduced  into  an  elementary  work  - 

When  it  is  proposed  that  a  polygon  shall  consist  of  an  ind^Ji^a 
nuviber  of  sides,  it  is  lo  be  under>tood  that  the  number  is  exceedi  i 
ly  great,  unlimited  ;  the  term  indcjinite  is  used  by  malhematici* 
in  the  same  sense  as  infinite.  It  is  evident  that  whatever  may 
atiirmed  of  a  polygon  in  all  its  variations,  from  a  Innited  numbei 
sides  to  an  indetinite  number,  the  conditions  remaining  the  sa  r* 
may  also  be  altirmed  of  the  circle,  to  which  the  polygon  infiniC' 
approaches. 

The  equilateral  triangle  may  be  regarded  as  the  most  siin» 
regular  polygon,  it  beintj:  one  with  the  least  number  of  sides ;  C3 
hence  it  may  be  regarded  as  one  of  the  exlremos,  and  the   ci** 
may  be  regarded  as  the  other  extreme,  and  whatever  is  true  of 
ery  term  from  the  first  lo  the  last,  mu.sl  nlso  be  true  of  the  last-i- 

Some  have  endeavored  to  demonstrate  the  properties  of  the  ^ 
de,  and  its  relation  lo  re».iili:iear  figures,  in  a  more  rigorous  m^ 
ner,  but  when  examined  siriciiy,  their  demonstrations  rest  on  ^ 
same  foundation  as  that  here  u^ed. 

PROPOSITION   XVI. 

This   proposition   might   be  deduced  from   proposition  iv., 
taking  one  circle  from  another,  and  then  reasoning  by  an  algebra 
cal  process  ;  but  it  was  thought   best  that  the  principle  should 
established  geometrically,  njore  particularly  as  it  was  designed  ll* 
this  principle  and  mode  of  demonstration  should  be  applied  to  ol 
♦or  curvilinear  figures  in  the  subsequent  parts  of  the  work. 


BOOK  VI. 


This  book  treft'ts-ef  the  isoperimetry  of  plane  surfaces. 

Isoperimetry,  or  the  science  in  which  it  is  required  to  find  amon 
figures  of  the  same  or  of  different  kinds,  those  which  within  equ 
perimeters  shall  comprehend  the  greatest  surfaces,  has  long  e: 
^oged  the  attention  of  mathematicians.     By  means  of  the  methfl 
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t>f  fluxions  or  the  calculus,  the  snbject  has  been  elegantly  treated^ 
€5pecialiy  the  more  difRcult  questions  relating  to  the  science. 
The  elements  of  the  scicnct^  \v«;re  for  a  time  ne^'lccieJ  in  pursuit 
of   the  most  abstruse  and   intricate  matters  which  the  subject  em- 
br£i.ced.  Simpson  was  the  first  to  restore  the  science  in  its  element- 
ary'' form,  by  publishin<j  iu  a  ^geometrical  work  a  chapter  on  maxi- 
jnsx    and  minima  of  ir(>ornolrical   quantities,  and   some  of  the  most 
si  rri  pie  problems  concerning  isoporimeters.     The  next  who  treated 
l^^  subject  in  an  elementary  manner  was  Simon  Lhuillien  of  Ge- 
ti«s\-a,  in  17S2.     His  principal  object  in  the  publication  of  his  work 
0^"^   ihe  subject  was  to  supply  a  deficiency  in  this  respect,  which  he 
^^Und  in  most  elementary  works,  and   to  determine  with   regard  to 
^ih  the  surfiices  and  solids,  those  which  possessed  the   minimum 
^^  contour  with  the  same  capacity,  and  reciprocally,  the  maximum 
^  rapacity  with  the  same  perimeter. 

M.  Legend  re,  and  also  Huiton,  have  more  recently  considered 
the  suhject,  in  a  manner  ditforent  frotn  either  of  the  former  auth- 
OM.    These  selections  are  made  chiefly  from  the  authors  last  men- 
f/oned,  with  little  variation.     The  subject  mi«>hl  be  farther  extend- 
ed, but  sufficient  is  given  to  enable  the  student  to  apply  the  princi- 
p/ea  as  opportunity  or  necessity  occurs.     The  isoperimelry  of  solids 
4s  reserved  for  its  proper  place  in  conacction  with  the  subject. 


THE  APPLICATION   OF  TUE   FOUEGOING  PRINCIPLES  TO  THE 

MENSURATION  OF  SUPERFICIES. 


Tub  area  or  content  of  a  surface  is  determined  by  finding 
ihow  many  timec^  it  contains  some  otiier  surface  wiiich  is  as- 
sumed as  tlie  unit  of  measure.  Thus,  when  we  say  that  a 
square  yard  contains  \i  square  feet,  we  understand  that  ouo 
square  foot  is  taken  for  tiie  unit  of  measure,  and  that  this 
unit  is  contained  0  times  in  the  square  yard. 

The  most  convenient  unit  of  measure  for  a  surface  is  a 
square  whose  side  is  tlie  linear  imit  in  whicii  the  hnear  di- 
mensions of  tlie  figure  *are  estimated.  Tlius,  if  tlie  linear 
dimensions  are  feet,  it  will  be  most  convenient  to  express 
the  area  in  square  feet ;  if  the  linear  dimensiens  arc  yards, 
it  will  be  most  convenient  to  express  the  area  in  square 
yards,  Xc. 

The  rectangle,  or  product  of  two  lines,  designates  the 
rectangle  coubtrucled  on  these  lines  as  sides;  and  the  numer- 
ical value  of  this  product  expresses  the  number  of  times  the 
rectangle  contains  its  unit  of  measure. 


1.     LINEAL    MEASURE. 
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Vardj 

Fatliom 

Poles,  or 
Perches 

ler's 
Chains. 

Fur- 
longt. 

Mile. 

=   1 

3 

=   1 

6 

2 

—   1 

16  J 

5i 

n 

=   1 

CH 

22 

4  —  1 

ao 
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40 

10 

__    ± 
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1760 

f^^O 

320 

80 

1       8 

=  1 

Besides  the  above,  there  are  the  Barley-corn,  which  equals 
\  of  an  inch  ;  the  Palm==3  inches;  the  Hand=4  inches ;  the 
Span=9  inches:  the  Cubi(=lJ  foot;  the  liCague=3  miles; 
and  60  Geographical,  or  69.111  English  Miles,  =1  Degree. 
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II.  SQUARE  MEASURE. 
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PROHLEM  I. 


To  jindihe  area  of  a  pnralleJntrram^  tcliclher  it  is  n  square^  a 
rectangle^  or  an  ohliqjtte  angled  rhomboid. 

Rule. — Multinly  the  length  of  the  base  by  the  breadth,  or 
perpendicular  Wight,  and  the  product  will  be  the  area. 

-Bj. — To  find  the  area  of  a  square  A  BCD,  wliose  side 
AB=5  feet. 


'  Here  AB'=5'=25  square  feet,  the  area  of 
the  square  A  BCD. 


1 

1 

■ 

— 

1 
.  J 

D 


Schol.  1. — The  side  of  a  square  may  be  found  by  extract- 
ing the  square  root  of  its  area. 

Ex.^To  find  the  area  of  the  rectangle  ABCD,  whose 

«ngth  AB=6,  and  breadth  AD=3  feel. 

A 

Here  ABxAD=:Gx3=18  square 
fet,  the  area  of  the  rectangle. 

D 

&Ao/.  2.: — If  the  area  of  th6  rrctandc  bo  divided  by  one 
of  its  sides,  the  quotient  will  be  the  adjacent  side. 

-Er.— To  find  the  area  of  a  rhomboid  ABCD,  whose  length 
AB=a6.20  chains,  and  perpendicular  hcight='i.!^.">  chains. 


I    '    I  "i 
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Hctr  AI}xBE=0.20x3.45=33.79  sqUarc 
chniiiR. 

Then  divide  ZITQ  bv  10,  because  10 
cliains  inakc!  an  acre;  and  the  decimals  arc 
multiplied  by  4,  and  then  by  40,  because  4 
roods  make  1  acre,  and  40  rods  1  rood. 

Thus  (33.79-=-l())x4x40=3 acres,  1  rood, 20.64 rods,  the 
area  of  tiie  rhomboid  ABCD. 

The  perpendicular  breadth  of  a  ihomboidjmay  he  ibund 
by  dividing  tlie  area  by  tlie  length  of  the  base  or  longest 
side  ;  and  the  length  may  be  found  by  dividing  the  area  by 
the  breadth. 

Examples  for^Practice, 

Ex.  1.  To  find  the  area  of  the  sipiare  whose  side=35.88 
chai4is.  Ans.  124  ac.  1  ro.  1  perch. 

Ex.  2.  What  is  the  area  of  a  square,  whose  side  =  1276 
links.  Ans.  16  ac.  1  ro.  1  pole. 

Ex.  3.  The  side  of  a  square  =280  ya|pjs,  how  many 
acres  does  it  contain'}         Ans.  16  ac.  0  ro.  31.7355  poles. 

Ex.  4.  How  many  square  yards  are  there  in  a  floor 
which  is  20  feet  square  7  Ans.  44  yds.  4  feet. 

Ex.  5.  To  find  the  area  of  a  rectangular  board,  whose 
length  =  12.5  feet,  and  breadth  =  9  inches.         Ans.  9f  ft. 

Kx.  6.  What  is  the  area  of  the  rhombus,  the  length  == 
12.5  feet,  and  the  perpendicular  height  =  6.25  feet. 

Ans.  78.125  square  feet. 

Ex.  7.  To  find  the  square  yards  of  paintincr  in  the  rhom- 
boid, whose  length  =  37  feet,  and  the  perpendicular  breadth 
=54  feet.  Ans.  2\     miikih'  ynrils. 

Ex.  8.  If  a  room  be  painted  whose  liriirht  being  16  ft 
6  in.,  and  the  compass  of  the  room  97  ft.  9  in.,  how  many 
yards  of  pahiting  are  there  in  that  room? 

Ans.  179  yds.  1  ft.  10  pt.  6  in. 

Ex.  9.  How  many  square  yards  of  i)aving:  are  there  in  a 
court  yard,  being  in  the  form  of  a  rhomboid,  whose  length 
is  64  ft.  6  in.']and  perpendicular  breadih  47  ft.  S  in. 

Ans.  341  yds.  5  ft.  6  pt. 

Ex.  10.  The  area  of  a  square  =16  ac.  1  ro.  1  pole,  re- 
quired the  Icmrih  of  its  side 7  Ans.   1275  links. 

Ex.  11.  The  area  of  a  rectangle  ^10  ac.  1  ro.  26  perch- 
es, it  is  required  to  find  the  length,  the  bn  adih  being  8.5 
chains.  Ans.  12.v?5  chains. 
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Ex.  12.  Required  the  perpendicular  breadth  of  a  rhom- 
boid, whose  area3s65i  square  feet,  the  length  12|  feet. 

Ans.  5  ft.  4  in. 

PROBLEM  a 

Tojind  the  area  of  a  triangle. 

Rule. — Multiply  the  base  by  the  perpendicular  height, 
and  take  half  the  product  for  the  area,  (Prop.  VIII.  B.  IV.) 

SchoL — If  the  area  of  a  triangle  be  divided  by  half  the 

perpendicular  height,  the  quotient  will  be  the  base.     If  the 

area  be  divided  by  half  tne  base,  the  quotient  will  be  the 

perpendicular  height. 

A 

Required  the  area  of  a  triangle,  whose 
base  BC=10  chains,  and  perpendicular 
height  AD  =  5,5  chains. 

Here  KBCxAD)  =  J(10X5.5)  =65.0^2=27.5  square 
chains. 

Then  (27.5-5- 10)  X 4x40=2  acres,  3  roods,  the  area  of  the 
triangle  ABC. 

Examples  for  Practice. 

JS>i,  1.    Required  the  area  of  a  triangle  whose  base  = 
17  ft.  7  in.,  and  perpendicular  height  =  6  ft.  11  in. 

Ans.  60  ft.  9  pt.  8  in.  fr. 

Ex.  2.  How  many  square  yards  are  there  in  the  right- 
angled  triangle,  whose  base  =40  feet,  and  perpendicular 
height  s=  30  feet.  Ans.  66§  square  yards. 

Ex.  3.  How  many  square  yards  contains  the  triangle, 
whose  base  is  49  feet,  and  height  25  J  leet  .' 

Ans.  68f;  or  68.7361  square  yards. 

Ex.  4  To  find  the  area  of  a  triangle,  whose  base  is  18 
f^4iQ.,  and  height  11  ft.  10  in.       Ans    IMS  fr.  5  pt.  8  in. 

Ex.  6.  The  area  of  a  triangle  =  46.25  square  chains, 
Md  its  perpendicular  height  =  5.20  cnams,  required  ilie 
length  of  the  base.  Ans.  6.25  chains. 

PROBLEM   ni. 

To  find  the  area  of  a  triangle  by  having  the  three  sides  given, 

RPLB. — Add  the  three  sides  together,  and  take  half  the 

26 
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sum ;  subtract  each  side  separately  firom  the  half  siim,  t 
multiply  the  half  sum  aud  the  three  remainders  coiiinu 
together,  and  the  square  root  of  the  last  product  will  ] 
the  area,  (Prop.  XL.  B.  IV.) 


Ex,  To  find  the  number  of  square^ 
yards  in  the  triangle  ABCT,  whose 
three  sides  AB=13,  BC=14,  and  AC 
=  15  feet. 

Here  KAB+BC+AC)=i(I3+14+15)=42-^2=ai  : 
half  the  sum  of  the  sides. 

21—13=8  ) 

21 — 14=7  >  the  three  remafnders. 
21—15=6  S 
Then  >v/(21x8x7x6)=>v/7056=S4  square  feet.     » 
84-5-9=9J  square  yards,  the  area  of  the  triangle  ABC 
quired. 

Examples  for  Practice, 

Ex.  1.  To  find  the  area  of  a  triangle,  whose  three  s 
equal  20,  30  and  40  cliains,  respectively. 

Ans.  29  acres,  0  roods,  6.568  perche 
Ex.  2.     How  many  acres,  &c.  are  iliere  in  a  t»-'ir 
whose  three  sides  are  330,  420,  and  765  yards? 

Ans.  9  acres,  0  roods,  37.r);34  perche 
Ex.  3.     How  many  acres,  &c.  are  contained  iu  a  triar 
whose  three  sides  are  49,  50.25,  and  25.69  chains? 

Ans.  61  acres,  1  rood,  39.68  perche 

PROBLEM  nr. 

To  find  the  area  of  a  triangle  by  having  two  sides  ana 
ratio  of  one  of  those  sides  to  a  perpendicular  from  iU 
tremity  to  the  other  given  side,  or  side  produced. 

Rule. — Multiply  the  two  given  sides  together,  and  t 
product  by  the  given  ratio,  and  the  last  product  is  the  i 
(Prop.  XXXII.  B.  IV.) 

Ex.  What  is  the  area  of  a  triangular  field,  two  of  w 
sides  AB  and  DB  are  10  and  8  rods  respectivelyi  anc 
ratio  af  DB  to  the  perpendicular  DC  s=  ,734. 
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10X8X.734  =  58.72,  the  area  of  the 


triangle. 


PROBLEM   V. 

Any  two  sides  of  a  right  angled  triangle  being  given,  to 

find  the  third  side. 

Rule.  I. — When  the  base  and  perpendicular  are  given,  to 
find  the  hypothcnuse.  To  the  square  of  the  base,  add  the 
square  of  the  perpendicular ;  the  square  root  of  the  sum 
will  give  the  hypothenuse,  or  the  longest  side,  (Prop.  XXIV. 
B.IV.) 

Ex,  Required  the  hypothenuse  AC  of  a  right  angled  tri- 
angle, whose  base  AB  =  1600  links,  and  perpendicular  BC 
« 1340  links. 


Here  V(  AB'  +  BC)  =  >v/(1600'+1340') 
■     =  ViSSSeOO  =  2087.007426+  links,   the 
length  of  the  hypothenuse  AC. 


RrLB  II. — When  the  hypothenuse  and  one  side  are  given, 
to  find  the  other  side.  Multiply  the  sum  of  the  hypothe- 
nnse  and  one  side, by  their  difference;  the  square  root  of  the 
product  will  give  the  other  side. 

Otherwise : 

Prom  the  square  of  the  hypothenuse,  subtract  the  square 
of  the  given  side,  and  the  square  root  of  the  remainder  will 
be  the  required  side. 

Ez.  What  is  the  perpendicular  of  a  right  angled  triangle, 
■whose  base  AB  =  .56,  and  the  hypothenuse  AC  =65. 

HereV(AC+AB)x(AC— AB)  =  V(65+56)X(65— 56) 
«V(12lx9)=>i/(ll'x3*)=  33,  the  length  of  the  perpen- 
dicular BC  required. 

Otherwise : 

V(AC««AB')=>v/(66«— 56»)=>v/(4225— 3136)=^V1089 
«*33,  the  length  of  the  perpendicular  AC,  as  before. 
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Examples  for  PrcLctice. 

Ex.  1.  Required  the  length  of  a  scaling  ladder  to  res 
the  top  of  a  wall  whose  height  =  28  feet,  and  the  breac 
of  a  ditch  before  it  being  45  feet.  Ans.  53  feet 

Ex.  2.  To  find  the  length  of  a  shore,  which,  strutii 
twelve  feet  from  the  upright  of  a  building,  may  supper 
jamb  20  feet  from  the  ground.  Ans.  23.3238  feet 

Ex.  3.  A  line  of  320  feet  will  reach  from  the  top  ol 
precipiGe,  standing  close  by  the  side  of  a  river,  to  the  opj 
site  bank:  required  the  l^^eadth  of  the  river  ;  the  height 
the  precipice  being  103  feet.  Ans.  302.9703  feet 

Ex.  4.  A  ladder  of  50  feet  long  being  placed  in  a  stre 
reached  a  window  28  feet  from  the  ground  on  one  side;  a 
by  turning  the  ladder  over,  without  removing  the  foot  out 
its  place,  it  touched  a  moulding  36  feet  high  on  the  oti 
side :  required  the  breadth  of  the  street. 

Ans.  75.1233335  feet 

Ex.  5.  Two  ships  set  sail  from  the  same  port ;  one 
them  sails  due  West  50  miles;  the  other  due  north  84  miU 
how  many  miles  are  they  from  each  other,  supposing  t 
earth's  surface  a  plane  1 

Ans.  97.7547953  miles. 

Ex.  6.     A  tree  GO  feet  high  is  cut  so,  that,  as  it  falls, 
top  reaches  the  ground,  which  is  supposed  to  be  level,  25  fi 
from  the  foot  of  the  tree,  while  the  portion  cut  off  remains 
contact  with  the  upper  end  of  the  trunk  remaining ;  what 
the  length  of  each  part? 

PROBLEM  ri. 

To  find  the  area  of  a  triarijs^le,  when  neither  its  sides  nor  \ 

angles  are  known. 

Rule  I. — From  one  of  the  angles  of  the  triangle  draw 
base  line  till  it  meets  the  opposite  side  produced  ;  draw  al 
perpendiculars  from  the  other  angles  of  this  trianele  lo  tl 
base;  multiply  this  base  into  half  the  difference  of  the  p< 
pendicuiars,  and  the  product  is  the  area. 

Ex.  From  one  of  the  angles  B  of  a  triangular  field  AB 
I  measured  a  base  line  BD,  until  it  met  AC  produced  in 
12  chains;  from  the  angles  A  and  C,  I  then  measured  lin 
AF  and  CE  perpendicular  to  BD,  and  found  them  to  be 
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and  8  chains  respectively.     Required  the  area  of  the  trian- 
gle. 

jqnare  chains. 

Then  (24-4-10)  X 4x40=2  acres,.  I 
rood,  24  rods,  the  area  of  the  triangle. 


Ex.  Having  a  triangular  field  ABC  destitute  of  access, 
except  by  two  ways,  viz :  by  the  lines  BD  terminating  in  the 
angle  B,  and  CE  in  the  angle  C,  perpendicular  to  each  olh- 
«r.  I  set  out  to  determine  its  area ;  and  find  by  measuring, 
that  the  base  BD  is  30  chains,  the  perpendicular  EC  14 
chains,  OF  14  chains,  and  by  observations,  that  the  side 
AB  is  26  chains,  supposing  A,  C  and  D  to  be  in  the  same 
right  line.     Required  the  area  of  the  field. 

Ans.  60^30—210=1 1 3.633536  chains. 

Rule  II. — If  the  base  line  BD  falls  within  the  triangle 
ABC,  multiply  that  base  by  half  the  sum  of  the  two  per- 

Cndiculars  AF  and  CE,  drawn  from  the  other  angles  to  that 
se  produced,  and  their  product  will  be  the  area  of  the  tri- 
angle, (Prop.  XXXI.  Schol.  B.  IV.) 

Ex.  From  one  of  the  angles  B  of  the  triangular  field 
ABC,  I  measured  a  line  BD  through  said  field  25  chains, 
AP  20  chains,  and  CE  12  chains,  perpendicular  to  BD  and 
BD  produced.     Required  the  area  of  the  field. 

Here    AF+CE  ^  p^  ^gO+lg^as  = 

16x25=400  square  chains. 

Then  400-5-10=40  acres,  the  area  of 
^he  triangle. 

Ex,  There  being  three  towns.  A,  B  and  C ;  a  public  high- 
ly runs  from  B  in  a  direct  line  until  it  meets  a  right 
**ne  uniting  A  and  C,  40  miles;  a  perpendicular  AF  dropped 
'lom  A  to  the  highway  AD=30  miles ;  a  line  drawn  from  C 
perpendicular  to  a  line  drawn  from  D,  the  end  of  the  high- 
^^Y  BD  in  a  direct  line  with  such  highway,  10  miles;  and 
^e  area  of  the  triangle  CDE  thus  formed,  120  miles.  Re- 
quired the  area  of  the  triangle  formed  by  highways  con- 
*^ting  these  towns.  Ans.  1080  square  miles. 
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PROBLEM  YII. 

To  find  the  area  of  any  qtiadrilaieral  figure. 

Rule. — Multiply  half  of  one  of  the  diagonals  by  the  sum  of 
the  two  perpendiculars  let  fail  upon  it  from  the  extremities 
of  the  other  diagonal. 

Or, 

Divide  the  quadrilateral  into  triangles  by  a  diagonal ;  then 
find  the  areas  of  these  triangles,  and  add  them  together. 

Ex,  Required  the  area  of  the  quadrilateral  ABCD,  one  of 
whose  diagonals  AC  is  32  feet,  and  the  perpendiculars  BF 
and  DH  drawn  from  the  extremities  of  the  other  diagonal 
BD  to  AC,  6  and  13  leet  respectively. 

Here     ^  X   (BF  +  DH)  = 

16X  (6+13)=16  X 19  =  304  =  the 
area  of  the  triangle. 

A 

Schol.  If  the  quadrilateral  is  a  irapezivm,  or  has  two  of 
its  sides  parallel,  its  area  is  equal  to  half  the  sum  of  its  par- 
allel sides,  multiplied  by  the  |>erpendicular  distance  between 

them. 

Ex.  In  a  trapezium,  whose  parallel  sides  are  20  and  8  ft., 
respectively,  and  the  perpendicular  distance  between  them 
10  ft.,  what  is  the  area? 

(20-|-S)-T-2x  10=140  square  feet 

Case  II. —  When  the  quadrilateral  can  be  inscribed  in  a  circle. 

Rule. — Add  all  the  four  sides  together,  and  take  half  the 
sum;  next  subtract  each  side  separately  from  the  half  sum; 
then  multiply  the  four  remainders  continually  together,  and 
take  the  square  root  of  the  last  product  for  the  area  of  the 
quadrilateral. 

Ex,  If  a  quadrilateral  can  be  inscribed  in  a  circle,  and 
have  four  siflcs  25,  20,  28,  30  ;  required  its  area. 

i(24+26+28+30)=108-f-2=54  yards,  the  half  sum  of 

the  sides. 

Then  >v/[(54— 24)  X  (54-26)  X  (64—28)  X  (64—30)]  = 
VC30x28x26x24)=>v/624160=24V910=24x30.16620- 
62s=723.9889488  square  yards,  the  area  of  the  inscribed 
quadrilateral  required. 
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Examples  for  Practice. 

Ex.  1.  How  many  square  yards  of  paving  are  there  in 
a  quadrilateral,  whose  diagonal  is  65  feet,  and  the  two  per- 
pendiculars let  fall  on  it  are  28  and  33.5  feet? 

Ans.  222/,  yards. 
Ex.  2.    What  is  the  area  of  a  quadrilateral,  whose  south 
side  is  27.40  chains,  east  side  35.75  chains,  north  side  37.55 
chains,  west  side  41.05  chains,  and  the  diagonal  from  south- 
west 10  north-east  48.35  chains? 

Ans.  123  ac.  0  ro.  11.862048  perches. 
Ex.  3.     What  is  the  area  of  a  quadrilateral,  whose  dia- 
gonal is  10S|  feet,  and  the  perpendiculars  56^  and  60|  feet? 

Ans.  6347J  ieet. 
Ex.  4.    What  is  the  area  of  a  quadrilateral  inscribed  in  a 
circle,  the  four  sides  being  12,  13,  14,  15? 

Ans.  108  9972372. 
Ex.  5.  In  a  four-sided  field,  on  account  of  obstructions 
in  two  of  its  sides,  and  in  the  perpendiculars,  the  following 
measures  only  could  be  taken  :  the  other  two  sides  equcil  to 
265  and  220  yards  respectively,  the  diagonal  378  yards,  and 
the  two  distances  of  the  perpendiculars  from  the  ends  of  the 
diagonal  100  yards  and  70  yards  :  required  the  areaiuacres, 
wh3a43k)  square  yards  mikc  an  acre. 

Ans.  17  acres,  2  roods,  21  perches. 
Ex.  6.    In  a  trapezium,  whose  parallel  sides  are  186  ft 
fiiiiand  15  ft.,  and  the  perpendicular  distance  b»*.tweeu  those 
8ides8  ft.  6  in.,  what  is  the  superficial  content  ? 

An:s.  112  ft.  4 J  inches. 

PROBLEM  yni. 

To  find  the  area  of  an  irregular  polygon. 

Rule. — Draw  diagonals  dividing  the  figure  into  quadrilat- 
erals and  triangles.  Then  find  the  areas  of  these  separately, 
Mid  add  them  together  for  the  area  of  the  polygon. 
PL^^'  To  find  the  content  of  the  irregular  figure  ABCD- 
^^GA  in  which  are  given  the  following  diagonals  and  per- 
pendiculars, namely. 
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AC  =  5.5 
FD  ^  5.2 
GC  =  4.4 
Gm=1.3 
B/i  =  1.8 
Go  =1.2 
Ep  =  0.8 
Bq  =  2.3 

(Gm+Bw)xAC=(1.3+1.8)x5.5 =^  17.0  J 

double  the  area  of  the  quadrilateral  ABCG. 

GCxD7=i.4x2.3 =10.TS3 

double  the  area  of  the  triangle  CGD. 

(Go+E/>)xFD=(1.2+.8)x5.2 =10.40 

double  the  area  of  the  quadrilateral  GDEF.  

The  sum  =  37.57 


double  the  area  of  the  whole,  which,  divided  by  2,  equals 
18.785,  the  area  of  the  irregular  figure  ABCDEFGA  re- 
quired. 

Ex.  I.  Suppose  that  in  the  first  figure  there  were  giren 
AC  equal  44  chains,  FD  41.6,  GC  35.2,  G//*  11.4,  Bn  14.4, 
Go  9.6,  E;9  6.4,  and  Dy  18.4  chains,  what  would  be  the  con- 
tents in  acres?  Ans.  122  acres,  1  rood,  27.84  perches. 

Ex.  2.  It  is  required  to  draw  the  plan  and  find  the  area 
of  a  five-sid-d  field  ABCDEA  (/>y  the  Rulss  to  Prob,  //,  //"/, 
and  F),  whose  dimensions  are  in  chains  as  follow:  ABss. 
14,  BC  =  7,  CD  =  10,  DE  =  12,  EA  ^5,  and  the  diago- 
nal AC  =  17 chains;  also  the  angle  at  E  being  a  right  an- 
gle. Ans.  14  acres  1.022701  roods.. 

PROBLEM   IX. 

To  find  the  area  of  a  regular  polygon. 

Rule  I. — Find  the  perimeter  of  the  figure,  or  sum  of  its 
sides,  and  multiply  it  by  the  perpendicular  falling  from  its 
centre  on  one  of  its  sides,  and  take  half  the  product  for  the 
area. 

Ux.  Required  the  area  of  the  regular  pentagon  ABDEFA^ 
whose  side  AB  is  25  feet,  and  perpendicular  CP  17.204774 
feet. 
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E 

i(5ABxCP)=H0'5x25)Xl7.2O4774]= 
5l.30.5i)G7;j-T-2=IO75.298375  square  feet, 
*he  area  of  the  pentagon  ABDEFA  re- 
quired. 

Sclioiiiwh  1. — Tf  the  perimeter  of  any  rectilinear  figure  ill 
vhich  a  circle  may  be  inscribed  (Def  B.  III.)  is  nuiliiplied 
bjr  half  the  radius  of  its  inscribed  circle,  the  product  will  be 
the  area. 

What  is  the  area  of  the  quadrilateral  ABCD,       B 

whose  perimeter  is  21  inches,  and  the  radius  of 

"whose  inscribed  circle  is  2  inches. 

2 
Ans.  21Xo=21  square  inches. 

A 

Ex.  What  is  the  radius  of  a  circle  inscribed  in  an  irregu- 
lar polygon,  whose  area  is  30  square  feet,  and  whose  peri- 
meter is  2U  feet,  the  sides  being  all  tangents  to  the  rircle. 

Ans.  3  ft. 

Scholium  2. — Since  the  areas  of  similar  polygons  are  as 
the  squares  of  their  like  sides  (Prop.  XXIV.  Cor.  K  13.  IV.), 
if  vre  have  the  side  of  a  regular  polygoji  whose  area  is 
tnovni,  we  can  from  this  find  the  area  of  any  other  similar 
Polygon,  having  the  length  of  one  of  its  sides. 

Thus,  if  the  side  of  a  regular  pentagon  is  25  feet,  and  its 
•area  1U75.2US375  square  feet,  the  area  of  a  similar  pentagon, 
whose  side  is  5  feet,  will  be 

'^oxt',  :  .3 xo::  1075.298375  :  43.011935  square  feet,  the 
area  required. 

Hence,  if  a  table  is  prepared,  containing  regular  polygons 
flf  any-  specified  number  of  sides,  the  lenjj;th  of  one  of  whose 
■aiJesis  luiity,  tfie  area  of  any  similar  polygon  may  be  found 
by  simply  multiplying  the  tabular  area  by  the  square  of 
the  side  of  the  given  polygon. 

And  since  the  areas  of  similar  polygons  are  also  as  the 
sqnares  described  on  the  radii  of  their  inscribed  or  circum- 
5cribed  circles,  or  as  the  squares  of  lines  similarly  drawn  in 
each,  it  follows  'that  il  tables  are  prepared,  coniainmg  the 
wrens  of  reirnlar  po!v2:bns,  the  radii  of  whose  inscribed  or 
:ircu inscribed  circles  are  1,  those  areas  may  be  used  as  mul- 
:jplicrsinto  the  squares  of  the  radii  of  the  circles  to  any  other 
tiiniiar  i)oiygons,  to  discover  their  areas. 

27 
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TABLE   I. 


W/icn  the  side  of  the  Pohjgon  is  1. 


No.  of 

Area. 

Radius  of  cii^pum- 

Radius  of  in- 

Siiif  8. 

sciihing  circle. 

s<Tib«;d  circJe. 

3 

0.4330127 

0.5773503 

0.28S675I 

4 

1.0000000 

0.7071068 

0.5000000 

5 

1.7204774 

0.850650S 

0.6SS1910 

6 

2..59S0762 

1.0000000 

0.8660254 

7 

3  0339124 

1.1523825 

1.03^2617 

s 

4.82S4271 

1 .3065630 

1.2071069 

9 

6.1818212 

1.4619022 

1.37373^7 

10 

7.694208S 

1.6186340 

1  53884 IS 

11 

9.365(5404 

1.7747329 

1. 702^137 

12 

11.1961524 

1.9318516 

1.8660254 

TABLE   II. 

r 

When  the  radius  of  the  Ciraimscrlbing  Circle  is  1. 


No.  of 

Area. 

Lengih  «f  ihe  side. 

Radius  of  in- 

Sides. 

sciibed  circle. 

3 

1.29903:^1 

1.7320508 

0.5000000 

4 

2.0000000 

1.4142136 

0.707 106S 

5 

2.3776112 

1.1755705 

0.8090170 

6 

2.5:^80762 

1.0003000 

0.8660254 

7 

2.7361102 

0.8677674 

0.9009689 

8 

2.82S1271 

0.7653668 

0.923S795 

9 

2.S925137 

0.6810103 

0.9396926 

10 

2.93S92H3 

0.61S0340 

0.9510565 

11 

2.9735250 

0.5634651 

0.9594931 

12 

3.0000000 

0  51763^1 

0.965^)259 
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Sll 


TABLE    III. 


When  the  radius  of  the  Inscribed  Circle  is  1. 


I 


1 

Area. 

1 

'  Length  of  ih?  sUlc. 

1 

Radius  ofcirciim- 

*«l*;s. 

scribeii  circle. 

3 

5.19f)15:>4 

3.404  lOlG 

2  0000000 

4 

4.0000000 

2.0000000 

1.4112136 

5 

3():W71->S 

1.4o30S51 

1. 231)0080 

G 

3.4041016 

J.  1547005 

1.1517005 

7 

3l]7\0'222 

0.9f53l491 

1.109!)1G0 

8 

3  3i:misi 

0S2S1271 

1.0>j;]919 

9 

3.270731 0 

0.7279405 

1.0H41776 

10 

3.2491970 

0.649S391 

1.0514e)22 

11 

3.229S913 

0..5S7252I 

1.0122172 

12 

3.2153904 

0.535S9S4 

1.0352750 

TABLE  ^y. 


When  the  area  of  the  Polygon  is  1. 


^L° .  ^^    ;  Leneih  of  llie  side.  ; 


3 

1.5190716 

4 

1.0000000 

5 

0.7623S70 

6 

0.6201033 

7 

0  5245S13 

8 

0.4550S99 

9 

0.1021996 

10 

0.3605106 

11 

0  3267617 

12 

0.29S>5if5 

Radius  of  ciirnm- 
scribinj?  ciicle. 


0.8773S27 
0.707 106S 
0.64S5251 
0.6204033 
0.60451SJ3 
0.5946034 
0.5S79764 
0.58331^1 
0.57991 4S 
0.5773503 


Rndiiis  of  in- 
scribfd  I  ircle. 


().43S0912 
0.5000000 
0  524667S 
0.5372S49 
0.5140520 
0  5193420 
0.5525172 
0.55 176S7 
0  5561212 
0.5576775 
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And  because  the  radii  of  the  circumscribed  and  inscril 
circles  of  similar  polygons  arc  directly  as  the  sides  c)f 
polygons,  it  follows  that  tables  may  be  prepared,  com  a  in 
each  of  those  parts,  viz:  the  side  of  the  polygon,  the  n 
of  the  inscribed  and  circumscribed  circles,  and  also  fh 
areas;  and  from  leaving  givren  a  polygon,  with  either  of 
above  quantities,  the  other  parti  may  be  found,  as  iu 
following : 

Ex.  1.    When  the  side  of  a  square  is  5  ;  then,  by  Ta 

X.. 

5'Xl  =25  area  of  square. 

5 X. 7071068=^535534,  rad.  of  circumscr.  circle. 

6X'5  =2.5  rad.  of  inscribed  circle. 

Ex.  2.  When  the  raditis  of  the  circumscribing-  cir 
about  an  octagon,  is  5 ;  then,  by  Table  II. 

5»X2  8284271=70.71068,  area  of  octagon. 
6 X. 7653068=3.826834,  length  of  the  side. 
6X9^38795=4.619397,  rapl.  of  inscribed  circle. 

Ex.  3.  When  the  radius  of  the  inscribed  circle  abou 
hexagon  is  7;  then^  by  TabJe  HI.  . 

7»X3.4641016=19X3.464I0I6=169.7409784,  the  arej 
the  hexagon. 

7x1.1547005=8.0829035,  the  length  of  the  side. 

7x  1.1547005 =3.0:?29035,  the  radius  of  <ircuinscril 
circle: 

Ex.  4.  When  the  area  of  a  dodccr.L^on  is  81 ;  then. 
Table  IV, 

9 X. 2988585=3.6897265,  length  of  the  side. 

9 X.5773503=.5. 1961527,  rad.  of  circumsc.  circle. 

9 X. 5576775=5.0190975^  i^d.  of  inscribed  cucle. 

Ex.  6.  Required  the  side  of  a  hexagon,  an  octagon 
decagon,  and  of  a  dodecagon,  the  area  of  each  of  wh 
9hall  be  144. 

>i/144=12;  therefore,  by  Table  IV. 

12 X. 6204033=7.2448396,  side  of  hexaeon. 
12 X. 455089^1=5.4610788,  side  of  octagon. 
12 X. 3605 J 06=4.3261272,  side  of  decagon. 
12 X. 2988585=3.5803020,  side  of  dodecagon. 

Note  1.  The  radii  of  the  circumscribing  circles  of  th 
polygons,  by  means  of  which  they  may  readily  be  o 
^tructed  on  paper,  may  be  found  from  the  same  ta^ble. 
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Note  2.  From  a  careful  inspection  of  the  previous  tables, 
Ipvera!  curious  relations  and  properties  well  known  to  ma- 
thematicians, and  some  of  which  have  been  shown  in  Book 
V.  of  the  Element'f,  may  be  observed. 

That  the  side  of  a  hexagon  is  equal  to  the  radius  of  the 
circumscribing  circle. 

That  when  the  radius  of  the  circumscribing  circle  is  1,  the 
area  of  the  square  which  it  circumscribes  is  2,  that  of  the 
octagon  which  it  circumscribes  is  2>v/^j  and  the  area  of  the 
dodecagon  which  the  said  circle  circumscribes  is  3,  &c.  (kc. 

Examples  for  Practice, 

Ex.  1.  To  find  the  area  of  the  hexagon,  whose  side  is 
20.  Ans.  I03^.23:)48. 

Kx.  2.  To  find  the  area  of  the  trigon,  or  equilateral  tri- 
angle, whose  side  is  20.  Ans.  173.20508. 

1^.  3.  Required  the  area  of  an  octagon,  whose  side  is 
20.  Ans.  1931.37084. 

-Ex.  4.    What  is  the  area  of  a  decagon,  whose  side  is  20? 

Ans.  3077.68352, 

PROBLEM   X. 

Gkm  the  diameter  of  a  circle^  to  find  the  circumference  ; 
or^  given  the  circumferetwe^  to  find  the  diameter. 

Rule  1. — As  7  is  to  22,  so  is  the  diameter  to  the  circum- 
ference; or  as  22  to  7,  so  is  the  circumference  to  ilio  diame- 
ter. 

^'ras  113  is  to  .3.'>5,  so  is  thediiuueter  to  the  circumference; 
^d  inversely  as  355  is  to  1 1!],  so  is  the  circumference  to  the     * 
diameter. 

Ex.  1.  To  find  the  circumference  ACBD  of  a  circle, 
Vhose  diameter  AB=10. 


.9 


'  •22::10  :  31?,  the  circumferen:c  near- 
%  or  which  IS  more  nearly,  a 

,  113:  35:::  10  :  31,415926,   the  circum- 
ference. 


^'^'  2.    Given  the  circumference  ==  50,  to  find  the  dia- 
P«  er.  ^ 

22  :  7'::50  :  15.90,  the  diameter,  ftemii/. 
^j356  :  113:  :50  :  15.915409,  more  accurately. 
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Rule  II.  Multiply  the  diameter  by  3.1 116  :  or  more  ex- 
actly, )>y  3.11 159.  ami  the  proilnct  will  sfive  the  circumfer- 
ence: or  divide  tlic  circumt'erciicc  by  3.1 110,  and  the  quo- 
tient will  be  the  tlianietor. 

Kx.  I.  Re([nircd  the  circumference  of  a  circle,  whose 
diameter  is  10. 

3.1  llOx  10='U.  110,  the  circumference. 
Ex.  2.     What  is  the  diameter  of  a  circle,  whose  circum- 
ference is  51). 

50-^3.1 10=15.90+,  the  diameter. 

SrhoVunu.  If  we  divide  1  by  3.1410,  the  quotient  may  be 
used  as  a  mnlliplicr  into  the  circumference  to  fmd  the  dia- 
meter. 

Thus  1-7-3,1110=31  S3()9,  which  multiplied  by  the  cir- 
cumference gives  the  diameter. 

Ex.  Taking  the  same  example  as  before, 

50X. 318309=15.90+,  as  before. 

Examples  for  Practice, 

Ex.  1.  If  the  diameter  of  the  earth  be  7958  miles,  as  it 
is  very  nearly,  what  is  the  circumference,  supposing  it  to  be 
exactly  round 7  Ans.  25O0O.S528  miles. 

Ex.  2.     "^ro  find  the  diameter  of  the  globe  of  the  earlh^^ 
supposing  its  circiuuference  to  be  250tH)  miles. 

Ans.  7957J  miles,  vcarly, 

Ex.  3.  The  distance  between  the  cogs  ol'  a  mill-wheel^ 
and  ihe  centre  of  the  axle,  is  5  feet;  how  many  cogs,  at  4 
inches  i)itch,  will  the  wheel  admit  of?  Ans.  91.248. 

PRODLEM    XI. 

To  find  the  length  of  the  arc  of  a  circle. 

Case  I. — When  the  number  of  degrees  in  the  arc,  and  the 
radius  or  diametcT  of  the  cinrle,  are  given. 

SchoVtinn. — All  circles  are  arbitrarily  snpposr-d  to  be  divid- 
ed inr«>  'v*'0  .'(in;il  j)arl$  culled  degrees,  marked  thus  S'jO"^; 
and  each  dt'grce  consists  of  00  pans  called  minutes,  marked 
thnsOn':  and  each  miiuUe  consists  of  00  seconds,  marked 
thus  00",  &c.  Hence  any  arc  of  a  circle  will  contain  as 
many  of  those  degrees,  minntes  and  seco.ids,  compared  to 
the  whole  number,  or  300",  as  its  ratio  to  the  whole  circle:, 
hence,  as  in  the  following 

Rule. — First  find  the  circumference  of  the  whole  circre; 
then  say,  as  360,  the  niunber  of  degrees  in  the  circumfer- 
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ence,  is  to  the  number  of  degrees  in  the  arc»  so  is  the  length 
of  the  circumference,  to  the  length  of  tlie  arc. 

Ex.  To  find  the  length  of  an  arc  of  30  degrees,  the  dia- 
meter bciiiL'  9  foct. 
(IJv  Proi).  X.  Rule  IT.)  1  :  31416:  :9  :  2S.2751. 
Ttieii  36U  :  30:  :->S.27.')4  :  2.3302  fcet=Ans. 

Ca-^e  II. — When  the  length  of  tlie  chord  of  the  arc,  and 
the  radius  of  the  circle,  arc  ^ivcn. 

&7?v//;7;;».  - -Let  there  he  a  table  prepared  containing  ihc 
kngilisof  all  the  arcs  of  a  circle  whdse  radins  is  1,  from  dmc 
dcifreeto  ISO",  or  to  thescinicircnniferciico,  and  we  can  ironi 
tills  find  the  Irtigih  of  an  arc  whose  chord  is  given  of  a  circle 
wiih  any  given  radius,  by  (he  following 

Rile. — Divide  the  chord  of  the  arc  by  the  radins.  and 
seek  in  the  following  table,  in  the  colunni  of  chords,  for  a 
number  corresponding  to  the  quotient;  and  opposite  thereto, 
in  the  column  of  arcs  at  the  left  hand,  will  he  found  the 
number  of  degrees  in  the  arc  corres[)ondiniif  t»)  that  chord 
fur  a  circle  whose  radius  is  I ;  then  proceed  as  in  Case  1.  to 
fiiid  the  length  of  the  arc. 

IjCtit  be  recjuireil  to  find  the  length  of  the  arc  of  a  circle, 
wIiom)  chord  is  1 1.1  12  inches  and  radius  10  inches. 

Hfre  14,142-=-I0=l,4l  13,  which  nuinher  heing  found  in 
the  column  of  chords,  there  will  be  fonnd  ojipo-siie  thereto, 
inlhc  column  of  arcs,  90".^  Then,  by  Case  1..  after  having 
Ibmiil  the  circumference  of  the  circle  whose  radius  is  10  feet 
==02,S32, 

3Cir  :  OO'^:  :ei2,832  :  1,5706,  the  length  of  the  arc  required. 

iVo/r.  —  When  the  quotient  of  the  chord,  divided  by 
the  radius,  cannot  be  exactly  found  in  the  tahle,  proportions 
maybe  instituted  so  as  to  find  the  arc  bctw  in  the  next 
higher  and  the  next  lower,  in  the  same  ratio  that  this  chord 
varies  from  the  next  higher  and  lower  chords. 

Thus  as  the  ditrerence  of  the  next  higher  and  next  lower 
number  in  the  column  of  chords,  is  to  the  dillcMenre  of  either 
of  these  from  the  one  sought,  so  is  the  difierouce  of  the  next 
higher  and  next  lower  arc,  to  the  corresponding  dill'erence, 
^correction,  to  be  added  or  subtracted,  accordmg  as  we  use 
the  higher  or  lower  number  for  our  correction. 

Ex.  1.  Thus,  if  it  be  reT^uircl  to  find  the  arc  answering 
lo  the  chord  ,5. 
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TABLE   OF    CHORDS   FOR    ANY   ARC   OF    A   CIRCLE, 
WHOSE    RADII'S   IS    1. 
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ere  the  next  higher  chord  will  be  found         =  ,50076 
•  lid  the  next  lower,  =  ,48384 


^ he  difference,  =  ,( 1G92 

ft       *  ""he  difference  between   the  required  chord,  viz:  ,o,  and 
^^^Ticxt  lower  one,  viz:  ,4S384,  is  ,01(510. 
^-^  ^'le  arc  answering  to  the  next  higher  chord,  is  =  29*. 
,^'^'iiil  answering  to  the  next  lower  one  is=iib^ 
^.^"*^ie  difference  is  =  V, 

*ien  .U1G92  :  01616::  ^  :  .955^  the  correction  to  be  add- 
S8*,  the  arc  answering  to  the  next  lower  chord.  Henco 
,95:=2S.955*  is  the  arc  corresponding  to  the  chord  .i:, 

.  2«     What  is  the  length  of  the  arc  of  a  circle,  whoso 
is  16  inches,  the  radius  of  the  circle  being  12  inches. 

164-12=1.33333; 
e  next  higher  number  in  the  column  of  chords  is 

=  1.33>^26,  and  the  corresponding  arc  if=?4* 
^xt  lower=  1.32524,  the  corn-spofjding  arc  ij=:i3'* 

ifference  ae    .01302,  the  difference  of  the  arcs,    1* 

ifference  of  the  chord  sought  and  the  next  lower  one 

is  =  .(H)807. 

en  .01302  :  00807: :  I  :  .0619,  the  correction  to  be  added 

•;  whence  we  have  83.0619*  for  the  arc.     The  circum- 

' '^re  of  a  circle  whose  radius  is  12  inches  is  75.3981  inch- 

By  Ride  /:,  360^  :  83.06 1 9\-:  75.8981  '  17.3964  inches, 

I  ength  of  the  arc  required. 

Problem  xit. 

To  find  the  length  of  the  chord  of  ant/  given  arc. 

ULE. — Seek  for  the  number  of  degrees  in  the  arc,  and 

J  out  the  chord  correspond inr^  thereto;  and  if  ihe  arc 

^  ^  not  be  exacily  found  in  the  cohunn  of  arcs,  a  proportion 

^  be  instiiuted,  as  before,  for  finding  the  arc  in  Prob.  XL 

11.     MnJtipljr  the  tabular  chord  thus  found,  by  the  la- 

of  the  circle,  which  will  give  its  length. 


^x.  I.     Let  it  be  required  to  find  tiie  length  of  the  chord 
2U*,  in  a  circle  whose  radius  is  IV)  inches. 

^  Opposite  20*»  in  the  table  is  found  .34729=the  chord  of  20** 
!^  a  circle  whose  radius  is  1 ;  this  multiplied  by  10  =3.4729, 
^•^^  length  of  the  chord  required. 
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Ex.  2  What  is  the  length  or  the  chord  of  an  arc  of  80% 
in  a  circle  whose  radius  is  12  inches. 

Ans.  15.42684  inches. 

Note.— The  chord  of  60**  is  =  the  radius,  (Prop.  V.  B.  V.) 
the  chord  of  90*  is  =  V2/-*  (Prop.  VI.  Sch,  B.  V.) 
the  chord  of  120**  is  =2 V  J^*^ 
or  V3  :  1 :  :the  chord  of  120** :  r  ot  radius,  (Propw  VIL 
Sch,  B.  V.) 

FROBLEM  Zni» 

To  find  the  Imgth  of  a  perpendicular  drawn  frofn  the  eenire 
of  a  circle  to  a  chord,  or  the  aUiiude  of  a  trimngle  formed 
hy  a  chord  and  two  radii. 

Rule. — From  the  square  of  the  radius  subtract  the  square 
of  half  the  chord;  the  square  root  of  this  remainder  will  be 
the  length  of  the  perpendicular  or  the  altitude. 

Let  CAB  be  a  triangle  formed  by  the 
chord  A B,  and  the  two  radii  CA,  CB; 
then  will  CP  be  the  altitude  of  the  trian- 
glCy  which  is  evidently  =  V(A.C*— AP*.) 


Ex.  1.  Let  it  be  required  to  find  the  altitude  of  the  tri- 
angle GAB,  the  chord  AB  being  12  &et,  and  the  radius  CA 
8  feet. 

CA«  =  64 

AP»  =  36 
Qj^9 ^p«  -—  28 

V(C A«— AP')  =  a/28  =  5.2915  ft,  the  altitude  CP. 

Scholium  1.  If  the  altitude  CP  of  the  triangle  be  sub* 
tracted  from  the  radius  CO,  the  remainder  OP  will  be  the  al- 
titude of  the  segment  ABO. 

Hence,  Ex.  2.  To  find  the  altitude  of  a  segment  of  a 
circle  whose  arc  is  80®,  the  radius  of  the  circle  being  12  ft. 

By  Prob.  XII.,  the  chord  of  80^=15.4268  ft 
(16.4268-5-2)»=59.496539. 
12X12=144, 
144— 59.496639=84,503461=OP«. 
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Whence  OP9r:9.192; 

Ana  12— 9.1ir2sa2.808as=CP,  the  "height  of  <he  segment. 

SMiMm  2.     Let  ra^the  radius  CA,  c=athe  chord  AB,  paa: 
tbe  perpendicular  CP,  and  A>=the  height  OP  of  the  segment. 

TheniriU 


'I 

or    V+lc'=2rk] 

knee    r=*'^^-.  >-   ^.  ^    ^   -    *    ^    ^    .     CI) 

ana  c=i=V(8rA-.4A»)    -.-.--...  (2) 

and  *=r-^V('*— Jc*) (5) 

Again  ][>==r--nfe=='^^*^—v/(2''A—lc')    -  (4) 

Again  Jc»-l-p'=5r*, 

hence  we  have  r=»^/(Jc*-f:p',)    -    -    -    •    -    -  (5) 

and  c=»/(4r«— 4p*)    ^    ^    ^    -    ^      (6) 

and  P=V(r'— IV) (7) 

.Hence,  by  having  two  of  these  parts  given,  the  others  may 
telbuiMk 

Examples  f9r  Praciiee. 

I*  If  the  lieight  of  a  segment  is  2  inches,  ^nd  the  chord  S 
^cben,  what  is  the  radius  of  ^e  circle? 

Ans.  6  inches. 
2.  If  the  height  of  a  segment  be  3  feet,  and  the  radius  of 
the  circle  be  10  feet,  wi)at  is  the  length  of  the  chord? 

Ans.  10.198039  feet. 
3.  If  the  chord  of  a  segment  be  12  feet,  and  the  radius  of 
the  circle  10  feet,  wliat  is  the  height  of  the  segment? 

'•'.,■  Ans.  2  feet. 

4  If  the  chord  of  a  segment  be  12  feet,  and  the  radius  of 
the  Circle  be  10  feet,  what  is.  the  altitude  of  the  triangle 
farmed  on  the  chord  by  the  radii  from  its  extremities  ? 

Ans.  8  feek 
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5.  If  the  length  of  a  chord  is  8  inches,  and  the  altitude  of 
a  triangle  formed  bv  the  chord  and  two  radii  is  3  inches, 
what  is  the  radius  of  the  circle?  Ans.  5  inches. 

6.  The  ahitude  of  a  triangle  formed  by  a  chord  and  two 
r.idii  is  6  feet,  and  the  radius  of  the  circle  is  10  feet,  what  is 
the  length  of  the  base  of  the  triangle?  Ans. 

7.  The  radius  and  chord  of  a  circle  are  10  feet  and  4  feet 
respectiv^ely,  what  is  the  altitude  of  the  triangle  formed  on 
the  chord,  and  whose  vertex  is  the  centre  of  the  circle  ? 

Ans. 

PROBLEM   XIT. 

Tojind  the  area  of  a  circle. 

Rule  I. —  When  the  diameter  and  circumference  are  giv  en. 
Multiply  half  the  circumference  by  half  the  diameter  for  the 
area; 

Or,  multiply  the  whole  circumference  by  \  of  the  diame* 
ter,  (Prop.  XVI.  B.  V.) 

Ex.  Required  the  area  of  a  circle,  whose  diameter  is  10, 
and  circimiference  31.4159. 

Here  (31.4156-5-2)X(10-5-2)=il6.r079x5=78.5398,  tho 
area  of  the  circle  required. 

Or  thus : 
31.4159x^=»78.5398  as  before. 

Rule  II. —  When  the  diameter  only  is  given.  Multiply  the 
square  of  the  diameter  by  .7854,  and  the  product  will  be  the 
area  of  the  circle. 

For  the  ratio  ci  the  square  described  on  the  diameter  of  a 
circle,  is  to  the  circle's  area,  approximately,  as  1  to  .7354. 

Ex.  Taking  the  same  example  aa  in  Rul6  I., 
We  have  the  diameter^BslO, 
and  10»X.7854«100X  .7854=78.54^  the  area  te^uirei 

Examples  for  Practice. 

Ej.  1.  Required  the  area  of  a  circle,  whose  diameter  \m 
22.6,  ani  the  circumference  71.  Ans  401.15. 

Kx.  2.  What  is  the  area  of  a  eircle,  whose  diameter  ia 
r  f  Ans.  S8.494fi. 
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.  3.     Find  the  area  of  a  semicircle,  the  diameter  of  the 
^  l^^ole  circle  being  66  feet. 

Ans.  1710.6012  square  feet. 
~Kx.  4.     The  diameter  of  a  circle  is  .318309,  and  the  cir<- 
^'-•^  "inference  being  1,  required  the  area  of  the  quadrant. 

Ans.  .019894. 
^x.  5.     The  area  of  a  circular  plantation  is  known  tooc<- 
^^  ^^  WY  an  acre  and  a  half  of  ground,  what  must  be  the  length 
^^^      a  line,  which  will  strike  the  circle? 

Ans.  48.072  yards. 
j^  ^^x.  6.     In  the  midst  of  a  meadow  well  stored  with  feed, 

jL^^  ^^ok  just  an  acre  to  tether  my  steed ; 

*~^nr  long  must  the  chord  be,  that,  feeding  all  round, 
mayn't  graze  less  or  more  than  his  acre  of  ground? 

Ans.  39.25075  yards. 
^s.  7.     Required  the  diameter  and  circumference  of  a 
^le,  whose  area  is  6760  square  feet. 

.       {  Diameter         =  85.637  feet. 
^^^'  I  Circumierence=269.039  feet 

PROBLEM   XT. 

Jind  tlie  area  of  a  Circular  Ringy  or  the  space  included 
between  two  Concentric  Circles, 

^luLE. —  When  the  two  circumferences  and  radii  are  given. 
V.iltiply  half  the  sum  of  the  circumferences  by  the  differ- 
^  ^e  of  their  radii,  and  the  product  will  be  the  answer, 
^  rop.  XVI.  B.  V.) 

Or  thus : 

Take  the  difference  of  the  areas  of  the  two  circles,  for  the 
«a  of  the  ring. 

Ex.  The  radii  Oa  and  00  of  two  concentric  circles  ab  and 
D.    lieiug  3  and  6,  and  their  circumferences  18.8496  and 
-4.416  respectively,  required  the  area  of  the  ring  or  space 
^^Dntained  between  the  two  circumferences. 


i(3I  ,416+18,8496)  X  (6—3) 
k3U|2636,  the  area  of  the  ring. 
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Scholium. — When  the  tteo  diameters  are  given.  Multiply 
the  sum  of  the  diameters  of  the  two  circles  by  their  differ- 
ence, and  that  product  by  .7854,  the  area  of  a  circle  whoes 
diameter  is  1,  and  the  last  product  will  be  the  area  of  the 
ring. 

Taking  the  same  example  as  before : 

(aA+GD)X(«A— GD)x.7854=*(10+6)X(lO— 6)X 
.7854=50.2o5b,  Ihe  area  required. 

Examples  fer  Practice, 

Ex.  I.  The  diameters  of  two  concentric  circles  being  20 
and  10  respectively,  required  the  area  of  the  ring  between 
their  circumferences.  Ans.  2!^>.62. 

Ex.  2.  The  circmnferences  of  two  concentric  circles  are 
1000  and  800  respcciively ;  required  the  area  of  the  ring  in* 
eluded  between  their  circumferences.  Ans.  28(^48.8. 

Kx.  3.  Supposing  a  circular  fish-pond  is  to  be  dug.  M^hose 
diameter  being  bO  yards,  a  gravel  walk  of  6  feet  wide^  and 
3  feet  from  the  edge  of  the  water,  is  to  be  made  round  it; 
required  the  area  of  the  gravel  walk. 

Ans.  402.1248  sq.  yards. 

Ex.  6.  Required  the  area  of  the  front  of  a  circular  arch, 
whose  dimensions  are  as  follows :  the  length  of  the  uppet 
bounding  arch=36.5  feet,  the  length  of  the  lower  arch=^ 
34.25  feet)  and  the  breadth  of  the  archxiifi2.5  feet. 

Ans.  88.375  sq.  feet 

I^ROBLEM   XVf. 

To  find  the  area  of  a  sector  of  a  circle. 

Rule. — Multiply  the  radius  into  half  the  length  of  the 

urc : 

Or, 

As  360,  to  the  number  of  degrees  in  the  arc,  so  is  the  area 
•of  the  circle,  to  the  area  of  the  sector. 

Note, — It  is  evident  that  the  area  of  the  sector  has  the 
^ame  rutio  to  the  area  of  the  circle,  which  the  length  of  the 
arc  has  to  the  length  of  the  circumference,  or  which  the 
tiumber  of  degrees  in  the  arc  has  to  the  number  of  degreed 
in  tlie  circumlerence^ 
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Ex.  If  the  arc  AOB  be  120^  and  the  diameter  of  the  cir- 
cle 226,  what  is  the  area  of  the  sector  A0BC1 


Here  (by  the  Rule)  the  area  of  the 
whole  circle  being  401 15,  we  have  360** : 
12if::40114: 13371},  the  area  of  sector. 


Examples  for  Practice, 

Ex.  1.   What  is  the  area  of  a  quadrant,  whose  radius  is 

^-  Ans.  1509.4675. 

Ex.  2.    What  is  the  area  of  a  semicircle,  whose  diameter 
is32. 

.  Ex.  3.    If  the  arc  ADB  be  240^  and  the  radius  of  the 
^^'cle  113,  what  is  the  area  of  the  sector  ADBC. 

PROBLEM    XVII. 

To  find  the  area  of  the  segment  of  a  circle. 

^tJLB  I. — Find  the  area  of  the  sector  which  has  the  same 
^}^y  and  also  the  area  of  the  triangle  formed  by  the  chord  of 

?segment and  the  radii  of  the  sector. 

^hea  if  the  segme.it  is  less  than  a  semicircle,  subtract  the 

^'^a.  of  the  triangle  from  the  area  of  the  sector.     But  if  it  is 

f^^ter,  add  the  area  of  the  triangle  to  the  area  of  the  sec- 
tor.     '  ^ 


I 


,  *f  the  triangle  ABO  be  taken  from 

dfr  ^^^^'  AOBC,  it  is  evident  the 
I  ^^rence  will  be  the.  segment  ABC 
^  than  a  semicircle.  And  if  the 
^"^e  triangle  be  added  to  the  sector 
^^BO,  the  sum  will  be  the  segment 
"^^^BA  greater  than  a  semicircle. 


MENSURATION  OP  SUPERFICms. 

The  area  of'  the  triangle  is  equal  to  the  product  of  h; 
the  chord  A  B  into  OF ;  OP  is  the  difference  between  i 
radius  and  the  height  of  the  segment. 

Ex.  1  What  is  the  area  of  the  segment  ABC,  the  arc 
the  segment  beinc^  60^  and  radium  12? 

By  Prop.  V.  B.  V.,  the  chord  of  the  segment  equals  t 
radius.     Hence  the  line  OFattV(l2'— 6«)^10.3923()48. 

Then  (by  the  Rule)  10.3923048 x6=r62.3o38,  the  area 
the  triangle  AOB. 

Also  .7854x24'-*-6=75.3984. 

Hence  75.3984— 62.3538::*«13.0446,  the  area  of  the  s( 
ment. 


o 


I 


Ex.  2.  To  find  the  area  of  the  segment 
ABO,  its  chord  AB  being  12  and  its  radius 
CAIO. 


By  Prob.  XI.  Case  2,  the  arc  of  the  segment  will  be  foui 
«=«73.74^ 

And  by  Prob.  XVL,  the  area  of  sector  C  AOBir=64,3504. 

The  altitude  of  the  iriangte  CAB,  by  Prob.  XI1I.,=8. 

Hence  12x84-2±»18=the  area  of  the  triangle. 

Therefore  64.3504— 48=sl6.3504a=ihe  area  of  the  segme 
ABO. 

Ex.  3.  What  is  the  area  of  the  segment  of  a  quadrant 
a  circle,  whose  radius  is  25  feet.  Ans.  178  37. 

Ex.  4.  What  is  the  area  of  the  segment  contained  by  \ 
arc  of  120®,  if  the  radius  is  2  feet. 

Ex.  5.  W^hat  is  the  area  of  the  segment,  whose  arc 
270**,  when  the  radius  is  22  feet. 

Rule  H. — Divide  the  height  of  the  segment  by  tlu-  di 
meter,  and  find  the  quotient  in  the  column  of  hci^his  in  t 
following  table.  Take  out  the  corresponding  area  in  tl 
next  column  on  the  right  hand,  and  multiply  it  by  the  squa 
of  the  circle's  diameter,  for  the  area  of  the  segment. 

Note. — When  the  quotient  is  not  found  exactly  in  tlie  t 
ble,  proportions  may  be  made  between  the  next  less  ai 
f^reater  area,  in  the  same  manner  as  is  done  in  the  table 
chords  and  arc»,  (Prob.  XI.  Case  2.) 
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TABLE  OF   THE  AREAS   OP   CIKCULAR   SEGMENTS. 
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ri       IJ 
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06000 
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42 
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1 36  .25455 .46 

37.2641^  47 
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3i:i04: 

32293 

33284 
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.35274 

.3^272 

37270; 

.38270! 
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Examples  far  Practice. 

Ex.  1.    What  is  the  area  of  the  segment 
ABO,  its  chord  AB  being  12,  and  the  radius 
CBorCOlO? 

Here  V(BC'— BP')=^/(100— 36)=V64 
=W)p,  A 

then  OC— CP=OP,  the   height  of  the 
segmen  t,  =  1 0-^=2.  0| 

HenreQP-~20C=2-T-2n=.l,  the  height  of  a  similar  seg- 
Wfnt  in  a  cirle  whose  diameter  is  1.  This  beini?  found 
m  the  first  column  of  the  table,  the  corresponcjing  tabular 
area  is  .U408S.  Then  .Ol08Sx20'=.0 108^x100  =  16.352, 
iheareaof  the  sefrment  AtiO. 

Ex.  2.  What  is  the  area  of  the  segment  whose  height  is 
IS,  and  diameter  of  the  circle  5tr?  Ans.  t)3()  3r5. 

Kx.  3.  Kex{:j>el  the  arcaof  the  segment,  whose  chord  is 
It),  ihe diameter  l^ing  20?  Ans.  4172vS. 

Ex.  4.  Find  the  area  of  a  segment,  whose  chord  is  GO 
feel  and  whose  aluiudc  is  5  feet.    ^  Aus.  201.1003. 


PROBLF..\I   xvir. 

Tofindfhf*  ftren  of  a  nrcuJar  zoitn^  or  the  sprrrr  A  HE  DUG  A, 
deluded  between  two  parallel  cJiords  AB^  HD,  and  ihe  two 
wc9AGU,BED. 

Rule. — From  the  area  of  the  whole  circle  subtract  the  two 
^gments  on  the  sides  of  tiie  zone. 
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If  from  the  whole  circle  there  be 
taken  the  two  segments  ABC  and 
DHF,  there  will  remain  the  zone 
ABDH.  Or  the  area  of  the  zone  may 
be  found,  by  subtracting  the  seg- 
ment ABC  from  the  segment  HDC  : 
or  by  adding  two  small  segments 
GAH  and  EBL  to  the  trapezoid 
ABDH. 

Ex.  What  is  the  area  of  the  zone  ABDH,  if  AB  is  7.75; 
DH  6.93,  and  the  diameter  of  the  circle  8  ? 

The  area  of  the  whole  circle  is    -----    -     60.26 

of  the  segment  ABC    -     -    -     -      17.32 

of  the  segment  DFH    -    -    -    -       9.82 

of  the  zone  ABDH 23.12 

Scholivm. — If  the  diameter  of  the  circle  is.  not  given,  it 
may  be  found  from  the  sides  and  breadth  of  the  zone. 

Let  the  centre  of  the  circle  be  at  O.  Draw  ON  perpen- 
dicular to  AH,  NM  pei  poiidiculaT  to  LR,  and  HP  perpendi- 
cular to  AL.     Then 

AN=iAH,  (Prop.  VI.  B.  III.)        MN=J(LA4-RH.) 
LM=iLR,  (Prop.  XIV.  B.  IV.)     PA=La— RIH. 

The  triangles  APH  and  OMN  are  similar,  because  the 
sides  of  one  arc  are  perpendicular  to  those  of  the  other,  each 
to  each.    Therefore 

PH:PA  ::  MN  :  MO. 

MO  being  found,  we  have  ML — MO=OL, 
And  the  raditis  (:;0=V(OL'+CL'). 

Ex.  If  the  breadth  of  a  zone  ACDH  be  6.4,  smd  the  sides 
6.8  and  6 ;  what  is  the  radius  of  the  circle  1 

m 

PA==3.4— 3=0.4.     And  MN=i(3.4+3)=3.2. 

Then  6.4  :  0.4:  :3.2  :  0.2=MO, 

And  3.2— 0.2=3=OL, 

And  the  radius  CO=V[3'+(3.4)']=4.634. 

7Vb/c. — For  a  full  development  of  the  principles  relative  to 
circular  segments  and  zones,  the  student  is  referred  to  a  sab- 
sequent  volume  of  this  work,  where,  from  principles  there 
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demonstrated,  the  area  of  the  segment  or  zone  of  a  circle 
may  be  calculated  with  as  little  labor  as  the  area  of  a  tri- 


angle. 


PROBLEM   XVITL 

To  find  the  area  of  a  lune  or  crescent. 

Rule.— Find  the  difference  of  the  two  segments  which  are 
between  the  arcs  of  the  crescent  and  its  chords. 


If  the  segment  ABC  be  taken  from 
the  segment  ABD,  there  will  remain 
the  lime  or  crescent  ACBD. 


A  H  B 

Ex.  If  the  chord  AB  be  »8,  the  height  CH  20,  and  the 
height  DH  40;  what  is  the  area  of  the  crescent  ACBD  / 

The  area  of  the  segment  ABD  is 2098 

of  the  segment  ABC 12^0 

of  the  crescent  ACBD 1478 

A  COLLECTION   OF    QUESTIONS     FOR     EXERCISE     IN    GEOMETRY   AND 

MENSURATION. 

\  In  a  right  angled  triangle,  given  the  base,  the  snm  or 
difference  of  the  other  two  sides,  and  the  area,  to  determine 
^he  triangle. 

2.  Given  the  base,  the  ratio  of  the  other  two  sides,  and 
^c  area,  to  determine  the  triangle. 

,  3-  Let  it  be  demonstrated  that  if  from  the  angles  of  any 
'^ght  angled  triangle  three  lines  be  drawn  perpendicniar  to 
^he  opposite  sides,  they  will  all  cut  each  other  in  the  same 
point; 

^r,  that  if  lines  be  drawn  bisecting  these  angles,  these 
lines  will  all  pass  through  the  same  point. 

Also,  that  if  line^  be  drawn  from  the  three  angles,  bisect- 
^%  the  opposite  sides,  those  lines  shall  all  pass  through  the 
■anie  point. 

4.  A  trapezium  being  given,  to  divide  it  into  two  parts 
having  any  given  ratio,  by  a  line  passing  through  any  given 
point,  either  in  one  of  the  given  sides,  or  within  the  trape- 
zium or  without  it. 
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5v  In  a  given  circle,  to  inscribe  an  isosceles  triangle  of  a 
given  magnitude. 

6.  In  a  given  circle,  to  inscribe  the  greatest  triangle  possi- 
ble. 

7.  To  circumscribe  a  given  circle  by  the  least  triangle  pos- 
sible. 

8.  To  circumscribe  about  a  given  circle  an  isosceles  tri- 
angle of  a  given  magnitude. 

U.  To  divide  a  iVapeziiim  into  four  equal  parts,  by  lines 
interseciing  each  oiher  at  right  angles. 

10.  Given  the  area  of  a  right  angled  triangle,  and  the  sum 
of  the  three  sides,  to  determine  the  triangle. 

11.  Given  the  base  of  a  triangle,  the  sum  of  the  other  two 
sides,  and  the  line  drawn  from  the  vertex  to  the  middle  of 
the  base,  to  determine  the  triangle. 

12.  Given  the  three  lines  drawn  from  the  angles  of  a  tri- 
angle to  the  middle  of  each  of  the  opposite  sides,  to  deter- 
mine the  triangle. 

13.  Given  Che  base  of  a  triangle,  and  the  sum  and  diSer- 
ence  of  the  squares  of  the  sides,  to  determine  the  triangle.  . 

This  problem  is  subcepliblc  of  a  very  simple  and  elegant 
construction,  for  Hie  vertex  of  this  triangle  is  in  the  circum- 
ference of  a  certain  circle,  and  is  also  in  a  certain  right  line 

14.  What  is  the  area  of  the   surface  B 
A113DFA   enclosed  by  the   circular    arc 
IBDF,    and    the  tangents   FA  and  lA, 
whose  sum  is  100  feet,  the  radius  CI  be- 
ing 10  feet, 

Ans.  500  square  feet. 

F 

15.  The  radius  of  the  earth  at  the  equator  being  found  t<j 
be  3963.2  miles,  what  is  the  circumference  of  the  equator'.^ 

Ans.  21901.578  miles. 

16.  The  polar  diameter  of  the  earth  being  found  to  be 
7900.8  miles,  what  is  the  circumference  of  a  meridian,  on 
the  supposition  that  it  is  a  circle.  Ans.  24S21.153. 

17.  What  is  the  area  of  the  circle,  of  which  the  e([uator 
is  the  circumference.  Ans.  29314812. 1  8q.  miles. 

18.  What  is  the  area  of  a  sector,  whose  arc  is  J 20",  and 
whose  radius  is  100  feet.  Ans.  10472  sq.  fceL 
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This  division  of  the  subject  is  based  on  Legendre's  Ele- 
VENTS,  and  contains  only  the  elementary  part  of  solid  geome- 
try, Avjth  its  application  to  the  mensuration  of  such  solids  as 
are  therein  treated  of.    The  higher  branches  of  solid  geome- 
try', together  with  the  subject  of  mensuration  thereto  pertain- 
ing, is  reserved  for  the  fourth  division  of  the  series.    In  this 
division  will  be  found  some  new  propositions  in  relation  to 
surfaces  and  solidities.    In  the  second  book,  the  subject  of 
small  pyramidal  portions,  or  elementary  pyramids,  is  discuss- 
ed, showing  that  all  polyedrons  and  solids,  bounded  by  plane 
surfaces,  may  be  conceived  to  be  formed  from  these  as  their 
elements.    In  the  third  book,  the  reasoning  in  relation  to  ele- 
mentary pyramidals  is  extended  to  solids  of  revolution,  show- 
ing that  the  cylender,  cone,  and  sphere  may  be  divided  into 
regular  pyramidal  portions.     The  discussions  in  relation  to 
consected  cylinders,  cones,  and  conic  frustra,  and  also  on  a 
new  class  of  solids,  termed  polyedroids,  it  is  presumed  will  be 
found  both  novel  and  interesting,  by  means  of  which  the  de- 
monstrations in  relation  to  the  surface  and  solidity  of  the 
^bere  are  rendered  more  rigorous  than  by  the  methods  usu- 
^ly  pursued.    Book  IV.  consists  of  the  isoperimetry  of  solids. 
The  naensuration  of  elementary  solids  follows,  to  which  is  ap- 
pnided  a  table  of  squares  and  cubes,  square  roots  and  cube 
roots,  which  will  be  found  highly  useful  in  tedious  calculations 
where  powers  and  roots  are  concerned. 
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ELEMENTS  OF  SOLID  GEOMETRY. 


BOOK  L 


PLANES  AND  SOLID  ANGLES. 


DEFINITIONS. 


I  The  common  section  of  two  planes,  is  the  line  in  which 
liiey  meet  to  cut  each  other. 

2.  A  line  is  perpendicular  to  a  plane  when  it  is  perpendicu- 
lar io  every  line  in  that  plane  which  meets  it. 

3.  One  plane  is  perpendicular  to  another,  when  every  line 
of  the  one  which  is  perpendicular  to  the  line  of  their  common 
section  is  perpendicular  to  the  other. 

4.  A  line  i3  parallel  to  ^plane^  when  it  is  equidistant  from  it 
in  all  its  parts. 

5.  Parallel  planes  are  such  as  are  everywhere  at  the  same 
perpendicular  distance,  or  such  as  being  produced  ever  so  far 
in  either  direction,  will  never  meet. 

6.  The  angle  or  mutual  inclination  of  two  planes,  is  the  an* 
gle  contained  between  two  lines,  one  in  each  plane,  and  both 
perpendicular  to  the  common  intersection  at  the  same  point, 
ihis  angle  may  be  acute,  obtuse,  or  a  right  angle.  If  it  is  a 
right  angle,  the  two  planes  are  perpendicular  to  each  other. 


7.  A  solid  angle  is  that  which  is  made 
by  three  or  more  plane  angles  meeting 
each  other  in  the  same  point 


Thus  the  solid  angle  S  is  formed  by  the 
onion  of  the    planes  ASB,  BSC,  CSD,  a 
DSA. 
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PROPOSITION    I.       THEOREM. 

A  straight  line  cannot  lie  partly  in  a  plane  and  partly  out  of 
it,  when  both  are  produced  to  the  same  distance. 

For,  by  the  definition  of  a  plane,  where  a  straight  line  has 
two  points  common  with  a  plane,  it  lies  wholly  in  that  plane. 

Scholium.  To  discover  whether  a  surface  is  plane,  it  is 
necessary  to  apply  a  straight  line  in  different  directions  to  that 
surface,  and  ascertain  if  it  touches  the  surface  throughout  its 
whole  extent. 

PROPOSITION    II.       THEOREM. 

If  one  straight  line  coincides  with  a  plane,  and  another  straight 
line  is  cut  by  the  same  plane^  those  lines  cannot  he  parallel 

Let  AB  be  a  straight  line,  a^ 
coinciding  in  the  plane  Ae/'B 
in  its  whole  length ;  and  let 
CD  be  another  straight  line, 
cut  by  the  same  plane  in  j^;  c  g 

then  the  lines  AB  and  CD  cannot  be  parallel. 

For  make  the  line  ef,  which  coincides  in  the  same  plane  as 

the  line  AB,  and  which  cuts  the  line  CD,  parallel  to  AB,  and 

at  the  distance  hg.    Then  (Prop.  XX,  B.  II.  El.  Geom.)  willAe 

and  Bf  be  each  equal  to  hg,  the  two  lines  being  equidistant  in 

all  their  parts  by  definition.     Now,  as  the  plane  cuts  the  lioc 

CD  in  g,  so  as  to  leave  C^  below  the  plane  and  Dg  above  it 

let  Ce  and  Df  be  drawn  perpendicular  to  the  plane,  and  these 

lines  will  measure  the  distance  of  the  extremes  of  the  line  CD 

from  the  plane,  join  C A  and  DB  then  we  shall  have  the  two 

right  angled  triangles  AeC  and  B/D,  with  the  right  angliM 

respectively  at  e  and/.     And  because  the  hypothenuse  ofi 

right  angled  triangle  is  greater  than  either  of  the  legs,  tht 

lines  CA  and  DB  are  each  greater  than  eA  or  /B ;  but  tb< 

distance  gh  is  common  to  the  two  lines  ef  and  CD,  and  * 

equal  to  eA  and  also  to  /B.     Therefore,  the  line  CD  is  n< 

equidistant  from  AB  in  all  its  parts,  and  hence  is  not  parallel  ^ 

AB.     But  suppose  it  were  made  to  be  equidistant  in  each  * 

the  points  C,  g  and  D,  by  making  the  lines  AC,  A  g,  and  B 

equal ;  this  would  require  that  the  extremities  of  the  line  C 

should  be  brought  nearer  to  the  line  AB,  while  the  point  g  X 

mains  fixed,  and  hence  the  line  would  become  curved.   Toer 

fore,  the   conditions   of  the  proposition  are  not  answere 

Hence  richt  lines  that  cannot  coincide  in  the  same  plane  a 

not  parallel. 
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PROPOSITION    III.       THEOREM. 

raight  lines,  which  intersect  each  other,  lie  in  the  same 
plane,  and  determine  its  position. 

AB,  AC  be  two  straight  lines  which 

t  each  other  in  A  ;  a  plane  may  be 

ed  in  which  the  straight  line  AB  is 

if  this  plane  be  turned  round  AB, 

pass  through  the  point  C,  then  the 

,  which  has  two  of  its  points,  A  and 

is  plane,  lies  wholly  in  it ;  hence  the  position  of  the 

determined  by  the  single  condition  of  containing  the 

light  lines  AB,  AC. 

A  triangle  ABC,  or  three  points.  A,  B,  C,  not  in  a 
line,  determine  the  position  of  the  plane. 

2.  Hence,  also,  two  parallels 
)  determine  the  position  of  a 
or,  drawing  the  secant  EF,  the 
the  two  straight  lines  AE,  EF, 
f  the  parallels  AB,  CD. 


PROPOSITION   IV.      THEOREM. 

ilanes  cut  each  other,  their  common  intersection  will  he 

a  straight  line, 

f  among  the  points  common  to  the  two  planes,  there 

which  are  not  in  the  same  straight  line,  then  the 

passing  each  through  these  three  points,  must  form 

I  and  the  same  plane;  which  contradicts  the  hypo- 


PROPOSITION    Y.      THEOREM. 

straight  lines  intersect  each  other,  and  a  third  line  is 
ndicular  to  both  of  them  at  their  point  of  intersection^ 
I  also  be  perpendicular  to  all  lines  drawn  through  its 
md  in  the  same  plane  of  the  two  first  lines,  and  wHl^ 
orep  be  perpendicular  to  the  plane  of  those  lines. 

LP  be  perpendicular  to  PB,  PC,  at  the  point  P,  and 
I  plane  of  the  lines  CP,  BP ;  then  will  AF  be  perpen- 
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dicular  to  any  line  of  the  plane  passing  through  P,  and  conse- 
quently to  the  plane  itself,  (Def.  2.) 

Through  any  point  Q  in 
PQ,  draw  (Prob.  V.  B  IV.  El 
Geom.)  the  straight  line  BC  in 
the  angle  BPC,  so  that  BQ= 
QC ;  join  AB,  AQ,  AC. 

The  base  BC  being  divided 
into  two  parts  at  the  point  Q, 
the  triangle  BPC(Prop.XXVIL 
B.  IV.  EL  Geom.)  will  give 

PC'+PB'=2PQ«+2QC\ 
The  triangle  BAC  will  in  like  manner  give 

AC«+AB«=2AQ'— 2QC\ 

Taking  the  first  equation  from  the  second,  and  observing  that 
the  triangles  APC,  APB,  which  are  both  right-angled  at  P, 
give  AC— PC"=AP,  and  AB'— PB"=AP;  we  shall  have 

AP+AP=2AQ'— 2PQ\ 

Therefore,  by  taking  the  halves  of  both,  we  have  AP= 
AQ"— PQ%or  AQ'=AP+PQ';  hence  the  triande  APQ  is 
right  angled  at  P ;  hence  AP  is  perpendicular  to  rQ. 

Scholium.  Thus  it  is  evident,  not  only  that  a  straight  line 
may  be  perpendicular  to  all  the  straight  lines  which  pass 
through  its  foot  in  a  plane,  but  that  it  always  must  be  so, 
whenever  it  is  perpendicular  to  two  straight  lines  drawn  in 
the  plane ;  which  proves  our  second  Definition  to  be  accurate. 

Cor.  1.  The  perpendicular  AP  is  shorter  than  any  oblique 
line  AQ ;  therefore  it  measures  the  true  distance  from  the 
point  A  to  the  plane  MN. 

Cor.  2.  At  a  given  point  P  on  a  plane,  it  is  impossible  to 
erect  more  than  one  perpendicular  to  that  plane  ;  for  if  there 
could  be  two  perpendiculars  at  the  same  point  P,  draw  through 
these  two  perpendiculars  a  plane,  whose  intersection  with  the 
plane  MN  is  PQ ;  then  these  two  perpendiculars  would  be 
perpendicular  to  the  line  PQ,  at  the  same  point,  end  in  the 
same  plane,  which  is  impossible,  (Prop.  I.  B.  II.  El.  Geom.) 

It  is  also  impossible  to  let  fall  from  a  given  point  out  of  a 
plane  two  perpendiculars  to  that  plane  ;  for  let  AP.  AQ,  be 
these  two  perpendiculars,  then  the  triangle  APQ  would  have 
two  right  angles  APQ,  AQP,  which  is  impossible. 


PROPOSITION   VI.       THEOREM. 


>''lique  lines  draum  from  the  same,  paint  without  a  plane,  to 
points  equidistant  from  Ike  perpendicular  to  the  plane,  drawn 
from  such  point  are  equal,  and  of  two  oblique  lines  drawn  to 
points  unequally  distant  from  the  perpendicular,  the  mere 
distant  is  the  longer. 


Let  AP  be  perpendicular  to  the 
laoc  MN  ;  AB,  AC,  AD,  oblique 
nes  equally  distant  from  the  per-    .^^ 
cndicular,  and  AE  a  line  more  re-    .' 
>ote:    then  will   AB=AC=AD ;    ' 
ad  AE  will  be  greater  than  AD. 

For,  the  angles  APB,  APC,  APD. 
eing  right  angles,  if  we  suppose     ',. 
ic  distances  PB,  PC,  PD,  to  bo     !__ 
)ual  to  each  other,  the  triangles  ^ 

PB,  APC,  APD,  will  have  in  each  an  equal  angle  contained 
r  two  equal  sides  ;  therefore  they  will  be  equal ;  hence  the 
rpothenuses,  or  the  oblique  lines  AB,  AC,  AD,  will  be  equal  to 
icb  other.  In  like  manner,  if  the  distance  PE  is  greater  than 
D  or  its  equal  PB,  the  oblique  line  AE  will  evidently  be 
"eater  than  AB,  or  its  equal  AD. 

Cor.  All  the  equal  oblique  lines,  AB,  AC,  AD,  &e.,  terrni- 
.te  in  the  circumference  BCD,  described  from  P  the  foot  of 
e  perpendicular  as  a  centre ;  therefore  a  point  A  bebg  given 
It  of  B  plane,  the  point  P  at  which  the  perpendicular  let  fall 
MD  A  would  meet  that  plane,  may  be  louod  by  marking  upon 
■t  plane  three  points  B,  C.  D,  equally  distant  from  the  point  A, 
id  then  finding  the  centre  of  the  circle  which  passes  through 
ese  points ;  this  centre  will  be  P,  the  point  sought. 

Scholium.  The  angle  ABP  is  called  the  inclination  of  the 
tiqvx  line  AB  to  the  ploTie  MN ;  which  inclination  is  evidently 
lOal  with  respect  to  all  such  lines  AB,  AC,  AD,  as  are  equally 
itant  from  the  perpendicular ;  for  ail  the  triangles  ABP,  ACP, 
DP,  6cc  are  equal  to  each  other. 
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PROPOSITION    VII.       THEOREM. 


If  from  a  point  without  a  planer  a  perpendicular  be  kt  fall  on 
the  plane^  and  from  the  foot  of  the  perpendicular  a  perpen- 
dicular be  drawn  to  any  line  of  the  plane^  and  from  the  point 
of  intersection  a  line  be  drawn  to  the  first  pointy  this  latter 
line  will  be  perpendicular  to  the  line  of  the  plane.^    , 

Let  AP  be  perpendicular  to  thc'plane 
NM,  and  PD  perpendicular  to  BC; 
then  will  AD  be  also  perpendicular  to 
BC 

Take  DB=DC,  and  draw  PB,  PC 
AB,  AC.  Since  DB=DC,  the  oblique 
line  PB=PC  :  and  with  regard  to  the 
perpendicular  AP,  since  PB=PC,  the 
oblique  line  ^  AB=  AC  (Prop.  VI.)  ; 
therefore  the  line  AD  has  two  of  its 
points  A  and  D  equally  distant  from  the 
extremities  B  and  C ;  therefore  AD  is  a  perpendicular  to  B(^ 
at  its  middle  point  D  (Prop.  XVIU.  B.  IL  El.  Geom.) 

Cor.  It  is  evident  likewise,  that  BC  is  perpendicular  to  tbi 
plane  APD,  since  BC  is  at  once  perpendicular  to  the  twt 
straight  lines  AD,  PD. 

Scholium.  The  two  lines  AE,  BC,  afford  an  instance  of  two. 
lines  which  do  not  meet,  because  they  are  not  situated  in  te 
same  plane.  The  shortest  distance  between  these  lines  if  tli0 
straight  line  PD,  which  is  at  once  perpendicular  to  the  lin^  AP 
and  to  the  line  BC.  The  distance  PD  is  the  shortest  distMl; 
between  them,  because  if  we  join  any  other  two  points,  loft 
as  A  and  B,  we  shall  have  AB>AD,  AD>PD ;  ther«6* 
AB>PD. 

The  two  lines  AE,  CB,  though  not  situated  in  the  same  plti>^ 
are  conceived  as  forming  a  right  angle  with  each  other,  becao* 
AE  and  the  line  drawn  through  one  of  its  points  parellel  to 
BC  would  make  with  each  other  a  right  angle.  In  the  saii* 
manner,  the  line  AB  and  the  line  PD,  which  represent  any  t^ 
straight  lines  not  situated  in  the  same  plane,  are  supposed  ^ 
form  with  each  other  the  same  ande,  which  would  bci  forio** 
by  AB  and  a  straight  line  parallel  to  PD  drawn  through  oO« 
VJ  the  points  of  Ab. 
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PROPOSITION    Vni.      THEOREM. 

yf  two  parallel  lines  be  perdendicular  to  a  plane,  the  other 
will  also  be  perpendicular  to  the  same  plane. 

be  lines  ED,  AP,  be  parallel ; 

I  perpendicular  to  the  plane 

len  will  ED  be  also  perpen- 

to  it 

»ugh  the  parallels  AP,  DE, 

plane;  its  intersection  with 

le  MN  will  be  PD ;  in  the 

IN  draw  BC  perpendicular 

and  draw  AD. 

le  Corollary  of  the  preceding  Theorem,  BC  is  perpen- 

to  the  plane  APDE ;  therefore  the  angle  BDE  is  a  right 

but  the  angle  EDP  is  also  a  right  angle,  since  Ar  is 

licular  to  PD,  and  DE  parallel  to  AP  (Prop.  XXIII. 

B.  II.  EL  Geom.) ;  therefore  the  line  DE  is  perpendicu- 

!ie  two  straight  lines  DP,  DB ;  hence  it  is  perpendicu- 

leir  plane  MN  (Prop.  V.). 

1.  Conversely,  if  the  straight  lines  AP,  DE,  are  per- 
liar  to  the  same  plane  MN,  they  will  be  parallel ;  for  if 

not  so,  draw  through  the  point  D,  a  line  parallel  to 
I  parallel  will  be  perpendicular  to  the  plane  MN ;  there. 
ough  the  same  point  D,  more  than  one  perpendicular 
fe  erected  to  the  same  plane,  which  is  impossible  (Prop. 
.2.). 

2.  Two  lines  A  and  B,  parallel  to  a  third  C,  are  par- 
eacsh  other ;  for,  conceive  a  plane  perpendicular  to  the 

the  lines  A  and  B,  being  parallel  to  C,  will  be  perpen- 
to  the  same  plane ;  therefore,  by  the  preceding  Corol- 
ey  will  be  parallel  to  each  other. 
three  lines  are  supposed  not  to  be  in  the  same  plane  ; 
isc  the  proposition  would  be  already  known  (Prop.XXV. 
EL  Geom.). 

PROPOSITION    IX.      THEOREM. 

aight  line  is  parallel  to  a  straight  line  drawn  in  a  plane, 
it  will  be  parallel  to  that  plane. 

AB  be  parallel  to  CD  of  the  plane  NM  ;  then  will  it  be 
1  to  the  plane  MN. 

2 
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For,  if  the  line  AB,  which  lies  in  the  plane  ABDC,  could 
meet  the  plane  MN,  this  could  only 
be  in  some  point  of  the  line  CD, 
the  common  intersection  of  the  two 
planes :  but  AB  cannot  meet  CD, 
since  they  are  parallel ;  hence  it 
will  not  meet  the  plane  MN ;  hence 
it  is  parallel  to  the  plane  (Def.  4.). 


PROPOSITION   X.      THEOREM. 


Two  planes  which  are  perpendicular  to  the  same  straight  line, 

are  parallel  to  each  other. 


o 


x 


T~ — V' 


pX 


B 


N 


Let  the  planes  NM,  QP,  be  per-    '^  -    M 
pendicular  to  the  line  AB,  then  will 
they  be  parallel. 

For,  if  they  can  meet  anywhere, 
let  O  be  one  of  their  common  points, 
and  draw  OA,  OB  ;  the  line  AB 
which  is  perpendicular  to  the  plane 
MN,  is  perpendicular  to  the  straight 
line  OA  drawn  through  its  foot  in 
that  plane  ;  for  the  same  reason  AB  is  perpendicular  to  BO; 
therefore  OA  and  OB  are  two  perpendiculars  let  fall  from  the 
same  point  O,  upon  the  same  straight  line  ;  which  is  impossible; 
therefore,  the  planes  MN,  PQ,  cannot  meet  each  other ;  con- 
sequently they  are  parallel. 


PROPO0ITION    XI.       THEOREM. 

If  a  plane  cut  two  parallel  planes^  the  lines  of  intersections  wB 

be  parallel. 

Let  the  parallel  planes  NM,  PQ, 
be  intersected  by  the  plane  EH ; 
then  will  the  lines  of  intersection 
EF,  GH,  be  parallel. 

For,  if  the  lines  EF,  GH,  lying  in 
the  same  plane,  were  not  parallel, 
they  would  meet  each  other  when 
produced ;  therefore,  the  planes  MN, 
rQ,  in  which  those  lines  lie,  would 
also  meet ;  and  hence  the  planes 
would  not  be  parallel. 
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PROPOSITION   Zn.      THEOREM. 

)  planes  are  parallel,  a  straight  line  which  is  perpendicu^ 
lar  to  oney  is  also  perpendicular  to  the  other, 

MN,  PQ,  (see  diagram  to  Prop.  X.)  be  two  parallel 
,  and  let  AB  be  perpendicular  to  NM  ;  then  will  it  also 
pendicular  to  Qr. 

^ing  drawn  any  line  BC  in  the  plane  PQ,  through  the 
lB  and  BC,  draw  a  plane  ABC,  intersecting  the  plane 
I  AD :  the  intersection  AD  will  be  parallel  to  BC  (Prop, 
but  the  line  AB,  being  perpendicular  to  the  plane  MN» 
lendicular  to  the  straight  line  AD  ;  therefore,  also,  to  its 
\  BC  (Prop.  XXIII.  Cor.  1.  B.  11.  El  Geom.) :  hence 
5  AB  being  perpendicular  to  any  line  BC.  drawn  through 
;  in  the  plane  PQ,  is  consequently  perpendicular  to  that 
Def.  2.) 


PROPOSITION    XIU.      THEOREM. 

araUels  comprehended  between  two  parallel  planes  are 

equal. 

MN,  PQ,  (see  diagram  to  Prop.  XI.)  be  two  parallel 
and  FH,  GE,  two  parallel  lines :  then  will  EG=FH. 
through  the  parallels  EG,  FH,  draw  the  plane  EGHF, 
cting  the  parallel  planes  in  EF  and  GH.     The  intersec- 
IF,  GH,  are  parallel  to  each  other  (Prop.  XL) ;  so  like- 
re  EG,  FH  ;  therefore  the  figure  EGHF  is  a  parallelo- 
consequently,  EG=FH. 


Hence  it  follows,  that  two  parallel  planes  are  every 
equidistant :  for,  suppose  EG  were  perpendicular  to  the 
PQ ;  the  parallel  FH  would  also  be  perpendicular  to  it 
VIII.)  and  the  two  parallels  would  likewise  be  perpen- 
r  to  the  plane  MN  (Prop.  XII.) ;  and  being  parallel,  they 
)  equal,  as  shown  by  the  Proposition. 
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PROPOSITION    XIV.      THEOREM. 

If  two  angles,  not  situated  in  the  same  plane,  have  their  sidt 
parallel  and  lying  in  the  same  direction,  those  angles  will  I 
equals  and  their  planes  wiU  beparaUcL 

Let  the  angles  be  CAE  and  DBF. 

Make  AC=BD.  AE=BF;  and  ?L 
draw  CE,  DF,  AB,  CD,  EF.  Since 
AC  is  equal  and  parallel  to  BD,  the 
figure  ABDC  is  a  parallelogram  ; 
therefore  CD  is  equal  and  parallel 
to  AB.  For  a  similar  reason,  EF 
is  equal  and  parallel  to  AB ;  hence 
also  CD  is  equal  and  parallel  to 
EF ;  hence  the  figure  UEFD  is  a 
parallelogram,  and  the  side  CE  is 
equal  and  parallel  to  DF;  there- 
fore the  triangles  CAE,  DBF,  have  '  {] 
their  corresponding  sides  equal ;  therefore  the  angle  CA£a 
DBF. 

Again,  the  plane  ACE  is  parallel  to  the  plane  BDF.  Fc 
suppose  the  plane  drawn  through  the  point  A,  parallel  to  BDl 
were  to  meet  the  lines  CD,  EF,  in  points  different  from  C  an 
E,  for  instance  in  G  and  H ;  then,  the  three  lines  AB,  GD,  F£ 
would  be  equal  (Prop.  XIIL) :  but  the  lines  AB,  CD,  EF,  ar 
already  known  to  be  equal ;  hence  CD=GD,  and  FH=EP 
which  is  absurd ;  hence  the  plane  ACE  is  parallel  to  BDF. 

Cor.  If  two  parallel  planes  MN,  PQ.  are  met  by  two  othei 
planes  CABD,  EABF,  the  angles  CAE,  DBF,  formed  by  the 
intersections  of  the  parallel  planes  will  be  equal ;  for  the  inter- 
section AC  is  parallel  to  BD,  and  AE  to  BF  (Prop.  XI.) ; 
therefore  the  angle  CAE=DBF. 

PROPOSITION    XV.       THEOREM. 

If  three  straight  lines^  not  situated  in  the  same  plane,  are  equ^ 
andparcdleU  the  opposite  triangles  formed  hy  joining  tket^ 
tremities  of  these  lines  will  be  equals  and  their  planes  wiU  ^ 
paralleL 

Let  AB,  CD,  EF,  (see  diagram  to  Prop.  XIV.)  be  the  Kne* 

Since  AB  is  equal  and  parallel  to  CD,  the  figure  ABDC  is  i 

parallelogram ;  hence  the  side  AC  is  equal  and  parallel  to  BD 

For  a  like  reason  the  sides  AE,  BF,  are  equal  and  parallel,  K 


also  CE,  DF ;  therefore  the  two  trianitles  ACE,  BDF.  are 

equal ;  hence,  by  the  last  PropositioD,  their  pianea  are  parallel. 

PROPOSITION    XVI.       TBEOBEH. 

Ifbco  straight  linet  be  cutbtf  three  paralUl  plants,  they  will  be 
div  ided  prc^ortionalltf. 

Suppose  the  line  AB  to  meet  the  pa-    " 
rallel  planes  MN,  PQ,  RS,  at  the  points 
A,  E,  B ;  and  the  lines  CD  to  meet  the 
ume  planes  at  the  points  C,  F,  D :  ve 
are  now  to  show  that 

AE  :  EB  :  CF  :  FD. 
Draw  AC  meetine  the  plane  FQ  in 
G,  and  draw  AC,  EG,  GF,  BD ;  the  io- 
teraections  EG,  BD,  of  the  parallel 
plues  FQ.  RS,  by  the  plane  ABD,  are 
parallel  (Prop.  XL)  ;  therefore 

AE  1  EB  :  :  AG  :  GD ; 
Id  like  manner,  the  intersections  AC, 
GF,  being  paraJlel, 

AG  :  GD  :  :  CF  :  PD ; 
the  ratio  AG  :  GD  is  the  same  in  both  ;  h^ce 
AE  ;  EB  :  :  CF  :  FD. 

PEOFoamoN  XVII.     thiobbk. 

If  a  line  is  perpendicular  to  a  plane,  every  plane  passed  through 
lie  perpendicular,  will  also  be  perpendicular  to  the  plane. 

Let  AP  be  perpendicular  to  the  plane 
XM ;  then  will  every  plane  passing  through 
AP  be  perpendicular  to  NM. 

Let  BC  De  the  intersection  of  the  planes 
AB,  MN  ;  in  Ibe  plane  MN,  draw  DE  per-  ' 
peodicular  to  BF :  then  the  line  AP,  being 
perpendicular  to  the  plane  MN,  will  t^ 
berpendicular  to  each  of  the  two  straight 
linea  BC,  DE  ;  but  the  angle  APD,  formed 
by  the  two  perpendiculars  PA,  PD,  to  the 
coinmoD  intersection  BP,  measures  the  angles  of  the  two  planes 
AB,  HN  (Def.  6.)  -,  therefore,  since  that  angle  is  a  right  an- 
{^  the  two  planes  are  perpendicular  to  each  other. 

Sckohvm.     When  three  straight  lines,  such  as  AP,  BP,  DP, 
ue  perpendicular  to  each  other,  each  of  those  linea  ia  perpeo- 
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dicular  to  the  plane  of  the  other  two,  and  the  three  planes  are 
perpendicular  to  each  other. 


RROPOSITION    XVIII.      THEOREM. 

If  two  planes  are  perpendicular  to  each  other,  a  line  drawn  in 
one  of  them  perpendicular  to  their  common  intersection^  will 
he  perpendicular  to  the  other  plane. 

Let  the  plane  AB  (see  diagram  to  Prop.  XVIL)  be  perpen- 
dicular to  NM ;  then  if  the  line  AP  be  perpendicular  to  the  in- 
tersection BC,  it  will  also  be  perpendicular  to  the  plane  NM. 

For,  in  the  plane  MN  draw  PD  perpendicular  to  PB  ;  then, 
because  the  planes  are  perpendicular,  the  angle  APD  is  a  right 
angle ;  therefore,  the  line  AP  is  perpendicular  to  the  two 
straight  lines  PB,  PD ;  therefore  it  is  perpendicular  to  their 
plane  MN  (Prop.  V.). 

Cor,  If  the  plane  AB  is  perpendicular  to  the  plane  MN,  and 
if  at  a  point  P  of  the  common  intersection  we  erect  a  perpen- 
dicular to  the  plane  MN,  that  perpendicular  will  be  in  the  plane 
AB :  for,  if  not,  then,  m  the  plane  AB  we  might  draw  AP  per- 
pendicular to  PB  the  common  intersection,  and  this  AP,  at  the 
same  time,  would  be  perpendicular  to  the  plane  MN ;  there- 
fore at  the  same  point  P  tnere  would  be  two  perpendiculars  to 
the  plane  MN,  which  is  impossible  (Prop.  V.  Cor.  2.) 


PROPOSITION    XIX.      TBEOSSM. 

If  two  planes  are  perpendicular  to  a  third  plane^  their  common 
intersection  will  also  be  perpendicular  to  the  third  plane. 

Let  the  planes  AB,  AD,  (see  diagram  to  Prop.  XVIL)  be 
perpendicular  to  NM ;  then  will  their  intersection  AP  be  per- 
pendicular to  NM. 

For,  at  the  point  P,  erect  a  perpendicular  to  the  plane  MN  ; 
that  perpendicular  must  be  at  once  in  the  plane  Ad  and  in  the 
plane  AD  (Prop.  XVIII.  Cor.)  ;  therefore  it  is  their  common 
intersection  AP. 
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PROPOSITION    ZX.      THEOKEM. 

The  angle  included  between  two  planes  may  he  measured,  agree- 
ably to  our  Definition^  by  the  angle  which  is  formed  by  two 
hnes^  one  being  drawn  in  each  of  those  planes^  and  both  per^ 
pendicular  to  the  common  intersection  at  the  same  point 

Let  tbe  line  AN  of  the  plane  MAN»  and  AP  of  the  plane 
Map  be  perpendicular  to  the  common  intersection  AM  at  the 
point  A ;  then  will  the  angle  PAN  measure  the  angle  included 
between  the  planes. 

To  show  the  correctness  of  this  mea- 
surement, we  roust,  in  the  first  place, 
prove  that  it  is  constant,  or  that  it  would 
be  the  same  at  whatever  point  of  the 
eommon  intersection  tbe  perpendiculars 
were  drawn* 

Take  any  other  point  M ;  and  draw 
MC  in  the  plane  MN,  MB  in  the  plane 
MP,  perpendicular  to  the  common  mter- 
section  AM.  Since  MB  and  AP  are 
perpendicular  to  the  same  line  AM,  they  are  parallel  to  each 
other.  For  the  same  reason,  MC  is  parallel  to  AN ;  therefore 
(Prop.  XIV.)  the  angle  BMC=PAN  ;  therefore  it  is  indifier- 
eot  whether  the  perpendiculars  be  drawn  at  the  point  M  or  at 
the  point  A ;  the  included  angle  will  be  always  the  same. 

In  the  second  place,  we  must  prove  that,  if  the  angle  of  the 
two  planes  increases  or  diminishes  in  a  certain  ratio,  the  angle 
PAN  will  increase  or  diminish  in  the  same  ratio. 

In  the  plane  PAN,  from  the  centre  A  and  with  any  radius, 
describe  the  arc  NDP ;  from  tbe  centre  M  and  with  an  equal 
radius  describe  the  arc  CEB  ;  draw  AD  to  any  point  D  of  the 
arc  PD :  the  two  planes  PAN,  BMC,  being  perpendicular  to 
the  same  straight  line  MA,  will  (Prop.  X.)  be  parallel ;  there- 
fore the  intersections  AD,  ME,  of  these  two  planes  with  a  third 
AMD,  will  be  parallel ;  therefore  (Prop.  XI V.)  the  angle  BME 
will  be  equal  to  PAD. 

Let  us  for  a  moment  call  the  angle,  which  is  formed  by  the 
two  planes  MP,  MN,  a  wedge ;  that  granted,  if  the  angle  DAP 
were  equal  to  DAN,  it  is  evident  that  the  wedge  DAMP  would 
be  equal  to  the  wedge  DAMN ;  for  the  base  PAD  if  placed 
upon  its  equal  DAN  would  exactly  coincide  with  it,  the  height 
AM  would  be  always  the  same ;  therefore  the  two  comers 
would  cdncide  with  each  other.  In  like  manner  it  may  be 
shown,  that  if  tbe  angle  DAP,  were  contained  a  certain  num« 
her  of  times  exactly  in  the  angle  PAN ;  the  wedge  DAMP 
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would  be  contained  just  as  many  times  in  the  wedge  P^ 
But  from  the  ratio  in  whole  numbers,  the  conclusion  wi 
gard  to  any  ratio  is  legitimate,  and  is  demonstrated  in  a 
altogether  similar  (Prop.  XVIIL  B.  IIL  EL  Geom.) ;  the: 
whatever  be  the  ratio  of  the  angle  DAP  to  the  angle  PAl 
wedge  DAMP  will  be  in  that  same  ratio  with  the  \ 
PAMN  ;  therefore  the  angle  NAP  may  be  taken  as  the 
sure  of  the  wedge  PAMN,  or  of  the  angle  which  is  form 
the  two  planes  MAP,  MAN. 

Scholium.  The  same  relation  subsists  between  the  s 
which  are  formed  by  two  planes,  as  between  those  whic 
formed  by  two  straight  lines.  Thus  when  two  planes  i 
ally  cross  each  other,  the  opposite  or  vertical  angles  are 
and  the  adjacent  angles  are  together  equal  to  two  right  ai 
therefore  if  one  plane  be  perpendicular  to  another,  the 
is  also  perpendicular  to  the  former.  In  like  manner,  whe 
parallel  planes  are  met  by  a  third  plane,  the  same  eqo 
and  the  same  properties  appear,  as  when  two  parallel  lini 
met  by  a  third  line. 

PROPOSITION   XXI.      THEOREM. 

If  a  solid  angle  is  formed  by  three  plane  angles^  the  sum  € 
two  of  these  angles  will  be  greater  than  the  third. 

The  proposition  requires  demonstra- 
tion only  when  the  plane  angle,  which 
is  compared  to  the  sum  of  the  other 
two,  is  greater  than  either  of  them. 
Therefore  suppose  the  solid  angle  S  to 
be  formed  by  three  plane  angles  ASB, 
ASC,  BSC,  whereot  the  angle  ASB  is 
the  greatest;  we  are  to  show  that 
ASB<ASC+BSC. 

In  the  plane  ASB  make  the  angle  BSD=BSC,  dra' 
straight  line  ADB  at  pleasure ;  and  having  taken  SC= 
draw  AC,  BC. 

The  two  sides  BS,  SD,  are  equal  to  the  two  BS,  SC 
angle  BSD=BSC ;  therefore  the  triangles  BSD,  BSC 
equal ;  therefore  BD=BC.  But  AB<AC+BC  ;  taking 
from  the  one  side,  and  from  the  other  its  equal  BC,  ther 
mains  AD<  AC.  The  two  sides  AS,  SD,  are  equal  to  th< 
AS,  SC  ;  the  third  side  AD  is  less  than  the  third  side 
therefore  the  angle  ASD<ASC  (Prop.  XIL  Sch.  B.  11 
Geom.)  Adding  BSD=BSC,  we  shall  have  ASD+BS 
ASB<ASC+BSC. 
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1\e  turn  o/"  the  plane  angles  which  form  a  tolid  angle  it  always 
lets  thanfmr  right  angles. 

Cat  the  solid  angle  S  by  any  plane 
ABCDE  ;  from  O.  a  point  in  that  plane, 
dnw  to  the  several  angles  the  straight 
lines  AO.  OB.  OC,  OD,  OE. 

The  sum  of  the  angles  of  the  triangles 
ASB,  BSC,  &c.  formed  about  the  vertex 
S,  is  equal  to  the  sum  of  the  angles  of  an 
equal  number  of  triangles  A0B,BOC,&c. 
fbmied  about  the  point  0.  But  at  the 
point  B  the  sum  of  the  angles  ABO,  OBC, 
Noal  to  ABC,  is  less  than  the  sum  of  the  angles  ABS,  SBC, 
(Prop.  XXl.) ;  in  the  same  manner  at  the  point  C  we  have 
BC0+OCD<BCS+SCD;  and  so  with  all  the  angles  of  the 
polygon  ABCDE  :  whence  it  follows,  that  the  sum  of  all  the 
ingles  at  the  bases  of  the  triangles  whose  vertex  is  in  O,  is 
lets  than  the  sum  of  the  angles  at  the  bases  of  the  triangles 
»boee  vertex  is  in  S ;  hence  to  make  up  the  deficiency,  the 
mm  of  the  angles  formed  about  the  point  O,  is  ^ater  than  the 
tam  of  the  angles  formed  about  the  point  S.  But  the  sum  of 
the  angles  about  the  point  O  is  equal  to  four  right  angles 
(Prop.  VI.  B.  n.  Sch.  EL  Geom.);  therefore  thesum  of  the 
plane  angles,  which  form  the  solid  angle  S,  is  less  than  four 
light  angles. 

Schotivm.  This  demonstration  ia  founded  on  the  supposition 
that  the  solid  angle  is  convex,  or  that  the  plane  of  no  one  sur- 
&ce  produced  can  ever  meet  the  solid  angle ;  if  it  were  other- 
wise, the  sum  of  the  plane  angles  would  no  longer  be  limited, 
ud  might  be  of  any  magnitude. 

PftOFOSmOH    XXIII.       THEOKSM. 

Jf  bBo  soKd  angUt  arm  contained  by  three  plane  angles  tohich 

are  egiuzl  to  each  other,  each  to  each,  the  planes  of  the  equal 

angles  vdll  be  equally  inclined  to  each  other. 

Let  the  angle  ASC=DTF,the 
angle  ASB=DTE,  and  the  an- 
gle BSC=ETF;  then  will  the 
inclination  of  the  planes  ASC, 
ASB.  be  equal  to  that  of  the  a/ 
phiKS  DTF,  DTE.  ' 

HaviiLe  taken  SB  at  pleasure,  t 
dnw  BO  perpendicular  to  the 
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plane  ASC ;  from  the  point  O,  at  which  the  perpendicular 
meets  the  plane,  draw  OA,  OC,  perpendicular  to  SA,  SC ; 
draw  AB,  BC  ;  next  take  TE=SB  ;  draw  £P  perpendicular 
to  the  plane  DTF  ;  from  the  point  P  draw  PD,  PF,  perpendic- 
ular respectively  to  TD,  TF ;  lastly,  draw  DE,  EF\ 

The  triangle  SAB  is  right  angled  at  A,  and  the  triangle  TDE 
at  D  (Prop.  VII.) ;  and  since  the  angle  ASB=DTE  we  have 
SBA=TED.  Likewise  SB=TE ;  therefore  the  triangle  SAB 
is  equal  to  the  triangle  TDE ;  therefore  SA=TD,  and  AB=DE. 
In  like  manner,  it  may  be  shown,  that  SC=TF,and  BC=EF. 
That  granted,  the  quadrilateral  SAOC  is  equal  to  the  Quadri- 
lateral TDPF ;  for,  place  the  angle  ASC  upon  its  equal  DTF ; 
because  SA=TD,  and  SC=TF,  the  point  A  will  fall  on  D, 
and  the  point  C  on  F ;  and  at  the  same  time,  AO,  which  is  per- 
pendicular to  SA,  will  fall  on  PD  which  is  perpendicular  to 
TD,  and  in  like  manner  CK)  on  PF  ;  wherefore  the  point  O 
will  fall  on  the  point  P,  and  AO  will  be  equal  to  DP.  But  the 
triangles  AOB,  DPE,  are  right  angled  at  O  and  P ;  the  hy- 
pothenuse  AB==DE,  and  the  side  AO=DP  ;  hence  those  trian^ 
gles  are  equal  (Prop.  XIX.  B.  II.  EL  Geom.)  ;  and  conse- 
quently, the  angle  OAB=PDE.  The  angle  OAB  is  the  incli- 
nation  of  the  two  planes  ASB,  ASC ;  and  the  angle  PDE 
is  that  of  the  two  planes  DTE,  DTF ;  hence  those  two  incli- 
nations are  equal  to  each  other. 

It  must,  however,  be  observed,  that  the  angle  A  of  the  right 
angled  triangle  AOB  is  properly  the  inclination  of  the  two 
planes  ASB,  ASC,  only  when  the  perpendicular  BO  falls  (m 
the  same  side  of  SA,  with  SC  ;  for  if  it  fell  on  the  other  side, 
the  angle  of  the  two  planes  would  be  obtuse,  and  the  obtuse 
angle  together  with  the  angle  A  of  the  triangle  OAB  would 
make  two  right  angles.     But  in  the  same  case,  tne  an^le  of  the 
two  planes  TDE,  TDF,  would  also  be  obtuse,  and  the  obtuse 
angle  together  with  the  anele  D  of  the  triangle  DPE,  would 
make  two  right  angles ;  and  the  angle  A  being  thus  always 
equal  to  the  angle  at  D,  it  would  follow  in  the  same  manner 
that  the  inclination  of  the  two  planes  ASB,  ASC^must  be  equal 
to  that  of  the  two  planes  TDE,  TDF. 

Scholium,    If  two  solid  angles  are  contained  by  three  plan^ 
angles,  respectively  equal  to  each  other,  and  if  at  the  saK^ 
time  the  equal  or  homologous  angles  are  disposed  in  the  s€^^^ 
manner  in  the  two  solid  angles,  these  angles  will  be  equal,  a*^^ 
they  will  coincide  when  applied  the  one  to  the  other.  We  h»-^® 
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AOB,  DPE,  are  equal,  OB,  perpendicular  to  the  plane  ASC, 
is  equal  to  PE,  perpendicular  to  the  plane  TDF ;  besides, 
those  perpendiculars  lie  in  the  same  direction ;  therefore,  the 
point  B  will  fall  upon  the  point  E,  the  line  SB  upon  TE«  and 
the  two  solid  angles  will  wholly  coincide. 

This  coincidence,  however,  takes  place  only  when  we  sup- 
pose that  the  equal  plane  angles  are  arranged  in  the  same  man- 
war  in  the  two  solid  angles ;  for  if  they  were  arranged  in  an 
inverse  order^  or,  what  is  the  same,  if  the  perpendiculars  OB, 
PE,  instead  of  lying  in  the  same  direction  with  regard  to  the 
planes  ASC,  DTP,  lay  in  opposite  directions,  then  it  would  be 
impossible  to  make  these  solid  angles  coincide  with  one  another. 
It  would  not,  however,  on  this  account,  be  less  true,  as  our 
Theorem  states,  that  the  planes  containing  the  equal  angles 
must  still  be  equally  inclined  to  each  other ;  so  that  the  two 
lolid  angles  would  be  equal  in  all  their  constituent  parts,  with- 
out, however,  admitting  of  superposition.  This  sort  of  equality, 
which  is  not  absolute,  or  such  as  admits  of  superposition,  de- 
serves to  be  distinguished  by  a  particular  name :  we  shall  call 
\i  equality  by  symmetry. 

Thus  those  two  solid  angles,  which  are  formed  by  three 
plane  angles  respectively  equal  to  each  other,  but  disposed  in 
an  inverse  order,  will  be  called  angks  equal  by  symmetry,  or 
limply  symmetrical  angks. 

The  same  remark  is  applicable  to  solid  angles,  which  are 
formed  by  more  than  three  plane  angles :  thus  a  solid  angle, 
formed  by  the  plane  angles  A,  B,  C,  D,  E,  and  another  solid 
ande,  formed  by  the  same  angles  in  an  inverse  order  A,  E,  D, 
C,  B,  may  be  such  that  the  planes  which  contain  the  equal  an- 
gles are  equally  inclined  to  each  other-  Those  two  solid  an- 
gles, are  likewise  equal,  without  being  capable  of  superposition, 
and  are  called  solid  angles  equal  by  symmetry,  or  symmetrical 
toRd  angles. 

Among  plane  figures,  equality  by  symmetry  does  not  pro- 
perly exist,  all  figures  which  might  take  this  name  beins:  abso- 
lutely equal,  or  equal  by  superposition ;  the  reason  of  which  is, 
that  a  plane  figure  may  be  inverted,  and  the  upper  part  taken 
indiscriminately  for  the  under.  This  is  not  the  case  with  solids  ; 
in  which  the  third  dimension  may  be  taken  in  two  different  di- 
rections. 
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SECTION    I^POLYEDRONS 


DEKINITIONB. 


1.  The  name  solid  polyedron^  or  simple  polyedron,  is  given 
to  every  solid  terminated  by  planes  or  plane  faces ;  which 
planes,  it  is  evident,  will  themselves  be  terminated  by  straight 
lines. 

Solids  which  have  a  certain  number  of  faces,  receive  parti- 
cular names  :  the  solid  which  has  four  faces  is  named  a  tetrac- 
dron ;  that  which  has  six,  a  hexaedron  ;  that  which  has  eight, 
an  octaedron  ;  that  which  has  twelve,  a  dodecaedron ;  that 
which  has  twenty,  an  icosaedron ;  and  so  on. 

The  tetraedron  is  the  simplest  of  all  polyedrons  ;  because 
at  the  least,  three  planes  are  required  to  iorm  a  solid  angle, 
and  these  three  planes  leave  a  void,  which  cannot  be  closed 
without  at  least  one  other  plane. 

2.  The  common  intersection  of  two  adjacent  faces  of  a 
poiyedron  is  called  the  side^  or  edge  of  the  polyedron. 

3.  A  regular  polyedron  is  one  whose  faces  are  all  equal 
regular  polygons,  and  whose  solid  angles  are  all  equal  to  each 
other. 

4.  The  prism  is  a  solid  bounded  by  several  parallelograms, 
which  are  terminated  at  both  ends  by  equal  and  parallel  poly- 
gons. The  solidity  of  a  prism  then,  fills  all  the  space  between 
its  equal  and  parallel  bases. 

To  construct  this  solid,  let  ABODE  (see  diagram  to  Prop.  III.) 
be  any  polygon ;  then  if  in  a  plane  parallel  to  ABODE,  the  lines 
FG,  GH,  HI,  &c.  be  drawn  equal  and  parallel  to  the  sides  AB, 
BC,  CD,  &c.  thus  forming  the  polygon  FGHIK  equal  to 
ABODE  ;  if  in  the  next  place,  the  vertices  of  the  angles  in  the 
one  plane  be  joined  with  the  homologous  vertices  in  the  other, 
by  straight  lines,  AF,  BG,  OH,  &c.,  the  faces  ABGF,  BCHG, 
&c.  will  be  parallelograms,  and  ABODEFGHIK,  the  solid  so 
formed,  will  be  a  prism. 
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5.  The  equal  and  parallel  polygons  ABCDE,  FGHIK  (see 
diagram  to  Prop.  III.)  are  called  the  bases  of  the  prim ;  the 
parallelo^nuna  taken  together  constitute  the  lateral  or  convex 
ttrface  of  the  prism ;  the  equal  straight  lines  AF,  BG,  CH, 
4c.  are  called  the  ritfc*  of  the  prism. 

6.  The  altitude  of  a  prism  is  the  distance  between  its  two 
ba^s,  or  the  perpeudicular  drawn  from  a  point  in  the  upper 
\i3se  to  the  plane  of  the  lower  base. 

"i.  A  prism  is  right,  when  the  sides  AF,  BG,  CH,  &c.  (see 
diagram  to  Prop.  III.)  are  perpendiculnr  to  the  planes  of  the 
baies ;  and  then  each  of  them  is  equal  to  the  altitude  of  the 
iKe  prism.  In  any  other  case  the  prism  is  oblique,  and  the  al- 
lilude  less  than  the  side. 

8.  A  prism  is  triangular,  quadrangular,  pentagonal,  hexa- 
gonal, &c.  when  the  base  is  a  triangle,  a  quadrilateral,  a  pen- 
Ogon,  a  hexagon,  &c 

9.  A  prism  whose  base  is  a  parallelogram,  and  which-  has 
bU  its  faces  parallelogram,  is  named  a  parallelopipedon.  (See 
diagram  to  Prop.  IVi) 

The  parallelopipedon  is  rectangular  when  its  faces  are  rec- 
tangles. 

10.  Among  rectangular  parallelopipedoas,  we  distinguish 
the  cube,  or  regular  bexaedron,  bounded  by  six  equal  squares, 

11.  Apyramidis  a  solid  contained  by  sev- 
eral triangular  planes  proceeding  from  the 
ame  point  S,  and  terminating  in  the  difTerent 
sides  of  the  same  polygonal  plane  ABCDE. 

The  polygon  ABODE  is  called  the  base  of 
the  pyramid,  the  point  S  its  vertex;  and  the 
triangles  ASB,  BSC,  dtc,  form  its  convex  or 
Itrieral  nufatx. 

The  solidity  of  a  pvramid,  then,  is  equ^l  to  ^*v 
the  space  included  octween  its  base  and  a 
j>nnt  called  its  vertex. 

12.  If  a  pyramid  SABCDE,  be  cut  by  a  plane  abcde  paral- 
lel to  its  base,  that  portion  cut  oS*  by  this  plane  and  lying  next 
to  iis  base,  is  callea  a  frustum,  or  trunk  of  a  pyramid. 

The  sfilidily  of  a  frustum  of  a  pyramid,  then,  is  equal  to  the 
space  included  between  twp  simily  but  unequal  parallel 
Imkb. 

\i.  A  pyramid  is  triaiigular,  quadrangular,  &c,  according 
%  its  base  is  a  triangle,  a  quadrilateral,  &.c. 

H.  A  pyramid  is  regular,  when  its  base  is  a  regular  poly- 
gon, and  when,  at  the  same  time,  the  perpendicular  let  fall 
ftoQi  the  rcrtes  to  the  ple^ie  of  the  base,  passes  through  ih« 
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centre  of  this  base.     That  perpendicular  is  then  called  the 
axis  of  the  pyramid. 

15.  The  aUitude  or  height  of  a  pyramid,  is  the  perpendicu* 
lar  let  fall  from  the  vertex  upon  the  plane  of  the  base  ;  as  SO 
in  the  preceding  figure.  In  a  regular  pyramid,  it  is  the  length 
of  the  axis. 

16.  The  slant-height  of  a  regular  pyramid, 
is  the  distance  from  the  vertex  to  the  middle 
of  one  of  the  sides  of  the  base  ;  as  SH. 

17.  The  diagonal  of  a  poiyedron  is  a 
straight  line  joining  the  vertices  of  two  solid 
angles  which  are  not  adjacent  to  each  other. 

18.  Similar  polyedrons  are  such  as  are  con- 
tained by  the  same  number  of  similar  planes, 
similarly  situated,  and  having  like  inclinations 
to  each  other. 

1^.  We  shall  give  the  name  symmetrical 
polyedrons,  to  any  two  polyedrons  which,  having  a  comnxMi 
base,  are  constructed  similarly,  the  one  above  tnis  base,  the 
other  beneath  it,  and  so  that  the  vertices  q{  their  homologous 
solid  angles  are  situated  at  equal  distances  from  the  plane  of 
the  base ;  and  in  the  same  straight  line  perpendicular  to  that 
plane. 

If  the  straight  line  ST,  for  exam- 
ple, is  perpendicular  to  the  plane 
ABC,  and  also  bisected  at  the  point 
O,  where  it  meets  this  plane,  the 
two  pyramids  SABC,  TABC,  which 
have  the  common  base  ABC,  will 
be  two  symmetrical  polyedrons. 

20.  Two  triangular  pyramids  are  similar ,  when  two  faces 
in  each  arc  respectively  similar,  similarly  placed,  and  equally 
inclined  to  each  other. 


Thus  supposing  the  angles  ABC 
=DEF.  BAC=EDF,  ABS=DET, 
BAS=EDT,  if  the  inclination  of  the 
planes  ABS,  ABC  is  likewise  equal 
to  that  of  their  homologous  planes 
DTE,  DEF,  the  pyramids  SABC, 
TDEF,  will  be  similar. 


21.  If  a  triangle  is  formed  by  joining  the  vertices  of  three 
angles  taken  upon  the  same  face,  or  on  the  base  of  a  polye- 
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droii«  then  the  vertices  of  the  different  solid  angles  of  the  poly* 
edron,  which  are  situated  without  this  base,  may  be  conceived 
as  being  the  vertices  of  so  many  triangular  pyramids  having 
the  triangle  just  described  for  a  common  base ;  and  each  of 
those  pyramids  will  determine  the  position  of  a  solid  angle  of 
the  polyedron  with  reference  to  the  base.  Now,  two  polye* 
drons  are  similar^  when  having  similar  bases,  the  vertices  of 
their  corresponding  solid  angles  lying  without  those  bases, 
tre  determined  by  triangular  pyramids  which  are  similar  each 
to  each. 

22.  A  Wedge  is  a  solid  of 
five  sides,  viz.,  a  rectangular 
base,  two  rhomboidal  sides 
meeting  in  an  edge,  and  two 
triangular  ends  ;  as  *ABH6. 
The  base  is  ABCD,  the  sides 
are  ABHG  and  DCHG,  meet- 
ing in  the  edge  GH,  and  the 
CMS  are  BCH  and  ADG.  The  height  of  the  wedge  is  a  per- 
pendicular drawn  from  any  point  in  the  edge,  to  the  plane  of 
the  base,  as  GP. 

23.  A  Prismoid  is  a  solid  whose  ends  or  bases  are  parallel, 
but  not  similar,  and  whose  sides  are  quadrilateral.  It  differs 
from  a  prism  or  a  frustum  of  a  pyramid,  in  having  its  ends 
dissimilar.  It  is  a  rectangular  prismoid  when  its  ends  are 
right  parallelograms. 

24.  A  linear  side  or  edge  of  a  solid,  is  the  line  of  intersec- 
tion of  two  of  the  planes  which  form  the  surface. 

Note  1.  By  the  vertices  of  a  polyedron,  we  mean  the  points 
situated  at  the  vertices  of  its  different  solid  angles. 

2.  The  only  polyedrons  we  intend  at  present  to  treat  of, 
tre  polyedrons  with  salient  angles,  or  convex  polyedrons. 
They  are  such  that  their  surfaces  cannot  be  intersected  by  a 
straight  line  in  more  than  two  points.  In  polyedrons  of  this 
kind,  the  plane  of  any  face,  when  produced,  can  in  no  case 
cut  the  solid ;  the  polyedron  therefore  cannot  be  in  part  above 
the  plane  of  anv  face,  and  in  part  below  it ;  it  must  lie  wholly 
CD  the  same  side  of  this  jdane. 

FOPOSITION   I.      THKORBM. 

Two  polyedrons  having  the  same  vertices  in  number  and  posi* 

tionf  will  coincide. 

For,  suppose  one  polyedron  to  be  already  constructed ;  if  a 
second  is  to  be  fornned,  having  the  same  vertices,  and  in  the 
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same  number,  the  planes  of  the  latter  must  either  not  all  pass 
through  the  same  points  with  the  planes  of  the  former,  or  the 
two  polyedrons  will  not  differ  from  each  other.  But  if  those 
planes  of  the  latter  do  not  all  pass  through  the  same  points 
with  the  planes  of  the  former,  some  of  them  must  cut  the  first 
polyedron  ;  one  or  more  of  whose  vertices  must  therefore  lie 
above  these  planes,  one  or  more  below ;  which  cannot  be  the 
case  with  a  convex  polyedron ;  hence,  if  two  polyedrons  have 
the  same  vertices,  and  in  the  same  number,  they  must  neces- 
sarilv  coincide  with  each  other. 

The  points  A,  B,  C,  K,  &c.  which  are  to  be  the  vertices  of 
a  polyedron,  being  given,  it  is  easy  to  describe  the  polyedron. 

First  choose  three  adjacent  points,  D,  E, 
H,  such  that  the  plane  DEH  shall  pass,  if 
need  be,  through  the  new  points  K,  C,  bOt 
leaving  all  the  rest  on  the  sam^  side,  all 
above  the  plane  or  all  below  it ;  the  plane 
DEH  or  DEHKC,  thus  determined,  will 
be  one  face  of  the  solid.     Through  EH 
one  of  its  sides,  pass  a  plane,  which  turn 
round  upon  EH  as  an  axis  till  it  embraces 
a  new  vertex  F,  or  several  at  once,  as  F,  I ;  it  will  give  a  se- 
cond face  FEH  or  FEHI.     Continue  the  same  process,  ma- 
king planes  to  pass  through  the  sides  successively  determined 
till  the  solid  is  bounded  on  all  quarters :  this  solid  will  be  the 
polyedron  required,  since  there  cannot  be  two  which  have  the 
same  vertices. 


PROPOSITION    II.       THEOREM. 


In  two  symmetrical  pob/edrons,  the  homologous  faces  art  res- 
pectively equal,  and  the  inclination  of  the  two  adjacent  faces 
in  one  of  those  solids,  is  equal  to  the  inclination  of  the  two 
homologous  faces  in  the  other. 

Let  ABCDE  be  the  common  base  of 
the  two  polyedrons ;  M  and  N  the  verti- 
ces of  any  two  solid  angles  in  the  one,  M' 
and  N'  the  homologous  vertices  of  the 
other:  then  (Def.  19)  the  straight  lines 
MM',  NN'  must  be  perpendicular  to  the  j 
plane  ABC,  and  be  divided  into  two  equal 
parts  at  the  points  m  and  n,  where  they 
meet  it.  Now  we  arc  to  show  that  MN 
is  equal  to  M'N'. 

For,  if  the  trapezoid  mM'N'n  be  made 
to  revolve  about  mn  till  the  plane  of  it  falls 
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pon  the  plane  mMNn ;  by  reason  of  the  right  angles  at  m 
id  m,  the  side  mM'  will  fall  on  its  equal  mM,  and  nN'  upon 
K ;  hence  the  trapezoids  will  coincide,  and  we  shall  have 
[N=M'N'. 

Let  P  be  a  third  vertex  of  the  upper  polyedron,  and  P'  its 
Dmologous  vertex  in  the  other;  we  shall,  as  before,  have 
[P=M'F,  and  NP=N'F;  hence  the  tnangle  MNP,  which 
ins  any  three  vertices  of  the  upper  polyedron^  is  equal  to  the 
iangk  M 'NT'  which  joins  the  three  corresponding  vertices  of 
if  other  polyedron. 

If  among  those  triangles,  we  confine  our  attention  to  such 
s  are  formed  at  the  surface  of  the  polyedrons,  we  may  al- 
eady  conclude  that  the  surfaces  of  the  two  polyedrons  are 
ach  composed  of  the  same  number  of  triangles  respectively 
qual  in  both. 

It  is  now  to  be  shown,  that  if  any  of  those  triangles  lie  on 
be  same  plane  in  the  upper  surface,  and  form  one  and  the 
ame  polygonal  face,  the  corresponding  triangles  will  lie  on 
be  same  plane  in  the  under  surface,  and  there  form  an  equal 
olygonal  face. 

to  prove  this,  let  MPN,  NPQ,  be  two  adjacent  triangles 
upposed  to  lie  on  the  same  plane ;  and  let  M'P'N',  N'P'Q', 
e  their  corresponding  triangles.  The  angle  M NP=M'N'P', 
be  angle  PNQ=P'N^Q';  and  if  MQ  and  M'Q'  were  joined, 
lie  triangle  MNQ  would  be  equal  to  M'N'Q';  hence  we 
hould  have  the  angle  MNQ= M'N'Q'.  But  since  MPNQ  is 
DC  single  nlane,  the  angle  MNQ=MNP4-PNQ ;  hence  wc 
hall  likewise  have  M'N'Q'=M'N'P'4-P'N'Q'.  Now,  if  the 
bree  planes  M'N'P',  P'N'Q',  M'N'Q'  were  not  all  in  one 
lane,  those  three  planes  would  form  a  solid  angle,  and  (Prop. 
[XL  B.  I.)  we  should  have  the  angle  M'N'Q' <M'N'P'+ 
*'N'Q';  which  conclusion  not  being  true,  the  two  triangles 
i'N'P',  P'N'Q'  are  in  one  and  the  same  plane. 

Hence  each  face,  whether  triangular  or  polygonal,  in  the 
ite  polyedron,  corresponds  to  an  equal  face  in  the  other  poly- 
dron,  and  thus  the  two  polyedrons  are  each  included  under 
be  same  number  of  planes  respectively  equal  in  both. 

We  have  still  to  show,  that  the  inclination  of  any  two  adja- 
eat  faces  in  the  one  polyedron  is  equal  to  the  inclination  of 
be  two  corresponding  faces  in  the  other. 

Let  MPN,  NPQ  be  two  triangles  formed  on  the  common 
d^  NP,  in  the  planes  of  two  adjacent  faces ;  let  M'P'N', 
^''P'Q'  correspond  to  them :  conceive  a  solid  angle  to  be  form- 
i  at  N,  by  the  three  plane  angles  MNQ,  MNP,  PNQ  ;  and 
nother  at  N',  by  the  three  M'N'Q',  M'N'F,  P'N'Q'.  Now 
has  been  shown  already^  that  those  plane  angles  are  respect- 
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ively  equal ;  hence  the  inclination  of  the  two  planes  MNF 
PNQ  is  equal  (Prop.  XXIIL  B.  L)  to  that  of  their  correspond 
ing  Dlanes  M'N'F,  P'N'Q'. 

Tnerefore,  in  symmetrical  polyedrons,  the  faces  are  equj 
each  to  each ;  and  the  planes  of  any  two  adjacent  faces,  in  th 
one  solid,  have  the  same  inclination  as  the  planes  of  the  tw 
corresponding  faces  in  the  other  solid. 

Scholium.  It  may  be  observed,  that  the  solid  angles  of  th 
one  polyedron  are  symmetrical  with  the  solid  angles  of  the  oti 
er ;  for  as  the  solid  angle  of  N  is  formed  by  the  planes  MNl 
PNQ,  QNR,  &c.,  so  its  corresponding  angle  N'  is  formed  b 
the  planes  M'N'P',  P'N'Q',  Q'N'R',  &c.  The  latter  appea 
to  be  arranged  in  the  same  order  as  the  former ;  but  since  th 
two  solid  angles  are  in  an  inverse  position  with  regard  t 
each  other,  the  real  arrangement  of  the  planes  which  form  tfa 
solid  angle  N'  must  be  the  reverse  of  the  arrangement  whic 
occurs  in  the  corresponding  angle  N.  Farther,  in  both  solid 
the  inclination  of  the  consecutive  planes  are  respectively  th 
same ;  hence  the  solid  angles  are  symmetrical  each  with  th 
other.     (Prop.  XXIIL  Sch.  B.  I.) 

The  observation  we  have  just  made,  proves,  moreover,  thf 
no  polyedron  can  have  more  than  one  polyedron  symmetrica 
with  it.  For  if  upon  a  second  base,  a  new  polyedron  wer 
constructed  symmetrical  with  the  given  one,  the  solid  angle 
of  this  new  polyedron  would  still  be  symmetrical  with  thoa 
of  the  given  polyedron ;  hence  they  would  be  equal  to  thos 
of  the  symmetrical  polyedron  constructed  on  the«  first  base 
Besides,  the  homologous  faces  would  still  be  equal :  bene 
those  two  symmetrical  polyedrons  constructed  on  the  first  an* 
on  the  second  base,  would  have  their  faces  equal  and  thd 
solid  angles  equal ;  hence  they  would  coincide  if  applied  t 
each  other ;  hence  they  would  form  one  and  the  same  poly^ 
dron. 

PROPOSITION    lU.       THEOREM. 

Two  prisms  are  equal  when  the  three  planes  containing  a  solid 
angle  of  the  one,  are  respectively  equal  to  the  three  planes 
containing  a  solid  angle  of  the  other ^  and  are  similarly  sitt^ 
ated. 

Let  the  base  ABCDE  be  equal  to  the  base  abcde^  the  par- 
allelogram ABGF  equal  to  the  parallelogram  ahgff  and  the 
parallelogram  BCH6  equal  to  bchg ;  then  will  the  prism  ABCI 
be  equal  to  the  prism  abd. 


.  lay '  .  . 

bases  will  coincitle.  But  the  three  plane  angles  which  form 
Ibe  lolid  anele  B,  are  respectively  equal  to  the  three  plane 
loeles,  which  form  the  solid  angle  b,  namelvi  ABC  =a6c, 
iSG=abg,  and  GBC^^^^;  they  are  also  sitnilarly  situated: 
bence  the  solid  angles  B  and  b  are  equal,  and  therefore  the 
lide  BG  will  fall  on  its  equal  bg.  It  is  likewise  evident,  that 
by  reason  of  the  equal  parallelograms  ABGF,  abgf,  the  side 
GF  will  fall  on  its  equal  ^/,  and  in  the  same  manner  GH  on 
gk;  hence  the  upper  base  FGHIK  wiU  exactly  coincide  with 
it)  equal  /^AiA.  and  the  two  solida  will  be  identical  (Prop.  1) 
■nee  their  vertices  are  the  same. 

Cor.  7W  right  prismi,  which  have  equal  bases  and  equal 
dtitudet,  are  equal.  For,  since  the  side  AB  is  equal  to  ab, 
iDd  the  altitude  BG  to  bg,  the  rectangle  ABGF  will  be  equal 
\oabgf;  so  also  will  the  rectangle  BGHC  be  equal  to  bghc; 
tnd  thus  the  three  planes,  which  form  the  solid  angle  B,  will 
iw  equal  to  the  three  which  form  the  solid  angle  b.  Hence 
tbe  two  prisms  are  equal. 

rsoPoBrrtoit  tv.     theorem. 

/i  every  paralklopipedon,  the  opposite  planes  are  equal  and 
paratkl. 

Bv  the  definition  of  this  solid,  the  bases        ^  " 

ABCD,  EFGH  are  equal  parallelograms, 
mi  their  sides  are  parallel :  it  remains 
mly  to  show  (hat  the  same  is  true  of  any 
two  opposite  lateral  faces,  such  as  AEHD,  ' 
BFGC.  Now  AD  is  equal  and  parallel  to 
Be,  because  the  figure  ABCD  is  a  paraliel- 
o^am  ;  for  a  like  reason,  AE  is  parallel  to  BF ;  hence  (Prop. 
XiV.  B.  I.)  the  angle  DAE  is  equal  to  the  angle  CBF,  and 
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the  planes  DAE,  CBF  are  parallel ;  hence  also  the  parallelo 
gram  DAEH  is  equal  to  the  parallelogram  CBF6.  In  thi 
same  way,  it  might  be  shown  that  the  opposite  parallelogram 
ABFE,  DCGH  are  equal  and  parallel. 

Cor.  Since  the  parallopipedon  is  a  solid,  bounded  by  si: 
planes,  whereof  those  lying  opposite  each  other  are  equal  an( 
parallel,  it  follows  that  any  face  and  the  one  opposite  to  it 
may  be  assumed  as  the  bases  of  the  parallopipedon. 

Scholivm.  If  three  straight  lines  AB,  AE,  AD,  passin^ 
through  the  same  point  A,  and  making  given  angles  wit 
each  other,  are  known,  a  parallelopipedon  may  be  formed  oi 
those  lines.  For  this  purpose,  a  plane  must  be  passed  througi 
the  extremity  of  each  line,  and  parallel  to  the  plane  of  tb 
other  two ;  that  is,  through  the  point  B  a  plane  parallel  ti 
DAE,  through  D  a  plane  parallel  to  BAE,  and  through  E  i 
plane  parallel  to  BAD.  The  mutual  intersections  of  thoti 
planes  will  form  the  parallelopipedon  required. 

PROPOSITION    V.      THEOREM. 

In  every  parallelopipedon^  the  opposite  solid  angles  are  sym 
metrical;  and  the  diagonals  drawn  through  the  vertices q 
those  angles  bisect  each  other. 

First.  Compare  the  solid  angle  A  (see  last  dianrani)  wit! 
its  opposite  one  G.  The  angle  JSAB,  equal  to  EFB,  is  dim 
equal  to  HOC ;  the  angle  DAE=DHE=CGF;  and  the  nxt 
gle  DAB=DCB=HGF;  therefore  the  three  plain  andoi 
which  form  the  solid  angle  A,  are  equal  to  the  three  whicii 
form  the  solid  angle  G,  each  to  each.  It  is  easy,  moreovnTi 
to  see  that  their  arrangement  in  the  one  is  different  from  their 
arrangement  in  the  other :  hence  (Prop.  XXIII.  Sch.  B.  I.)  the 
two  solid  angles  A  and  G  are  symmetrical. 

Secondly.  Imagine  two  diagonals  EC,  AG  to  be  drawn 
both  through  opposite  vertices :  since  AE  is  equal  and  paral- 
lel to  CG,  the  figure  AEGC  is  a  parallelogram  ;  hence  the  di- 
agonals EC,  AG  will  mutually  bisect  each  other.  In  the  same 
manner,  we  could  show  that  the  diagonal  EC  and  another  DF 
bisect  each  other;  hence  the  four  diagonals  will  mutually  bi- 
sect each  other,  in  a  point  which  may  oe  regarded  as  the  cen- 
tre of  the  parallelopipedon. 
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PEOPOSITION    VI.      THEOREM. 

If  a  plane  be  passed  through  the  two  edges  of  a  paralklopipedon 
diagonally  opposite  to  each  other,  it  will  divide  the  parallelo* 
pipedon  into  two  symmetrical  triangular  prisms. 

Let  the  plane  BDHF  be  passed  through  the  edges  DH,  BF 
of  the  parallelopipedon  AG ;  the  prisms  ABDB,  DBCG  are 
symmetrical. 

In  the  first  place,  those  solids  are  evi-  ^^  ^ 

deotUr  prisms;  for  the  triangles  ABD, 
EFH,  having  their  sides  equal  and  pa- 
rallel are  equal ;  also  the  lateral  faces 
ABFE,  ADHE,  BDHF  are  parallelo- 
grams ;  hence  the  solid  ABDHEF  is  a 
prism ;  so  likewise  is  GHFBCD.  We 
are  now  to  show  that  those  prisms  are 
symmetrical. 

On  the  base  ABD,  construct  the  prism 
ABDE'F'H'  such  that  it  be  symmetrical 
with  the  prism  ABDEFH.  According 
to  what  has  been  already  proved  (Prop. 
n.).  the  plane  ABF'E'  must  be  equal  to 
ABFE,  and  the  plane  ADH'E'  to  ADHE :  but  comparing  the 
prism  GHFBCD  with  the  prism  ABDH'ET',  we  find  the  base 
GHF=ABD;  the  parallelogram  GHDC,  which  is  equal  to 
ABFE,  also  equal  to  ABPE' ;  and  the  parallelogram  GFBC, 
which  is  equal  to  ADHE,  also  equal  ADH'E' ;  therefore  the 
three  planes  which  form  the  solid  angle  G  in  the  prism 
GHFBCD  are  equal  to  the  three  planes  which  form  the  solid 
aagle  A  in  the  prism  ABDHE'F',  each  to  each ;  and  they  are 
similarly  arranged  :  hen^e  those  two  prisms  are  equal,  and 
might  be  made  to  coincide.  But  one  of  them  ABDH'E'F'  is 
symmetrical  with  the  prism  ABDHEF;  hence  the  other 
GHFBCD  is  also  symmetrical  with  that  prism. 


PROPOSITION    VII.       THEOREM. 

h  every  prism^  the  sections  formed  by  parallel  planes,  are  equa 

polygons. 

Let  the  prism  AH  be  intersected  by  the  parallel  planes  NP. 
SV ;  then  are  the  polygons  NOPQR.  ST VXY  equal. 
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For  the  sides  ST,  NO,  are  parallel,  be- 
ing the  Instructions  of  two  parallel  planes 
with  a  third  plane  ABGF;  those  same 
sides,  ST,  NO,  are  included  between  the 
pnraltel  NS.  OT,  which  are  sides  of  the 

Firism  :  hence  NO  is  equal  to  ST.  For 
ike  reasons,  the  sides  OP,  PQ.  QR,  &c.  of 
the  section  NOPQR,  are  respectively  equal 
to  the  sides  TV.  VX.  XY,  &c.  of  the  sec- 
tion STVXY.  And  since  the  equal  sides 
are  at  the  same  time  parallel,  it  follows  that 
the  angles  NOP,  OPQ,  &;c.  of  the  first  sec- 
tion are  respectively  equal  to  the  angles 
STV,  TVX  of  the  second  (Prop.  XIV.  B.  I.)  Hence  the 
two  sections  NOPQR,  STVXY  are  equal  polygons. 

Cor,  Every  section  is  a  prism,  if  drawn  parallel  to  die 
base,  is  also  equal  to  that  base. 


PIOPOBITION    Vlll.      THKOHUf. 


The  convex  surface  of  a  right  prism  is  equal  to  the  perwuter  of 
its  hast  muaiplied  by  its  altitude. 

Let  ABCDE-K  be  a  right  prism  :  then  will 
its  convex  surface  be  equal  to  (AB+BC-J-CD  k^- 
-l-DE+EA)xAF.  " 

For,  the  convex  surface  is  equal  to  the  sum 
of  all  the  rectangles  AG,  BH,  CI,  DK,  EF, 
which  compos  it.  Now,  the  altitudes  AF, 
BG,  CH,  &c.  of  the  rectangles,  are  equal  to 
the  altitude  of  the  prism.  Hence,  the  sum  of 
these  rectangles,  or  the  convex  surface  of  the 
prism,  is  equal  to{AB-l-BC-(-CD-l-DE+EA)XAFj  that  is, 
to  the  perimeter  of  the  base  of  the  prism  multiplied  by  iti 
altitude. 

Cor.     If  two  riffht  prisms  have  the  same  altitude,  their  con- 
vex surfaces  will  be  to  each  other  as  the  perimeters  of  their 
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FROF081TION  IX.      THBORBM. 

tymmetrical  triangular  prisms  into  which  a  paratteUh 
%  is  divided  by  a  plans  passing  through  the  opposite 
al  edgeSf  are  equivalent. 

^h  the  vertices  B  and  F,  draw  the 
idCf  Fehg  at  right  angles  to  the 
the  former  meeting  AE,  DH,  C6 

other  sides  of  the  parallelopipe- 
le  points  a,  d^  c  the  latter  in  e,  A, 
ections  ^adc,  IP^hg  will  be  equal 
^ms.  They  are  equal  (Prop. 
:ause  they  are  formed  by  planes 
2ular  to  the  same  straight  line  and 
ntly  parallel ;  they  are  parallelo- 
ecause  aB,  dc,  two  opposite  sides 
me  section,  are  formed  by  the  meeting  of  one  plane 

parallel  planes  ABFE,  DCGH. 
like  reason,  the  figure  BaeF  is  a  parallelogram  ;  so 
BF^c,  cdhg^  adhe,  the  other  lateral  faces  of  the  solid 
g  ;   hence  that  solid  is  a  prism  (Def.  4.) ;  and  that 

right,  because  the  side  BF  is  perpendicular  to  its 

*eing  proved,  if  the  right  prism  BA  is  divided,  by  the 
IFHD,  into  two  rifi;ht  triangular  prisms  oRdeFhj 
;  we  are  now  to  show  that  the  oblique  triangular 
BDEFH  will  be  equivalent  to  the  right  triangular 
B<feFA.  And  since  those  two  prisms  have  a  part 
'  in  common,  it  will  only  be  requisite  to  prove  that 
lining  parts,  namely,  the  solids  BaADef,  FeEHA  are 
nt. 

by  reason  of  the  parallelograms  ABFE,  aBFe,  the 
%  ae,  being  equal  to  their  parallel  BF,  are  equal  to 
er ;  and  taking  away  the  common  part  Ae  there  re- 
(i=Ee.  In  the  same  manner  we  could  prove  D(f=HA. 
to  bring  about  the  superposition  of  the  two  solids 
FeEHA,  let  us  place  the  base  FeA  on  its  equal  Had  ; 
t  e  falling  on  a,  and  the  point  A  on  cf,  the  sides  eE,  AH 
on  their  equals  a  A,  (/D,  because  they  are  perpend  icu- 
e  same  plane  Bo^.  Hence  the  two  solids  in  question 
cide  exactly  with  each  other ;  hence  the  oblique  prism 
IH  is  equivalent  to  the  right  one  hadYeh. 
same  manner  might  the  oblique  prism  BDCFHG  be 
univalent  to  the  right  prism  HdcYhg.  But  (Prop.  III. 
I  two  right  prisms  Ba^FeA,  V^dcYhg  are  equal,  since 
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For  the  sides  ST,  NO,  are  parallel,  be- 
iog  the  instructions  of  two  parallel  planes 
with  a  third  plane  ABGF;  those  same 
aides,  ST,  NO,  are  included  between  the 
parallel   NS,  OT,  which  are  sides  of  the 

firisnj :  hence  NO  is  equal  to  ST.  For 
ike  reasons,  the  aides  OP,  PQ,  QR,  &c.  of 
the  section  NOPQR,  are  respectively  equal 
to  the  sides  TV,  VX,  XY.  &c.  of  the  sec- 
tion STVXY.  And  since  the  equal  sides 
are  at  the  same  time  parallel,  it  follows  that 
the  angles  NOP,  OPQ,  &c.  of  the  first  sec-  ' 
tion  are  respectively  equal  to  the  angles 
STV,  TVX  of  the  second  (Prop.  XIV.  B.  I.)  Hence  the 
two  sections  NOPQR,  STVXY  are  equal  polygons. 

Cor.  Every  section  is  a  prism,  if  drawn  parallel  to  the 
base,  is  also  equal  to  that  base. 
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The  convex  surface  of  a  right  prism  is  equal  to  the  perimeter  of 
its  base  multiplied  by  its  altitude. 

Let  ABCDE-K  be  a  right  prism  :  then  will  « 

its  convex  surface  be  equal  to  (AB+BC+CD   i 
+DE+EA)xAF. 

For,  the  convex  surface  is  equal  to  the  sum 
of  all  the  rectangles  AG,  BH,  CI,  DK,  EF, 
which  compos  it.  Now,  the  altitudes  AF, 
BG,  OH,  &c.  of  the  rectangles,  are  equal  to 
the  altitude  of  the  prism.  Hence,  the  sum  of 
these  rectangles,  or  the  convex  surface  of  the 
prism,  is  equal  to  (AB+BC+CD+DE+EA)xAF;  that  is, 
to  the  perimeter  of  the  base  of  the  prism  multiplied  by  its 
altitude. 

Cor.     If  two  right  prisms  have  the  same  altitude,  their  con- 
vex surfaces  will  be  to  eadi  other  as  the  perimeters  of  their 
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PROPOSITION   IX.      THBORBM. 

The  two  symmetrical  triangular  prisms  into  which  a  paraUeUh 
pipedon  is  divieled  by  a  plane  passing  through  the  opposite 
diagonal  edges^  are  equivalent. 

Through  the  vertices  B  and  F,  draw  the 
planes  nadc^  Fehg  at  right  angles  to  the 
side  BF,  the  former  meeting  AE,  DH,  CG 
the  three  other  sides  of  the  parallelopipe- 
don,  in  the  points  a,  d,  c  the  latter  in  e,  A, 
g ;  the  sections  Hade,  Fehg  will  be  equal 
parallelograms.  They  are  equal  (Prop. 
Vll.)  because  they  are  formed  by  planes 
perpendicular  to  the  same  straight  line  and 
consequently  parallel ;  they  are  parallelo- 
grams, because  aB,  dc,  two  opposite  sides 
of  the  same  section,  are  formed  by  the  meeting  of  one  plane 
with  two  parallel  planes  ABFE,  DCGH. 

For  a  like  reason,  the  figure  BaeF  is  a  parallelogram  ;  so 
also  are  BF^c,  cdhg,  adhe,  the  other  lateral  faces  of  the  solid 
BadcFehg ;  hence  that  solid  is  a  prism  (Def.  4.) ;  and  that 
prism  is  right,  because  the  side  BF  is  perpendicular  to  its 
base. 

This  being  proved,  if  the  right  prism  BA  is  divided,  by  the 

Elane  BFHD,  into  two  right  triangular  prisms  oBdeFh^ 
dcFhg ;  we  are  now  to  show  that  the  oblique  triangular 
prism  ABDEFH  will  be  equivalent  to  the  right  triangular 
prism  aBdeFh.  And  since  those  two  prisms  have  a  part 
ABDA^F  in  common,  it  will  only  be  requisite  to  prove  that 
the  remaining  parts,  namely,  the  solids  BaADcf,  FeEHA  are 
equivalent 

Now,  by  reason  of  the  parallelograms  ABFE,  aBFe^  the 
sides  AE,  ae,  being  equal  to  their  parallel  BF,  are  equal  to 
each  other ;  and  taking  away  the  common  part  Ae  there  re- 
mains Aa=E«.   In  the  same  manner  we  could  prove  Di/=HA. 

Next,  to  bring  about  the  superposition  of  the  two  solids 
BaADi/,  F^EHA,  let  us  place  the  base  FeA  on  its  equal  Bad ; 
the  point  e  failing  on  a,  and  the  point  A  on  cf,  the  sides  eE,  AH 
will  fall  on  their  equals  nA,  </D,  oecause  they  are  perpendicu- 
lar to  the  same  plane  Bad.  Hence  the  two  solids  in  question 
will  coincide  exactly  with  each  other ;  hence  the  oblique  prism 
BADFEH  is  equivalent  to  the  right  one  BadFeh. 

In  the  same  manner  mi^ht  the  oblique  prism  BDCFHG  be 
proved  equivalent  to  the  right  prism  BdcFhg.  But  (Prop.  III. 
Cor.)  the  two  right  prisms  BadFehf  BdcFhg  are  equal,  since 
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they  have  the  same  altitude  BF,  and  since  their  bases  Bn<f, 
lidCf  are  halves  of  the  same  parallelogram.  Hence  the  two 
triangular  prisms  BADFEH,  BDCFHG,  being  equivalent  to 
the  equal  right  prisms,  are  equivalent  to  each  otiier. 

Cor.  Every  triangular  prism  ABDHEF  is  half  of  the  par- 
allelopipedon  AG  described  with  the  same  solid  angle  A,  and 
the  same  edges  AB,  AD,  AE. 

PROPOSITION    X.       THEOREM. 

If  two  parallelopipedons  have  a  common  base,  and  their  upper 
hoses  in  the  same  plane  and  between  the  same  parallels^  Oiey 
will  be  equivalent. 

Let  the  parallelopipedons 
AG,  AL,  have  the  common 
base  AC,  and  their  upper 
bases  EG,  MK  in  the  same 
plane,  and  between  the  same 
parallels  HL,  EK ;  then  will 
they  be  equivalent.       ^ 

There  may  be  three  cases, 
according  as  EI  is  greater,  less       a  F 

than,  or  equal  to,  EF ;  but  the  demonstration  is  the  same  for 
all.  In  the  first  place,  then  we  shall  show  that  the  triangular 
prism  AEIDHM  is  equal  to  the  triangular  prism  BFKCGL. 

Since  AE  is  parallel  to  BF,  and  HE  to  GF,  the  angle  AEI 
=:=BFK,  HEI=GFK,  and  HEA=GFB.  Of  these  six  plane  an- 
gles the  first  three  form  the  solid  angle  E,  the  last  three  the  solid 
angle  F  ;  therefore,  the  plane  angles  being  respectively  equal, 
and  similarly  arranged,  the  solid  angles  F  and  E  must  be 
equal.  Now,  if  the  prism  AEM  is  laid  on  the  prism  BFL, 
the  base  AEI  being  placed  on  the  base  BFK  will  coincide  with 
it  because  they  are  equal ;  and  since  the  solid  angle  E  is  equal 
to  the  solid  angle  F,  the  side  EH  will  fall  on  its  equal  FG : 
and  nothing  more  is  required  to  prove  the  coincidence  of  the 
two  prisms  throughout  their  whole  extent,  for  (Prop.  III.)  the 
base  AEI  and  the  edge  EH  determine  the  prism  AEM,  as  the 
base  BFK  and  the  edge  FG  determine  the  prism  BFL  ;  hence 
these  prisms  are  equal. 

But  if  the  prism  AEM  is  taken  away  from  the  solid  AL, 

there  will  remain  the  parallelopipedon  AIL ;  and  if  the  prism 

BFL  is  taken  away  from  the  same  solid,  there  will  remain  the 

parallelopipedon  AEG;    hence  those    two  parallelopepidon3 

^  i^.G.  are  equivalent 
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Uelopipedona  kaviag  the  tame  base  and  the  tame  alti' 
lude,  are  equivalent.  • 

CD  (see  diagram  to  Prop.  XII)  be  the  common  base 
9  paiallelopipedoDs  AG,  AL ;  since  they  have  the 
tde,  iheir  upper  bases  GFGH,  IKLM  will  be  in  the 
e.  Also  the  sides  EF  and  AB  will  be  equsl  and 
well  as  IK  and  AB  ;  hence  EF  is  equal  and  par- 
;  for  a  like  reason,  GF  is  equal  and  parallel  to  LK. 
es  EF,  HG  be  produced,  and  likewise  LK,  IM,  till 
Qtersections  they  form  the  parallelogram  NOPQ ; 
elogram  will  evidently  be  equal  to  either  of  the 
iH,  IKLM.  Now  if  a  third  parallelopipedon  be 
having  for  its  lower  base  the  same  ABCD,  and 
itB  upper,  the  third  parallelopipedon  will  (Prop.  X.) 
:o  the  parallelopipedon  AG,  since  with  tlie  same 
,  their  upper  base  lie  in  the  same  plane  and  he- 
same  parallels,  GQ.  FN.  For  the  same  reason,  thii 
lelopipedon  will  also  be  equivalent  to  the  parallelo- 
L ;  hence  the  two  parallelopipedons  AG,  AL,  which 
une  base  and  the  same  altitude,  are  equivalent 

raoPOfliTiOM  xn.     tbeosem. 

lopipedon  may  be  changed  into  an  equivalent  rectan- 
treiUelopiptdon  having  the  same  altitude  and  an 
«t  base. 


be  the  raral 
opoced.   Fron 


illelo-  « 


Fromtbe  \ 
ire  U,  drawAl,   hV 
>M,  perpendicular 
e  of  the  base ;  you 
•rm  the  parallelo- 
X    equivalent   to 
having  its  lateral 
BL,  &c.  rectaa- 
□ce    if   the    base 
a    rectangle,   AL 
-ectangular  paral- 
I  equivalent  to  AG, 
uently  the  parallelopipedon  required.  But  if  ABCD 
4 
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J8  not  a  rectangle,  draw  AO  and  BN  per- 
pendicular to  CD,  and  OP  and  NP  perpendi- 
cular to  the  base ;  you  will  then  have  the  sol- 
id ABNOIKPQ,  which  will  be  a  rectangular 
parallelopipedon :  for  by  construction,  the 
bases  AbNO,  and  IKPQ  are  rectangles  ;  so 
also  are  the  lateral  faces,  the  edges  AI,  OQ, 
&c.  being  perpendicular  to  the  plane  of  the 
base ;  hence  the  solid  AP  is  a  rectangular 


MQ 


LP 


i 


N 


3 


parallelopipedon.  But  the  two  parallelopi] 
dons  AP,  AL  may  be  conceived  as  having 
the  same  base  ABKI  and  the  same  altitude  AO ;  hence  the 
parallelopipedon  AG,  which  was  at  first  changed  into  an  equiv- 
alent parailelopidedon  AL,  is  again  changed  into  an  equiva- 
lent rectangular  parallelopipedon  AP,  havine  the  same  alti- 
tude AI,  and  a  base  ABNO  equivalent  to  the  oase  ABCD. 


PROPOSmON    XIII.       THEOREM. 


Two  rectangular  parallehpipedons,  which  have  the  same  base, 

are  to  each  other  as  their  altitudes. 


0-. 


A 


H 


B 


M 


Let  the  parallelopipedons  AG,  AL  have  the  same  base  BD ; 
then  will  they  be  to  each  other  as  their  altitudes  AE,  AL 

First,  suppose  the  altitudes  AE,  AI,  to  be  to     E  H 

each  other,  as  two  whole  numbers,  as  15  is 
to  8,  for  example.     Divide  AE  into  15  6qual 
parts;  whereof  AI  will  contain  8 ;  and  through 
x,  y,  z,  &c.  the  points  of  division,  draw  planes 
parallel  to  the  base.     These  planes  will  cut 
the  solid  AG  into  15  partial  parallelopipedons, 
all  equal  to  each  other,  because  thev  have 
equal  bases  and  equal  altitudes^-equaf  bases, 
since  (Prop.  VII.)  every  section  MIKL,  made 
parallel  to  the  base  ABCD  of  a  prism,  is 
equal  to  that  base— equal  altitudes,  because 
these  altitudes  are  equal  divisions  Aa;,  xy,  yz,  &c.     But  of 
those  15  equal   parallelopipedons,  8  are   contained   in  AL; 
hence  the  solid  AG  is  to  the  solid  AL  as  15  is  to  8,  or  gene- 
rally, as  the  altitude  AE  is  to  the  altitude  AI. 

Again,  if  the  ratio  of  AE  to  AI  eannot  be  expressed  in  num- 
bers, it  is  to  be  shown,  that  notwithstanding,  we  shall  have 
$olid,  AG  :  solid,  AL  :  :  AE  :  AI.  For,  if  this  proportion  is 
not  correct,  suppose  we  have  sol.  AG  :  sol.  AL  :  :  AE :  AO 
greater  than  AI.  Divide  AE  into  equal  parts,  such  that  each 
jihall  be  less  than  01 ;  there  will  be  ajt  least  one  point  of  divis- 


c 
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ioo  m,  between  O  and  I.     Let    P  be  the  parallelopipedoD, 
whose  base  is  ABCD,  and  altitude  Am ;  since  the  altitudes 
AE,Aift  are  to  each  other  as  the  two  whole  numbers,  we  shall 
bave  sol.  AG  :  P  :  :  AE  :  Am.     But  by  hypothesis,  we  have 
soL  AG  :  sol.  AL  :  :  AE  :  AO ;  therefore  sol.  AL  :  P  :  :  AO  : 
AxR.    But  AO  is  greater  than  Am  ;  hence  if  the  proportion  is 
correct*  the  solid  AL  must  be  greater  than  P.    On  the  contra- 
ry, however,  it  is  less  ;  hence  the  fourth  term  of  this  propor- 
tioo  sol.  AG  :  soL  AL :  :  AE  :  x,  cannot  possibly  be  a  line 
greater  than  AL    By  the  same  mode  of  reasoning,  it  might  be 
ihowQ  that  the  fourth  .tei;m  cannot  be  less  than  AI ;  therefore 
it  is  equal  to  AI ;  hence  rectangular  parallelopipedon  having 
Ibe  Wflie  base  are  to  each  other  as  altitudes. 


PROPOSITION    XIV.      THEOREM. 

Tito  rectangtdar  parallehpipedons^  having  the  same  altitude^ 

are  to  each  other  as  their  base. 

Let  the  parallelopipedons  AG,  AK  have  the  same  altitude 
A£  ;  then  will  thev  be  to  each  other  as  their  bases  AC,  AN. 

Having  placed  the  two  so-     '  e  h 

lids  by  the  side  of  each  other, 
^s  the  figure  represents,  pro- 
duce the  plane  ONKL  till  it 
fleets  the  plane  DCGH  in 
I^;  you  will  thus  have  a 
Uiird  parallelopipedon  AQ, 
^hich  may  be  compared  with 
^acb  of  the  parallelopipedons 
\G,  AK.  The  two  solids 
\G,  AQ,  having  the  same 
i>ase  AEHD  are  to  each  other 
^  their  altitudes  AB,  AO ;  in 
iike  manner,  the  two  solids 
AQ,  AK,  having  the  same 
base  AOLE,  are  to  each  other 
as  their  altitudes  AD,  AM.  Hence  we  have  the  two  proportions. 

sol  AG  :  sol  AQ  :  :  AB  :  AO, 
sd.  AQ  :  sol  AK  :  :  AD  :  AM. 

lloltiplying  together  the  corresponding  terms  of  those  pro- 
portions, and  omitting  in  the  result  the  common  multiplier  sol. 
AQ ;  we  shall  have 

sol  AG  :  so2.  AK  :  :  ABxAD  :  AOxAM 
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But  AB  X  AD  represents  the  base  ABCD  ;  and  AO  X  AM  re- 
presents the  base  AMNO ;  hence  two  rectangular  parallelo- 
pidons  of  the  same  altitude  are  to  each  other  as  their  bases. 

PROPOSITION    XV.       THEOREM. 

Any  two  rectangular  paralklopipedons  are  to  each  other  as  the 
products  of  their  bases  by  their  altitudes^  that  is  to  say^  as  the 
products  of  their  three  dimensions. 

For,  having  placed  the  two  solids  AG,  AZ,  (see  diagram  to 
Prop.  XIV.),  so  that  their  surfaces  have  the  common  ande 
BAE,  produce  the  planes  necessary  for  completing  the  third 

f)aralIeIopif>edon  AK  having  the  same  altitude  with  the  paral- 
elopipedon  AG.     By  the  last  proposition,  we  shall  have 

sol  AG  :  sol.  AK  :  :  ABCD  :  AMNO. 

But  the  two  parallelopipedons  AK,  AZ,  having  the  same  base 
AMNO,  are  to  each  other  as  their  altitudes  AE,  AX  ;  hence 
we  have 

sol.  AK  :  sol  AZ  :  :  AE  :  AX. 

Multiplying  together  the  corresponding  terms  of  these  propor- 
tions, and  omitting  in  the  result  the  common  multiplier  soL 
AK ;  we  shall  have 

sol  AG  :  sol  AZ  :  :  ABCDxAE  :  AMNO  x  AX. 

Instead  of  the  bases  ABCD  and  AMNO,  put  ABx  AD  and 
AOxAM  it  will  give 

sol  AG  :  sol  AZ  :  :  ABxADxAE  :  AOxAMxAX. 

Hence  any  two  rectangular  parallelopipidons  are  to  each 
other,  &c. 

Scholium.  We  are  consequently  authorized  to  assume,  as 
the  measure  of  a  rectangular  parallelopipedon,  the  product 
of  its  base  by  its  altitude,  in  other  words,  the  product  of  its 
three  dimensions. 

In  order  to  comprehend  the  nature  of  this  measurement,  it 
is  necessary  to  reflect,  that  the  number  of  linear  units  in  one 
dimension  of  the  base  multiplied  by  the  number  of  linear  units 
in  the  other  dimension  of  the  base,  will  give  the  number  of 
superficial  units  in  the  base  of  the  parallelopipedon  (Prop.  B.  IV. 
Sch.  El.  Geom.)  For  each  unit  in  height  there  are  evidently 
as  many  solid  units  as  there  are  superficial  units  in  the  base. 
Therefore,  the  number  of  superficial  units  in  the  base  multi- 
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plied  by  the  number  of  linear  units  in  the  altitude,  gives  the 
Dumber  of  solid  units  in  the  parallelopipedon. 

If  the  three  dimensions  of  another  parallelopipedon  are  val- 
oed  according  to  the  same  linear  unit,  and  multiplied  toTOther 
in  the  same  manner,  the  two  products  will  be  to  each  omer  as 
the  solids,  and  will  serve  to  express  their  relative  magnitude. 

The  magnitude  of  a  solid,  its  volume  or  extent,  forms  what 
is  called  its  solidity ;  and  this  word  is  exclusively  employed  to 
designate  the  measure  of  a  solid :  thus  we  say  the  solidity  of  a 
rectangular  parallelopipedon  is  equal  to  the  product  of  its  base 
by  its  altitude,  or  to  the  product  of  its  three  dimensions. 

As  the  cube  has  all  its  three  dimensions  equal,  if  the  side  is 
It  the  solidity  will  be  1 X 1 X  1=1 :  if  the  side  is  2,  the  silidity 
will  be  2X2X2=8  ;  if  the  side  is  3,  the  solidity  will  be  3X3 X 
3=27 ;  and  so  on :  hence,  if  the  sides  of  a  series  of  cubes  are 
to  each  other  as  the  numbers  1, 2, 3,  &c,  the  cubes  themselves 
or  their  solidities  will  be  as  the  numbers  1,  8,  27,  &c.  Hence 
it  is,  that  in  arithmetic,  the  cube  of  a  number  is  the  name  given 
to  a  product  which  results  from  three  factors,  each  equal  to 
this  number. 

If  it  were  proposed  to  find  a  cube  double  of  a  given  cube, 
the  side  of  the  required  cube  would  have  to  be  to  that  of  the 
given  one,  as  the  cube-root  of  2  is  to  unity.  Now,  by  a  eeo- 
ODetrical  construction,  it  is  easy  to  find  the  square  root  of  2 ; 
but  the  cube-root  of  it  cannot  be  so  found,  at  least  not  by  the 
simple  operations  of  elementary  geometry,  which  consists  in 
employing  nothing  but  straight  lines,  two  points  of  which  are 
bown,  and  circles  whose  centres  and  radii  are  determmed. 

Owing  to  this  difiUculty  the  problem  of  the  duplication  cf  the 
CK&e  became  celebrated  among  the  ancient  geometers,  as  well 
18  that  of  the  trisection  of  an  angle^  which  is  nearly  of  the 
same  species.  The  solutions  of  which  such  problems  are  sus- 
ceptible,  have  however  long  since  been  discovered ;  and  though 
les  simple  than  the  constructions  of  elementary  geometry,  they 
ue  not,  on  that  account,  less  rigorous  or  less  satisfactory. 

PROPOSITION   XVI.      THEOREM. 

Tke  solidity  of  a  parallelopipedon^  and  generally  of  any  prism^ 
is  equal  to  the  product  of  its  base  by  its  altitude. 

For,  in  the  first  place,  any  parallelopipedon  is  equivalent  to 
ft  rectangular  parallelopipedon,  having  the  same  altitude  and 
an  equivalent  base  (Prop.  XII.)  Now  th^  solidity  of  the  latter 
if  equal  to  its  base  multiplied  by  its  height ;  hence  the  solidity 

4» 
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of  the  former  is^  in  like  manner,  equal  to  the  product  of  its  base 
by  its  altitude. 

In  the  second  place,  any  triangular  prism  is  half  of  the  par- 
allelopipedon  so  constructed  as  to  have  the  same  altitude  and 
a  double  base  (Prop.  IX.)  But  the  solidity  of  the  latter  is  equal 
to  its  base  multiplied  by  its  altitude;  hence  that  of  a  trianj^uiar 
prism  is  also  equal  to  the  product  of  its  base,  which  is  half  that 
of  the  parallelopipedon,  multiplied  into  its  altitude. 

In  the  third  place,  any  prism  may  be  divided  into  as  many 
triangular  prisms  of  the  same  altitude,  as  there  are  triangles 
capable  of  being  formed  in  the  polygon  which  constitutes  its 
base.  But  the  solidity  of  each  triangular  prism  is  equal  to  its 
base  multiplied  by  its  altitude ;  and  since  the  altitude  is  the 
same  for  all,  it  follows  that  the  sum  of  all  the  partial  prisms 
must  be  equal  to  the  sum  of  all  the  partial  triangles,  which  con- 
stitute their  bases,  multiplied  by  the  common  altitude. 

Hence  the  solidity  of  any  polygonal  prism,  is  equal  to  the 
product  of  its  base  by  its  altitude. 

Cor.  1.  Comparing  two  prisms,  which  have  the  same  al- 
titude, the  products  of  their  bases  by  their  altitudes  will  be  as 
the  bases  simply ;  hence  two  prisms  of  the  same  altitude  are  to 
each  other  as  their  bases.  For  a  like  reason,  tuoo  prisms  cftke 
same  base  are  to  each  other  as  their  altitudes.  And  when  Wr 
ther  bases  nor  their  altitudes  are  equal,  their  solidities  will  be 
to  each  other  as  the  products  of  their  bases  and  altitudes. 

Cor.  2.  As  either  side  of  a  rectangular  parallelopipedoB 
may  be  taken  as  a  base,  it  follows,  that  its  solidity  is  equal  lo 
the  surface  of  either  side  as  its  base  multiplied  by  the  verticil 
height  on  that  base. 


PROPosrrioN  xvii.    thbokbm.  . 

TTie  solidity  of  a  triangular  prism  is  equal  to  the  proiud  tf  . 
the  surface  of  either  if  its  rectangular  sides  as  a  base^  sis^  l 
plied  by  half  its  vertical  height  on  such  base.  . 

Let  ACEBFD,  be  a  triangular 
prism,  and  let  ECDF  be  its  base,  and 
£A  its  vertical  height ;  then  will  the 

Eroduct  of  the  surface  ECDF  into 
alf  EA=the  solidity  of  the  prism 
ACEBDF. 

For,  draw  the  lines  Aa,  oC,  and  B6, 
ftD,  completing  the  parallelograms 
AaCE  and  B6FD,  join  afr,  and  we  have 
the  quadrangular  prism  AaECB&FD, 
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■olidily  (Prop.  XVI.  Cor.  Z)  is  equal  to  the  baie  ECDF 
ied  by  its  vertical  height  EA,  or  its  soUdily  is  equal  to 
e  AoCE  multiplied  by  the  vertical  height  AB.  But  the 
lar  base  AEC  of  the  triaoguiar  prism,  is  equal  to  half 
e  AoEC  of  the  parallelopipedon,  (Prop.  IV.  B.  IV.,  El. 
Hence,  if  these  solids  are  taken  on  equal  bases,  viz., 
base  ECDF,  which  is  common  to  both,  the  triangular 
leiDg  equal  to  half  the  quadrangular  prism,  is  equal  to 
K  multiplied  by  half  the  vertical  height  EA. 

liwn.  It  may  be  observed,  that  when  one  of  the  rec- 
.r  sides  of  a  triangular  priam  is  taken  as  a  base,  the 
generally  called  a  wedge  :  the  wedge,  then,  is  nothing 
it  from  a  triangular  prism,  except  as  its  ends  may  be 
larallel  or  inclined  toward  each  other. 


PROPOSITION  XVIII.       THEOBBH. 

prism  lekote  base  is  a  regular  polygon,  may  be  divided 
as  many  equal  symmetrical  prisms  as  the  polygon  of  the 
has  sides,  each  ^  which  is  equal  to  the  rectangle  of  one 
e  vertical  planes  of  the  prism,  leith  half  of  the  radius  of 
ircle  inscnbed  in  the  base. 

PC  be  a  pentagonal  prism,  then  majr         K _^l 

id  be  divided  into  as  many  symmetn-      /( Xj,/  \ 
mgular  prisms  AOEFKP,  EODKPI,   j-1!— ^T— i-> 
lual,   each   to  each,   as   the   polygon 
E  of  the  baae  has  sides,  each  eouaT  to 

the  vertical  faces  AEFK,  multiplied 
'the  radius  OL  of  the  inscribed  circle. 

conceive  vertical  planes,  to  be  passed 
b  the  angles  of  the  prism,  reaching  to 
tret  of  the  circles  inscribed  in  the  two 

these  planes  will  evidently  divide  the 
I  the  ratio  of  their  bases,  (Prop.  XIV.,)  b 

:  base  will  be  divided  into  triangles,  equal  each  to  each, 

XI.  B.   V.  El.  Geom.)  and  each  of  these  triangular 

is  symmetrical  with  those  with  which  it  is  in  contact ; 
r  two  contiguous  prisms,  as  AOBFPG,  and  AOEFPK, 
ie    referred   to   the  plane   FAOP   as  their   base,   and 

triangles  forming  the  ends  of  the  several  prisms  are 
and  similar,  (Prop.  XL  B.  V.  El.  Geom.)  their  angles 
ie  base  AO  or  FP  are  equal  and  similar,  each  to  each, 
le  angle  BAO=the  angle  EAO ;  the  angle  GFP=the 
KFF,  hence  the  angles  which  the  planes  ABGP  and 
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AEKF  make  with  the  plane  AOPF  are  equal ;  hence,  also, 
the  other  planes  KPEO  and  GPBO  form  angles  with  the  iMise 
AOFP  which  are  similar,  each  to  each;  therefore,  each  of 
the  contiguous  triangular  prisms  are  symmetrical,  (see  Defi- 
nition 19.)  And  because  the  altitude  of  the  triangle  form- 
ing the  end  of  each  of  these  prisms  is  equal  to  the  radios 
otthe  circle  inscribed  in  the  base  of  the  polygon,  (Proposition 
XL  B.  V.  EL  Greom,)  their  solidities  are  equal,  each,  to 
one  of  the  vertical  planes  of  the  polygon  multiplied  by  half  its 
radius.     (Prop.  XVII.) 

Cor.  1.  Hence  the  solidity  of  any  prism,  whose  base  is  a 
regular  polygon,  is  equal  to  the  convex  surface  multiplied 
by  half  the  radius  of  the  circle  inscribed  in  the  base. 

Scholium  1.  As  all  the  triangular  prisms  composing  any 
polygonal  prism,  are  equal,  each  to  each,  they  may  all  be  re- 

(rarded  as  symmetrical  with  each  other.  And  as  two  simi- 
ar  triangular  prisms  are  said  to  be  symmetrical  when  a  ho- 
mologous side  of  each  is  placed  in  contact,  (Def.  19.)  I  shall 
call  a  series  of  these  associated  equal  triangular  prisms,  sym- 
metrical by  association. 

Cor.  2.  From  the  foregoing  demonstration,  and  by  refer- 
ence to  Prop.  XI.,  £>cA.,  B.  Y.  EL  Geom.,  it  will  appear  that 
every  polygonal  prism  whatever,  whether  regular  or  irregu- 
lar, may  be  divided  into  triangular  prisms,  the  sum  of  whose 
solidities  shall  be  equal  to  the  solidity  of  the  polygonal  prism. 

Scholium  2.  As  a  triangular  prism  is  the  most  simple  of  all 
prisms  into  which  a  polygonal  prism  can  be  divided,  it  may, 
therefore,  be  regarded  as  tne  element  of  all  polygonal 
prisms  ;  for,  from  triangular  prisms  all  others  may  be  formed, 
and  triangular  prisms  may  be  divided  indefinitelv,  by  dividing 
their  rectangular  bases  by  lines  parallel  to  one  oi  its  sides,  ara 
passing  planes  perpendicular  to  the  bases  through  such  divis- 
ions, and  through  the  vertical  plane  angles ;  and  these  prisma, 
so  divided,  will  be  the  elementary  prisms  of  the  prism  so  divi- 
ded. 

PROPOSITION   XIX.      THEOREM. 

If  a  pyramid  is  cut  by  a  plane  parallel  to  its  base^ 

First,  The  edges  and  the  altitudes  will  he  divided  proportion* 
ally. 

Secondly,  The  section  will  be  a  polygon  similar  to  the  base. 


And  thirdly,  7%eM  tico  ivrfaces  toiU  be  to  each  otker  at  the 
ifuare  of  their  dulamxt  from  thtir  vertex. 

Let  the  pyninid  SABCDE,  & 

of  which  SO  is  the  altitude,  be 
cut  by  the  plane  abcde;  then 
will  &j :  SA  : :  So  :  SO,  and 
(be  same  for  the  other  edges ; 
ud  ihe  polygoa  ahcde,  will  be 
nmilar  to  the  base  ABCDE. 

First.  Since  the  planes  ABC 
Ac  are  parallel,  their  inter-  ■ 
KCtiona  AB,  o^  hv  a  third 
pline  SAB  will  also  be  parallel 
(Prop.  XJ.  R  J.) ;  hence  the  triangles  SAB,  SoA  are  similar, 
ind  we  have  SA  :  Sa  : :  SB  :  Sd ;  we  might  also  have  SB  : 
Sfr : :  SC  :  Sr ;  and  80  on.  Hence  all  the  edges  SA,  SB.  SC, 
fcc  are  cut  proportionally  in  a,  b,  c,  &c.  The  altitude  SO  is 
likewiae  cut  in  tne  tame  proportion  at  the  point  o ;  for  BO  and 
be  are  parallel,  therefore  we  have  SO  :  So  : :  SB  :  Sfr. 

SecontUy.  Since  ab  is  parallel  to  AB,  &c  to  BC,  cd  to  CD,  &c. 
the  angle  abc  is  equal  to  ABC,  the  angle  beef  to  BCD,  and  so 
on.  ^so,  by  reasonofthesimilar  triangles  SAB,  Sab,  we  have 
^:  ab:  :  SB :  Sb ;  and  by  reason  of  the  similar  trianglea 
SBC,  S6c,  we  have  SB :  S6 :  :  BC  :  Be ;  hence  AB  :  Ob  :  :  BC  : 
he;  we  might  likewise  have  BC  :  k; :  :  CD  :  cd,  and  so  on. 
Hence  the  polygons  ABCDE,  abcde,  have  their  angles  respec- 
litely  equal  ana  their  homologous  sides  proportional ;  hence 
tbey  are  similar. 

Thirdly.  Similar  planes  being  to  each  other  as'the  squarea 
of  their  like  sides  (Prt>p.XXIV.  Cor.  C.  R  IV.£/.  Ge.)  the  plane 
■c :  AC  : :  ob* :  AB*  or  : :  Sa'  SA*,  since  we  have  shown  that 
•k :  AB  and  Sa  :  SA  have  the  same  ratio.  Also,  the  two  tri- 
logies SOB,  Sob,  having  the  angles  O  and  o  right  angles 
(mp.  V.  B.  L)  and  the  angle  S  common  are  eqiangular,  and 
htve  therefore  their  tike  sides  proportional,  viz.  SB  :  Sb  : : 
SO :  So,  or  SB* :  S6'  : :  SO" :  So".  Consequently  the  two 
Nines  AC,  ac,  which  are  as  the  former  squares  AB*,  ob*,  will 
K  ilso  as  the  latter  squares  SO*,  So*,  that  is,  arta  AC  :  area 
"ciSO-,  :8o*. 

Cor.  1.  Let  SABCDE,  SXYZ  be  two  pyramids,  having  a 
common  vertex  and  Ihe  same  altitude,  or  having  their  bases 
litsated  in  the  same  plane ;  if  those  pyramids  are  cut  by  a 
flue  parallel  to  the  plane  of  their  bases,  and  the  sections  ahcde, 
ft  result  from  it,  men  mil  the  tectiont  ahcde,  xyx  be  to  each 
idler  as  the  hatet  ABCDE,  XYZ. 
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For,  the  polygons  ABODE,  abcde  being  similar,  their  sur- 
faces are  as  the  squares  of  the  homologous  sides  AB,  ab ;  but 
AB  :  aft : :  SA  :  Sa  ;  hence  ABCDE  :  abcde : :  SA* :  Sa\  For 
the  same  reason,  X  YZ  :  xyz  :  :  SX* :  Sx*.  But  since  abc  and 
xi/z  are  in  one  plane,  we  have  likewise  SA :  Sa  : :  SX :  Si; 
hence  ABCDE  :  abcde  :  :  XYZ  :  xyz  ;  hence  the  sections  oicd?, 
xyz  are  to  each  other  as  the  bases  ABCDE,  XYZ. 

Cor.  2.    If  the  bases  ABCDE,  XYZ  are  equivalent,  any  , 
sections  abcde,  xyz^  made  at  equal  distances  fix>m  those  basesy 
will  be  eqivalent  likewise. 

PROPOSmON    XX.      THEOREM. 

The  convex  surface  of  a  regular  pyramid  is  equal  to  the  perish' 
ter  of  its  base  multiplied  by  half  its  slant  height 

For,  since  the  pyramid  is  regular,  the  point  s 

O,  in  which  axis  meets  the  base,  is  the  centre 
of  the  poly^n  ABCDE  (Def.  14.) ;  hence  the 
lines  OA,  OB,  OC,  &.c.  drawn  to  the  vertices 
of  the  base,  are  equal. 

In  the  right  angled  triangles  SAO,  SBO,  the 
bases  and  perpendiculars  are  equal :  since  the 
hypothenuses  are  equal :  and  it  may  be  proved 
in  the  same  way  that  all  the  sides  of  the  right 
pyramid  are  equal.  The  triangles,  therefore, 
which  form  the  convex  surface  of  the  prism 
are  all  equal  to  each  other.     But  the  area  of  ^ 

either  of  these  triangles,  as  ESA,  is  equal  to  its  base  EA  mal* 
tiplied  by  half  the  perpendicular  SF,  which  is  the  slant  height 
01  the  pyramid :  hence  the  area  of  all  the  triangles,  or  the  con- 
vex surface  of  the  pyramid,  is  equal  to  the  perimeter  of  tiie 
base  multiplied  by  half  the  slant  height. 

Cor.  The  convex  surface  of  the  frustum  of  a  regular  pyrsr 
mid  is  equal  to  half  the  perimeters  of  its  upper  and  lower  hoses 
multiplied  by  its  slant  heighL 

For,  since  the  section  abcde  is  similar  to  the  base  (Prop* 
XIX.)  and  since  the  base  ABCDE  is  a  regular  polygon  (Def. 
14.),  it  follows  that  the  sides  ea,  ab,  be,  cd  and  de  are  all  equal 
to  each  other.  Hence  the  convex  surface  of  the  fustruia 
ABCDE«^  is  formed  by  the  equal  trapezoids  EAoe,  AB6a,  &c* 
and  the  perpendicular  distance  between  the  parallel  sides  of 
either  of  these  trapezoids  is  equal  to  F/*,  the  slant  height  of  the 
frustum.     But  the  area  of  either  of  the  trapezoids,  as  A£^  ii 


\ 
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fcffiA+e«)xF/(Prop.IXRIV.  EL  Geom.) :  bmce 
}f  all  of  them,  or  the  convex  surface  of  the  frustrum, 
3  half  the  perinieterB  of  the  upper  and  lower  basei 
1  by  the  alaat  heighL 

PBOPOtmOK   XXI.      THBOEEir. 

tx  surface  of  a  regidar  pyramid  exceed*  the  area  of 
in  the  aame  ratio  ikat  the  ilant  height  of  iti  xide  ex- 
e  radius  of  the  circle  inscr^d  in  its  base. 

IS  be  a  regular  pyramid,  and  b 

ygoD  ABCDE  of  the  ban  de- 
circle  with  the  radius  IF  or  IG 
ceDlre  I ;  draw  lA,  IB,  IC,  ID, 
3  the  angles  of  the  polygon, 
ase  will  be  divided  into  triaH' 
se  bases  are  the  several  sides 
lyson,  and  whose  several  alli- 

IF,  IG,  &.c.,each  equal  to  the 
the  circle,  and  the  convex  sur- 
le  pyramid  consists  in  like  man- 
angles  ABS,  BCS,  &c-,  whose 
ases  are  the  sides  of  the  polygon  of  the  base  of  the 

and  whose  several  altitudes  are  the  common  slant 
3,  OS,  Ac,  of  the  sides  of  the  pyramid.  Now,  since 
gles  of  the  base  and  of  the  sides  of  the  pyramid  have 

Daaes,  each  to  each,  that  is,  as  the  triangle  BCI,  and 
gle  BCS,  have  the  common  base  BC,  and  the  triangle 
fthe  triangle  CDS  have  the  common  base  CD  their 
e  areas  in  each  correspoDding  triangle  are  as  their 
,  viz.  as  PI  to  FS,  or  GI  to  GS,  and  as  this  Is  true  of 
i  of  the  pyramid  in  relation  to  its  corresponding  por- 
le  base,  it  follows  that  the  convex  surface  exceeds  the 
ts  base  in  the  same  ratio  that  the  slant  height  exceeds 
IS  of  the  circle  inscribed  in  the  base. 


PKOrOSITION   XXII.      THEOREM. 

tJar  pyramid  is  cut  by  a  plane  perpendicular  to  its  base, 
mex  turface  of  the  pyramid  and  its  base  will  be  divided 


irst  suppose  as  many  planes  abde,  acdf,  and  cbfe  to 
sd  through  the  pyramid,  as  its  base  has  sides  and 
which  plaDes  is  parallel  to  one  of  the  sides  of  tho  base, 
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cutting  the  pyramid  so  as  to  form  a  similar  pyramid  > 

the  plane  abc  be  taken  as  a  base,  then  will  e 

the  base  abc  be  equal  and  similar  to  the  src* 

tion  def,  perpendicularly  below.     Now,  the 

base  or  section  abc  is  to  the  base  ABC  as 

ihe   square   of  iS  is   to   the   square  of  IS, 

(Prop.  XIX.)  or  as  the  square   of  aS  to  Ihe 

square  of  AS,  and  the  several  sides  of  the 

new  pyramid  oAcS  are  ench  triangles,  similar 

to  those  forming  the  convex  surface  of  the 

former  pyramid,  viz,  the  triangle  afiS  is  simi-  Afe 

iar  to  the  triangle  ABS.     The  triangle  cbt  is 

similar  1o  the  triangle  CBS,  &c.     Hence  (Prop.  XXIV,  C 

B.  IV.  El.  Geom.)  they  are  also  proportional  to  the  squa 

their  like  sides,  or  as  aS'  to  AS*,  hence  the  area  dff  is 

area  ABC,  as  the  convex  surface  abcS  to  the  convex  a 

ABCS.     Or,  if  a  single  plane  is  passed  through  the  py 

perpendicular  to  Ihe  base,   the  same   argument  will 

Hence  the  proposition  as  enunciated  is  true. 

Cor.  Hence  we  may  infer  that  if  any  portion  of  thi 
is  taken,  the  portion  of  Ihe  convex  surface  perpendicular 
it  has  the  same  relation  to  the  whole  convex  surface  c 
pyramid,  as  the  portion  ot  the  base  so  taken,  has  to  the 
base. 


XXI II.       THSORKM. 

7%e  convex  surface  of  a  regular  pyramid  exceeds  ha^  that 
circunucribid  prism,  in  the  same  ratio  that  the  vertical 
or  slant  height  of  one  of  its  sides  exceeds  the  vertical  hm 
the  pyramid. 

Let  ABCDE   be   a  regular  polygon   on  e 

which  the  pyramid  ABCDE^S  is  described 
as  its  base;  and  on  tho  same  polygon  de- 
scribe the  prism  at  BCDEabcde ;  then  let 
AS=the  vertical  length  of  one  of  its  sides  ; 
and  OS  the  vertical  height  of  the  pyramid ; 
and  also  that  of  its  circumscribing  prism. 
Then  will  the  surface  of  the  pyramid  exceed 
half  the  surface  of  the  prism,  in  the  same  ra- 
tio that  the  length  of  the  line  AS=the  verti- 
cal length  of  the  side  of  the  pyramid  ex- 
ceeds tlie  vertical  height  of  the  pyramid. 

For,  each  side  of  the  prism  is  a  parallelogram,  and  eaci 
of  the  pyramid  ii  a  triangle,  on  the  same  base.    Now,  a 
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|)e  on  the  nine  base,  and  of  the  Batne  vertical  height,  ui>:hair 
me  rectangle,  or  parallelogram :  moreover,  triangles  on  the 
ante  base  are  as  their  vertical  heighti.  But  the  vertical  or 
ilant  height  of  a  triangle  forming  one  of  the  aides  of  the  pyra- 
mid, is  to  the  Terlical  height  of  the  pyramid,  or  of  the  prism, 
u  the  line  AS  to  the  line  OS,  or  Aa,  Bb,  Ace.  Therefore,  the 
wrface  ofoae  side  of  the  pyramid  exceeds  half  the  surface  of 
the  correspondiug  aide  of  the  prism,  in  the  same  ratio  that  its 
rertica]  length  exceeds  the  vertical  height  of  the  pyramid  or 
prism.  Hence  the  sum  of  the  surfaces  of  all  the  sides  of  the 
pyramids,  exceeds  the  sum  of  the  surlacea  of  all  the  sides  of 
ibe  prisms  in  the  same  ratio. 


PSOPOSITIOD   XXIV. 


Two  triangular  pyramids,  having  equivalent  basea  and  equal 
aUUvdet,  are  equivalent,  or  equal  in  solidity. 


Let  SABC,  SoAc  be  those  two  pyramids ;  let  their  equiva- 
W  bases  ABC,  abc  be  situated  in  the  same  plane,  and  let  AT 
^  their  common  altitude.  If  they  are  not  equivalent,  let 
SoAc  be  the  smaller :  and  suppose  Aa  to  be  the  altitude  of  a 
prism,  which  having  ACD  for  its  base,  is  equal  to  their  difier- 
oice. 

IKvide  the  altitude  AT  into  equal  parts  Kx,  xy,  yz,  &c. 
e*cb  less  than  An,  and  let  k  he  one  of  those  parts ;  through 
ibe  points  of  division  pass  planes  parallel  to  tlie  plane  of  the 


60  ELEMENTS  OF  SOUD  GEOMETRY. 

bases ;  the  corresponding  sections  formed  by  these  planes  io 
the  two  pyramids  will  be  respectively  equivalent  (Prop.  XIX. 
Cor.  2.)  namely  DEF  to  def  GUI  to  ghi,  &c 

This  being  granted,  upon  the  triangles  ABC,  DEF,  GHI, 
&c.  taken  as  bases,  construct  exterior  prisms  havid^  for  edges 
the  parts  AD,  DG,  DK,  &c.  of  the  edge  SA  ;  in  like  manner, 
on  the  bases  def,  ghU  klm,  &c.  in  the  second  pyramid,  con* 
struct  interior  prisms,  having  for  edges  the  corresponding  parti 
of  sa.  It  is  plain  that  the  sum  of  all  the  exterior  prisms  of  the 
pyramid  SABC  will  be  greater  than  tiiis  pyramid  ;  and  also 
the  sum  of  all  the  interior  prisms  of  the  pyramid  sabp  will  be 
less  than  this.  Hence  the  difiercnce,  between  the  sum  of  all 
all  the  exterior  prisms  and  the  sum  of  all  the  interior  onei, 
must  be  greater  than  the  difference  between  the  two  pyramids 
themselves. 

Now,  beginning  with  the  bases  ABC,  abCf  the  second  exte- 
rior prism  DEFG  is  equivalent  to  the  first  interior  prism  defg, 
because  they  have  the  same  altitude  A,  and  their  bases  DEF, 
def.  are  equivalent ;  for  like  reasons,  the  third  exterior  prismi 
GHIK,  and  the  second  interior  prism  ghik  are  cquiyalent ;  the 
fourth  exterior  and  the  third  interior  ;  and  so  on,  to  the  last  in 
each  series.  Hence  all  the  exterior  prisms  of  the  pyramid 
SABC,  excepting  the  first  prism  DABC,  have  equivalent  c<»r- 
responding  ones  in  the  interior  prisms  of  the  pyramid  sabc: 
hence  the  prism  DACB  is  the  difference  between  the  sum  of 
all  the  exterior  prisms  of  the  pyramid  SABC,  and  the  sum  of 
all  the  interior  prisms  of  the  pyramid  Sabc.  But  thedifiereooe 
between  those  two  sets  of  prisms  has  already  been  proved  to 
be  greater  than  that  of  the  two  pyramids ;  which  latter  differ- 
ence we  suppose  to  be  equal  to  the  prism  aABC :  hence  the 
prism  DABC  must  be  greater  than  the  prism  aABC.  But  in 
reality  it  is  less ;  for  they  have  the  same  base  ABC,  and  the 
altitude  \x  of  the  first  is  less  than  Aa  the  altitude  of  the  second. 
Hence  the  supposed  inequality  between  the  two  pyramids  can- 
not exist ;  hence  the  two  pyramids  SABC,  sabc,  having  equal 
altitudes  and  equivalent  bases,  are  themselves  equivalent 

PROPOSmON    XXV.      THEOREH. 

Every  triangular  pyramid  is  a  third  part  of  the  triangukr 
prism  having  the  same  base  and  the  same  aitiiude. 

Let  FABC  be  a  triangular  pyramid,  ABCDEF  a  triangu- 
lar prism  of  the  same  base  ancf  the  same  alitude ;  the  pyrt- 
mid  will  be  equal  to  a  third  of  the  prism. 
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Cut  off* the  pyramid  FABC  from  the 
prism,  by  the  fJane  FAC  ;   there  will 
remain  the  solid  FACDE,  which  may 
be  considered  as   a  quadrangular  py- 
nrnid*  whose  vertex  is  F,  and  whose 
base    is   the   parallelogram    ACDE. 
Draw  the  diagonal  CE  ;  and  pass  the 
plane  FCEl,  which  will  cut  the  quad- 
nngular  pvramid  into  two  triangular 
ooes  FAC£,  PCDE.    These  two  tri- 
iDgular  pyramids  have  for  their  com- 
mon altitude  the  perpendicular  let  fall 
bom  F  on  the   plane  ACDE ;    they 
bve  equal  bases,  the  triangles  ACE, 
CDE  being  halves  of  the  same  parallelogram  ;  hence   (Prop. 
XXIV.)  the  two  pyramids  FA(;E,  FCDE  are  equivalent.    But 
the  pyramid  FCDE  and  the  pyramid  FABC  have  equal  bases 
ABCJDEF;  they  have  also  the  same  altitude,  namely,  the 
distance  of  the  parallel  planc3  ABC,  DEF ;  hence  the  two  py- 
nmids  are  equivalent    Now  the  pyramid  FCDE  has  already 
been  proved  equivalent  to  FACE ;  hence  the  three  pyramids 
FABC,  FCDE,  FACE,  which  compose  the  prism  ABCD  are 
til  equivalent     Hence  the  pyramid  FABC,  is  the  third  part 
of  the  prism  ABCD  which  has  the  same  base  and  the  same 
altitude. 

Cor.  1.  The  solidity  of  a  triangular  pyramid  is  equal  to  a 
third  part  of  the  product  of  its  base  by  its  altitude. 

%,  The  solidities  of  triangular  pyramids  of  equal  bases  are 
to  each  other  as  their  altitudes. 

3.  The  solidities  of  triangular  pyramids  of  equal  altitudes 
ire  to  each  other  as  their  bases. 

Scholium  1.  As  all  prisms  (Prop.  XVIII.  Cor.  and  Sch.)  may 
be  divided  into  triangular  prisms ;  so  all  triangular  prisms  may 
be  divided  into  triangular  pyramids ;  and  for  the  same  rea- 
iOQs  (Prop.  XVIII.)  every  polygonal  pyramid  may  also  be 
divided  into  triangular  pyramids.  And  hence,  as  pyramids 
ire  the  most  simple  solids  to  which  a  prism  or  polygonal  py- 
iimid  can  be  referred,  triangular  pyramids  may  be  considered 
ti  the  elements  of  all  other  pyramids  as  well  as  prisms,  as  also 
of  any  polyedrai  body. 

2.  And  as  triangular  prisms,  the  elements  of  other  prisma» 
may  be  divided  indefinitely  by  planes  perpendicular  to  their 


K  ELEMENTS  OF  SOLID  GEOMETRY. 

rectaneular  basei  (Prop.  XVIII.  Sch.  3.)  so  triangular  pyn< 
micls,  Uie  dements  of  other  polyedral  bodies  may  be  divided 
indefinitely  by  planes  passing  through  their  bases  and  verticeii 
and  these  new  triangular  pyramids  will  be  the  elemeolarjr 
pyramids  of  the  pyramid  so  divided. 

Thus,  if  the  pyramid  ABCD  be  divid-  d 

ed  by  the  planes  BED,  or  6FD,  passing 
through  the  base  and  the  vertice  D,  then 
each  of  the  pyramids  ABE-D.  BEC-D.  &:c. 
and  also  the  pyramid  Bac-D  cut  off  by 
the  plane  ocD  will  be  an  elementary  py- 
ramid of  the  pyramid  ABC-D. 

For,  the  pyramid  ABC-D  may  be  con- 
ceived to  be  made  up  of  some  multiple  of 
eacli  of  the  elementary  pyramids  into 
which  it  is  divided,  without  any  change  of  * 

tbe  character  of  the  base,  except  in  its  proportions. 

But  if  the  triangular  pyramid  ABC  Sbe  di- 
vided  by  the  plane  ABE  not  passing  through 
the  vertice  S,  the  triangular  pyramid  ABC-E 
cut  off  by  this  plane  is  not  an  elementary  pyra- 
mid referred  to  the  pyramid  ABCSi  but  if  one 
triangular  pyramid  is  an  element  of  another  tri- 
angular pyramid,  they  must  both  be  referred 
to  the  same  vertice,  or  their  vertical  heights 
must  be  equal.  ' 

Hence,  then,  and  in  reference  to  (Prop.  XVIII.  Sch.  2.)  • 
polyedron  may  be  considered  as  elementary  to  another  polye- 
aron  when  it  is  one  of  the  natural  or  proportional  divtsioDs  of 
the  other. 

A  triangular  pyramid  may  be  considered  as  elementary  to 
a  triangular  prism,  and  hence  to  all  other  prisms. 

One  triangular  pyramid  is  elementary  to  another  triangulir 
pyramid  where  their  vertices  are  referred  to  the  same  point 
in  relation  to  their  bases,  or  where  they  are  of  the  same  rer 
ticat  height. 


piorosmoN  xxvi.     thbobkh. 

l%e  toHdity  of  every  pyramid  is  equal  to  the  product  of  the  ban 
by  a  third  of  its  altitude. 

For,  pass  the  planes  SEB,  SEC  through  the  diagonals  EBi 
EC ;  the  pylygonal  pyramid  SABCDE  will  be  divided  into 
•STeral  triangiuRr  pyramids  all  having  the  tame  altitude  SO'' 


'rop.  XXV.  Cor.)  each  of  these  pyramids 
•Itiplying  its  base  ABE,  BCG,  or  CDE, 
:  third  part  of  its  altitude  SO;  hence 
m  of  these  triangular  m'ramids,  or  the 
loal  pyramid  SABCDE  will  be  mea- 
by  the  sum  of  the  triangles  ABE,  BCB, 
or  the  polygon  ABCDcl,  multiplied  by 
ird  of  SO;  hence  every  pyramid  is 
red  by  a  third  part  of  the  product  of 
e  by  its  altitude. 


.  1.  Erery  pyramid  is  the  third  part  of  a  prism  which 
e  same  base  aod  the  same  altitude. 

.  3.  Two  pyramids  having  the  same  altitude  are  to 
ither  at  their  bases,  and  conversely  ;  two  pyramid*  bar- 
jivalent  buses  are  as  their  altitudes. 

.  3-  Pyramids  are  to  each  other  as  the  product  of  Ibeir 
by  their  altitudes. 

.4.  As  in  •  triangular  pyramid  either  side  may  be 
IS  B  base  and  its  opposite  solid  angle  its  rerlex,  it  fol- 
lat  the  solidity  of  a  triangular  pyramid  is  equal  to  either 
aces  multiplied  by  a  third  of  the  distance  of  its  opposite 
From  such  base. 

ilitim.  The  solidity  of  any  poljredral  body  may  be  com- 
by  dividing  the  body  into  pyramids;  and  thisdivisioa 
e  accomplished  in  various  ways.  One  of  the  simplest 
take  all  me  planes  of  division  pass  through  the  vertex  of 
lid  angle ;  in  that  case,  there  will  be  formed  as  many 
pyramids  as  the  polyedron  has  faces, miitiu  those  bees 
form  the  solid  angle  whence  the  planes  of  division  pro- 
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is  that  of  the  frustum,  and  whose  bases  are  the  lower  base 
of  the  frustum,  the  upper  base,  and  a  mean  proportonal  be- 
tween the  two  bases. 

PROPOSITION   XXIX.      THEOREM. 

The  frustum  of  a  pyramid  is  equal  to  the  sum  of  the  several 
pyramids  formed  by  each  vertical  side^  and  also  the  top^  at 
baseSf  whose  several  vertices  are  referred  to  the  centre  of  the 
base  of  the  frustum^  or  to  any  point  within  thai  base. 

Let  AE  be  a  frustum  of  a  pyramid ;  this 
may  be  divided  into  as  many  pyramids  as  it 
has  vertical  faces,  together  with  a  pyramid 
erected  on  one  of  the  bases,  which  suppose, 
in  the  present  case,  to  be  the  smaller  base, 
DEF.  Draw  the  lines  DI,  EI  and  FI,  from 
the  several  angles  of  the  smaller  base  to  the 
centre  of  the  larger,  then  will  there  be  en- 
closed, by  planes  passing  through  these  lines 
as  angles,  the  pyramid  DEFI.  Now  let  the  frustum  be  further 
divided  by  planes  passing  through  the  angles  AD,  CF,  and 
BC,  to  the  centre  of  the  base  I ;  then  will  the  whole  of  the 
frustum  be  divided  into  pyramids  whose  bases  are  all  the  seve- 
ral plane  faces  of  the  frustum,  except  the  lower  base ;  and 
they  all  terminate  with  points  as  vertices  in  the  centre,  I,  of 
the  larger  base.  Hence,  the  whole  frustum  is  equal  to  the 
pyramids  formed  on  each  of  the  vertical  sides,  as  well  as  on 
the  smaller  base  of  the  frustum  as  bases,  and  whose  verticei 
all  terminate  in  the  centre  of  the  larger  base,  since  the 
whole  is  equal  to  the  sum  of  all  its  parts ;  and  if,  instead  of  the 
vertices  of  the  several  pyramids  all  terminating  in  the  centre 
of  the  base  at  I,  they  all  terminate  in  any  other  point  in  that 
base,  the  whole  of  the  frustum  would  still  be  divided  into  tri* 
angular  pyramids,  whose  sum  would  be  equal  to  the  frustum, 
by  j^>ining  the  angles  about  each  of  the  bases,  with  the  pmnt 
designated  for  the  vertices. 

Scholium  L  We  mi^ht,  instead  of  erecting  a  pyramid  on 
the  smaller  base  of  the  Irustum,  erect  it  on  the  larger,  in  which 
case  the  vertices  would  all  terminate  in  the  smaller ;  or,  we 
might  erect  a  pyramid  in  each  base:  and  if  the  sum  of  their 
vertical  heights  are  equal  to  the  vertical  height  of  the  frustum, 
the  vertices  would  all  centre  in  the  same  point  within  the  frus- 
tum. 

.    Cor.  1.    Hence  the  solidity  of  a  frustum  of  a  pyramid  is 
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equal  to  the  smaller  base  maltiplied  by  one-third  of  its  yertical 
height,  plus  all  of  the  vertical  surfaces  multiplied  by  one-third 
of  theirs  from  the  centre  of  the  larger  base,  perpendicular  to 
their  surfaces  respectively. 

Cor,  2.  Hence,  if  the  bases  of  the  frustum  of  the  pyramid 
are  reralar  polygons,  its  solidity  is  equal  to  the  surface  of  the 
upper  base  multiplied  by  one-third  of  its  vertical  height,  plus 
the  sum  of  its  vertical  surfaces  multiplied  by  one-third  of  a 
Ene  drawn  from  the  centre  of  its  lower  base  perpendicular  to 
one  of  its  sides. 

SchoKum  2.  If  the  smaller  end  of  the  frustrum  of  the  pyra- 
mid becomes  enlarged,  till  it  is  made  equal  to  the  other  end, 
the  frustum  will  become  a  prism  ;  and  if  its  base  is  a  regular 
polygoUt  the  vertical  height  of  the  several  pyramids  erected 
OD  their  vertical  surfaces  as  bases,  will  be  equal  to  the  radius 
of  a  circle  inscribed  in  the  base. 

Scholium  3.  And  if  from  a  prism  whose  bases  are  regular 
polygons,  a  pyramid  be  withdrawn  whose  base  equals  the 
base  of  the  prism,  and  altitude  the  altitude  of  the  prism,  the 
remainder  will  be  equal  to  the  vertical  surface  multiplied  by 
oae- third  of  the  radius  of  a  circle  inscribed  in  the  base. 

PEorosmoN  xxx.     theorem. 

|f  a  triangular  prism  be  cut  by  a  plarie  inclined  to  the  plane  of 
its  basCf  the  solid  included  between  this  plane  and  the  plane 
of  the  base  is  equivalent  to  three  pyramids^  having  the  base  of 
the  prism  for  a  common  base^  and  the  three  vertices  terminal' 
ting  the  inclined  plane  for  their  vertices. 

Let  ABCDEF  (see  diagram  to  Prop.  XXV.)  be  a  solid 
formed  by  intersecting  a  triangular  prism,  by  a  plane  DBF  in- 
clined to  the  plane  of  the  base  ABC;  then  will  this  solid  be 
equivalent  to  the  three  pyramids  having  ABC  for  a  common 
basct  and  the  points  F,  D,  E,  for  vertices. 

Through  the  three  points  F,  A,  C,  pass  the  plane  FAC ;  it 
will  cut  ofi^  from  the  truncated  prism  ABCDEF,  the  triangu- 
lar pyramid  FABC :  this  pyramid  has  ABC  for  its  base,  and 
the  point  F  for  its  vertex. 

Tnis  pyramid  being  cut  ofi^  there  will  remain  the  quadran- 

Jilar  pyramid  FACDE,  whose  vertex  is  F,  and  whose  base  is 
ODE.     Through  the  three  points  F,  E,  C,  draw  another 
plane  FEC  ;  it  will  divide  the  quadrangular  pyramid  into  two 
trian^ar  pyramids  FACE,  FCDE. 
The  pyramid  FACE,  which  has  for  its  base  the  triangle 
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AEC  and  for  its  vertex  the  point  F,  is  equivalent  to  a  pyramid 
BAEIC  having  AEC  for  its  base,  and  for  its  vertex  the  point  B. 
For,  these  two  pyramids  have  the  same  base ;  they  have  alto 
the  same  altitude,  bec<ausc  the  line  BF,  parallel  to  each  of  the 
lines  AE,  CD,  is  parallel  to  their  plane  ACE :  hence  the  pyra- 
mid FAEC  is  equivalent  to  the  pyramid  BACE  :  which  latter 
may  be  considered  as  having  AbC  for  its  base,  and  the  point 
E  for  its  vertex. 

Again,  the  third  pyramid  FCDE  may  in  the  first  place  be 
changed  into  AFCD ;  for  these  two  pyramids  have  the  same 
base  FCD ;  they  have  also  the  same  altitude,  AE  being  paral- 
lel to  the  plane  FCD  ;  hence  the  pyramid  EFCD  is  equivalent 
to  the  pyramid  AFCD.  In  the  second  place,  the  pyramids 
AFCD  may  be  changed  into  BACD :  for  these  two  pyramids 
have  the  common  base  ACD ;  they  have  the  same  altitude, 
since  the  vertices  F  and  B  lie  in  a  line  parallel  to  the  plane  of 
the  base.  Hence  the  pyramid  EFCD,  equivalent  to  AFCD, 
in  also  equivalent  to  BACD :  which  latter  may  be  regarded  as 
'having  ABC  for  its  base,  and  the  point  D  for  its  vertex. 

Hence,  finally,  the  truncated  prism  ABCDEF  is  equal  to  the 
sum  of  three  pyramids  whose  common  base  is  ABC,  and  whose 
vertices  are  respectively  the  points  D,  E,  F. 

Cor.  If  the  edges  AE,  BF,  CD  are  perpendicular  to  the 
plane  of  the  base,  they  will  at  the  same  time  be  the  altitudes 
of  the  three  pyramids  which  compose  the  truncated  prism :  so 
that  the  solidity  of  the  truncated  prism  will  be  expressed  by 
iABCx  AE+^ABCxBF+iABCxCD,  or,  which  is  the  same 
thing,  by  }  ABCx  (AE+BF+CD.) 

FEOPOSITION    XXXI.      THEOREM. 

Jloo  symmetrical  polyedrons  are  equivalent  or  equal  in  soUditg, 

For,  in  the  first  place,  two  sym- 
metrical triangular  pyramids,  such 
as  SABC,  TABC,  are  both  mea- 
sured  by  the  product  of  their  base 
ABC  and  the  third  part  of  their  al- 
titude SO  or  TO ;  hence  these  py- 
ramids are  equivalent. 

In  the  second  place,  if  one  of  the  two  symmetrical  polye* 
drons  is  divided  in  any  way  into  triangular  pyramids,  the  other 
may  always  be  divided  in  the  same  way  into  as  many  symme- 
trical triangular  pyramids;  and  these  symmetrical  pyramids 
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tre  eqaiTalent  each  to  each ;  hence  the  whole  polyedrons  are 
equivalent,  or  equal  in  lolidity. 

ScholiMm.  This  Theorem  might  seem  to  result  immediately 
from  Proposition  II.,  where  it  was  shown  that,  in  two  symme- 
trical polyedrons,  all  the  constituent  parts  of  the  one  solid  are 
respectively  equal  to  the  constituent  parts  of  the  other :  but  it 
appeared  necessary,  notwithstanding,  to  demonstrate  this  truth 
in  a  rigorous  manner. 


PAOPOSITION    XXXII.      THEOREM. 

7Wo  mnilar  triangular  pyramids  have  their  homologous  face$ 
similar^  and  their  solid  angles  equal. 

8 

By  the  definition.  (20.)  the  two  tri- 
ingular  pyramids  SABC,  TDEF  are 
similar  when  the  two  triangles  SAB, 
ABC  are  similar  to  the  two  TDE, 
DEF,  and  similarly  placed,  that  is  to 
sav,  when  the  angles  ABS=DET 
BAS=EDT,  ABC=DEF,  BAC= 
EDF«  and  when  also  the  incliuation 
of  the  planes  SAB,  ABC  is  equal  to 
that  of  the  planes  TDE,  DEF.  This 
being  granted,  we  are  to  show  that  these  pyramids  have  all 
their  faces  similar  each  to  each,  and  their  homelogous  solid 
angles  equal. 

Take  BG=ED,  BH=EF,  BI=ET  ;  and  join  GH,  GI,  IH. 
The  pyramid  TDEF  is  equal  to  the  pyramid  IGBII ;  for,  the 
sides  GB,  BH  being  made  equal  to  the  sides  DE,  £F,  and  the 
ingle  GBH  being  equal  to  the  angle  DEF  by  hynothesis,  the 
triangle  GBH  must  be  equal  to  DEF ;  hence  to  bring  about 
the  superposition  of  the  two  pyramids,  the  base  DEF  may  in 
the  first  place  be  laid  on  its  equal  GBH  ;  then,  because  the 
plane  DTE  is  inclined  to  DEF  as  much  as  the  plane  SAB  to 
ABC,  it  18  evident  that  the  plane  DET  will  fall  indefinitely  on 
the  plane  ABS.  But,  b]^  hypothesis,  the  angle  DET=GBI : 
therefore  ET  will  fall  on  its  equal  BI ;  and  since  the  four  points 
D,  E,  F,  T,  coincide  with  the  four  G,  B,  H,  I,  it  follows  (Prop. 
L)  that  the  pyramid  TDEF  coincides  with  the  pyramid  IGBU. 

Now  by  reason  of  the  equal  triangles  DEF,  GBH,  we  have 
the  angle  BGH=EDF=BAC ;  hence  GU  is  parallel  to  AC. 
For  a  like  reason,  GI  is  parallel  to  AS ;  hence  (Prop.  XIV, 
B.  I.)  the  |4aDe  IGH  is  parallel  to  SAC.  It  follows,  thereibrc^ 
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AEC  and  for  its  vertex  the  point  P,  is  equivalent  to  a  pyramid 
BAEIC  having  AEC  for  its  base,  and  for  its  vertex  the  point  B. 
For,  these  two  pyramids  have  the  same  base ;  they  have  alto 
the  same  altitude,  because  the  line  BF,  parallel  to  each  of  the 
hnes  AE,  CD,  is  parallel  to  their  plane  ACE :  hence  the  pyra- 
mid FAEC  is  equivalent  to  the  pyramid  BACE  :  which  latter 
may  be  considered  as  having  ABC  for  its  base,  and  the  point 
E  for  its  vertex. 

Again,  the  third  pyramid  FCDE  may  in  the  first  place  be 
changed  into  AFCD ;  for  these  two  pyramids  have  the  same 
base  FCD ;  they  have  also  the  same  altitude,  AE  being  paral- 
lel to  the  plane  FCD  ;  hence  the  pyramid  EFCD  is  equivalent 
to  the  pyramid  AFCD.  In  the  second  place,  the  pyramids 
AFCD  may  be  changed  into  BACD :  for  these  two  pyramids 
have  the  common  base  ACD ;  they  have  the  same  altitude, 
since  the  vertices  F  and  B  lie  in  a  line  parallel  to  the  plane  of 
the  base.  Hence  the  pyramid  EFCD,  equivalent  to  AFCD, 
is  also  equivalent  to  BACD  :  which  latter  may  be  regarded  as 
'having  ABC  for  its  base,  and  the  point  D  for  its  vertex. 

Hence,  finally,  the  truncated  prism  ABCDEF  is  equal  to  the 
sum  of  three  pyramids  whose  common  base  is  ABC,  and  whotd 
vertices  are  respectively  the  points  D,  E,  F. 

Cor.  If  the  edges  AE,  BF,  CD  are  perpendicular  to  the 
plane  of  the  base,  they  will  at  the  same  time  be  the  altitudes 
of  the  three  pyramids  which  compose  the  truncated  prism :  so 
that  the  solidity  of  the  truncated  prism  will  be  expressed  by 
iABCx  AE+iABCxBF+iABCxCD,  or,  which  is  the  same 
thing,  by  i  ABCx  (AE+BF+CD.) 

PROPOSITION    XXXI.      THEOREM. 

Thoo  symmetrical  polyedrons  art  equivalent^  or  equal  in  soliditjf. 

For,  in  the  first  place,  two  sym- 
metrical triangular  pyramids,  such 
as  SABC,  TABC,  are  both  mea- 
sured  by  the  product  of  their  base 
ABC  and  the  third  part  of  their  al- 
titude SO  or  TO ;  hence  these  py- 
ramids are  equivalent 

In  the  second  place,  if  one  of  the  two  symmetrical  polye- 
drons is  divided  in  any  way  into  triangular  pyramids,  the  other 
may  always  be  divided  in  the  same  way  into  as  many  symme* 
trical  triangular  pyramids;  and  these  symmetrical  pyramids 
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are  eqaiTalent  each  to  each ;  hence  the  whole  polyedront  are 
equivaieot,  or  equal  in  lolidity. 

ScholiMm.  This  Theorem  might  seem  to  result  immediately 
from  Proposition  1I.«  where  it  was  shown  that,  in  two  symme- 
trical polyedronSv  all  the  constituent  parts  of  the  one  solid  are 
respectively  equal  to  the  constituent  parts  of  the  other :  but  it 
appeared  necessary,  notwithstanding,  to  demonstrate  this  truth 
in  a  rigorous  manner. 


PROPOSITION    XXXII.      THEOREM. 

7Wo  nmilar  triangular  pyramids  have  their  homologous  faces 
similar^  and  their  solid  angles  equal. 

8 

By  the  definition.  (20.)  the  two  tri* 
ingular  pyramids  SABC,  TDEF  are 
similar  when  the  two  triangles  SAB, 
ABC  are  similar  to  the  two  TDE, 
DEF,  and  similarly  placed,  that  is  to 
sav,  when  the  angles  ABS=DET 
BAS=EDT,  ABC=DEF,  BAC= 
EDF«  and  when  also  the  inclination 
of  the  planes  SAB,  ABC  is  equal  to 
that  of  the  planes  TDE,  DEF.  This 
l^ing  granted,  we  are  to  show  that  these  pyramids  have  all 
their  faces  similar  each  to  each,  and  their  homeiogous  solid 
angles  equal. 

Take  BG=ED,  BH=EF,  BI=ET  ;  and  join  GH,  GI,  IH. 
The  pyramid  TDEF  is  equal  to  the  pyramid  IGBII ;  for,  the 
sides  GB,  BH  being  made  eaual  to  the  sides  DE,  EF,  and  the 
angle  GBH  being  equal  to  the  angle  DEF  by  hynothesis,  the 
triangle  GBH  must  be  equal  to  DEF ;  hence  to  bring  about 
the  superposition  of  the  two  pyramids,  the  base  DEF  may  in 
the  first ^ace  be  laid  on  its  equal  GBH  ;  then,  because  the 
plane  DTE  is  inclined  to  DEF  as  much  as  the  plane  SAB  to 
ABC,  it  is  evident  that  the  plane  DET  will  fall  indefinitely  on 
the  plane  ABS.  But,  by  hypothesis,  the  angle  DET=:GBI : 
therefore  ET  will  fall  on  its  equal  BI ;  and  since  the  four  points 
D,  E,  F,  T,  coincide  with  the  four  G,  B,  H,  I,  it  follows  (Prop. 
L)  that  the  pyramid  TDEF  coincides  with  the  pyramid  IGBU. 

Now  by  reason  of  the  equal  triangles  DEF,  GBH,  we  have 
the  angle  B6H=EDF=BAC ;  hence  GH  is  parallel  to  AC. 
For  a  like  reason,  GI  is  parallel  to  AS ;  hence  (Prop.  XIV, 
B.  I.)  the  iriaoe  IGH  is  parallel  to  SAC.  It  follows,  therefore^ 
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(Prop,  XVL  B.  I.)  that  the  triangle  IGH,  or  its  eqaal  TDF,  is 
similar  to  SAC,  and  the  triangle  IBH,  or  its  equal  TEF,  to 
SBC;  hence  the  two  similar  triangular  pyramids  SABC, 
TDEF,  have  their  four  faces  similar  each  to  each.  We  are 
now  to  show  that  the  homologous  solid  angles  are  equal. 

The  solid  angle  E  has  already  been  applied  to  its  homolo- 
gous one  B  ;  and  the  same  thin^  might  be  done  with  any  other 
two  homologous  solid  angles ;  out  it  is  clear  of  itself  that  any 
two  homologous  solid  angles  :  T  and  S  for  example,  are  equal, 
because  they  are  formed  by  three  plane  angles,  which  are 
respectively  equal  and  similarly  placed. 

Hence  two  similar  triangular  pyramids  have  their  homolo- 
gous faces  similar,  and  their  homologous  solid  angles  equal. 

Cor.  I.     The  similar  triangles  in  the  two  pyramids  furnish 
the  proportions   AB  :  DE  :  :  BC  :  EF  :  :  AC  :  DF  :  :  AS  : 
DT  :  :  SB  :  TE  :  :  SC  :  TF ;  hence,  in  similar  triangular    , 
pyramids,  the  homologous  edges  are  proportionaL 

Cor.  2.     And  since  the  homologous  solid  angles  are  equal,    ^ 
it  follows  that  the  inclination  of  any  two  faces  of  a  pyrwnid,    ^ 
is  equal  to  the  inclination  of  the  two  corresponding  faces  in  a 
similar  pyramid.     (Prop.  XXIIL  B.  L) 

Cor.  3.  If  the  triangular  pyramid  SABC  is  cut  by  a  plane  ^ 
GIH  parallel  to  SAC  one  of  its  faces,  the  partial  pyramid  ^ 
IGBH  will  be  similar  to  the  whole  pyramid  SABC :  for,  the  ^ 
triangles  BGI,  BGH  are  similar  to  the  triangles  BAS,  BAG,  a 
each  to  each,  and  similarly  placed ;  the  inclination  of  their 
planes  is  the  same  in  both :  hence  the  two  pyramids  are 
similar. 

Cor.  4.  In  general  (see  diagram  to  Prop.  XIX.).  if  any  py- 
ramid SABCDE  is  cut  by  a  plane  abode  parallel  to  the  base, 
the  partial  pyramid  Sabcde  will  be  similar  to  the  whole  pyramid 
SABCDE.  For  the  bases  ABCDE,  abcde,  are  similar ;  and 
joining  AC,  ac,  we  have  just  proved  that  the  triangular  pyra- 
mid SABC  must  be  similar  to  the  pyramid  8€d)c;  hence  (DeC 
21.)  the  point  S  in  reference  to  the  base  ABC,  is  determined 
exactly  as  it  is  in  reference  to  the  base  abc;  hence  the  two 
pyramids  SABCDE,  Sabcde  are  similar. 

Cor.  5.  And  since  every  polyedron  may  be  divided  into 
triangular  pyramids  (Prop.  XXV.  Sch.  1.),  it  is  evident  that 
two  similar  polyedrons  may  be  divided  into  a  similar  number 
of  triangular  pyramids,  which  are  respectively  similar  in  each, 
and  similarly  placed :  hence  we  may  generally  infer  that  any 
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two  similar  polyedrons  have  their  homologous  faces  similar, 
aiul  their  homologous  solid  angles  equal. 

SckoKum.  Instead  of  the  five  data  required  by  the  Defini- 
tion to  determine  the  similarity  of  two  triangular  pyramids, 
five  other  data  might  be  substituted  according  to  various  com- 
binatioosy  and  there  would  result  as  many  theorems  as  combi- 
nations. Among  these,  the  following  deserves  to  be  specially 
noticed  :  Two  triangular  pyramids  are  similar  when  they  have 
their  homologous  edges  proportional. 

For  (see  diagram  of  the  Proposition),  if  wc  have  the  pro- 
portions AB  :  DE  :  :  BC  :  EF  :  :  AC  :  DF  :  :  AS  :  DT  :  : 
SB  :  TE  :  :  SC  :  TF,  which  includes  five  conditions,  the  tri- 
angles ABS,  ABC  will  be  respectively  similar  to  the  triangles 
DET,  DBF,  and  similariv  placed.  The  triangle  SBC  will  be 
limilar  to  TEF;  hence  the  three  plane  angles  which  form  the 
loiid  angle  B  will  be  equal  to  the  plane  angles  which  form  the 
lolid  an^le  E,  each  to  each ;  hence  the  inclination  of  the  planes 
SAB,  ABC  is  equal  to  that  of  their  homologous  planes  TDE, 
DEF  ;  hence  the  two  pyramids  are  similar. 

PBOPOSmON    XXXIII.      TBEOAEM. 


The  solidity  of  a  wedge  is  equal  to  the  product  of  the  sum  of 
twice  the  kn^h  of  the  base  and  the  length  of  the  edge,  multi" 
pKed  by  one^sixth  of  the  product  of  the  height  of  Sie  wedge 
and  the  breadth  of  the  base. 

Let  L= AB  the  length  of  the  base. 
/=GH  the  length  of  the  edge. 
fr=BC  the  breadth  of  the  base. 
A=P6  the  height  of  the  wedge. 
Then,  L— /=AB— GH=AM. 

If  the  length  of  the  base  and 
the  edge  be  equal,  as  BM  and 
6H,  the  wedge  MBHG  is  half 
a  parallelopipedon  of  the  same 
base  and  height  And  the  so- 
lidity (Prop.  XVII.)  is  equal  to 
half  the  product  of  the  height, 
into  the  length  and  breadth  of 
the  base ;  that  is  to  \bhl 

If  the  length  of  the  base  be  greater  than  that  of  the  edge, 
as  ABGH ;  let  a  section  be  made  by  the  plane  GMN,  parallel 
to  HBC.     This  will  divide  the  whole  wedge  into  two  parts 
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MBHG  and  AMG.     The  latter  is  a  pyramid,  whose  solidity 
(Prop.  XX VL)  is  ibhx(L—l.) 

The  solidity  of  the  parts  together,  is,  therefore, 

ibhl—ibhx{L—l)=ibhSl+ibk2h—ibh2l=ibhx(2L+l) 

If  the  length  of  the  base  be  less  than  that  of  the  edge,  it  is 
evident  that  the  pyramid  is  to  be  subtracted  from  half  ihc 
parallelopipedon,  which  is  equal  in  height  and  breadth  to  the 
wedge,  and  equal  in  length  to  the  edge. 

The  solidity  of  the  wedge  is,  therefore, 
^bhl—ibh  X  {l—h):=ibh3l—ibh2l+ibh2L=ibh  X  (2L-f /) 

PROPOSITION    XXXIV.       THEOREM. 

The  solidity  of  a  rectangular  prismoid^  is  equal  to  the  product 
of  the  sum  of  the  areas  of  the  two  ends,  and  four  times  tk 
area  of  a  parallel  section  equally  distant  between  the  tw9 
ends,  multiplied  by  }  of  the  height. 

Let  L  and  B  be  the  length  and  breadth  of 

one  end, 
C  and  b  the  length  and  breadth  of  the 

other  end, 
M  and  m  the  length  and  breadth  of  the 
section  in  the  middle, 
and  h  the  height  of  the  prismoid. 
The  solid  may  be  divided  into  two  wedg-  .     .  . 

€s,.whose  bases  are  the  ends  of  the  prismoid,  NB        r<~"N 
and  whose  edges  are  L  and  C.     The  solidity  of  the  whole 
(Prop.  XXXIIL)  is 

iBAx(2L+C)+i6Ax(2C+L)=jA(2BL+BC+2AC+5L) 

As  M  is  equally  distant  from  L  and  C, 

2M=L+C42m=B+6,  and  4Mm=(L+C)(B+ft)=BL+BC+ 

[ftL+C» 

Substituting  4Mm  for  its  value,  in  the  preceding  expressioD 
for  the  solidity,  we  have 

iA(BL+M:+4Mm) 

That  is,  the  solidity  of  the  prismoid  is  equal  to  ^  of  the  height 
multiplied  into  the  area  of  the  two  ends,  and  4  times  the  area 
of  the  section  in  the  middle. 

Cor.  This  demonstration  may  be  applied  to  prismoids  of 
other  forms.  For,  whatever  be  the  figure  of  the  two  ends 
there  may  be  drawn  in  each,  such  a  number  ef  small  rectal^ 
gles,  that  the  sum  of  them  shall  differ  less,  than  by  any  givei^ 
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■re  eqaiTalent  each  to  each ;  hence  the  whole  polyedroas  are 
equivalent,  or  equal  in  solidity. 

Schoiium.  This  Theorem  might  seem  to  result  immediately 
Trom  Proposition  IL,  where  it  was  shown  that,  in  two  symme- 
trical polyedruns,  all  the  constituent  parts  of  the  one  solid  are' 
respectively  equal  to  the  constituent  parts  of  the  other :  but  it 
appeared  necessary,  notwithstanding,  to  demonstrate  this  truth 
ID  a  rigorous  manner. 

raoposiTioN  xxxii.     tbeokbk. 

Too  timilar  triangular  pyramids  have  their  homologmu  facet 
similar,  and  their  solid  angles  equal. 

By  the  definition.  (20.)  the  two  tri- 
angular pyramids  SABC,  TDEF  are 
similar  when  ihe  two  triangles  SAB, 
ABC  arc  similar  to  the  two  TUE, 
DEF,  and  similarly  placed,  that  is  to 
sav,  when  the  angles  ABS=DET  A( 
BAS  =  EDT,  ABC=DEF,  BAO= 
EDF,  and  when  also  the  inclination 
of  the  planes  SAB,  ABC  is  equal  to 
that  of  the  planes  TUE,  DEF.    This  > 

being  granted,  we  are  to  show  that  these  pyramids  have  all 
their  Tares  similar  each  to  each,  and  their  homelogous  solid 
angles  equal. 

Take  BG=ED,  BH=EF,  BI-ET  ;  and  join  GH,  GI,  IH. 
The  pyramid  TDEF  Is  equal  lo  the  pyramid  IGBH  ;  for,  the 
ndes  (]:B.  BH  being  made  equal  to  the  sides  DE.  EF,  and  the 
angle  GBH  being  equal  to  the  angle  DEF  by  hypothesis,  the 
triangle  GBH  must  be  equal  to  DEF ;  hence  to  bring  about 
the  superposition  of  the  two  pyramids,  the  base  DEF  may  in 
the  first  place  be  laid  on  its  equal  GBH  ;  iKen,  because  :1m 
plane  DTE  is  inclined  to  DEF  as  much  as  the  plane  SAB  U 
ABC,  it  is  evident  that  llie  plane  DET  will  fall  Indcfoilejj-  oa 
ihe  plane  ABS.  But.  by  hypothesis,  the  angle  DET=0'iy: 
therefore  ET  will  fall  on  its  equal  BI ;  and  since  the  Hmrfoats 

F.T, coincide  with  the  (our  G,B,H,i.ilMoWs(Ptm.  " 

^coincides  with  li-  Vilf'flfL^ 

iriongies  1/  niam 
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(Prop.  XVL  B.  !•)  that  the  triangle  IGH,  or  its  equal  TDF,  is 
similar  to  SAC,  and  the  triangle  IBH,  or  its  equal  TEF,  to 
SBC;  hence  the  two  similar  triangular  pyramids  SABC, 
TDEF,  have  their  four  faces  similar  each  to  each.  We  are 
now  to  show  that  the  homologous  solid  angles  are  equal. 

The  solid  angle  E  has  already  been  applied  to  its  homolo- 
gous one  B  ;  and  the  same  thin^  might  be  done  with  any  other 
two  homologous  solid  angles ;  out  it  is  clear  of  itself  that  any 
two  homologous  solid  angles  :  T  and  S  for  example,  are  equal, 
because  they  are  formed  by  three  plane  angles,  which  are 
respectively  equal  and  similarly  placed. 

Hence  two  similar  triangular  pyramids  have  their  homolo- 
gous faces  similar,  and  their  homologous  solid  angles  equal. 

Cor.  1.  The  similar  triangles  in  the  two  pyramids  furnish 
the  proportions  AB  :  DE  :  :  BC  :  EF  :  :  AC  :  DF  :  :  AS  : 
DT  :  :  SB  :  TE  :  :  SC  :  TF ;  hence,  in  similar  triangular 
pyramids^  the  homologous  edges  are  proportional 

Cor.  2.  And  since  the  homologous  solid  angles  are  equal, 
it  follows  that  the  inclination  of  any  two  faces  of  a  pyramid, 
is  equal  to  the  inclination  of  the  two  corresponding  faces  in  a 
similar  pyramid.     (Prop.  XXIIL  B.  L) 

Cor.  3.  If  the  triangular  pyramid  SABC  is  cut  by  a  plane 
GIH  parallel  to  SAC  one  of  its  faces,  the  partial  pyramid 
IGBH  will  be  similar  to  the  whole  pyramid  SABC :  for,  the 
triangles  BGI,  BGH  are  similar  to  the  triangles  BAS,  BAC, 
each  to  each,  and  similarly  placed ;  the  inclination  of  their 
planes  is  the  same  in  both :  hence  the  two  pyramids  are 
similar. 

Cor.  4.  In  general  (see  diagram  to  Prop.  XIX.),  if  any  py- 
ramid  SABCDE  is  cut  by  a  plane  abcde  parallel  to  the  base^ 
the  partial  pyramid  Sabcde  will  be  similar  to  the  whole  pyramid 
SABCDE.  For  the  bases  ABCDE,  abcde,  are  similar ;  and 
joining  AC,  ac,  we  have  just  proved  that  the  triangular  pyra- 
mid SABC  must  be  similar  to  the  pyramid  Sabc ;  hence  (Def. 
21.)  the  point  S  in  reference  to  the  base  ABC,  is  determined 
exactly  as  it  is  in  reference  to  the  base  abc ;  hence  the  two 
pyramids  SABCDE,  Sabcde  are  similar. 

•  Cor.  5.  And  since  every  polyedron  may  be  divided  into 
triangular  pyramids  (Prop.  XXV.  Sch.  1.),  it  is  evident  that 
two  similar  polyedrons  may  be  divided  into  a  similar  number 
of  triangular  pyramids,  which  are  respectively  similar  in  each, 
and  similarly  placed :  hence  we  may  generally  infer  that  any 
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two  similar  polyedrons  have  their  homologous  faces  similar, 
and  their  homologous  solid  angles  equal. 

Scholium.  Instead  of  the  five  data  required  by  the  Defini- 
tion to  determine  the  similarity  of  two  triangular  pyramids, 
five  other  data  might  be  substituted  according  to  various  com- 
binations, and  there  would  result  as  many  theorems  as  combi- 
nations. Among  these,  the  following  deserves  to  be  specially 
noticed  :  Tux)  triangular  pyramids  are  similar  when  they  have 
their  homologous  edges  proportional. 

For  (see  diagram  of  the  Proposition),  if  wc  have  the  pro- 
portions AB  :  DE  :  :  BC  :  EF  :  :  AC  :  DF  :  :  AS  :  DT  :  : 
SB  :  TE  :  ;  SC  :  TF,  which  includes  five  conditions,  the  tri- 
andes  ABS,  ABC  will  be  respectively  similar  to  the  triangles 
DET,  DEF,  and  similarlv  placed.  The  triangle  SBC  will  be 
similar  to  TEF ;  hence  the  three  plane  angles  which  form  the 
solid  angle  B  will  be  equal  to  the  plane  angles  which  form  the 
solid  an^le  E,  each  to  each ;  hence  the  inclination  of  the  planes 
SAB,  ABC  is  equal  to  that  of  their  homologous  planes  TDE, 
DEF  ;  hence  the  two  pyramids  are  similar. 

PROPOSITION   XXXIII.      TBEOAEM. 

The  solidity  of  a  wedge  is  equal  to  the  product  of  the  sum  of 
twice  the  length  of  the  base  and  the  length  of  the  edge^  mulU^ 
plied  by  one-sixtn  of  the  product  of  the  height  of  die  wedge 
and  the  breadth  of  the  base. 

Let  L=AB  the  length  of  the  base. 
/=GH  the  length  of  the  edge. 
6=BC  the  breadth  of  the  base. 
A=P6  the  height  of  the  wedge. 
Then,  L— /=AB— GH=AM. 

If  the  length  of  the  base  and 
the  edge  be  equah  as  BM  and 
6H,  the  wedge  MBHG  is  half 
a  parallelopipedon  of  the  same 
base  and  hei^t.  And  the  so- 
lidity (Prop.  XVII.J  is  equal  to 
half  the  product  of  the  height, 
into  the  length  and  breadth  of 
the  base ;  that  is  to  \bhL 

If  the  length  of  the  bate  be  greater  than  that  of  the  edffe, 
as  ABGH ;  let  a  section  be  made  by  the  plane  6MN,  parallel 
to  HBC»    This  will  divide  the  whole  wedge  into  two  parti 

6 
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MBHG  and  AMG.     The  latter  is  a  pyramid,  whose  solidity 
(Prop.  XX VL)  is  {bhx(L—L) 

The  solidity  of  the  parts  together,  is,  therefore, 

ibhl-^bhX{L—l)^ibhdl+}bh2h—ibh2l=ibhx{2L+l) 

If  the  length  of  the  base  be  less  than  that  of  the  edge,  it  is 
evident  that  the  pyramid  is  to  be  subtracted  from  half  the 
parallelopipedon,  which  is  equal  in  height  and  breadth  to  the 
wedge,  and  equal  in  length  to  the  edge. 

The  solidity  of  the  wedge  is,  therefore, 
ibhl—^bh  X  {l—h)=ibhSl—ibh2l+ibh2L=ibh  X  (2L-I-/) 

PROPOSITION    XXXIV.       THEOREM. 

'The  solidity  of  a  rectangular  prismoid^  is  equal  to  the  product 
of  the  sum  of  the  areas  of  the  two  ends,  and  four  times  the 
area  of  a  parallel  section  equally  distant  between  the  two 
ends,  multiplied  by  }  of  the  height. 

Let  L  and  B  be  the  length  and  breadth  of 

one  end, 
C  and  b  the  length  and  breadth  of  the 

other  end, 
M  and  m  the  length  and  breadth  of  the 
section  in  the  middle, 
and  h  the  heifi[ht  of  the  prismoid. 
The  solid  may  be  divided  into  two  wedg- 
es^whose  bases  are  the  ends  of  the  prismoid,  NS        i^       x 
and  whose  edges  are  L  and  C.     The  solidity  of  the  whole 
(Prop.  XXXIIL)  is 

iBhx{2L+C)+}bhX{2C+L)=ih(2BL+BC+2bC'i-bL) 

As  M  is  equally  distant  from  L  and  C, 

2M=L+C,2m=B+6,  and  4Mm=(L+C)(B+fc)=BL+BC+ 

[bh+Cb 

Substituting  4Mm  for  its  value,  in  the  preceding  expression 
for  the  solidity,  we  have 

ih{BL+bC+4Mm) 

That  is,  the  solidity  of  the  prismoid  is  equal  to  }  of  the  height 
multiplied  into  the  area  of  the  two  ends,  and  4  times  the  area 
of  the  section  in  the  middle. 

Cor.  This  demonstration  may  be  applied  to  prismoids  of 
other  forms.  For,  whatever  be  the  figure  of  the  two  ends, 
there  may  be  drawn  in  each,  such  a  number  ef  small  rectan- 
gles, that  the  sum  of  them  shall  differ  less,  than  by  any  given 


antity,  from  the  figure  io  which  they  are  contained.  And 
;  solids  betwe«i  these  rectangles  will  be  rectaogular  prii- 
>ids. 

FEOPOSITION    XXXV.      TilEOKBM. 

M>  nmilar  pyramids  are  to  each  other  as  the  cubes  of  their 
homologous  sides. 

For  two  pyramids  being  similar,  the  small- 
may  be  placed  within  the  greater,  bo  that 

solid  angles  shall  be  common  to  both. 
that  positioD,  the  bases  ABCDE,  tAcde 
parallel ;  because,  since  (Prop.  XXX.)  the 
nologous  faces  are  similar,  the  angle  Sofr 
squnT  to  SAB.  and  Sbc  to  SBC ;  hence 
op.  XIV.  B.  I.)  the  plane  ABC  is  parallel 
he  plane  abe.  This  granted,  let  SO  be  the 
pendicular  drawn  from  the  vertex  S  to  the 
le  ABC,  and  o  ihe  point  where  this  perpen- 
ilar  meets  the  plane  abc  :  from  what  has  " 

ady  been  shown  (Prop.  XVI.),  we  shall  have  SO  : 

:  Sa  :  :  AB  :  ab ;  and  consequently, 

^SO  :  iSo  :  :  AB  :  ab. 

the  bases  ABODE,  abcde  being  similar  fii^ures,  we  have 
DDE  :  abcde  :  :  AB»  ;  a6«.  (Prop.  XVII.  Sch.  EL  Geom. 
itiply  the  corresponding  terms  of  these  two  proportions  ; 
e  results  the  proportion, 

ABCDXiSO  :  abcdeXiSo  ;  :  AB>  :  ab\ 
w  ABCDExiSO  is  the  solidity  of  the  pyramid  S ABCDE 

abcdeXiSo  is  that  of  the  pyramid  Sabcde{Prop.  XXV. 
.)  ;  hence  two  similar  pyramids  are  to  each  other  as  the 
es  of  their  homologous  sides. 

Lnd  since  two  similar  polyedrons  may  be  conceived  to  be 
ie  up  of  the  same  number  of  triangular  pyramids  respec- 
:1y  simitar  in  each  and  similarly  placed,  we  may  easily  in- 
that,  any  two  similar  polyedrons  one  to  each  other  as  the 
>es  of  their  homologous  sides. 

SECTION  n.-.-REOULAR  P0LYEDB0N3. 

DSrtNITIONS. 

"Dure  can  orUy  he  five  regular  polyedrons. 
?or,  regular  polyedrons  were  defined  ai  having  equal  regu- 
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lar  polygons  for  their  faces,  and  all  their  solid  angles  equal. 
These  conditions  cannot  be  fulfilled  except  in  a  small  nunober 
of  cases. 

L  If  the  faces  are  equilateral  triangles,  polyedrons  may  be 
formed  of  them,  having  solid  angles  contained  by  three  of 
those  triangles,  by  four,  or  by  five  :  hence  arises  three  regular 
bodies,  the  ietraedron^  the  octaedron^  the  icosaedron.  No  other 
can  be  formed  with  eqilateral  triangles;  for  six  angles  of  such 
a  triangle  are  equal  to  four  right  angles,  and  cannot  form 
a  solid  angle. 

2.  If  the  faces  are  squares,  their  angles  may  be  arranged  by 
threes :  hence  results  the  hexaedran  or  cube.  Four  angles  of 
a  square  arc  equal  to  four  right  angles,  and  cannot  form  a 
solid  angle.  J 

3.  In  fine,  if  the  faces  are  regular  pentagons,  their  angles  i 
likewise  may  be  arranged  by  threes :  the  regular  dodecaemm  3. 
will  result.  ^^ 

We  can  proceed  no  farther :  three  angles  of  a  regular  hex-  ^j 
agon  are  equal  to  four  right  angles  ;  three  of  a  heptagon  are  | 
greater. 

Hence  there  can  only  be  five  regular  polyedrons ;  three 
formed  with  equilateral  triangles,  one  with  squares,  and  one 
with  pentagons. 

Scholium.   In  the  following  Proposition,  we  shall  prove  that 
these  five  polyedrons  actually  exist ;  and  that  all  their  dimen-  ^ 
sions  may  be  determined,  when  one  of  their  faces  is  known.       - 

'H 

One  of  the  faces  of  a  regular  polyedron  being  given^  or  onlf  jv. 
a  side  of  it^  to  construct  the  polyedron,  ^^ 

This  Problem  subdivides  itself  into  five,  which  we  shall  now  '^ 
solve  in  succession.  .^ 

.Is 

PROBLEM.    I.  ^ 

To  construct  a  Tetraedron.  fg 

Let   ABC    be    the   equilateral   triangle  ®  ^, 

which  is  to  form  one  face  of  the  tetrae-         yy   x.  ^ 

dron.     At  the  point  O,  the  centre  of  this    a/^I         N.        ^ 
triangle,  erect  OS  perpendicular  to  the  plane 
ABC  ;  terminate  this  perpendicular  in  S, 
so  that  AS=AB  ;  join  SB,  SC:  the  pyra- 
mid SABC,  will  be  the  tetraedron  required. 

For,  by  reason  of  the  equal  distances  OA9 
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OB,  OCy  the  oblique  lines  SA,  SB,  SC  are  equally  removed 
from  the  perpendicular  SO,  and  consequently  equal.  One  of 
them  SA=AB  ;  hence  the  four  faces  of  the  pyramid  SABC 
are  triaD£^les,  equal  to  the  given  triangle  ABC.  And  the  solid 
angles  of  this  pyramid  are  all  equal,  because  each  of  them  is 
formed  by  three  equal  plane  angles :  hence  this  pyramid  is  a 
regular  tetraedron. 


H 


PROBLEM  U. 


To  construct  a  hexaedron. 

Let  ABCD  be  a  given  square.  On  the 
l)ase  ACD,  construct  a  right  prism  whose 
altitude  AE  shall  be  equal  to  the  side  AB. 
The  faces  of  this   prism  will  evidently   be 

equal  squares ;  and  its  solid  angles  all  equal,  ^ . 

each  being  formed  with  three  right  angles :  \~ 
hence  this  prism  is  a  regular  hexaedron  or  Ny 
cube. 


B 


PROBLEM   III. 


To  construct  an  octaedron. 

Let  AMB  be  a  given  equilateral 
triangle.  On  the  side  AB,  describe 
a  square  ABCD ;  at  the  point  O,  the 
Centre  of  this  square,  erect  TS  f)er- 
pendicular  to  its  plane,  and  termina- 
ting OD  both  sides  in  T  and  S,  so 
that  OT=OS=OA ;  then  join  SA, 
SB,  TA,  &c. :  you  wilt  have  a  solid 
SABCDT,  composed  of  two  quadran- 
gular pyramids  SABCD,  TABCD, 
United  together  by  their  common 
base  ABCD;  this  solid  will  be  the  m 
required  octaedron. 

ror,  the  triangle  AOS  is  right-angled  at  O,  and  likewise 
the  triangle  AOD  ;  the  sides  AO,  OS,  OD  are  equal ;  hence' 
those  triangles  are  equal,  hence  AS=AD.     In  the  same  man- 
ner, we  could  show  that  all  the  other  right-angled  triangles 
AOT,  BOS,  COT,  &c.,  are  equal  to  the  triangle  AOD ;  hence 
all  the  sides  AB,  AS,  AT,  &c.,  are  equal,  and  therefore  the 
solid  SABCDT  is  contained  by  eight  triangles,  each  equal  to 
the  given  equilateral  triangle  ABM.     We  have  yet  to  show 
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that  the  solid  angles  of  this  polyedron  are  equal  to  each  other ; 
that  the  angle  S,  for  example,  is  equal  to  the  angle  B. 

Now,  the  triangle  SAC  is  evidently  equal  to  the  triangle 
DAC,  and  therefore  the  angle  ASC  is  right ;  hence  the  figure 
SATC  is  a  square  equal  to  the  square  ABCD.     But,  com- 

Earing  the  pyramid  BASCT  with  the  pyramid  SABCD,  the 
ase  ASCT  of  the  first  may  be  placed  on  the  base  ABCD  of 
the  second  ;  then,  the  point  O  being  their  common  centre,  the 
altitude  OB  of  the  first  will  coincide  with  the  altitude  OS  of 
the  second ;  and  the  two  pyramids  will  exactly  apply  to  each 
other  in  all  points ;  hence  the  solid  angle  S  is  equal  to  the 
solid  angle  B  ;  hence  the  solid  SABCDT  is  a  regular  oc- 
taedron. 

Scholium.  If  three  equal  straight  lines,  AC,  BD,  ST  are 
perpendicular  to  each  other,  and  bisect  each  other,  the  ex- 
tremities  of  these  straight  lines  will  be  the  vertices  of  a  regular 
octaedron. 


PROBLEM  IV. 


To  construct  a  dodecaedron. 


Let  ABODE  be  a  given  regular  pentagon  ;  let  ABP,  CBP 
be  two  plane  angles,  each  equal  to  the  angle  ABC.  With 
these  plane  angles  form  the  solid  angle  B ;  and  call  the  mutual 

I 


inclination  of  those  planes  K.  In  like  manner,  at  the  points 
C,  D,  E,  A,  form  solid  angles  equal  to  the  solid  angle  it,  and 
similarly  situated:  the  plane  CBP  will  be  the  same  as  the 
plane  BOG,  since  both  of  them  are  inclined  at  an  equal  angle 
K  to  the  plane  ABCD :  hence  in  the  plane  PBCG.  we  mav 
describe  the  pentagon  BCGFP,  equal  to  tlie  pentagon  ABODE. 
If  the  same  thing  is  done  in  each  of  the  other  planes  CDI, 
DEL,  &c.,  we  shall  have  a  convex  surface  PEGH,  dtc,  com* 
posed  of  six  regular  pentagons,  all  equal,  and  each  inclined  to 
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its  adjacent  plane  by  the  same  quantity  K.  Let  pfgK  &c.,  be 
a  second  surface  equal  to  PFGU,  &c. ;  ive  assert  that  these 
two  surfaces  may  be  joined  so  as  to  form  only  a  single  con* 
tiniious  convex  surface.  For  the  angle  cpf^  for  example,  may 
be  joined  to  the  two  angles  OPB,  BrF,  to  make  a  solid  angle 
P  equal  to  the  angle  B ;  and  in  this  junction,  no  change  will 
take  place  in  the  inclination  of  the  planes  BPF,  BPO,  that 
inclination  being  already  such  as  is  required  to  form  the  solid 
angle.  But  whilst  the  solid  an^le  P  is  forming,  the  side  pf 
will  apply  itself  to  its  equal  PF,  and  at  the  point  F  will  be 
foood  three  plane  angles  PFG,  pfe^  efgy  united,  and  forming  a 
solid  angle  equal  to  each  of  the  solidi  angles  already  formed : 
and  this  junction,  like  the  former,  will  take  place  without 
producing  any  change  either  in  the  state  of  the  angle  P  or 
in  that  of  the  surface  e^A,  &c. ;  for  the  planes  PFG,  tfp 
ilready  joined  at  P,  have  the  requisite  inclination  K,  as  well 
at  the  planes  tfg^  efp.  Continuing  the  comparison,  in  this  way* 
by  successive  steps,  it  appears  that  the  two  surfaces  will  adjust 
themselves  completely  to  each  other*  and  form  a  single  con- 
tinuous convex  surface;  which  will  be  that  of  the  regular 
dodecaedron,  since  it  is  composed  of  twelve  equal  regular 
pentagons,  and  has  all  its  solid  angles  equal. 

PBOBLEM  V. 

To  constrttct  an  icosaedron. 


Let  ABC  be  one  of 
its  faces.  We  must 
first  form  a  solid  angle 
with  five  planes,  each  ^ 
equal  to  ABC,  and 
each  equally  inclined 
to  its  adjacent  one. 
To  effect  this,  on  the 
side  B'C,  equal  to  BC, 
construct  the  regular  pentagon  B'C'H'PD' ;  at  the  centre  of 
this  pentagon,  draw  a  line  at  right  angles  to  its  plane,  and  ter- 
Jiiindtinff  in  A',  so  that  B'A'=B'C' ;  join  A'C,  A'H',  AT,  A'D': 
the  solid  angle  A'  formed  by  the  five  planes  B'A'C,  C'A'H', 
jcc,  will  be  the  solid  angle  required.  For  the  oblique  lines 
A^%  A'C,  &c,  are  equal ;  one  of  them,  A'B',  is  equal  to  the 
side  Bt;';  hence  all  the  triangles  B'A'C,  C'A'H',  &c.,  are 
equal  to  each  other  and  the  given  triangle  ABC. 

It  is  further  manifest  that  the  planes  B'A'C,  C'A'H',  &c., 
ire  each  equally  inclined  to  their  adjacent  planes;  for  the 
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solid  angles  B',  C',  &c.,  are  all  equal,  being  each  formed  by 
two  angles  of  equilateral  triangles,  and  one  of  a  regular  pen- 
tagon. Let  the  inclination  of  the  two  planes,  in  which  are  the 
equal  angles,  be  named  K  ;  the  angle  K  will  at  the  same  time 
be  the  inclination  of  each  of  the  planes  composing  the  solid 
angle  A'  to  their  adjacent  planes. 

This  being  granted,  if  at  each  of  the  points  A,  B,  C,  a 
solid  angle  be  formed  equal  to  the  ande  A',  we  shall  have 
a  convex  surface  DEFG,  &c.,  composed  of  ten  equilateral  tri- 
angles, every  one  of  which  will  be  inclined  to  its  adjacent  tri- 
angle by  the  quantity  K ;  and  the  angles  D,  E,  F,  &c.,  of 
its  contour  will  alternately  combine  three  angles  and  two 
angles  of  equilateral  triangles.  Conceive  a  second  surface 
equal  to  the  surface  DEFG,  &c.,  these  two  surfaces  will 
adapt  themselves  to  each  other,  if  each  triple  angle  of  the  one 
is  joined  to  each  double  angle  of  the  other ;  and,  since  the 
planes  of  these  angles  have  already  the  mutual  inclination  K, 
requisite  to  form  a  quintuple  solid  angle  equal  to  the  angle  A, 
there  will  be  nothing  changed  in  this  junction  by  the  state  of 
either  surface,  and  the  two  together  will  form  a  single  con- 
tinuous surface,  composed  of  twenty  equilateral  triangles. 
This  surface  will  be  tnat  of  the  regular  icosaedron,  since  all 
its  solid  angles  are  likewise  equal. 

Formation  of  models  of  the  Jive  regular  solids. 

The  learner  will  obtain  far  more  definite  ideas  of  the  regu- 
lar solids  from  models  than  from  diagrams.  These  he  can 
easily  make  for  himself,  from  a  card  or  a  pice  of  pasteboard. 

L  To  make  a  teiraedron,  draw  an  equilateral  triangle  on  a 
card,  and  divide  it  into  four  equilateral 
triangles ;  trim  off  the  card  to  the  sides  of 
the  large  triangle,  and  then  cut  about  half 
through  the  card  on  the  line  between  each 
of  the  triangles  ;  finally,  bend  the  partial  tri- 
angles back,  the  part  not  cut  serving  as  a 
hinge,  fold  them  up,  so  that  their  edges  will 
touch  each  other,  and  you  will  have  a  model  of  the  regular 
solid  required. 

The  shaded  triangle  in  the  diagram  being  the  hinge,  is  de- 
signed to  represent  tne  base  of  the  solid.  The  parts  may  be 
easily  kept  in  place,  by  touching  the  edges  with  a  little  glae 
or  paste. 
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2.  To  make  a  hexaedroUf  draw  on  a 
card  or  pasteboard,  six  equal  squres ;  trim 
the  diagram ;  cut  the  lines  between  them, 
bend  up  the  parts,  dec,  as  before,  and  a 
model  of  the  hexaedron  will  be  comple- 
ted. 


3.  To  make  the  octaedron^  draw 
I  diagram  containing  eight  equal 
md  equilateral  triangles ;  cut  the 
boundary  lines  between  them, 
and  proceed  as  before. 

4.  To  make  the  dodecaegon^ 
draw  a  diagram  of  twelve  equal 
pentagons,  cut  the  boundary  lines, 
xc.,  and  proceed  as  before. 


5.  To  make  the  isosaedron, 
draw  a  diagram  of  twenty 
equal  and  equilateral  triangles, 
uid  proceed  as  before. 


M 

PftOPOSITION    VI.      THEOREM. 


Every  polyedran  may  be  divided  into  as  many  pyramids  as  the 
polyedron  has  faces,  the  faces  of  which  shall  form  their  bases ; 
all  referred  to  a  common  point  within  for  tneir  vertices,  and 
the  sum  of  the  pyramids  shall  be  equal  to  the  whole  polyedron. 

For  conceive  lines  to  be  drawn  from  each  vertice  of  the 
polyedron,  to  a  common  point  within  ;  then  let  planes  be  made 
to  pass  through  each  plane  angle  made  by  the  meeting  of  the 
laces  with  each  other,  the  planes  all  meeting  at  the  common 
point  within,  and  terminated  by  the  lines  drawn  from  the  vir- 
tices  to  this  point.  Then  will  the  polyedron  be  divided  into 
the  same  number  of  pyramids  as  the  polyedron  has  faces,  the 
bases  of  which  are  the  feces  of  the  polyedron,  and  their  verti- 
ces the  common  point  at  which  their  planes  of  intei'section  all 
meet-  For  a  pyramid  (Def.  11.)  includes  all  the  space  be- 
tween a  surface  called  the  base  and  a  point  called  the  vertice 
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of  the  pyramid,  and  this  space  is  determinod  by  planes  passed 
from  the  ed^es  of  the  base  to  this  point  Now,  as  these  planes 
are  supposed  to  intersect  each  edge  or  plane  angle  on  the  sur- 
face of  the  polyedron,  and  as  each  plane  forms  a  division  be- 
tween two  portions  of  the  solid  and  is  common  to  them  both, 
it  follows  that  the  solid  is  all  divided  by  those  planes  into  as 
many  portions  as  the  polyedron  has  faces  ;  and  as  these  planes 
all  terminate  in  a  point,  it  follows  that  it  is  all  divided  into 
portions  included  severally  between  surfaces  and  points,  hence 
mto  pyramids. 

Cor.  \.  It  matters  not  whether  the  polyedron  is  regular  or 
irregular  or  whatever  the  number  of  faces,  the  whole  polye- 
dron would  be  equal  to  as  many  pyramids,  with  bases  equal 
to  those  faces,  and  all  with  vertices  referred  to  a  common 
point  within. 

Cor.  2.  If  the  polyedron  is  regular,  the  pyramids  into  which 
it  is  conceived  to  be  divided,  all  have  the  same  altitude ;  hence 
its  solidity  is  equal  to  the  sum  of  all  its  faces  multiplied  by  |  of 
their  common  altitude. 

GENERAL   SCHOLIUM. 

The  chief  propositions  of  this  book  relating  to  the  surfaces  and 
solidities  of  polyedrons  may  be  exhibited  in  algebraic  termSf 
and  recapitulated  in  a  brief  manner. 

L  Let  P  be  the  perimeter  of  a  prism  and  H  its  altitude,  and 
the  convex  surface  will  be  PxH  or  PH. 

2.  Let  B  represent  the  base  of  a  prism  and  H  its  altitude, 
then  the  solidity  of  the  prism  will  be  BH. 

Or  let  F  represent  one  of  the  rectangular  faces  of  a  triangu- 
lar prism  as  its  base  and  A  the  altitude  of  its  opposite  angle; 
then  FXjA=  its  solidity. 

Or  when  the  equal  bases  of  the  prism  are  regular  polygoni, 
let  C=  the  convex  surface  and  R  the  radius  of  the  circ^  in* 
scribed  in  the  base,  then  will  the  solidity  be  CxiR* 

3.  Let  P  be  the  perimeter  of  the  base  of  a  regular  pyramid 
and  S  the  slant  height,  and  the  convex  surface  will  be  rX}S« 

Or  if  R=  the  radius  of  the  circle  inscribed  in  the  base  C= 
the  convex  surface  and  A=  the  area  of  the  base,  then  A  i 
C  :  :  R  :  S. 

Or  let  C'=  the  convex  surface  of  the  circumscribed  prismr 
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ind  C=  the  convex  surface  of  the  pyramid,  H=  the  vertical 
height  and  S  the  slant  height,  we  have  S  :  H  :  :  C  :  ^C\ 

4.  And  the  solidity  of  the  pyramid  would  be  Bx  jH. 

And  if  D=  the  distance  of  the  centre  of  the  base  from  one 
of  its  sides,  C=  convex  surface  then  may  we  make  the  solidity 
=CxiD. 

5.  Let  H  represent  the  altitude  of  a  frustrum  of  a  pyramid 
having  parallel  bases  B  and  E,  %/BE  will  be  the  mean  propor- 
tional bases  between  those  bases ;  and  the  solidity  of  the  frus- 
tum will  be  iHx(A+B+^BE.) 

Also,  we  mav  take  (Prop.  XXIX.  Cor.  2.)  C  X  iD+E  X  iH= 
the  solidity  of  the  frustum. 

6.  In  fine,  let  Q  and  q  represent  two  similar  polyedrons,  G 
and  g  two  homologous  edges,  then  we  may  have  Q  :  9  :  : 
G»  :  g\ 

7.  If  S  represent  the  sum  of  all  the  faces  of  a  regular  pol- 
yedron,  and  H  the  distance  of  each  face  to  a  common  point 
within  as  its  centre,  iHS=s  its  solidity. 
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OF  THE  FOUR  ROUND 
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DEFINITIONS. 

1.  A  cylinder  a  the  solid  generated  by  the  revolutioD  of  a 
rectangle  ABCD,  conceivea  to  turn  about  the  immovable 
side  AB. 

In  this  movement,  the  sides  AD,  BC,  contin- 
uing always  perpendicular   to    AB,  describe  ] 
equal  circles  DHP,  CGQ,  which  are  called  the 
bases  of  the  cylinder,  the   side  CD  at   the  same 
time  describing  the  convex  surface.  j 

The  immoveable  line  AB  is  called  the  axis  of 
the  cylinder. 

Every  section  KLM,  made  in  the  cylinder, 
at  right  angles  to  the  axis,  is  a  circle  equal  to 
either  of  the  bases ;  for,  whilst  the  rectangle 
ABCD  turns  about  AB,  the  line  KL,  perpendicular  to  AB, 
describes  a  circle,  equal  to  the  base,  and  this  circle  is  nothing 
else  than  the  section  made  perpendicular  to  the  axis  at  the 
point  L 

Every  section  PQG,  made  through  the  axis,  is  a  rectangle 
double  of  the  generating  rectangle  ABCD. 

The  Archimedean  cylinder  is  that  which  circumscribes  a 
sphere,  or  whose  altitude  is  equal  to  the  diameter  of  its  base. 

2.  A  cone  is  the  solid  generated  by  the  revolution  of  a  right- 
angled  triangle  SAB,  conceived  to  turn  about  the  immoveable 
sitfe  SA. 

In  this  movement,  the  side  AB  describes 
a  (MTcle  ABCD,  named  the  base  of  the  cone ; 
the  hypotheniise  iSB  describes  the  contxx 
surface  of  the  cone. 

The  point  S  is  named  the  vertex  of  the 
cone,  SA  the  axis  or  the  altitude,  and  SB 
the  tide  or  the  apothem. 

Every  section  HKFI,  at  right  angles  to 
the  axis,  is  a  circle ;  every  section  SDE,   ' 
through  the  axis,  is  an  isosceles  triangle, 
double  of  the  generating  triangle  SAB. 

3.  If  from  the  cone  S-CDB,  the  cone  S-FKH  be  cut  off  by 
a  plane  parallel  to  the  base,  the  remaining  solid  CBHF  ia  call- 
ed  a  truncated  cone,  or  the  frustum  of  a  cone. 
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We  may  conceive  it  to  be  generated  by  the  reTolution  of  a 
ipeziod  ABHG,  whose  anglei  A  uid  G  are  righl  angles, 
>out  Uie  aide  AG.  The  immoveable  line  AO  is  called  the 
■IS  or  altitude  of  ihefntslum,  the  circles  BDC,  HFK,  are  iu 
aei,  aud  BH  its  side. 

4.  Two  cylinders,  or  two  cones,  are  similar,  when  their 
:es  are  to  each  other  as  the  diameters  of  their  bases. 

5.  If  in  the  circle  ACD,  which  forms  the 
,se  of  a  cyHnder,  a  polygon  ABCDE  be 
scribed,  a  right  prism,  constructed  on  this  ' 
se  ABCDE,  and  equal  in  altitude  to  the 
lindcr,  is  said  to  be  inscr^xd  ix  the  cylin- 
r,  or  the  cylinder  to  be  circumscribed 
out  the  prism. 

The  edges  AF,  BG,  CH,&c.,  of  the  prism, 
ing  perpendicular  to  the  plane  of  the  base, 
:  evidently  included  in  the  convex  sur- 
X  of  the  cylinder ;  hence  the  prism  and  aK 
^  cylinder  touch  one  another  along  these 


8.  In  like  manner,  if  ABCD  is  a  polygon, 
cumscribcd  about  the  base  of  a  cylin- 
r.  a  right  prism,  constructed  on  this  base 
(CD,  and  equal  in  altitude  to  the  cylin- 
r,  is  said  lo  be  circu/nscribed  about  the 
inder,  or  the  cylinder  to  be  inscribed  ia 
prism. 

Let  M.  N,  &c.,  be  the  points  of  contact 
the  sides  AB,  BC,  &c. ;  and  through  the 
ats  M,  N,  &c..  let  MX,  NY,  &c.,  be 
iwn  perpendicular  to  the  plane  of  the 
le :  these  perpendiculars  will  evidently 
both  in  the  surface  of  the  cylinder,  and 
iiat  of  the  circumscribed  prism  ;  hence  they  will  be  their 
a  of  contact  ,     .    ^  b 

r.  if  in  the  circle  ACE,  which  forms 
base  of  a  cone,  any  polygon  ABCDEF 
inscribed,  and  from  the  vertices  A,  B, 
D,  E,  F,  lines  be  drawn  to  S,  the  ver- 

of  the  cone,  these  lines  may  be  re- 
■dcd  as  the  edges  of  a  pyramid  whose 
le  is  the  polygon  ABCDEF  and  vertex 

The  sides  of  this  pyramid  are  in  the 
ivex  surface  of  the  cone,  and  the  pyra-  ^ 
i  is  said  to  be  inscribed  in  the  cone. 
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6.  A  canesected  cone  is  one  containing  a  conical  cavity  of 
equal  base,  and  less  altitude  than  that  of  the  solid. 

0.  A  conesected  cylinder  is  one  containing  a  conical  cavity 
of  equal  base  and  altitude  with  the  cylinder. 

10.  A  conesected  frustum  is  one  containing  a  conical  cavity 
whose  base  is  one  of  the  bases  of  the  frustum,  and  whose  alti- 
tude the  altitude  of  the  frustum. 

11.  Apolyedroid  is  a  solid  formed  by  the  revolution  of  a 
semipolygon  about  its  axis. 

12.  A  regular  polyedroid  is  one  formed  by  the  revolution  of 
a  regular  semipolygon  about  its  axis. 

13.  Polyedroids  receive  particular  names  according  to  the 
number  of  sides  of  the  polygons  by  which  they  are  supposed 
to  be  generated. 

Thus  the  cone  is  a  tetredroid,  a  vertical  sec- 
tion of  which  through  its  axis  being  a  triangle. 


A  Quadredroid  may  be  a  cylinder 
or  a  biconical  solid.  Thus  the  ver- 
tical section  of  a  cylinder  through  its 
axis  is  a  rectangle,  so  also  the  verti- 
cal section  through  a  biconical  solid 
may  be  a  rectangle,  and  must  neces- 
sarily be  a  quadrilateral. 

A  Pentadroid  is  a  solid  formed  by  the  revo- 
lution of  a  pentagon,  about  an  axis  perpendicu- 
lar to  one  of  its  sides,  and  terminating  in  its  op- 
posite angle. 

And  generally  any polyedroid  formed  by  the  revolution  oft 
polygon  of  an  odd  number  of  sides,  will  always  have  a  base 
or  one  plane  face  perpendicular  to  the  axis,  and  one  conical 
vertice. 

And  any  polyedroid  formed  by  the  revolution  of  a  polygon 
of  an  even  number  of  sides,  may  have  two  plane  faces  perpen* 
dicular  to  the  axis,  one  at  each  extremity ;  or  the  axis  may  ter- 
minate in  a  conical  vertice  at  each  extremity. 

14.  The  sphere  is  a  solid  terminated  by  a  curved  surface, 
all  the  points  of  which  are  equally  distant  from  a  point  witUo, 
called  the  centre. 


it 


The  sphere  may  be  con- 
ceived to  be  generated  by 
the  revolution  of  a  semi- 
circle DAE  about  its  dia- 
meter DE :  for  the  surface 
described  in  this  move- 
ment,  by  the  curve  DAE, 
will  have  all  its  points 
equally  distant  from  its 
centre  C. 

15.  Whilst  the  semiclr* 
de  DAE  revolving  round 
ill  diameter  DE,  describes 
the  sphere:  any  circular 
Kctor,  a«  DCF  or  FCH, 
describes  a  solid,  which  is  named  a  spherical  tector. 

10.  The  radinsofa  sphere  is  a  straight  line  drawn  from  ths 
centre  to  any  point  of  the  surface ;  the  diameter  or  nxis  is  a 
iiDe  passing  through  the  centre,  and  terminated  on  both  sides 
ky  the  surface. 

All  the  radii  of  a  sphere  are  eqna)-,  all  the  diameters  are 
equal,  and  each  double  of  the  radius. 

17.  it  will  be  shown  that  every  section  of  the  sphere,  made 
by  a  plane,  is  a  circle:  this  granted,  &  great  circk  is  a  section 
which  pafls::s  through  the  centre;  a  tmall  circle,  \s  one  which 
does  not  pass  through  the  centre. 

IS.  The  circumference  of  a  sphere  is  the  same  as  that  of  a 
great  circle. 

19.  A  plane  is  tangent  to  a  sphere,  when  their  surfaces  have 
but  one  point  in  common. 

SO-  A  zone  is  a  portion  of  the  surface  of  a  sphere  included 
Wtween  two  parallel  planes,  which  form  its  bases.  One  of 
lliese  plaoes  may  be  tangent  to  a  sphere  ;  in  which  case,  the 
Kx>e  has  only  a  single  base. 

21.  A  tpkerical  segment  is  that  portion  of  the  solid  sphere, 
included  between  two  parallel  planes  which  form  its  oases. 
One  of  these  planes  may  be  tangent  to  the  sphere ;  in  which 
ose,  the  segment  has  only  a  sin^e  base. 

22.  The  altitude  of  a  xone  or  of  a  segment  is  the  distance 
between  the  two  parallel  planes,  which  form  the  bases  of  the 
me  or  segment. 
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PtOPOSmON    I.      THEOREM. 

The  convex  surface  of  a  cylinder  is  equal  to  the  circumfe. 

of  its  hose  multiplied  by  its  altitude. 

Let  CA  be  the  radius  of  the  given 
cylinder's  base,  and  H  its  altitude :  the 
circumference  whose  radius  is  CA  being 
represented  by  circ.  C A,  we  are  to  show 
that  the  convex  surface  of  the  cylinder 
is  equal  to  circ,  CAxH. 

Inscribe  in  the  circle  any  regular  po- 
lygon, BDEFGA,  and  construct  on  tnis  polygon  a  right  i 
having  its  altitude  equal  to  H,  the  altitude  of  the  cylii 
this  prism  will  be  inscribed  in  the  cylinder.  The  convex 
face  of  the  prism  is  equal  to  the  perimeter  of  the  polygeny 
tiplied  by  the  altitude  H  (Prop.  VIIL  B.  II.).  Let  noM 
arcs  which  subtend  the  sides  of  the  polygon  be  contini 
bisected,  and  the  number  of  sides  of  the  polygon  indefin 
increased :  the  perimeter  of  the  polygon  will  then  be< 
equal  to  circ,  CA  (Prop.  XII.  Cor,  2.  EL  Geom.)^  and  the 
vex  surface  of  the  prism  will  coincide  with  the  convex 
face  of  the  cylinder.  But  the  convex  surface  of  the  pris; 
equal  to  the  perimeter  of  its  base  multiplied  by  H,  what 
be  the  number  of  sides:  hence,  the  convex  surface  of 
cylinder  is  equal  to  the  circumference  of  its  base  multiplie 
its  altitude. 

PROPOSITION    II.       THEOREM. 

TTie  solidity  of  a  cylinder  is  eaual  to  the  product  of  its  has 

its  altitude. 

Let  H  (see  diagram  to  Prop.  I.)  be  the  altitude  of  the  g 
cylinder ;  CA  the  radius  of  its  base  ;  and  let  the  area  o 
base  be  represented  by  area  CA ;  it  is  to  be  shown  thai 
solidity  of  the  cylinder  is  equal  to  area  CAxH. 

Inscribe  in  the  cylinder  a  right  prism  whose  altitude  is  e 
to  that  of  the  cylinder.  The  solidity  of  the  prism  wil 
equal  to  the  area  of  its  base  multiplied  by  its  altitude 
(Prop.  XVI.  B.  II.).  Let  the  number  of  sides  of  the  poll 
be  indefinitely  increased:  the  solidity  of  the  prism  willstil 
rqual  to  its  base  multiplied  by  its  altitude.  But  when  the  n 
ber  of  sides  of  the  polygon  is  indefinitely  increased,  its  i 
is  equal  to  the  area  CA,  and  its  perimeter  coincides  with  < 
CA  (Prop.  XI.  Cor.  2.  and  3.  B.  V.  El.  Geom),  the  inscr 
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pnsm  then  coincides  with  the  cylinder  since  their  altitudes  are 
equal,  and  their  convex  surfaces  perpendicular  to  the  common 
base;  hence  the  two  solids  will  be  equal;  therefore  the  so- 
lidity of  a  cylinder  is  equal  to  the  product  of  its  base  by  its 
altitude. 

Cor.  I.  Cylinders  of  the  same  altitude  are  to  each  other  as 
ibeir  bases ;  and  cylinders  of  the  same  base  arc  to  each  other 
u  their  altitudes. 

Cor.  2.  Similar  cylinders  are  to  each  other  as  the  cubes  of 
their  altitudes,  or  as  the  cubes  of  the  diameters  of  their  bases> 
For  the  bases  are  as  the  squares  of  their  diameters  ;  and  the 
cylioders  being  similar,  the  diameters  of  their  bases  are  to 
each  other  as  the  altitudes  (Def.  4.) ;  hence  the  bases  are  as 
the  sqaares  of  the  altitudes ;  hence  the  bases,  multiplied  by 
the  altitudes,  or  the  cylinders  themselves,  are  as  the  cubes  of 
the  altitudes. 

Scholium,  Let  R  be  the  radius  of  a  cylinder's  base ;  H  the 
iltitude  ;  the  surface  of  the  base  will  be  v.R*  (Prop.  XV.  Car. 
1  EL  Gtom.)  i  and  the  striidity  of  the  cylinder  will  be  r-R'xH. 
orr.RVH. 


paOFOSITIOIf    III.       THBOSEH. 

Tke  solidity  of  a  cylinder  i$  equal  to  the  product  of  its  c 
autface  multiplied  by  half  the  radius  of  its  base. 

Let  ABDEF-G  be  the  surface  of  the 
cylinder,  and  let  AC  be  the  radius  of  the 
circle  forming  the  base;  then  the  solidity  / 
will  be  equal  to  the  product  of  the  convec 
surface,  multiplied  by  one-half  of  the  radius. 
For,  circumscribe  about  the  circle  forming 
the  base  of  the  cylinder  any  regular  poly- 
gon abcde-f,  and  construct  on  this  polygon 
1  right  prism,  haviufi;  its  altitude  equafto 
the  altitude  of  the  cylinder.  The  solidity 
of  this  prism  will  be  equal  to  the  vertical 
soriace  of  the  prism,  multiplied  by  a  line 
drawn  from  the  centre  of  the  base  of  the  polygon  to  the  mid- 
dle of  one  of  its  sides,  as  CA.     (Prop,  XVIII.  Cnr.  1.  B.  11.) 

Let  the  number  of  the  sides  of  the  polygon  be  infinitely 
increased,  the  solidity  of  the  prism  will  still  be  equal  to  the 
vertical  surface  multiplied  by  the  half  line  CA,  the  radius. 
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But  when  the  number  of  sides  of  the  polygon  become  in- 
finitely increased,  its  perimeter  becomes  equal  to  the  circum- 
ference of  the  circle  CA,  and  coincides  with  it  (Prop.  XV. 
B.  y.  EL  Geom.)  The  circumscribed  prism  then  coincides 
with  the  cylinder,  since  their  altitudes  are  equal,  and  their 
convex  surfaces  perpendicular  to  the  common  base :  hence 
the  two  solids  will  be  equal.  Therefore  the  solidity  of  a  cylin- 
der is  equal  to  the  product  of  the  convex  surfoce  multiplied 
by  half  the  radius  of  the  base. 

Cor.  Hence  any  section  of  a  cylinder  made  by  planes 
passing  through  the  axis,  or  meeting  in  the  axis  and  forming 
a  plane  anffle,  is  equal  to  the  product  of  its  convex  surface, 
multiplied  by  half  the  radius  ot  the  base. 

Thus,  if  the  planes  AGOG  and  BHOC  meet  in  the  axis  OC 
of  the  cylinder,  the  section  ABCGHO  cut  out  by  these  planes, 
is  equal  to  the  convex  surface  ABHG,  multiplied  by  half  the 
radius  CA  of  the  base. 

Sckolitun.  As  one  of  the  triangular  prisms  constituting  a 
polygonal  prism  is  elementary  to  the  polygonal  prism  (Prop. 
A  VHL  ScnoL  2.  B.  !!.)»  so  any  section  of  the  cylinder  made 
by  planes  passing  through  the  axis  may  be  regarded  as  ele- 
mentary portions  of  the  cylinder  ;  for  similar  portions  of  an 
adequate  number  constitute  the  cylinder :  and  we  have  seen 
that  the  section  retains  the  same  relation  with  regard  to  its 
solidity  as  the  whole  cylinder ;  viz :  their  solidities  are  bc^ 
equal  to  their  curve  surfaces,  multiplied  by  half  the  radius  of 
curvature  of  those  surfaces. 

Let  ABGH  be  the  base  of  the  elementary  portion  of  a  cylin- 
der, and  AC  the  vertical  height  of  the  opposite  plane  anglei 
then  this  will  be  equal  to  the  triangular  prism  of  the  same 
vertical  height  and  equivalent  base,  from  the  above  demonstra- 
tion and  carollary,  together  with  Prop.  XVIL  B.  II. 

Hence,  as  we  have  two  orders  of  lines  terminating  a  plane 
surface,  which,  by  being  multiplied  by  their  distance  from  a 
certain  point  which  may  be  called  the  vertice  of  the  surface, 
will  give  the  area  of  the  surface  (Prop.  XVI.  Sch.  3.  B.  V.  EL 
Greofft.),  so  we  have  two  orders  of  surfaces,  bounding  a  solid, 
which,  by  being  multiplied  by  the  distance  from  such  surfaces, 
to  an  opposite  vertical  angle,  will  give  the  value  of  such  solid. 
But  as  in  the  circle,  so  in  this  cylindric  surface,  the  vertioe  to 
which  this  is  referred  must  be  in  the  centre  of  curvature  of 
the  cylindric  surface. 
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FlOrOSITION     IV.      THEOREM. 

The  confoex  surface  of  a  cone  is  equal  to  the  circumference  of 

its  base^  multiplied  by  half  its  side. 

Let  the  circle  ADCB  be  the 
base  of  a  cone,  S  the  vertex,  SO 
the  altitude,  and  SA  the  side :  then 
will  its  convex  surface  be  equal  to 
circ.  OA  X  4S A. 

For,  inscribe  in  the  base  of  the 
cone  any  regular  polygon  ADCB, 
and  on  this  polygon  as  a  base  con- 
ceive a  pyramid  to  be  constructed, 

having  o  for  its  vertex :  this  pyra-  

mid  will  be  a  regular  pyramid,  and  will  be  inscribed  in  the  cone. 

From  S,  draw  SG  perpendicular  to  one  of  the  sides  of  the 
polvTOn.  The  convex  surface  of  the  inscribed  pyramid  is 
eqiul  to  the  perimeter  of  the  polygon  which  forms  its  base* 
moltiplied  by  half  the  slunt  height  SG  (Prop.  XX.  B.  11.) 
Let  DOW  the  number  of  sides  of  the  inscribed  polygon  be  in- 
definitely increased ;  the  perimeter  of  the  inscribed  polygon 
will  then  become  equal  to  circ.  OA,  the  slant  height  SG  will 
become  equal  to  the  side  SA  of  the  cone,  and  the  convex  sur- 
&ce  of  the  pyramid  to  the  convex  surface  of  the  cone.  But 
whatever  be  the  number  of  sides  of  the  polygon  which  forms 
the  base,  the  convex  surface  of  the  pyramid  is  equal  to  the 
perimeter  of  the  base,  multiplied  by  half  the  slant  height : 
hence  the  convex  surface  of  a  cone  is  equal  to  the  circumfer- 
eoce  of  the  base,  multiplied  by  half  the  side. 


Let  L  be  the  side  of  a  cone,  R  the  radius  of  its 

base ;  the  circumference  of  this  base  will  be  2«'.R,  and  the  sur- 
kce  of  the  cone  will  be  2«'R  X  i  L,  or  «'RL. 


PaOPOSITION   V.      THEOBSM. 


The  convex  surface  of  a  right  cone  is  to  the  area  of  its  base^  as 
the  slant  height  of  the  cone  is  to  the  radius  of  the  base. 

For,  since  the  area  of  the  base  is  eaual  to  its  circumference, 
multiplied  by  half  the  radius,  (Prop.  XV.  B.  V.  El,  Geom.)  and 
since  the  convex  surface  of  the  cone  (Prop.  lY.)  is  equal  to 
the  sanDC  circumference  multiplied  by  its  slant  height,  these 
surfaces  must  be  proportional  to  each  other,  as  the  radius  of 
the  base  and  slant  height  of  the  cone ;  seeing  the  surface  of 
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the  cone  is  equal  to  the  circumfereDce  of  the  base,  repeated 
half  as  many  times  as  there  are  units  in  its  slant  height,  and  the 
area  of  the  base  is  equal  to  the  same  circumference  repeated 
as  often  as  there  are  units  in  half  the  radius. 

Thus,  if  R=lhe  radius  of  the  base,  S=the  slant  height  of 
the  cone,  C=the  convex  surface,  and  A=the  area  of  the  base, 
then  C  :  A  :  :  S  :  R. 


norosiTtoN  vi.    thbokbm. 

7%«  convex  turface  of  a  cone  exceeds  half  the  convex  inrface  of 
Ut  circumscribing  cylinder,  in  the  same  ratio  that  the  length 
of  the  slant  side  of  the  cone  exceeds  its  vertical  height. 

Let  ABCDE-S  be  a  cone,  inscribed  in  ° 

the  cylinder  ABCDE-F,  then  will  the  con- 
rex  surface  of  the  cone  ABCDE-S  exceed 
half  that  of  the  cylinder  ABCDE-F,  in  the 
same  ratio  that  the  slant  height  of  the  cone 
AS  exceeds  its  vertical  height  OS. 

Let  there  be  a  regular  polygon  ABCDE 
described  in  the  base  of  the  cylinder  and 
cone ',  then,  on  this  polygon  as  bases,  des- 
cribe a  prism,  whose  vertical  height  is 
equal  to  that  of  the  cylinder,  and  a  pyra- 
mid, whose  vertical  height  is  equal  to  that 
of  the  cone,  according  to  Prop.  XXIII.  B.  11.,  the  surface  of 
the  pyramid,  exceeds  half  the  surface  of  the  prism,  in  the  same 
ratio  that  the  length  of  the  line  AS=the  slant  height  of  the 
pyramid  exceeds  the  length  of  the  line  OS,  its  vertical  height. 
Now,  if  the  number  of  sides  of  the  polygon  is  inde&nilely  in- 
creased, the  prism  erected  on  it  as  a  base  becomes  identical 
with  the  cylinder,  and  Ihe  pyramid  with  the  cone  ;  hence  the 
curve  surface  of  the  cone,  is  to  half  the  curve  surface  of  the 
cylinder  as  the  length  of  the  line  AS=the  slant  height  of  the 
cone  to  the  vertical  height  OS. 


nopoamoif  vii.     thsokbh. 


ne  contsex  surface  of  tke  frustum  of  a  cone  is  equal-to  itsaide, 
waiUipHed  bp  ha^  tke  sum  of  the  circwnferencet  of  its  too 


Ut  BIA-DB   be  a  fiiiatum   of  a 
cooe ;  theo  will  its  convex  surface  be 

«|ual  to  ADxl 2 ) 

For,  inscribe  in  the  bases  of  the  irus- 
tom  two  regular  poly^gons,  of  the  same 
Domber  of  sidesi  and  havine  their  ho- 
nkok^ous  sides  parallel,  eacn  to  each. 
Tbe  iiDea  joining  the  vertices  of  the 
homologous  angles  may  be  regarded  as  ^  ^ 
ihe  edges  of  the  frustum  of  a  regular  ^ 
pyramid  inscribed  in  the  frustum  of  the 
tone.  The  convex  surface  of  th?  frus- 
tum of  the  pyramid  is  equal  to  half  the  sum  of  the  perimeters 
of  its  bases  multiplied  by  the  slant  height/A  (Prop.  XX.  Cor. 
B.II.) 

Let  now  the  number  of  sides  of  the  inscribed  polygons  be 
indefinitely  increased  ;  the  perimeters  of  the  polygons  will  b&- 
conie  equal  to  the  circumrerences  BIA,  EGD ;  the  slant  height 
fk  will  become  equal  to  the  side  AD  or  BE,  and  the  surfaces 
of  the  two  frustums  will  coincide  and  become  tbe  same  sur- 
face. 

But  the  convex  surface  of  the  frustum  of  the  pyramid  will 
■till  be  equal  to  half  the  sum  of  the  perimeters  of  tbe  upper 
and  lower  bases  multiplied  by  the  slant  height ;  hence  the  sur- 
face of  the  frustum  of  a  cone  is  equal  to  its  side  multiplied  by 
bdf  the  Bum  of  the  circumferences  of  its  two  bases. 

Cor.  Through  t,  the  middle  point  of  AD,  draw  /KL  paral- 
lel to  AB,  and  It,  Dd,  parallel  to  CO.  Then,  since  A^  ID,  are 
equal,  AJ,  id,  will  also  be  equal  (Prop.  XIV.  Cor.  2,  B.  IV.  El. 
GvoM.;)  bmce.  Ki  is  equal  to  i(OA+CD.)  But  since  the  cir- 
cumferences of  circles  are  to  each  other  as  their  radii  (Prop. 
XIV.  B.  V.  El.  Geom.)  the  circ.  Kl=\{pirc.OK-\-circ.CQ  ■) 
therefore,  the  convex  surface  of  a  frustum  of  a  com  is  equal  to 
its  tide  multiplied  by  the  circumference  of  a  section  at  equal 
dislances  from  the  tu>o  bases. 

SckoUmm.  If  a  line  AD,  lying  wholly  on  one  side  of  the  line 
OC,  and  in  the  same  plane,  make  a  revolution  around  OC, 
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fhe  flzrtKte  i*!Krbnd  aj  AD  viil  ittve  ii)r  its  loeasare  ADx 
^^c^0^c»xJlC^  ^  ADx^rcJK ;  the  Edcs  AO,  DC,  /K. 

bciftg  fyriwiiii'irfiiTiL  bet  hM  (pom  dbe  atranities  and  from 
die  mMke  point  ot  AD.  on  tiie  axs  OC. 

Fr^r,  il  AD  aiki  OC  are  prodaoHi  tiQ  thej  meet  in  S,  the 
fOfiace  described  br  AD  b  eridestlT  tbe  frmtom  of  a  cone 
hairing  AO  and  DC  m  the  ndii  of  iti  bnaes,  the  Tertex  of  the 
whole  cone  being  S.  Hence  this  smlace  wOl  be  measured  as 
we  hare  said. 

This  measure  will  alwajs  hold  good»  even  when  the  point 
D  fiiUs  on  S,  and  thus  fonu  a  whole  oooe ;  and  also  when 
the  fine  AD  is  parallel  to  the  axis,  and  thos  fcmns  a  cylinder. 
In  the  first  case,  DC  woold  be  nothing ;  m  the  second,  DC 
would  be  equal  to  AO,  and  to  IK. 

pBOPosmov  Tm.    ranoaaii. 

Tke  solidity  of  a  cone  is  equal  to  its  hose  wuUi^Ued  by  a  third 

of  its  mhitmde. 

Let  SO  (see  diagram  to  Prop.  IV.)  be  the  altitude  of  a  cone, 
OA  the  radius  of  its  base,  and  let  the  area  of  the  base  be 
designated  by  area  OA  ;  it  is  to  be  proved  that  the  solidity  of 
the  cone  is  equal  to  area  OAx^SO. 

Inscribe  in  the  base  of  the  cone  any  regular  polygon 
ADCB,  and  join  the  vertices  A.  D,  C,  d&c  with  the  vertex 
S  of  the  cone ;  then  will  there  be  inscribed  in  the  cone  a  regu- 
lar pyramid  having  the  same  vertex  as  the  cone,  and  having 
for  its  base  the  polygon  ADCB.  The  solidity  of  this  pyra- 
mid is  equal  to  its  base  multiplied  by  one-third  of  its  altitude, 
(Prop.  aXVI.  B.  II.)  Let  now  the  number  of  sides  of  the 
polygon  ^be  indefinitely  increased ;  the  polygon  will  then  be- 
come equal  to  the  circle,  and  the  pyramid  and  cone  will  coin- 
cide and  become  equal.  But  the  solidity  of  the  pyramid  is 
equal  to  its  base  multiplied  by  one-third  of  its  altitude,  what- 
ever be  the  number  of  sides  of  the  polygon  which  forms  its 
base  :  hence  the  solidity  of  the  cone  is  equal  to  its  base  multi- 
plied by  a  third  of  its  altitude. 

Cor.  A  cone  is  the  third  of  a  cylinder  having  the  same 
base  and  the  same  altitude ;  whence  it  follows, 

1.  That  cones  of  equal  altitudes  are  to  each  other  as  their 
bases : 

8.  That  cones  of  equal  bases  are  to  each  other  as  their  alti- 
tudes ; 


3.  That  aimilar  cones  are  as  the  cubes  of  the  dlametera  of 
their  bases,  or  as  the  cubes  of  their  altitudes. 

Cor.  3.  The  solidity  of  a  cone  is  equivalent  to  the  solidity 
ofa  pyramid  havine  an  equivalent  base  and  the  same  altitude, 
(Prop.  XXVI.  B.  IE) 

Sckoliutn.  Let  R  be  the  radius  ofa  cone's  base,  H  its  alti- 
tude; the  solidity  of  the  cone  will  «'R*XiH,or  i^R'H. 


PBOFCSITIOH    IX.       THBOBEM. 


The  iolidity  of  a  right  cone  is  equal  to  its  convex  surface  mul- 
tiplied by  one-third  of  a  Hne  drawn  from  the  centre  of  its 
hax,  perpendicular  to  the  surface  of  the  cone. 

Let  ABCDEF-S  be  a  cone : 
from  the  centre  I  of  the  base, 
draw  the  line  Im  perpendicular 
to  the  side,  and  the  solidity  of 
the  cone  will  be  equal  to  its 
curve  surfacemultiplied  by  one* 
tliird  of  the  line  Im. 

Circumscribe  a  regular  poly- 
gon about  the  base  of  the  cone ; 
fiien,  on  this  as  a  base,  with  the 
vertices,  describe  the  pyramid 
oftc^/S,  and  the  solidity  of  the    ' 

rimid,  by  Prop.  XXVII.  R 
will  be  equal  to  its  convex 
tarface  multiplied  by  one-third 
of  the  radius,  Im,  drawn  from 
the  centre  of  the  base,  perpendicular  to  one  of  its  plane  faces. 
Now,  if  the  number  of  the  sides  of  the  pyramid's  base  be- 
come infinitely  increased,  the  pyramid  wilt  become  assimiliiiod 
lo  the  cone.  Hence,  the  solidity  of  a  cone  is  equal  to  its  curve 
surface  multiplied  by  one-third  of  a  line  drawn  perpendicular 
from  the  centre  of  the  base  to  the  lateral  surface  ol  the  coue 
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FKOrOBITIOK  X.       TRBOBKM. 

The  solidity  of  the  frustum  of  a  cone  is  equal  to  the  sum  of  the 
solidities  of  three  cones  whose  common  altUvde  is  the  altitude 
of  the  frustum,  and  whose  bases  are,  the  upper  bases  of  the 
frustum,  the  lower  base  of  the  frustum,  and  a  mean  propar^ 
tional  between  them. 

Let  AGB-CD  be  the  frustum  of  a  cone, 
and  OP  its  altitude ;  then  will  the  solidity 
be  equal  to 

i'rxOPx(AO'+DP'+AOxPD). 
For.inscribe  id  the  lower  and  upper  bases 
two  regular  polygons  having  the  same 
number  of  sides,  and  having  their  homo- 
logous sides  parallel,  each  to  each.  Join  ' 
the  vertices  ol  the  homologous  angles,  and 
there  will  then  be  inscribed  in  the  frustum 
of  the  cone,  the  frustum  of  a  regular  pyramid.  The  solidi^ 
of  the  frustum  of  the  pyramid  is  equivalent  to  three  pyramioi 
having  the  common  altitude  of  the  frustum,  and  for  bases,  llie 
lower  base  of  the  frustum,  the  upper  base  of  the  frustum,  and 
a  mean  proportional  between  them,  (Prop,  XXVIII.  B.  IL) 

Let  now  the  number  df  sides  of  the  inscribed  polygon  bt 
indefinitely  increased :  the  bases  of  the  frustum  of  tne  pyran^ 
wilt  then  coincide  with  the  bases  of  the  frustum  of  the  com, 
and  the  two  frustums  will  coincide  and  become  the  same  tolid. 
Since  the  area  of  a  circle  is  equal  to  R'.»,  (Prop.  XV.  Cor. 
B.  V.  El.  Geom.)  the  expression  for  the  solidity  of  the  fruftam 
will  become 

for  the  first  pyramid  jOPxOAV 

for  the  second  iOPxPD'.* 

for  the  third  lOPxAOxPD.*;  since 

AOxPD.v  in  a  mean  proportional  between  AO*.*  and  PD*.'. 
Hence  the  solidity  of  the  frustum  of  (he  cone  is  measured  by 
^*OPx(AO'+PD'+AOxPD). 

PBorOSITION    ZI.      TaEOBEM. 

TTie  solidity  of  the  frustum  of  a  cone  is  equal  to  its  convex  xiir- 
face  multiplied  by  one-third  of  a  line  draumfrom  the  centn 
of  the  base  peipendicular  to  the  curve  surface,plus  the  jo/iifr 
tyof  a  cone  whose  base  is  the  smaller  base  of  the  frustum,  mi 
w/iose  vertical  height  is  the  vertical  height  of  the  frustum. 

Let  ABCDF-d  be  the  frustum  of  a  cone,  OS  its  altitude. 
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G  a  line  drawn  from  the  centre  of  its  larger  ba«e  perpen- 

icular  to   the  surface ;  then  will  its 

ilidity  be  equal  to  the  convex  surface 

lultiplied  by  one-third  OG  plus  the 

one  orK-O.     For  circumscribe  about 

« larger   and  smaller  bases  regular 

^lygons  having  the  same  number  of 

des,  and  their  Homologous  sides  par- 

Jel  each   to  each.     Join  the  vertices 

f  the  homologous  angles,  and  there 

rill  then   be  circumscribed  about  the 

mtun)  of  the  cone  the  frustum  of  a  re- 

olar  pyramid.  The  solidity  of  the  frus- 

mn  of  the  pyramid  is  equivalent  to  two 

lyramids,  one  having  the  smaller  base  '^ 

fthe  circumscnbed  pyramid  for  its  base,  and  the  vertical  height 

f  the  frustum  for  its  vertical   height ;  and  the  other  having 

be  sum  of  the  several  exterior  vertical  surfaces  for  its  base, 

lod  a  line  drawn  from  the  centre  of  the  larger  base  perpendi- 

inlar  to  one  of  its  facial  sides  for  its  vertical  height,  (Prop. 

tXlX.  B.  II.) 

Now  let  the  number  of  sides  of  the  circumscribed  polygon 
w  indefinitely  increased ;  then  the  bases  of  the  frustum  of  the 
lyramid  will  coincide  with  the  bases  of  the  cone ;  and  the 
wo  frustums  will  coincide  and  become  the  same  solid,  since 
Jiesreaof  a  circle  coincides  with  the  area  of  the  circumscrib- 
sd  polygon,  when  the  number  of  aides  of  the  polygon  become 
ndefinitely  iDcreased. 

Cor.  Let  the  cone  acKO  be  taken  from  the  curve  frustum 
\BCDEPacK,  and  the  part  remaining  will  be  a  conesected 
histum  of  a  cone.  Hence  the  solidity  of  a  conesected  frustum 
>f  a  cone  is  equal  to  its  external  convex  surface  multiplied  by 
Kie-third  of  its  distance  from  the  vertice  of  the  conical  cavity 
nlhin. 

Sckoliitm.  I.  The  line  OG,  is  to  the  radius  of  the  base  OB  as 
>S  or  Hf,  the  vertical  height  of  the  frustum,  is  to  its  slant 
leight  Rf.  For  from  the  point  /'the  centre  of  one  of  the  sides 
if  the  polygon  of  the  smaller  base  draw  the  line/U  parallel 
o  OS,  and  at  right  angles  to  the  radius  OB,  then  we  have  the 
*fO  right  angled  trtangles/HB  and  0GB  with  the  angle  at  B 
flmtnon.  Therefore,  the  two  triangles  are  similar ;  hence 
Prop.  XVII.  Cor.  1.  and  6.  B.  IV.  El.  Geom.)  OG  :  OB  :  : 
)SorH/:B/. 
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Scholium  2.  If  the  frustum  ABDE  is 
such  that  a  perpendicular   cannot   be 
drawn  from  AE  to  meet  the  centre  C  of  ^ 
the  base,  then  it  will  be  necessary  to 
take  the  line  CF  perpendicular  to  AE  produced. 

Scholium.  3.  Let  the  smaller  base  of  the  frustum  be  increas- 
ed till  it  becomes  equal  to  the  larger,  and  the  frustum  becomes 
a  cylinder,  from  which,  if  a  cone  be  taken  whose  base  and 
vertical  height  are  equal  to  those  of  the  cylinder,  the  part  that 
remains  is  called  a  conesected  cylinder. 

PROPOSITION    XU.       THEOREM. 

Let  any  point  be  assumed  in  the  axis  of  a  conic  surface^  or  the 
€Lxis  produced  downward  from  the  hase^  and  if  a  line  be 
drawn  from  that  point  to  meet  the  convex  surface  perpen- 
dicularly, at  the  point  of  contact,  or  that  surface  produced,  if 
necessary,  then  the  solid  included  between  the  surface  arid 
the  point  will  be  equal  to  one-third  of  the  product  of  the  sur- 
face into  the  line  so  drawn  perpendicular  to  such  surface. 

Let  AGS  be  a  conic  surface,  and  let  I  be 
some  point  assumed  in  the  axis  CS,  drawn 
perpendicular  to  the  surface  at  the  point  F. 
Then  the  solid  SAIGS  will  be  equal  to  one- 
third  of  the  product  of  the  conical  surface, 
multiplied  by  the  distance  IF. 

For,  let  us  suppose  that,  about  the  conical  a 
surface  ASG,  a  pyramidal  surface  be  de- 
scribed, then  it  is  evident  that  each  of  the 
lateral  faces  of  this  surface  would  form  the 
base  of  a  pyramid,  whose  vertice  would  be 
referred  to  the  point  I,  and  IF  would  be  its  altitude.  Hence 
the  solidity  of  each  would  be  equal  to  one-third  of  the  product 
of  such  lateral  face  as  a  base  into  its  altitude  IF,  on  such  base. 
Therefore,  the  sum  of  the  solidities  of  those  pyramidti  would 
be  equal  to  the  sum  of  their  bases,  or  the  whole  convex  sur- 
face, multiplied  by  one-third  of  IF,  their  common  altitude. 

Let  the  number  of  lateral  faces  be  indefinitely  increased, 
and  the  surface  of  the  pyramid  would  become  equal  to,  and 
coincide  with,  the  conical  surface  :  hence,  then,  the  conesected 
cone  AIGS  is  equal  to  one-third  of  the  product  of  the  conictl 
surface  into  IF. 

Again — let  the  axis  SO  be  produced  to  T,  and  let  T  be 
the  point  assumed :  produce  SG  to  E,  so  as  to  form  with  ET 
a  right  angle :  join  AT  and  GT,  forming  the  double  cone  or 
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spindle,  or  conical  quadredroid,  SATGS,  and  this  solid  so 
described  will  be  equal  to  the  conical  surface  ASG,  multiplied 
by  one-third  of  the  perpendicular  TE,  drawn  to  such  surface 
produced,  since  the  same  reasons  as  have  been  applied  to  the 
former  conditions  may  be  applied  to  this  also.  Hence  the  pro- 
position as  enunciated  is  general. 

Cor.  Hence  a  cone,  if  instead  of  having  a 
plane,  has  a  conical  base,  as  ACB,  such  that  the 
slant  side  of  SB  is  perpendicular  to  CB,  then  the 
solidity  of  the  biconical  solid,  or  conical  spindle, 
will  be  equal  to  one-third  of  the  product  of  the 
curve  surface  ASB,  into  the  perpendicular  CB,  ^^  _ 
or  is  equal  to  one-third  of  the  product  of  the  con-  c 

▼ex  surface  ACB  into  SB,  being  perpendicular  to  such  surface 
at  the  point  of  contact 

PROPOSITION    Xin.      THEOREM. 

The  solidity  of  a  conesected  cylinder  is  equal  to  the  product  of 
its  external  convex  surface^  multiplied  by  one-third  of  the 
radius  of  its  base. 

Let  ABCDE-P  (see  diagram  to  Prop.  VI.)  be  a  conesected 
cylinder ;  then  will  its  solidity  be  equal  to  its  convex  surface, 
maltiplied  by  one-third  of  the  radius  AO  of  its  base. 

For  (Prop.  XI.)  the  solidity  of  the  frustum  of  a  cone  is 
equal  to  the  convex  surface  of  the  frustum,  multiplied  by  one- 
third  of  the  distance  of  this  surface  from  the  centre  of  the 
base,  plus  the  solidity  of  a  cone  whose  base  is  equal  to  the 
upper  base  of  the  frustum,  and  of  a  vertical  height  equal  to 
that  of  the  frustum :  hence,  if  this  cone  is  removed,  the  resi- 
dual portion  will  be  equal  to  its  convex  surface,  multiplied  by 
its  distance  from  the  centre  of  the  base.  And  (Prop.  Xl. 
ScL  3.)  if  the  smaller  base  of  the  conical  frustum  is  increased 
to  as  to  be  equal  to  the  larger,  the  frustum  becomes  a  cylin- 
der.   Hence,  &c.,  according  to  the  proposition. 

Scholium  1.  As  (Prop.  III.  Scholium)  sections  of  a  cylinder 
cot  out  by  planes  parallel  to  and  passing  through  the  axis, 
may  be  regarded  as  elementary  portions  of  the  cylinder,  so 
may  portions  cut  out  by  similar  planes  from  a  conesected 
cylinder  be  regarded  as  elementary  to  the  conesected  cylinder. 

Thuii,  the  portion  AESFK  (see  diagram  to  Prop.  Vl.)  is  an 
dementaiT  portion  of  the  conesected  cylinder,  it  being  one  of 
a  series  of  similar  portions  of  which  the  conesected  cylinder 
is  composed. 
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Scholium  2.  And  if  a  cone  whose  base  is  the  smaller  base 
of  a  conical  frustum,  and  whose  vertical  height  is  equal  to 
that  of  the.  frustum,  be  taken  therefrom,  we  should  then  have 
a  conesected  frustum  of  a  cone  ;  which,  if  it  be  divided  in  like 
manner  as  the  conesected  cylinder  (SchoL  1.)  we  shall  have 
the  elementary  portions  of  the  conesected  frustum  of  a  cone. 

e 

Thus,  the  portion  (Acde  is  an  elemen- 
tary portion  of  this  solid,  it  being  one  of 
a  series  of  similar  portions  forming  the 
conesected  frustum. 

Scholium  3.  And  if  a  regular  cone  be  divided  by  planes 
passing  through  its  axis  in  a  similar  manner,  it  will  also  be 
divided  into  elementary  portions  of  the  cone. 

Thus,  ABDE  is  an  elementary  portion  of  the  cone,  the  ra- 
dius of  whose  base  is  equal  to  AE  or  £B,  and  vertical  height 
equal  to  ED. 

Scholium  4.  Or,  if  a  portion,  ABDF, 
be  taken,  which  is  evidently  an  elementa- 
ry portion  of  a  conesected  cone,  the  cir- 
cumstances would  be  similar,  and  this 
portion  would  be  a  regular  pyramidal. 

B 

Scholium  5.    We  have  shown  that  each  of  these  solids  are 
equal  to  their  curve  surfaces,  multiplied  by  one-third  of  their 
vertical  heights  on  their  curve  surfaces  as  bases ;  and  as,  in 
this  respect,  they  agree  with  regular  pyramids,  but  their  bases 
are  cylindrical,  or  conical  surfaces,  I  shall,  to  distinguish  them 
from  regular  pyramids,  and  from  each  other,  call  them  pjrra- 
midal  elements  of  tl^e  bodies  to  which  they  belong.    Thus,  the 
pvramidal  element  of  a  conesected  cylinder,  the  pyramidal 
element  of  a  conesected  frustum,  and  the  pyramidal  element 
of  a  cone.    Hence  they  may  be  called  cylindrical  pyramidais, 
or  conical  pyramidals,  as  their  bases  are  cylindrical  or  conical 
surfaces. 
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PROPOSITION    XIV.      THEOREM. 

If  any  elementary  portion^  ABCDE^  ahcde,  or  ABCD  (Prop. 
XII.  Sch,  4.),  be  divided  in  any  manner  by  planes,  or  conical 
surfaces  passing  through  their  bases  and  vertices,  each  por- 
tion so  cut  off  will  stiU  be  an  elementary  portion  of  tlie  solid 
from  whence  it  is  derived — viz :  it  will  still  be  equal  to  the 
curve  surface  of  its  base^  multiplied  by  one-third  of  the  com- 
mon vertical  height. 

First— U  the  element  of  ABCDE,  of  ^ 
the  conesected  cylinder,  be  divided  by 
conical  surface  FGE,  so  as  to  make  the  ^ 

portions  of  the  base  equal,  then  will  the 

solid  be  divided  in  the  same  ratio.  B  f  c 

For,  conceive  the  base  to  become  a  portion  of  the  surface  of 
a  prism  of  an  indefinite  number  of  sides,  then  we  should  have 
a  solid  composed  of  an  indefinite  number  of  pyramids,  whose 
bases  are  indefinitelv  narrow,  and  equal  in  length  to  the  base 
AD:  and  each  of  these  pyramids  may  be  divided  by  planes 
passing  through  their  bases  and  vertices ;  and  each  of  the  new 
pyramids  formed  by  thus  dividing  them,  would  be  equal  to  the 
▼aloe  of  the  base,  multiplied  by  one-third  of  its  vertical  height, 
AE  (Prop.  XXVI.  B.  II.) ;  and  if  these  pyramids  are  all 
divided,  and  in  whatever  ratio,  the  sum  of  all  of  the  parts  of 
the  series  of  bases  included  in  the  division  ABFG,  or  CDFG, 
multiplied  by  one-third  of  the  common  altitude  AE,  will  give 
the  solidity  of  the  portion  included  in  the  solid  on  such  base. 
But  the  surface  of  a  prism  of  an  indefinite  number  of  sides 
may  be  regarded  as  the  surface  of  a  cylinder.  Hence,  as  in 
the  proposition. 

Second — In  the  section  abcde  of  the 
conesected  frustum,  let  the  base  abed  be 
divided  by  the  conical  surface  ^e,  from 
the  base  to  the  vertex  6,and  the  solid  will 
be  divided  in  the  same  ratio,  for  the  same 
reasons  as  given  for  the  section  of  a  cone-     h  /  e 

sected  cylinder ;  or  because,  when  so  divided,  the  section 
abfge  becomes  a  similar  portion  of  a  new  conesected  frustum, 
with  the  same  vertical  distance.  Or  if,  instead  of  the  conical 
sufi^cefge^  a  plane  be  made  to  pass  through  the  vertice  and 
base,  the  base  abed  and  solid  abcde  will  be  divided  in  the  same 
ratio,  because  if  the  base  is  conceived  to  consist  of  a  portion 
of  the  convex  surface  of  a  pyramid  of  an  indefinite  number  of 
sides,  those  sides  may  be  divided  in  any  ratio,  and  the  solid 

which  they  subtend  will  be  divided  in  the  same  ratio.    Now, 

ft* 
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however  the  base  may  be  divided,  that  portion  which  faili 
one  side  of  the  line  ol  division,  multiplied  by  the  altitude, 

fve  the  solidity  included  between  such  portion  and  the  vei 
herefore,  as  in  the  proposition. 

And,  if  we  take  the  elementary  portion  of  a  cone,  we  i 
arrive  at  the  same  result,  through  the  same  means. 

Cor.  Hence  any  portion  of  a  cylinder,  cone,  or  c 
frustum,  included  between  any  given  portion  of  the  cylind 
or  conical  surface  as  a  base,  and  any  point  in  the  axis  of 
cylinder,  cone,  or  conic  frustum,  as  a  vertice,  is  a  regular  p 
midal,  and  is  elementary  to  the  body  from  whence  il  is  deri 

Scholium.  From  what  has  been  said  in  reference  to 
elementary  pyramidals,  either  with  plane,  cylindrical,  or 
nical  bases,  those  pyramidals  may  be  divided  indefinitely  \ 
out  losing  their  elementary  character,  if  the  line  of  divi 
passes  direct  from  each  point  of  division  on  the  base  to 
vertice;  for  the  indefinitely  small  pyramids  into  which 
may  be  conceived  to  be  divided,  are  all  perfect :  but  if 
portion  of  the  solid  is  cut  between  any  portion  of  the  base 
vertice,  in  a  right  line,  then  the  elementary  character  of 
•olid  is  disturbed,  and  the  portions  so  cut  are  no  longer  p 
midals. 


paopoeiTtoif  XT. 

Tke  turn  of  two  or  more  pyramids  or  cones  of  the  same  ver\ 
height,  is  equal  to  tke  sum  of  their  bases  multiplied  by 
third  of  their  common  altitude. 

Let  ABDC  and  GE  be  the  bases  of 
a  pyramid  and  cone  on  the  same  plane, 
whose  vertices  both  centre  in  the  same 
point  S,  and  their  common  altitude  will 
beSG. 

Let  HTL  be  the  base  of  another  py- 
ramidal not  in  the  aame  plane  with  the 
other  bases  but  with  the  aame  vcrtica 
8  and  at  the  same  vertical  distance  SH=SG;  then  will 
sum  of  the  solidities,  of  the  cone  and  pyramidals  be  equi 
the  sum  of  their  bases  DE+ABDC+HIL  multiplied  by 
third  of  their  common  altitude  SG  or  SH. 

For,  let  E  be  the  area  of  the  base  of  the  cone  EG  D= 
trea  of  the  base  of  the  pyramidal  ABCD-S  and  let  L— the 


^ 
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of  the  pyramidal  HIL-S,  and  if  H=the  common  altitude,  the 
solidity  of  the  cone  GE-S  will  be 

Ex;H=iH.E. 

The  solidity  of  the  pyramidal  ABCS  will  be 

DxiH=jH.D, 

and  the  solidity  of  the  pyramidal  HIL-S,  is  equal  to 

LX'jH=^H.L, 

hence  the  sum  of  their  solidities  will  be 

iH.ExiH.Dx^H.L, 

which  is  equal  to  (ExDxL)xiH,  viz : 

the  sum  of  their  solidities  is  equal  to  the  sum  of  their  bases 
multiplied  by  one-third  of  their  common  altitude. 

Cor,  Hence  if  a  polyedron  be  composed  of  any  number 
of  pyramidals  whose  bases  are  the  faces  of  the  polyedron,  and 
whose  vertices  all  centre  in  one  point,  and  if  this  point  is  equi- 
distant from  each  of  the  bases  of  the  pyrimidals,  then  the  soli- 
dity of  the  polyedron,  will  be  equal  to  the  surface  of  its  faces, 
mnitiplied  by  one-third  of  the  distance  of  the  faces  from  the 
common  vertice,  and  this  will  be  true,  without  regard  to  the 
number  or  figure  of  the  planes,  comprising  the  faces  of  the 
polyedron. 

PROPOSITION   XVI.      THEOREM. 


If  a  triangle  and  a  rectangle^  having  the  same  base  and  the  same 
altitude  turn  simultaneously  about  the  common  base^  the  soKd 
described  by  the  triangle^  will  be  a  third  of  the  cylinder  des- 
cribed by  the  rectangle. 

Let  ACB  be  the  triangle,  and  BE  the  rectangle. 

On  the  axis,  let  fall  the  perpendicu-  ^ 
lar  AD :  the  cone  described  by  the 
triangle  ABD  is  the  third  part  of  the 
cylinder  described  by  the  rectangle 
AFBD  (Prop.  VIII.  Cor. ;)  also  the 
cone  described  by  the  triangle  ADC 
is  the  third  part  of  the  cylinder  descri- 
bed by  the  rectangte  ADCE ;  hence  the  sum  of  the  two  cones, 
or  the  solid  described  by  ABC,  is  the  third  part  of  the  two 
cylinders  taken  together,  or  of  the  cylinder  described  by  the 
recUngle  BCEF. 
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If  the  perpendicular  AD  falls  with- 
out the  ti'iangle ;  the  solid  described 
by  ABC  will,  in  that  case,  be  the  dif- 
ference of  the  two  cones  described 
by  ABD  and  ACD  ;  but  at  the  same 
time,  the  cylinder  described  by 
BCEF  will  be  the  difference  of  the 
two  cylinders  described  by  AFBD 
and  AECD.  Hence  the  solid,  described  by  the  revolution  of 
the  triangle,  will  still  be  a  third  part  of  the  cyl  nder  described 
by  the  revolution  of  the  rectangle  having  the  same  base  and 
the  same  altitude. 

Schloium.  The  circle  of  which  AD  is  radius,  has  for  its 
measure  flrX AD";  hence  ^X AD" xBC  measures  the  cylinder 
described  by  BCEF,  and  ^^rxAD'xBC  measures  the  solid 
described  by  the  triangle  ABC. 


PROPOSITION  XVII.      THEOREM. 

If  a  triangle  be  revolved  abotU  a  line  drawn  at  pleasure  through 
its  vertex^  the  solid  described  by  the  triangle  will  have  for  its 
measure^  the  area  of  the  triangle  multiplied  by  twO'thirds  of 
the  circumference  traced  by  the  middle  point  of  the  base. 

Let  CAB  be  the  triangle,  and  CD  the  line  about  which  it 
revolves. 

Produce  the  side  AB  till  it  meets 
the  axis  CD  in  D ;  from  the  points 
A  and  B,  draw  AM,  BN,  perpendic- 
ular to  the  axis,  and  CP  perpendicu* 
lar  to  DA  produced. 

The  solid  described  by  the  trian- 
gle CAD  is  measured  by  ^X  AM*X 
CD  (Prop.  XVI.  Sch.) ;  the  solid  described  by  the  triangle 
CBD  is  measured  by  |irxBN"xCD  ;  hence  the  difference  <rf 
those  solids,  or  the  solid  described  by  ABC,  will  have  for  its 
measure  i*(AM"— BN"4-CD.) 

.  To  this  expression  another  form  may  be  given.  From  I,  the 
middle  point  of  AB,  draw  IK  perpendicular  to  CD  ;  and  throu^ 
B,  draw  BO  parallel  to  CD :  we  shall  have  AM+BN=2& 
(Prop.IX.B.I  V.ij;/.Ge(wi. ;)  and  AM— BN=AO ;  hence  (AM+ 
BN)X(AM— NB),  or  AM"— BN«=2lKx  AO(Prop.  XII.B.IV. 
El,  Geom,)  Hence  the  measure  of  the  solid  in  question  is  ex- 
pressed by 

f^XlKxAOxCD. 
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P  being  drawn  perpendicular  to  AB,  the  triangles  ABO 
viti  be  similar,  and  give  the  proportion 
AO  :  CP  :  :  AB  :  CD; 
hence  AOxCD=CPxAB; 
*XAB  is  double  the  area  of  the  triangle  ABC,  hence 
ve 

A0xCD=2ABC; 
the  solid  described  by  the  triangle  ABC  is  also  mea- 
jy  |*X  ABCxIK,  or  which  is  the  same  thing,  by  ABCx 
IK,  circ.  IK  being  equal  to  2«'XlK.  Hence  the  Motidde»- 
by  the  revolution  of  the  triangle  ABC,  has  for  its  mea- 
le  area  of  this  triangle  multiplied  by  tieo-thirds  of  the  cir- 
•ence  traced  by  I,  the  middle  point  of  the  bate. 

.  If  the  side  AC=CB,  the  line 

I  be  perpendicular  to  AB,  the 

lBC  will  be  equal  to  ABxjCI, 

le  solidity  j*xABCxlK  will 

e^^xABxIKxCI.     But  the 

ies  ABO,CIK,  are  similar,  and 

le  proportion  AB :  BO  or  MN 
:  IK;  hence  ABxIK=MN  l^jI,-^  ,, 
hence  the  solid  described  by  "^   "  " 

iscelcs  triangle  ABC  will  have  for  its  measure  ft- X CI* X 

that  is,  efjual  to  two-thirds  of  *  into  the  square  of  theper' 

uiar  let  fall  on  the  base,  into  the  distance  bettoeen  the  two 

tdiculars  let  fall  on  the  axis. 

olium.     The  general  solution  appears  to  include  the  sup- 
in  that  AB  produced  will  meet  the  axis ;  but  the  results 
be  equally  true,  though  AB  were  parallel  to  the  axis. 
IS  the  cylinder  described  by  AMNB 
al  to  ■r.AM'.MN  ;  the  cone  described 
^M  is  equal  to  l^r.AM'.CM,  and  the 
lescribedby  BCN  to  I'AM'CN.  Add 
ft  two  solids  and  take  away  the  third ; 
all  have  the  solid  described  by  ABC 
to-r-AMMMN+lCM— iCN):  and  c      M  N 

ON — CM=MN,  this  expression  is  reducible  to  «.AM'.f 
>r  |*.CP,MN  ;  which  agrees  with  the  conclusion  found 
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PROPOSITION    XVIII.      THEOREM. 

The  surface  of  a  regvJar  polyedroid  whose  axis  terminates  in 
tiDO  opposite  veritices  is  equal  to  the  circumference  of  its  in- 
scribed sphere^  multiplied  by  the  diameter  of  its  circumscribed 
sphere. 

Let  AB,  BD,  DE,  &c  be  the  several  sides 
of    a   regular  semipolygon    inscribed   in  a 
semicircle  AD6  whose  axis  is  AG.     From 
the  several  angles  of  the  semipolygon  draw 
BH,  DL,  EN  and  FR  perpendicular  to  AG. 
Now  if  the  whole  be  revolved  about  the  axis, 
AG,  the  semipolygon  will  describe  the  polye- 
droid (Def.  11.)  and  the  semicircle  will  describe 
a  sphere  (Def.  14).     The  polyedroid  may  be 
divided  into  the  sections  described  by  AHB 
which  will  be  a  cone,  HLDB  which  will  be  a 
conic  frustum,  LNED  which  will  be  a  cylin- 
der, &c.     Bisect  the  side  BD  of  the  conic  frustum  in  O,  and 
draw  01  perpendicular  to  AG,  from  the  centre  C  draw  also  CO, 
the  radius  of  an  inscribed  circle,  and  draw  BK  parallel  to  AG. 
Now  the  convex  surface  of  this  frustum  is  equal  to  BDxctr-    ■ 
cumference  01.  (Prop.  VII.  Cor).     And  since  (5o  is  pcrpendio-    \ 
ular  to  BD,  the  triangles  BDK,  COl  are  similar  (Prop.  XX.  R    ' 
IV.  El.  Geom.)  consequently  (Prop.  XVIL  B.  IV.  EL  Geam.)    . 
BD  :  BK  or  HL  :  :  OC  :  01  :  or  as  circ.  OC  :  aire.  OL-   , 
Hence,   BDxciVc.  OI=HLxcirc.  OC.     That  is  the  convex   . 
surface  of  the  frustum  produced  by  the  revolution  of  BD  is    : 
equal  to  the  product  of  its  altitude  HL  into  the  circ.  OC,  the   .. 
circumference  of  an  inscribed  circle.     In  like  manner  it  may   . 
be  proved  that  the  convex  surfaces  produced  by  the  revolution   ;r 
of  DE,  £F,  &c.  the  sides  of  the  inscribed  semipolygon  about    j 
the  axis  AG  are  respectively  equal  to  the  altitude  of  each,  ai   k 
LN,  NR,  &c.  multiplied  by  the  circ.  OC,  the  circumference  of 
the  inscribed  circle.     Hence  the  convex  surface  of  the  wbok 
polyedroid  produced  by  the  revolution  of  the  semipolygon  about 
the  axis  AG  is  equal  to  (AHxHLxLNxNRxRG,^  or  AGx 
circ.  CO ;  that  is,  the  convex  surface  of  the  polyearoid  pro- 
duced by  the  revolution  of  a  semipolygon  of  any  number  of 
sides  about  an  axis  AG  terminating  in  two  opposite  verticeSiii 
equal  to  the  product  of  its  axis  or  the  diameter  of  its  circum- 
scribing sphere,  into  the  circumference  of  an  inscribed  sphere. 

Cor.    Since  it  has  been  proved  that  the  surface  described 
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reToIution  of  BD  about  AG  is  equal  to  the  altitude  HL 
ied  by  the  circ.  (XJ.  Hence  the  surface  of  a  zone  of  a 
roid  is  equal  to  the  product  of  its  altitude  into  the  cir- 
ence  of  its  inscribed  sphere. 

PROPOSmON   XIX.      THEOREM. 

rface  of  a  regular  polyedroid^  whose  axis  terminates  in 
tqtial  plane  bases^  is  equal  to  the  product  of  the  circum- 
ice  of  its  inscribed  sphere  into  the  sum  of  its  diameter  + 
)irth  proportional  whose  first  term  is  the  diameter  of  the 
Hbed  sphere^  the  two  means  are  the  radii  of  the  circle 
ing  one  of  the  bases, 

ADB  be  a  quadrant  of  a 
»n,  and  ADE  a  quadrant  of 
cumference  of  its  circum- 
^  circle,  and  FB  a  quadrant 
iscribed  circle,  if  the  whole 
Ived  about  the  axis  EC,  the 

nt  of  the  hexagon  will  des-  af  c  NM 

polar  semipoTyed roid,  and  the  circular  quadrants  will 
e  hemispheres.  But  the  solid  described  by  DBCA,  will 
a  conic  frustum  ACMGD,and  the  surface  described  by 
olution  of  the  line  DF  we  have  shown  (Prop.  XVIII.) 
=  the  product  of  the  circumference  of  the  inscribed 
into  the  altitude  BC  of  the  frustum.  Now  the  surface 
ed  by  DB  will  evidently  be  equal  to  the  product  of  the 
ference  described  by  H,  the  middle  point  of  DB  into 
DB. 

n  H  draw  HI  perpendicular  to  HC  to  meet  the  axis 
3n,  since  CHI  is  a  right  angled  triangle,  having  a  right 
t  H,  and  HB  being  perpendicular  to  CI,  we  have  BC  : 
BH  :  BI,  or  as  the  circumference  CB  or  CF :  circ,  BH. 
Blx  circ.CB=DBx  circ.  BH.  That  is,  the  plane  base 
polyedroid,  formed  by  the  revolution  of  DB,  is  equal 
product  of  the  circumference  of  an  inscribed  sphere  X 
»urtb  proportional  to  the  radius  CB,  and  two  mean  terms 
N^ow,  if  a  semipolygon  is  revolved,  it  will  generate  a 
polyedroid,  the  axis  will  be  =2£C,  and  we  shall  also 
vo  plane  bases,  in  which  case  we  shall  have  the  ratio 
[2BllorBD) :  :  BD  :  2BI,  hence  as  in  the  proposition. 

Hence  the  surface  of  a  polyedroid,  whose  generating 
Q  has  an  odd  number  of  sides,  will  be  equal  to  the  pro- 
the  circumference  of  its  inscribed  sphere  into  an  arith- 
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metical  mean,  between  the  diameter  of  its  circumscribed 
sphere,  and  the  sum  of  the  diameter  of  the  inscribed  sphere  + 
a  fourth  proportional  having  this  diameter  as  the  first  term,  and 
radii  of  the  plane  base  as  the  two  means,  since  (Def.  12.)  a 
polyedroid  generated  by  the  revolution  of  a  polygon  having  an 
odd  number  of  sides,  has  one  plane  base  and  one  vertice  in 
which  its  axis  terminates. 


pROPOsrrioN  xx.     thborbm. 


The  solidity  of  a  regular  polyedroid  is  equal  to  its  surface  mul- 
tiplied by  one-third  oj  the  radius  of  its  inscribed  sphere. 


B 


s 


Let  the  regular  semipolygon 
SBAGH,  and  also  its  inscribed 
semicircle  be  revolved  simulta- 
neously about  the  axis  SH,  and 
the  semipolygon  will  generate  ^ 
a  polyedroid,  (Def.  IL)  and  the 
semicircle  will  generate  a  sphere, 
(Def.  15.)  Moreover,  the  sec- 
tion SB  AC  of  the  semipolygon 
would  describe  the  conic  frustum  G       H       F 

AEDB,  whose  greater  base  is  the  circle  described  by  the  nu 
dius  AC,  and  its  smaller  base  the  circle  described  by  the  n- 
dius  SB.  Now,  if  from  this  frustum  we  take  the  cone  BDC, 
we  shall  have  the  conesected  frustum  AEDCBA,  whose  solid- 
ity is  equal  to  its  convex  surface  generated  by  the  line  AB 
multiplied  by  one-third  CS,  (Prop  XIX.)  And  the  solidity  of 
the  BDC  is  equal  to  the  product  of  its  base  BD,  or  the  stir* 
face  generated  by  the  line  SB  multiplied  byCSorCL.  Hence 
the  hemisphere  AEDBA  of  the  polyedroid  is  equal  to  the  pro-  ^ 
duct  of  its  convex  surface  multiplied  by  one-third  of  the  ra-  ^ 
dius  of  its  inscribed  sphere,  which  is  also  true  of  the  whole 
polyedroid. 

Cor.  Hence  any  polyedroidal  sector  is  equal  to  the  product   | 
of  its  polyedroidal  surface  multiplied  by  one-third  of  the  radiui   ' 
of  the  inscribed  sphere  of  one-third  of  the  altitude  of  its  in- 
scribed spherical  sector. 

« 

Scolium,  1.  Let  R  =  the  radius  of  a  sphere  inscribed  in  a 
regular  polyedroid  having  two  conical  vertices,  and  D'  the 
diameter  of  the  circumscribed  sphere  ;  2irRD'  will  express  the 
surface  and  f^rR'D'  will  express  the  solidity  of  tlie  polyedroii 

2.  If  the  axis  of  the  polyedroid  terminates  in  two  ^ 
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Lses ;  then  if  r=the  radius  of  the  circle  forming  one  of  its 

2R+2p)  X2fl'R=4fl'R'+rr. 

nd  its  solidity  will=f4rR»+frRr'. 

3.  If  the  polyedroid  have  one  conical  vertice  and  one  plane 

ase,  and  if  A=its  axis,  then  (A+^^X2fl'R=2fl'RA+irr*= 

le  surface.     And  |<'R'A+|flrr*R=the  solidity  where  ^  repre- 
»nts  the  ratio  of  the  circumference  to  the  diameter. 

PROPOSITION    XXI.      THEOREM. 

^oery  regular  polyedroid  may  be  inscribed  in  a  sphere,  and 

circumscribed  about  one. 

For,  conceive  a  semicircle  inscribed  in  a  semipolygon,  and 
nother  semicircle  circumscribed  about  the  same  polygon,  then 
Prop.  III.  B.  V.  EL  Greom,)  that  polygon  will  be  regiuar ;  and 
'  we  conceive  those  semicircles  and  semi-polygon  to  revolve 
bout  the  diameter  as  an  axis,  the  semipolygon  will  describe 

regular  polyedroid,  and  the  two  semicircles  will  describe 
pheres,  one  inscribed  within,  and  the  other  circumscribed  about 
le  polyedroid  :  hence  as  enunciated  above. 

Cor.  Here  it  becomes  evident  that  every  section  of  a  sphere 
I  a  circle,  for,  as  the  number  of  sides  of  the  polyedroids  are  in- 
efioitely  increased,  they  become  equal  to»  and  coincide  in  sur- 
ice  with  the  sphere ;  hence,  as  it  follows  that  the  sphere  may 
€  generated  by  the  revolution  of  a  semipolygon  ot  an  inden- 
ite  number  of  sides,  and  because  as  the  polygon  is  revolved 
boat  its  axis  in  common  with  the  sphere,  every  vertice  may  be 
opposed  to  lie  in  the  surface  of  the  sphere,  and  also  to  iorm 
be  circumference  of  a  circle,  it  evidently  follows  that  every 
cction  of  a  sphere  is  a  circle. 

PROPosrriON  xxii.    theorem. 

Tke  surface  of  a  sphere  is  equal  to  the  product  of  its  circum- 
ference multiplied  by  its  diameter. 

For  it  has  been  shovm  (Prop.  XVIII.)  that  the  surface  of  a 
i^ular  polyedroid  whose  axis  terminates  in  two  opposite  ver- 
ices  is  equal  to  the  circumference  of  its  inscribed  sphere  mul- 
iplied  by  the  diameter  of  its  circumscribed  sphere.  Whatev- 
T  be  the  number  of  the  sides  of  the  generating  polygon,  let 
he  number  of  the  sides  of  the  ^eneratmg  polygon  be  indefi- 
litely  increased  and  its  surface  is  still  equal  to  the  circumfer- 
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ence  of  its  inscribed  sphere  multiplied  by  the  diameter  of  its 
circumscribed  sphere.  But  if  the  number  of  the  sides  are  in- 
definitely increased,  the  circumscribed  and  inscribed  spheres 
approach  to  an  equality  with  the  polyedroid,  which  in  such 
case  becomes  a  sphere  ;  and  since  lines  and  surfaces  are  sup. 
posed  to  possess  no  thickness,  the^  ultimately  become  identi- 
cal, or  there  is  ultimately  no  difference  in  the  inscribed  and 
circumscribed  spheres,  hence  the  surface  of  the  sphere,  which  if 
possible  is  between  the  two,  is  equal  to  its  circumference  mul- 
tiplied by  its  diameter. 

Cor.  I.  Since  the  surface  of  a  great  circle  of  the  sphere  is 
measured  by  the  product  of  its  circumference  into  halt  the  r^ 
dius,  or  by  a  fourth  of  the  diameter  (Prop.  XV.  B.  V.  EL  Gt- 
om.)  the  surface  of  a  sphere  is  four  times  the  area  of  its  great 
circle. 

Cor.  2.  It  has  been  shown  (Prop.  XIX.  Cor.)  that  the  surface 
of  a  zone  of  the  polyedroid  is  equal  to  its  altitude  multiplied  by 
the  circumference  of  its  inscribed  sphere.  Hence  the  surface 
of  a  zone,  or  any  segment  of  a  sphere,  is  equal  to  the  product 
of  its  altitude  into  the  circumference  of  the  sphere. 

Cor.  3.  The  surfaces  of  two  zones  or  two  segments  taken 
in  the  same  sphere,  or  in  equal  spheres,  are  to  each  other  as 
the  altitudes  of  the  zones  or  segments,  and  the  surface  of  any 
zone  or  segment  is  to  that  of  the  whole  sphere  as  the  altitude 
of  the  zone  or  segment  to  the  attitude  or  diameter  of  the 
sphere. 

paoposmoN  xxm.    theorem. 

The  solidity  of  a  sphere  is  equal  to  the  product  of  its  circumftf' 
ence  multiplied  by  one-third  of  its  radius. 

For  it  has  been  shown  (Prop.  XXII.)  that  the  solidity  of  a 
regular  poledroid,  whatever  be  the  number  of  the  sides  of  iti   . 
generating  polygon,  is  equal  to  its  surface,  multiplied  by  on^   . 
third  of  the  radius  of  the  inscribed  sphere.     Let  the  number  of 
the  sides  of  the  polyedroid  be  indennitely  increased,  and  the 
polyedroid  at  length  becomes  identical  with  the  sphere  about 
which  it  is  supposed  to  be  described,  and  the  proposition  it 
still  true.     Therefore  the  solidity  of  a  sphere  is  equal  to  the 
product  of  its  surface  multiplied  by  one-third  of  its  radius. 

Scholium  1.  This  Proposition,  as  well  as  Proposition  XXL 
might  be  deduced  directly  from  Proposition  X vl.  and  XIV, 
Scholium  5,  by  supposing  the  sphere  or  polyedroid  to  conrist 
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y{  an  indefinite  number  of  indefinitely  small  pyramidal  portions 
whose  bases  are  in  the  surface  and  whose  vertices  are  all  in 
the  centre  of  the  sphere. 

Scholitim  2.  From  the  alibve  it  appears  that  any  pyramid- 
al portion  of  a  sphere  whose  base  is  a  portion  of  the  spherical 
surface,  is  equal  to  the  product  of  that  spherical  base  multipli- 
ed by  one-third  of  its  altitude  on  that  base.  Hence  we  have 
four  classes  of  pyramidals,  viz:  those  with  spherical,  cvlindrical, 
conical,  and  plain  bases,  all  of  which  are  equal  to  their  bases 
multiplied  by  one-third  of  their  altitudes,  when  their  vertices 
are  situated  in  the  centre  of  curvature  of  their  bases. 

Cor.  1.  And  any  spherical  sector  is  also  equal  to  one  third 
of  the  product  of  its  spnerical  surface  multiplied  by  the  radius 
of  the  sphere. 

Car.  2.  The  surfaces  of  spheres  being  as  the  squares  of 
thrir  radii,  these  surfaces  multiplied  by  one-third  their  radii,  are 
as  the  cubes  of  the  radii.  Therefore  the  solidities  of  two  spheres 
are  as  the  cubes  of  their  radii,  or  as  the  cubes  of  their  diameters, 
and  the  same  is  also  true  of  similar  polyedroids. 

Scholium  3.  Let  R  be  the  radius  of  a  sphere,  its  surface 
will  be  4^R%  and  ite  solidity  4«^R'XiR,  or  frR*.  If  we  call 
D  the  diameter  we  shall  have  R=|D,  and  R*=|D' ;  therefore 
the  solidity  will  also  be  expressed  by  f^'X^D'  or  |«'D\ 


PROPOSmON   XXIV.      THEOREM. 

Tke  surface  of  a  sphere  is  to  the  whole  surface  of  the  circum- 
scribed cylinder 9  including  its  bases,  as  2  is  to  3  ;  and  the  so- 
lidities of  these  two  bodies  are  to  each  other  in  the  same  ratio. 

Let  MPNQ  be  a  great  circle  of  the 
sphere ;  ABCD  the  circumscribed  square: 
it  the  scftnicircle  PMQ  and  the  half  square 
PADQ  are  at  the  same  time  made  to  re- 
volve about  the  diameter  PQ,  the  semi- 
circle will  generate  the  sphere,  while  the 
half  equare  will  generate  the  cylinder 
drcumscribed  about  the  sphere. 

The  altitude  AD  of  the  cylinder  is 
equal  to  the  diameter  PQ ;  the  base  of 
the  cylinder  is  equal  to  the  great  circle,  since  its  diameter  AB 
is  equal  to  MN  ;  hence,  the  convex  surface  of  the  cylinder  is 
equal  to  the  circumference  of  the  great  circle  multiplied  by  its 
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diameter  fProp.  I.)*  The  measure  is  the  same  as  that  of  the 
surface  of  the  sphere  (Prop.  XXII.) :  hence  the  surface  of  the 
sphere  is  equal  to  tJie  convex  surface  of  the  circumsaibed 
cylinder. 

But  the  surface  of  the  sphere  is  equal  to  four  great  circles ; 
hence  the  convex  surface  of  the  cylinder  is  also  equal  to  four 
great  circles :  and  adding  the  two  bases,  each  equal  to  a  j^reat 
circle,  the  total  surface  of  the  circumscribed  cylinder  will  be 
equal  to  six  great  circles  ;  hence  the  surface  of  the  sphere  is 
to  the  total  surface  of  the  circumscribed  cylinder  as  4  is  to  6, 
or  as  2  is  to  3 ;  which  was  the  first  branch  of  the  Proposition. 

In  the  next  place,  since  the  base  of  the  circumscribed  cylin- 
der is  equal  to  a  great  circle,  and  its  altitude  to  the  diameter, 
the  solidity  of  the  cylinder  will  be  equal  to  a  great  circle  mul- 
tiplied by  its  diameter  (Prop.  II.)  But  the  solidity  of  the 
sphere  is  equal  to  four  great  circles  multiplied  by  a  third  of  the 
radius  (Prop.  XXIII.) ;  m  other  terms,  to  one  great  circle  mul- 
tiplied by  I  of  the  radius,  or  by  |  of  the  diameter ;  hence  the 
sphere  is  to  the  circumscribed  cylinder  as  2  to  3,  and  conse- 
quently the  solidities  of  these  two  bodies  are  as  their  surfaces. 

PROPOSITION    XXV.      THEOREM. 

The  sphere  is  equal  to  a  vertical  hexadrcid  whose  axis  and  later' 
al  diameter  are  each  equal  to  the  diameter  of  the  sphere^  and 
the  side  of  whose  generating  hexagon  parallel  to  the  axis,  it 
equal  to  the  radium  of  the  sphere. 

For  since  it  has  been  proved  (Prop.  XXIV.)  that  the  sphere 
is  equal  to  two-thirds  its  circumscribmg  cylinder,  and  since  a 
vertical  quadredroid  or  double  cone  is  equal  to  one-third  of  its 
circumscribing  cylinder,  therefore  the  sphere  is  equal  to  half 
the  circumscribing  cylinder  +  half  the  inscribed  vertical  quad- 
redroid. But  the  hexadroid  generated  by  the  revolution  of 
the  hexagon  whose  vertical  axis  and  conjugate  diameter  are 
each  equal  to  the  diameter  of  the  sphere,  and  whose  sides 
parallel  to  the  axis  is  equal  to  the  radius  of  the  sphere,  mav  be 
resolved  into  a  cylinder  =  to  half  the  cylinder  circumscribing 
a  sphere,  and  two  cones,  which  together  form  a  vertical  quad- 
redroid  =  to  half  the  vertical  quadredroid  inscribed  in  the 
sphere. 

Cor.  Since  a  cone  is  equivalent  to  a  vertical  quadredroid, 
when  the  base  of  the  cone  is  equal  to  the  conjugate  section  of 
the  quadredroid,  and  if  its  altitude  is  equal  to  the  vertical  axis 
of  the  quadredroid,  it  follows  that  a  sphere  is  equal  to  a  cylin- 
der of  equal  diameter  therewith  whose  altitude  is  equal  to  the 
radius  +  a  cone  of  equal  base  and  altitude  with  the  cylinder. 
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Creneral  Scholium, 

Let  R  be  the  radius  of  a  cylinder's  base,  H  its  altitude ; 
>nvex  surface  will  be  2Rx«'XH=2irRH. 
»d  its  solidity  will  be  «rxR'X  H=irR«H.    Or  if  we  let  C 
e  convex  surface,  R  the  radius  of  its  base,  the  solidity 
)e  jRxC,  oriRC. 

Let  R  be  the  radius  of  a  cone's  base,  H  its  altitude,  and 
slant  height,  then  will  its  convex  surface  be 
*XiS=rflS. 

id  its  solidity  will  be  ^rR^x^H,  or  ^^rR«H.  Or  let  C  be 
onvex  surface,  and  P  a  perpendicular  drawn  to  such  sur- 
from  the  centre  of  the  base,  then  the  solidity  will  be 
P  or  iCP. 

Let  R  and  r  be  the  radii  of  the  bases  of  a  truncated  cone, 
altitude,  and  S  its  slant  height,  then  will  its  convex  sur- 
be  (^rX2R+«rX2r)XiS=<rRS+<rrS. 
id  its  solidity  will  be  ^irH(R'+r'+Rr.) 
Let  R=the  radius  of  a  sphere  inscribed  in  a  regular  poly, 
d  having  two  conical  vertices,  and  D'  the  diameter  of  the 
mscribed  sphere ;  2«rRD'  will  express  the  surface,  and 
CK  will  express  the  solidity  of  the  polyedroid. 
the  axis  of  the  polyedroid  terminates  in  two  plane  bases ; 
if  r=the  radius  of  the  circle  forming  one  of  its  equal 

I,  its  surface  will  be=(2R+-Tr)x2<rR=:4irR»+«rr.    And 

lidity  willrrrl^R'+J-rRr*. 

the  polyedroid  have  one  conical  vertice  and  one  plane 

and  if  A=its  axis,  then(A+^)x2^R=2*RA+i*r*= 

surface.    And  |flrR'A+J'rr'R=the  solidity  when  «r  repre- 
the  ratio  of  the  circumference  to  the  diameter. 
Let  R  be  the  radius  of  a  sphere,  its  circumference  will  be 
[I,  or  2yR,  its  surface  will  be  2'a'Rx2R=4^R'.   And  its 
tv  will  be  4irR«xiR=|<rR«. 

Let  R  be  the  radius  or  a  spherical  sector,  and  H  the  alti- 
of  the  zone  which  forms  its  spherical  surface,  then  will 
>herical  surface  of  the  sector  be  2irRxH  or  2«'RH.  And 
lidity  will  be  2irRHxiR=JirR«H. 
Let  P  and  Q  be  the  two  bases  of  a  spherical  segment,  H 
itude ;  its  surface  will  be  2irRxH=2irRH.  And  if^  and 
he  altitudes  of  the  external  segments,  its  solidity  will  ba 

[xiR+PxKR— i')+Qxi(R— ?). 
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BOOK  IV. 

ISOPERIMETRY  OF  SOLIDS. 
PR0P08ITI0N  I.     THEOREM. 

Of  all  prisms  of  the  same  aUitude^  whose  base  is  given  in 
nitude  and  species,  or  figure^  the  right  prism  has  the  sm 
surface. 

For,  the  area  of  each  face  of  the  prism  is  proportion 
its  height ;  therefore  the  area  of  each  face  is  the  sm 
when  its  height  is  the  smallest :  that  is  to  say,  when  it  is  < 
to  the  altitude  of  the  prism  itself:  and  in  that  case  the  ] 
is  evidently  a  right  prism. 

PROPOSITION    II.      THEOREM. 

Of  all  prisms  whose  base  is  given  in  magnitude  and  sp 
and  whose  lateral  surface  is  the  same,  the  right  prism  h 
greatest  altitude,  or  the  greatest  capacity. 

This  is  the  converse  of  the  preceding  theorem,  and 
readily  be  proved  after  the  manner  of  Prop.  II.  B.  V.  EL  i 

PROPOSITION    III.      THEOREM. 

Of  all  right  prisms  of  the  same  altitude,  whose  bases  are 
in  magnitude,  and  of  a  given  number  of  sides,  that 
base  is  a  regular  figure  has  the  smallest  surface. 

For,  the  surface  of  a  ri^ht  prism  of  given  altitude,  an< 
given  in  magnitude,  is  evidently  proportional  to  the  peri 
of  its  base.  But  (Prop.  VIII.  B.  V  L  El.  Oeom.)  the  base 
given  in  magnitude,  and  having  a  given  number  of  sid 
perimeter  is  smallest  when  it  is  regular :  whence,  the  tr 
the  proposition  is  manifest. 


r 
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PROPOSITION   IV.     THEOREM. 

Of  two  right  prisms  of  the  same  altitude^  and  with  irregular 
bases  equal  in  surface^  that  whose  base  has  the  greatest  num- 
ber of  sides  has  the  smallest  surface ;  and^  in  particular,  the 
right  cylinder  has  a  smaller  surface  than  any  prism  of  the 
same  altitude  and  the  same  capacity. 

The  demonstration  is  analogous  to  that  of  the  preceding 
theorem,  being  at  once  deducible  from  Propositions  VII.  and 
XII.  B.  VI.  EL  Geom. 

PROPOSITION    V.     THEOREM. 

Of  all  right  prisms  whose  altitudes  and  whose  whole  surfaces 
are  equal,  and  whose  hoses  have  a  given  number  of  sides,  that 
whose  base  is  a  regular  figure  is  the  greatest. 

Let  P,  P'  be  two  riffht  prisms  of  the  same  name,  equal  in 
altitude,  and  equal  Whole  surface,  the  first  of  these  having  a 
regular,  the  second  an  irregular  base :  then  is  the  base  of  the 
prism  P  less  than  the  base  of  the  prism  P'. 

For,  let  P'  be  a  prism  of  equal  altitude,  and  whose  base  is 
equal  to  that  of  the  prism  P,  and  similar  to  that  of  the  prism 
P.  Then  the  lateral  surface  of  the  prism  P"  is  smaller  than 
the  lateral  surface  of  the  prism  P'  (Prop.  III.) :  hence,  the 
total  surface  of  P"  is  smaller  than  the  total  surface  of  P',  and 
therefore  (by  hypothesis)  smaller  than  the  whole  surface  of  P. 
But  the  prisms  P"  and  P  have  equal  altitudes  and  similar 
bases ;  therefore  the  dimensions  of  the  base  of  P''  are  smaller 
than  the  dimensions  of  the  base  of  P.  Consequently  the  base 
of  P',  or  that  of  P',  is  less  than  the  base  of  P ;  or  the  base  of 
P  greater  than  that  of  P'. 

PROPOSITION   VI.      THEOREM. 

Of  two  right  prisms,  having  equal  altitudes,  equal  total  sur- 
faces, and  regular  bases,  that  whose  base  has  the  greatest 
number  of  sides,  has  the  greatest  capacity.    And,  in  particu- 
lar, a  right  cylinder  is  greater  than  any  right  prism  of  equal 
altitude  and  equal  total  surface. 

The  demonstration  of  this  is  similar  to  that  of  the  preceding 
propocition,  and  flows  from  Prop.  IV. 
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PROPOSITION    VII.      THEOREM. 

The  greatest  paralklopipedon  which  can  be  contained  under  the 
three  parts  of  a  given  line,  any  way  taken^  untt  be  that  con- 
stituted of  equal  kngth^  breadth^  and  depth. 

For,  let  AB  be  the  given  line,  and, 

if  possible,  let  two  parts  AE,  ED,  be       j- — j- — 4 

unequal.  Bisect  AD  in  C,  then  will  A  C  JB  D  B 
the  rectangle  under  AE  (=  AC+CE) 

and  ED  (= AC— CE),  be  less  than  AC%  or  than  AC  .  CD,  by 
the  square  of  CE,  (Prop.  XII.  B.  IV.  El  Geom.)  Conse- 
quently, the  solid  AE  .  ED .  DB,  will  be  less  than  the  solid 
AC  .  CI)  .  DB  ;  which  is  repugnant  to  the  hypothesis. 

Cor,  Hence,  of  all  the  rectangular  parallelopipedons,  hav- 
ing the  sum  of  their  three  dimensions  the  same,  the  cube  ii 
the  greatest. 

PROPOSITION    VIII.      THEOREM. 

The  greatest  paralklopipedon  that  can  possibly  be  contained 
under  the  square  of  one  part  of  a  given  line^  and  the  other 
part,  any  way  taken,  will  be  when  the  former  part  is  the 
double  of  the  latter. 

Let  AB  be  a  given  line,  and 
AC=2CB,  then  is  AC .  CB  the  1  — '  i       i     ^ 


greatest  possible.  A        D'     D         C'     C    B 

For,  let  AC  and  CB  be  any  other  parts  into  which  the  given 
line  AB  may  be  divided ;  and  let  AC,  AC',  be  bisected  in  D, 
D',  respectively.  Then  shall  AC .  CB=4AD .  DC .  CB  (Prop. 
X.  Cor.  1.  B.  IV.  El.  Geom,),  >4AD' .  D'C.  CB,  or  greats 
than  its  equal  CA'  .  C'B,  by  the  preceding  theorem. 


PROPOSITION    IX.       THEOREM. 


Of  all  right  parallelopipedons  given  in  magnitude,  that  which 
has  the  smallest  surface  has  all  its  faces  squares,  or  is  a  cube. 
And  reciprocally,  of  all  parallelopipedons  of  equal  sutface, 
the  greatest  is  a  cube. 

For,  by  Propositions  III.  and  V.,  the  right  parallelopipedon 
having  the  smallest  surface  with  the  same  capacity,  or  the 
greatest  capacity  with  the  same  surface,  has  a  square  for  its 
base.    But,  any  face  whatever  may  be  taken  for  a  base :  there- 
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fore,  in  the  parallelopipedon  whose  surface  is  smallest  with  the 
same  capacity,  or  whose  capacity  is  the  greatest  with  the  same 
surface,  any  two  opposite  faces,  whatever,  are  squares :  conse- 
qoentiy,  this  parallelopipedon  is  a  cube. 

PROPOSITION   X.      THEOREM. 

The  capacities  of  prisms  circumscribing  the  same  right  cylinder , 
are  respectively  as  their  surfaces^  whether  total  or  lateral. 

For,  the  capacities  are  respectively  as  the  bases  of  the 
prisms ;  that  is  to  say,  (Prop.  IX.  B  Vl.  EL  Geom.,)  as  the 
perimeters  of  their  bases ;  and  these  are  manifestly  as  the 
lateral  surfaces :  whence  the  proposition  is  evident. 

Cor.  The  surface  of  a  right  prism  circumscribing  a  cvlin- 
der,  is  to  the  surface  of  that  cylinder  as  the  capacity  of  the 
foraier  to  the  capacity  of  the  latter. 

PROPOSITION  XI.       THEOREM. 

The  Archimedean  cylinder  has  a  smaller  surface  than  any  other 
right  cylinder  of  equal  capacity ;  and  it  is  greater  than  any 
other  right  cylinder  of  equal  surface. 

Let  C  and  C'  denote  two  right  cylinders,  of  which  the  first 
is  Archimedean,  the  other  not :  then, 

Ist,  if C=C',  surf.  C<surf.  C. 

2dly,  if  surf.  C^surf.  C',  C>C'. 

For,  having  circumscribed  about  the  cylinders,  C,  C,  the 
right  prisms  P,  P',  with  square  bases,  the  former  will  be  a  cube, 
the  latter  not :  and  the  following  series  of  equal  ratios  will 
obtain,  viz :  C  :  P  :  :  surf.  C  :  surf,  P  :  :  base  C  :  base  P  :  : 
base  C  :  base  F  :  :  C  :  F  :  :  surf.  C  :  surf  F. 

Then,  1st :  when  C=C'.  Since  C  :  P  :  :  C  :  F,  it  follows 
that  P=P' ;  and  therefore  (Prop.  IX.)  surf  V<surf.  F.  But, 
surf.  C  :  surf.  P  :  :  surf.  C  :  surf  P' ;  consequently  surf.  C< 
fip/.C. 

2dly :  when  surf.  C=surf.  C.  Then,  since  surf.  C  :  surf. 
P  :  :  surf.  C  :  sutf.  P',  it  follows  that  surf.  P=  surf.  P' ;  and 
therefore  (Prop.  IX.)  P>F.  But  C  :  P  :  :  C  :  F  ;  conse- 
qaently  C>C'. 
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PROPOSITION    XII.      THEOREM. 

Of  all  right  prisms  whose  bases  are  circumscribabk  abauX  cir- 
cleSf  and  given  in  species^  thai  whose  altitude  is  double  the 
radius  of  the  circle  inscribed  in  the  base,  has  the  smallest  sur- 
face with  the  same  capacity,  and  the  greatest  capacity  with 
the  same  surface. 

This  may  be  demonstrated  exactly  as  the  preceding  theo- 
rem, by  supposing  cylinders  inscribed  in  the  prisms. 

Scholium.  If  the  base  cannot  be  circumscribed  about  t 
circle,  the  right  prism  which  has  the  minimum  surface  or  the 
maximum  capacity,  is  that  whose  lateral  surface  is  quadruple 
of  the  surface  of  one  end,  or  that  whose  lateral  surface  is  two- 
thirds  of  the  total  surface.  This  is  manifestly  the  case  with  the 
Archimedean  cylinder ;  and  the  extension  of  the  property  de- 
pends solely  on  the  mutual  connection  subsisting  between  the 
properties  of  the  cylinder,  and  those  of  circumscribing  prisms. 

PROPOSITION  XIU.      THEOREM. 

The  surfaces  of  right  cones  circumscribed  about  a  sphere,  an 

as  their  solidities. 

For,  it  may  be  demonstrated,  in  a  manner  analogous  to  the 
demonstrations  of  Prop.  IX.  B.  VL  El.  Creom.,  and  Prop.  X.,  that 
these  cones  are  equal  to  right  cones  whose  altitude  is  equal  to 
the  radius  of  the  inscribed  sphere,  and  whose  bases  are  equal 
to  the  total  surfaces  of  the  cones :  therefore  the  surfaces  and 
solidities  are  proportional. 

PROPOSITION  XIV.      THEOREM. 

The  surface  or  the  solidity  of  a  right  cone  circumscribed  about 
a  sphere,  is  directly  as  the  square  of  the  com^s  altitude,  and 
inversely  as  the  excess  of  that  altitude  over  the  diameter  of 
the  sphere. 

Let  VAT  be  right-angled  triangle,  which,  by  ^ 
its  rotation  upon  VA  as  an  axis,  generates  a  right 
cone ;  and  BDA  the  semicircle  which,  by  a  like   b 
rotation  upon  VA,  forms  the  inscribed  sphere : 
then,  the  surface  or  solidity  of  the  cone  varies   c 

VA« 
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For,  draw  the  radius  CD  to  the  point  of  contact  of  the  semi- 
circle and  VT.     Then,  because  the  triangles  VAT,  VE)C,  are 
nmilar,  it  is  AT  :  VT  :  :  CD  :  VC. 
And.  by  compos.,  AT  :  AT+VT  :  CD  :  CD+CV=VA ; 
Therefore  AT* :  (AT+VT)  AT  :  :  CD  :  VA,  by  mul- 

tiplying the  terms  of  the  first  ratio  by  AT, 
But,  because  VB,  VD,  VA,  are  continued  proportionals, 
it  is  VB  :  V  A  :  :  VD* :  VA' :  :  CD*  :  AT*  by  similar  triangles. 
But  CD  :  VA  :  :  AT* :  (AT+VT)  AT  by  the  last ;  and  these 
mult  give  CD .  VB  :  VA* :  :  CD* :  (AT+VT)  AT, 

VA« 
or  VB  :  CD  :  :  VA* :  (AT+VT)  AT=CD.;^ 

But  the  surface  of  the  cone,  which  is  denoted  by  S .  AT'+ 

S .  AT .  VT,  is  manifestly  proportional  to  the  first  member 

of  this  equation,  is  also  proportional  to  the  second  member ; 

AV* 
or,  since  CD  is  constant,  it  is  proportional  tO:r^or  to  a  third 

proportional  to  BV  and  AV.  And,  since  the  capacities  of  these 
circumscribing  cones  are  as  their  surfaces  (Prop.  XIII.)  the 
truth  of  the  whole  proposition  is  evident. 

PROPOSITION    XV.       THEOREM. 

The  difference  of  two  right  lines  being  given^  the  third  propor- 
tional to  the  less  and  the  greater  of  them  is  a  minimum  when 
the  greater  of  those  lines  is  double  the  other. 

Let  AV  and  BV  be  two  right 
Imes,  whose  diflference  AB  is 


given,   and  let  AP  be  a  third   A         h  ^  P 

proportional   to    BV  and  AV; 

then  is   AP  a  minimum  when  AV.=2BV. 

For,  since   AP  :  AV  :  :  AV  :  BV  ; 

By  division  AP  :  AP— AV  :  :  AV  :  AV— BV ; 

That  is,       AP  :  VP  :  :  A  V  :  AB. 

Hence  VP .  AV= AP .  AB. 

But  VP.  AV  is  either  =  or  <iAP*  (Prop.  X.  Cor.  1.  B. 
IV.  EL  Geom.9  and  Prop.  VII.  of  this  book.) 

Therefore  AP.  AB<iAP:  whence  4AB  <AP,  or  AP  >4 
AB.  Consequently,  the  minimum  value  of  AP  is  the  quadruple 
of  AB ;  and  in  that  case  PV= VA=2AB. 
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PROPOSITION   XVI.      THBORBM. 

Of  all  right  cones  circumscribed  about  the  same  sphere,  the 
smallest  is  that  whose  altitude  is  double  the  diameter  of  the 
sphere. 

VA* 
For  (Prop.  XIV.)  the  solidity  varies  as:^^  (see  diagram  to 

that  Prop.),  and  (Prop.  XIV.)  since  VA — VB  is  given,  the  third 

VA* 

proportional:™^  is  a  minimum  when  VA=2AB. 

Cor.  1.  Hence,  the  distance  from  the  centre  of  the  sphere 
to  the  vertex  of  the  least  circumscribing  cone,  is  triple  the  ra- 
dius of  the  sphere. 

Cor.  2.  Hence,  also,  the  side  of  such  cone  is  triple  the  ra- 
dius of  its  base. 

PROPOSITION    XVII.      THEOREM. 

The  whole  surface  of  a  right  cone  being  given,  the  inscribed 
sphere  is  the  greatest  when  the  slant  side  of  the  cone  is  triple 
the  radius  of  its  base. 

For,  let  C  and  C  be  two  right  cones  of  equal  whole  surface, 
the  radii  of  their  respective  inscribed  spheres  being  denoted  by 
R  and  R' ;  let  the  side  of  the  cone  C  be  triple  the  radius  of  its 
base,  the  same  ratio  not  obtaining  in  C ;  and  let  C"  be  a  cone 
similar  to  C,  and  circumscribed  about  the  same  sphere  with  C. 
Then,  (Prop.  XV.)  surf.  C"<  surf.  C ;  therefore  suff.  C"< 
surf.  C.  But  C"  and  C!  are  similar,  therefore  all  the  dimen- 
sions of  C"  are  less  than  the  corresponding  dimensions  ofC: 
and  consequently  the  radius  R'  of  the  sphere  inscribed  in  C^ 
or  in  C\  is  less  than  the  radius  R  of  the  sphere  inscribed  in  C, 
or  R>R'. 

Cor.  The  capacity  of  a  right  cone  being  given,  the  inscrib- 
ed sphere  is  the  greatest  when  the  side  of  the  cone  is  triple 
the  radius  of  its  base. 

For  the  capacities  of  such  cones  vary  as  their  surfaces, 
(Prop.  XIII.) 
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PROPOSITION   ZVIir.      THEOREM. 

7/  right  canes  of  equal  whole  surface^  the  greatest  is  that 
lose  side  is  triple  tne  radius  of  its  base :  and  reciprocaUy^ 
all  right  cones  of  equal  capacity^  that  whose  side  is  triple 
;  radius  of  its  base  has  the  least  surface. 

»r  (Prop.  XII.)  the  capacity  of  a  right  cone  is  in  the  corn- 
el ratio  of  its  whole  surface  and  the  radius  of  its  inscribed 
re.  Therefore,  the  whole  surface  being  given,  the  capa- 
\s  proportional  to  the  radius  of  the  inscribed  sphere :  and 
Miuently  is  a  maximum  when  the  radius  of  the  inscribed 
re  is  such :  that  is,  (Prop.  XVII.)  when  the  side  of  the 
is  triple  the  radius  of  the  base. 

;ain,  reciprocally,  the  capacity  being  given,  the  surface  is 
5  inverse  ratio  of  the  sphere  inscribed :  therefore,  it  is 
smallest  when  the  radius  is  the  greatest ;  that  is,  (Prop. 
I.)  when  the  side  of  the  cone  is  triple  the  radius  of  its 


PROPOSITION    XIX.       THEOREM. 

lurfaces^  whether  total  or  lateral,  of  pyramids  circumscribed 
out  the  same  right  cone,  are  respectively  as  their  solidities. 
%d,  in  particular,  the  surface  of  a  pyramid  circumscribed 
out  a  cone,  is  to  the  surface  of  that  cone,  as  the  solidity  of 
*,  pyramid  is  to  the  solidity  of  the  cone ;  and  these  ratios 
t  equal  to  those  of  the  surfaces  or  the  perimeters  of  the  bases. 

}T  the  capacities  of  the  several  solids  are  respectively  as 
bases  ;  and  their  surfaces  are  as  the  perimeter  of  those 

! :  so  that  the  proposition  may  manifestly  be  demonstrated 
chain  of  reasoning  exactly  like  that  adopted  in  Prop. 

8,  VI.  EL  Geom. 


PROPOSITION   XX.      THEOREM. 

hose  of  a  right  pyramid  being  given  in  species,  the  capad^ 
of  that  pyramid  is  a  maximum  with  the  same  surface,  and 
the  contrary,  the  surface  is  a  minimum  with  the  same  capa- 
y,  when  the  height  of  one  face  is  triple  the  radius  of  the  circle 
fcribed  in  the  base. 

^  P  and  P'  be  two  right  pyramids  with  similar  bases,  the 
It  of  one  lateral  face  of  r  being  triple  the  radius  of  the 

10 
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circle  inscribed  in  the  base,  but  this  proportion  not  obtaining 
with  regard  to  P' :  then 

First.  Usuff.  P=  surf.  F,  P  >P'. 
Secondly.  If.  .  .  P=  .  .  .  F,  surf.  P,<  surf.  P'. 
For,  let  C  and  C  be  right  cones  inscribed  within  the  pyramids 
Pand  P' :  then  in  the  cone  C,  the  slant  side  is  triple  the  radius 
of  its  base,  while  this  is  not  the  case  with  respect  to  the  cone 
C  Therefore,  if  C=C',  surf.  C<  surf.  C  and  if  surf.  C  = 
surf.  C  .  C>  C  (Prop.  XVJII.) 

But  1st.  surf.  P  :  surf.  C  :  :  surf.P'  :  surf.  C' ; 
whence,  if  surf.  P  =  surf.  P'  surf  C  =  surf.  C'  ; 
therefore  C>  C.     But  P  :  C  :  :  F  :  C.    Therefore  P  >  F. 

2dly,  P  :  C  :  :  F  :  C  Therefore  if  P=F,  C=C'  :  conse- 
quently surf.  C  <  surf  C.  But,  surf.  P  :  surf.  C  :  :  surf.  P : 
surf.  C.     Whence,  surf  P  <  surf.  r'. 

Cor.  The  regular  tetraedron  possesses  the  property  of  the 
minimum  surface  with  the  same  capacity,  and  of  the  maximum 
capacity  with  the  same  surface,  relatively  to  all  right  pyramids 
with  equalatcral  triangular  bases,  and,  a  fortiori,  relatively  to 
every  other  triangular  pyramid. 

PROPOSITION    XJCT.       THEOREM. 

If  a  regular  polyedroid  be  formed. by  the  revolution  of  apofy' 
gon  about  an  axis  which  terminates  in  two  opposite  vertices ; 
and  if  another  regular  polyedroid  he  formed  by  the  revolution 
of  the  same  polygon  about  an  axis  bisecting  its  opposite 
sidesy  the  former  polyedroid  will  be  greater  than  the  latter* 
both  in  surface  and  solidity. 

For,  (Prop.  XVIII.,  B.  III.,)  the  surface  of  the  vertical  poly- 
edroid is  equal  to  the  circumference  of  its  inscribed  sphere 
multiplied  by  the  diameter  of  its  circumscribed  sphere  or  the 
axis  of  the  polyedroid,  and  (Prop.  XIX.,  B.  III.)  the  surface  of 
a  polyedroid  whose  axis  terminates  in  two  opposite  bases,  is 
equal  to  the  circumference  of  its  inscribed  sphere  into  the  sum 
of  its  diameter  plus  a  fourth  proportional,  whose  first  term  is 
the  diameter  of  the  inscribed  sphere ;  the  two  means  are  the 
radii  of  the  circle  forming  one  of  the  bases. 

Hence  the  surface  of  the  vertical  polyedroid  is  greater  than 
one  whose  axis  terminates  in  two  opposite  plane  bases ;  aD<i 
since  (Prop.  XX.  B.  III.)  the  solidity  of  a  regular  polyedroid 
is  equal  to  its  surface  multiplied  by  one-third  of  the  radius  of 
the  inscribed  sphere,  it  follows  that  the  solidity  of  the  former 
is  laso  greater  than  that  of  the  latter. 
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PROPOSITION  XXII.      THEOREM. 

hedroids  cf  equal  surfaces^  the  greatest  is  that  which 
loTt  or  which  may  be  inscribed  within  a  sphere^  and 
tcribed  about  one. 

nay  be  inferred  from  Proposition  VI.,  B.  VI.,  EL 

PROPOSITION   XXIII.      THEOREM. 


»• 


ities  of  regular  polyedroids,  and  also  of  regular  poly- 
f  circumscribed  about  the  same  or  equal  spheres^  are 
"  surfaces. 

hatever  be  the  surfaces  or  the  number  of  sides  of  a 
d,  or  a  polyedron  circumscribed  about  a  sphere,  its 
{  equal  to  its  surface  multiplied  by  one-third  of  the 
the  inscribed  sphere :  hence,  whatever  be  the  ratio 
irfaces  of  polyedroids,  or  polyedrons,  circumscribed 
i  same  or  equal  spheres  must  also  be  the  ratio  of  their 


Hence,  also,  the  solidities  of  polyedroids  and  polye- 

:umscribed  about  a  sphere,  are  to  the  solidity  of  the 

their  respective  surfaces  to  the  surface  of  the  sphere. 


pROPosrrioN  xxnr.     theorem. 

TuJar  polyedroids^  the  sum  of  the  diameters  of  whose 
scribed  and  inscribed  spheres  are  equals  that^  toe  differ- 
'whose  inscribed  and  circumscribed  spheres  is  the  leasts 
rreatestf  both  in  surface  and  solidity. 

'  the  polyedroid  is  a  vertical  polyedroid,  its  surface  is 
rop.  aIX.,  B.  III.)  to  the  circumference  of  the  in- 
phere,  multiplied  by  the  diameter  of  the  circumscribed 

I 
fore,  when  this  product  is  the  greatest,  then  will  the 
te  the  greatest. 
=the  circumference  of  the  sphere  whose  diameter  is 

c^the  ratio  of  the  circumference  to  the  diameter ; 
l+a=the  diameter  of  the  circumscribed  sphere,  and 
e  diameter  of  the  inscribed  sphere ;  then  will  (1 — a) 

circumference  of  the  inscribed  sphere,  and  the  surface 
yedroid  will be=(ir — *a)x{l+a)=it — ita\  which  val- 
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ue  is  evidently  greater  as  the  value  of  a  is  smaller,  and  is 
smaller  as  a  is  greater ;  and  since  the  solidity  of  a  polyedroid 
circumscribed  about  a  sphere,  is  as  its  surface,  it  follows  that 
the  soliditv  increases  as  a  diminishes,  and  diminishes  as  a  in- 
creases :  this  may  also  be  shown  in  relation  to  a  polyedroid 
whose  axis  terminates  in  two  opposite  bases. 

Cor.  1.  Hence,  also,  of  polyedroids,  the  sum  of  the  diame- 
ters of  whose  circumscribed  and  inscribed  spheres  are  equal ; 
that,  the  difference  of  whose  circumscribed  and  inscribed 
spheres  is  the  least,  is  the  greatest  both  in  surface  and  solidity, 
and  reciprocally. 

Cor,  2.  And,  since  it  is  sufficiently  evident  that  the  greater 
the  number  of  sides  of  a  polyedroid,  or  of  a  polyedron,  the 
sum  of  the  diameters  of  whose  inscribed  and  circumscribed 
spheres  is  given,  the  less  is  the  difference  of  the  diameters  of 
the  inscribed  and  circumscribed  spheres;  it  hence  becomes 
evident  that  the  greater  the  number  of  sides  of  a  polyedroid, 
or  of  a  polyedron,  the  sum  of  the  diameters  of  whose  inscribed 
and  circumscribed  spheres  is  given,  the  greater  is  the  surface 
and  solidity  of  each. 

Cor.  3.  Hence,  where  the  circumscribed  and  inscribed 
spheres  become  identical,  or  where  the  polyedroid  becomes  a 
sphere,  its  surface  as  well  as  its  solidity  is  a  maximum. 


PftOPOSinON    XXV.      THEOKElff. 

If  a  regular  polyedroid  and  a  reguhr  polyedron  he  both  inscri- 
bed iUf  and  circumscribed  about,  the  same  spheres,  the  polye- 
dron  will  be  greater  than  the  polyedroid  both  in  surface  and 
solidity. 

For,  let  any  zone  of  a  polyedroid,  made  by  a  plane  perpendicu- 
lar to  its  axis,  be  compared  with  a  correspondrog  zone  of  the 
polyedron,  and  smce  the  perimeter  of  a  polygon  is  greater 
than  the  circumference  of  its  inscribed  circle,  it  is  sufficiently 
manifest,  that  the  surface  of  the  zone  of  the  polyedron  is  great- 
er than  the  corresponding  zone  of  the  polvedroid,  since  they   - 
are  both  inscribable  in  and  circumscribable  about  the  same   - 
spheres  by  hypothesis ;  and  as  this  may  also  be  shown  in  refe-   ' 
rence  to  any  corresponding  zones  made  by  planes  perpendicoH 
lar  to  the  axis  of  the  polyedroid,  it  follows  that  the  whole  sin^ 
face  of  the  polyedron  is  greater  than  the  whole  surface  of  the   ^ 
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polyedroid.  And,  since  their  surfaces  are  as  their  solidities, 
(Prop.  XXIII.,)  hence  the  solidity  of  the  polyedroid  is  also 
greater  than  that  of  the  polyedron. 

Scholium.  1.     In  a  hexaedron,  or  cube  EB,      ^ 
the  diameter  of  the  inscribed  sphere  is  evidently 
equal  to  the  linear  edge  AB  of  the  hexaedron, 
and  the  diameter  of  the  circumscribed  sphere  is 
the  diagonal  AD=v/(AC'+CD')=v/(AB'4-BC' 

+CD')=  -v/SAB*;  hence,  if  the  diameter  of  the 
circumscribed  sphere=  10,  and  its  circumference  ^ 
=31.416,  then  will  the  diameter  of  the  circumscribed  sphere 

=  ^/3X  10*=17.3,  and  the  surface  of  a  polyedroid  similarly  in- 
scribed, would  be  31.416X17.3=543.4868,  (Prop.  XVIII.  B. 
ni.)  but  the  surface  of  the  hexaedron  is  10X10X6=600, 
which  is  greater  than  that  of  the  polyedroid. 

Scholium  2.  Perhaps  it  may  be  necessary  to  observe,  that 
1  regular  polyedroid  and  a  regular  polyedron  circumscribing 
ud  inscribed  in  the  same  spheres  is  impossible ;  but  this  will, 
nevertheless,  not  vitiate  our  reasoning  in  relation  to  their  pro- 
perties when  compared  with  each  other,  for  whether  they  are 
possible  or  impossible,  the  law  of  their  developments  is  never- 
theless manifest. 

PROPOSITION     XXVT.       THEOREM. 

A  sphere  is  to  any  circumscribing  solid,  bounded  by  plane  sur- 
faces, as  the  surface  of  the  sphere  to  that  of  the  circumscribing 
solid. 

For,  since  all  planes  touch  the  sphere,  the  radius  drawn  to 
each  point  of  contact  will  be  perpendicular  to  each  respective 
plane.  So  that,  if  planes  be  drawn  through  the  centre  of  the 
sriiere  and  through  all  the  edges  of  the  body,  the  body  will  be 
ffivided  into  pyramids  whose  bases  are  the  respective  planes, 
and  their  common  altitude  the  radius  of  the  sphere.  But  the 
capacity  of  the  sphere  is  equ^l  to  the  surface  multiplied  by 
ooe-third  of  its  radius.  Consequently,  the  capacity  of  the 
tphere,  is  to  that  of  the  circumscribing  solid,  as  the  surface  of 
toe  former  to  that  of  the  latter. 

Cor.  1.  All  circumscribing  cylinders,  cones,  polyedroids, 
dec,  are  to  the  sphere  they  circumscribe  as  their  respective 
rarfaces.  For  (Scholium  2.  Prop.  XXIII.  B.  III.)  the  solidi- 
ties of  cylinders,  cones,  and  polyedroids,  are  respectively  equal 

10* 
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to  their  surfaces  multiplied  by  one-third  of  their  respective 
vertical  or  central  distance,  which,  in  case  of  their  circum- 
scribing a  sphere,  is  the  radius  of  the  sphere. 

Cor.  2.  All  bodies  bounded  by  plane  surfaces,  or  by  sur 
faces  formed  by  the  revolutions  of  rectilineal  figures  circum- 
scribing the  same  sphere,  are  respectively  as  their  surfaces. 


As  pluie  angles  mav  be  meMored  bj  the  arc  of  a  circle,  so  solid  anglea 
uy  be  measured  bjr  the  portion  of  a  spherical  surface,  intercepted  b;  the 
planes  forming  the  solid  angles,  since  solid  angles  bear  the  same  rewlioii 
U  the  Hurlkcea  which  comprise  them,  as  plane  angles  do  to  the  lines  b; 
rbich  they  are  included ;  so  that,  as  in  the  latter,  it  is  not  the  magnitude 
of  the  lioea,  but  tbeit  mutQal  inclination,  which  determines  the  angles. 
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Id  addition  to  the  synimetncal  poljedroos  of  Legendre,  we  have  discuss- 
ed the  snt^t  of  elementary  prisms  and  pjrtamids ;  and  as  all  polyedrona 
ntaj  be  divided  into  triangiilar  pyramids,  these  I  have  regarded  as  the  ele- 
nents  of  all:  bat  mor«  particularly  the  pyiamids  of  equal  altitudes,  and. 
vhose  b*ses  are  of  a  sfmiltr  cbuitcteT,  are  regarded  as  elementary  to  the 
Mine  constituted  pyramid  or  poljedron.  And  wtten  these  elementary  pyra- 
nkls  are  all  equal  and  similar,  Chen,  in  their  associated  capacity,  they  may 
be  r^arded  as  symmetrical  by  association,  and  equal  by  symmetry  with 
neb  other.  It  should,  however,  be  borne  tn  mind,  that  the  designations 
tpuU  figures,  lymmetrieal  figures,  and  equiviUnt  figures,  are  desjffned  to 
Rpress  diflerent  qualities,  and  ought  not  to  be  confounded  with  each  other. 
The  term  equal,  when  applied  to  solid  as  well  as  plane  lizuree,  is  designed 
li  express  such  as  being  applied  to  each  other,  would  comcide  in  all  their 
puts. 

Now  symmetrica]  solids  may  be  similar  in  every  respect,  according  to 
irmmetricat  similariQr,  yet  incapable  of  such  coincidence. 
lie  term  equivalent  should  oe  applied  to  such  figures,  as  well  planes 
u  aolids,  as  an  equal  in  aurlace  or  solidity,  but  do  not  admit  of  coiuci- 


Let  there  be  a  prism,  AH,  whose  base  is  a  regn- 
iu  aotjaoD,  and  if   this    piism  is  divided   into  the 


neraf  trianndar  prisms  ABOKFP,  SDOIEP,  &c., 
llmse  trianginaT  uums  may  be  regarded  as  elemen- 
tuy  to  the  prism  AH,  and  each  of  the  similar  triangular 


(risms,  in  their  asaocialed  cajaci^,  may  be  regard- 
ed as  tymiDetrical  by  association,  and  equal  by  sym- 
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It  is  frequently  necessary  to  speak  of  the  product  of  a  line  by  a  line,  or 
of  a  surface  by  a  linef  &c.,  by  which  is  understood  the  product  of  the 
numbers  representing  those  lines,  surfiices,  &c.  In  this  sense  of  the 
word,  there  is  no  impropriety  in  its  use,  when  applied  to  magnitudes  of 
any  kind  which  admit  of  numerical  representation. 
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In  this  book  is  introduced  some  new  terms  and  definitions,  as  applied  to 
some  new  solids,  which  are  here  introduced  as  elementary  solios,  since 
they  are  capable  of  being  classified  and  ^neralized  to  the  same  extent 
as  others  wnich  have  usually  been  regarded  as  the  only  elementary  so- 
lids of  revolution. 

First,  we  have  introduced  the  term  conesectedj  as  applied  to  a  cone, 
conical  frustum,  or  a  cylinder,  having  a  conical  cavity  within.  Thus  we 
have  a  conesected  cone,  a  conesected  frustum  of  a  cane,  and  a  conesected 
cylinder.  This,  therefore,  supplies  a  general  designation  for  a  certain 
class  of  solids  not  heretofore  named ;  and  which,  from  their  obvious  con- 
nection with  elementary  geometry,  as  appears  in  the  text,  they  should 
not  only  be  included  in  the  mathematical  nomenclature,  but  their  pro- 
perties should  also  be  investigated. 

The  subject  of  pyramidals,  as  small  elementary  portions  of  conesected 
cylinders,  cones,  or  conical  frusta,  and  elementary  portions  of  other  solids 
of  revolution,  is  amply  discussed  in  this  book. 

The  definition  of  the  class  of  solids  formed  hy  the  revolution  of  a  se- 
mipolygon  about  an  axis,  is  rendered  polyedroid,  following  the  analogy 
of  polyedron,  as  applied  to  solids  terminated  by  plane  surfaces;  and  a 
solia  formed  from  tlie  revolution  of  any  particular  polygon  designated  by 
name,  receives  a  particular  designation,  following  the  analogy ;  thus  we 
have  the  ietredroid,  or  cone,  the  juadr&iroid,  which  nuiy  be  eitfier  a  cy- 
linder or  double  cone,  a  pentadroid,  a  hexadroidf  a  heptadroid,  &.c. 
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The  isoperimetry  of  solids  is  here  discussed  and  rendered  more  inte- 
resting, by  the  comparison  of  the  polvedroid  with  the  pol;^edron  and 
sphere.  The  subject  might  be  a  considerably  extended,  but  it  is  deem- 
ed best,  in  this  place,  to  compare  solids  only ;  as  their  relations  to  each 
other  depend  on  elementary  principles,  we  shall  have  occasion  to  resuntf 
this  subject  again  in  a  subsequent  volume,  in  connection  with  other 
classes  of  solids,  where  we  shall  be  able  to  bring  into  use  a  greater 
variety  of  principles  in  the  discussion. 
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THE  APPLICATION  OF  THE   FOREGOING  PRINCIPLES  TO  THE 

MENSURATION  OF  SOLIDS. 

The  common  measuring  unit  of  solids  is  a  cube^  whose  sides 
are  squares  of  the  same  name.  The  sides  of  a  cubic  inch  are 
square  inches ;  of  a  cubic  foot,  square  feet,  &c.  Finding  the 
capacity^  solidity^  or  solid  contents  of  a  body,  is  finding  the 
number  of  cubic  measures,  of  some  given  denomination  con* 
tained  in  the  body. 

In  soUd  measure. 

1728    cubic  inches=i  cubic  foot, 
27    cubic  feet     =  1  cubic  yard, 
4492 j  cubic  feet     =1  cubic  rod, 
32763000    cubic  rods    =1  cubic  mile, 
282    cubic  inches=l  ale  gallon, 
231    cubic  inche8=l  wine  gallon, 
2150.42    cubic  inches=l  bushel, 

1    cubic  foot  of  pure  water  weighs  1000  avoirdu- 
pois ounces,  or  62i  pounds. 

PROBLEM    I. 

To  find  the  solidity  of  a  prism. 

Rcn^E. — Multiply  the  area  of  the  base  by  the  height. 

This  is  a  general  rule,  applicable  to  parallelopipedons,  whe- 
ther right  or  oblique,  cubes  or  prisms. 

But  if  the  base  of  the  prism  is  a  regular  polygon,  muUiplv 
^  vertical  or  convex  surface  by  one-half  the  radius  of  the  circle 
inscribed  in  the  base.     (Prop.  XVIII.  Cor.  1.  B.  II.) 

Or,  if  the  prism  has  a  triangular  base,  multiply  either  of  its 
Ttctanjpdar  sides  by  half  the  distance  from  such  side,  or  such 
tide  produced^  as  a  base^  to  its  vertical  angle. 

As  surfaces  are  measured  by  comparing  them  with  some 
given  square  as  a  unit,  (Prop.  Vl.  Sch.  B.  IV.  El.  Geom.,)  so 
solids  are  measured  by  comparing  them  with  some  given  cube 
u  a  unit 
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1 

If  ABCD  be  the  base  of  a  right  paral- 
lelopipedon,  as  a  stick  of  timber  standing 
erect,  it  is  evident  that  the  number  of 
cubic  feet  contained  in  one  foot  of  the 
height  is  equal  to  the  number  of  square  feet  in  the  area  of  the 
base.  And  if  the  solid  be  of  any  other  height,  instead  of  one 
foot,  the  contents  must  have  the  same  ratio.  For  parallelo- 
pipedons  of  the  same  base  are  to  each  other  as  their  heights. 
(Prop.  XIII.  B.  II.) 

The  solidity  of  a  right  parallelopipedon,  therefore,  is  equal 
to  the  product  of  its  kngth^  breadth^  and  thickness. 

And  an  oblique  parallelopipedon  being  equal  to  a  right  one 
of  the  same  base  and  altitude,  (Prop.  X.  B.  II.,)  is  equal  to 
the  area  of  the  base,  multiplied  into  the  perpendicular  height 
This  is  true,  also,  of  prisms,  whatever  be  the  form  of  their 
bases.     (Prop.  XVI.  B.  II.) 

As  the  sides  of  a  cube  are  all  equal,  the  solidity  is  found  by 
cubing  one  of  its  edges.  On  the  other  hand,  if  the  solid  con- 
tents be  given,  the  length  of  the  edges  may  be  found. 

Ex.  1.  What  are  the  solid  contents  of  a  stick  of  timber, 
which  is  31  feet  long,  1  foot  3  inches  wide,  and  9  inches  thick? 
Here,  31X1{XJ=29  feet  108  inches,  the  solidity  required. 

Ex.  2.  What  is  the  solidity  of  a  wall  which  is  22  feet  long, 
12  feet  high,  and  2  feet  6  inches  thick  ?      Ans.  660  cubic  feet. 

Ex.  3.  What  is  the  capacity  of  a  cubical  vessel  which  is  2 
feet  3  inches  deep  ?  Ans.  1 1  feet  675  inches. 

Ex.  4.  If  the  base  of  a  prism  be  108  square  inches,  and  the 
height  36  feet,  what  are  the  solid  contents  7 

Ans.  27  cubic  feet. 

Ex.  5.  If  the  height  of  a  square  prism  be  2}  feet,  and  each 
side  of  the  base  10|  feet,  what  is  the  solidity  ? 

The  area  of  the  base=  10|X10|=106J  square  feet 
And  the  solid  contents=106jx  2J=240J  cubic  feet. 

Ex.  6.  If  the  height  of  a  prism  be  23  feet,  and  its  base  a 
regular  pentagon,  whose  perimeter  is  18  feet,  what  is  the  so- 
lidity ?  Ans.  512.84  cubic  feet 

Ex.  7.  What  is  the  solidity  of  a  prism  having  a  regular 
base,  the  convex  surface  being  28  feet,  and  the  radius  ot  the 
circle  inscribed  in  its  base  4  feet  ?  Ans.  21  cubic  feet 

Ex.  8.  In  a  triangular  prism  whose  altitude  is  12  feet,  one  of 
the  sides  of  the  triangle  of  the  base  is  2^  feet  in  length,  and 
its  distance  from  the  opposite  angle  of  the  triangle  is  3  feet; 
what  is  its  solidity  ?  Ans.  37}. 

Scholium.    The  number  of  gallons  or  bushels  which  a  ves- 
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sel  will  contaiDy  may  be  found  by  calculating  the  capacity  in 
inches,  and  then  dividing  by  the  number  of  inches  in  one  gallon 
or  one  bushel. 

The  weight  of  water  in  a  vessel  of  given  dimensions,  may 
also  be  calculated ;  as  it  is  found,  by  experiment,  that  a  cubic 
foot  of  pure  water  weighs  1000  oz.,  or  62^  lbs.  avoirdupois. 
For  the  weight  in  ounces,  then,  multiply  the  cubic  feet  by 
1000  ;  or,  for  the  weight  in  pounds,  multiply  by  62|. 

Ex.  9.  How  many  ale  gallons  are  there  in  a  cistern  which 
is  1 1  feet  9  inches  deep,  and  whose  base  is  4  feet  2  inches 
square  ? 

The  cistern  contains  352500  cubic  inches ;  which,  being  di- 
Tided  by  282»  the  number  of  inches  in  a  gallon,  gives  1250, 
the  number  of  gallons  required. 

Ex.  10.  How  many  wine  gallons  will  fill  a  ditch  3  feet  11 
inches  wide,  3  feet  deep,  115|  feet  long?  Ans.  10152. 

Ex.  11.  What  weight  of  water  can  be  put  into  a  cubical 
vessel  4  feet  deep?  Ans.  4000  lbs. 

PROBLEM.    II. 

To  find  the  lateral  or  convex  surface  of  a  right  prism, 

RuLB. — Multiply  the  length  of  the  prism  into  the  perimeter 
of  the  base  (Prop.  VIII.  B.  II.) 

If  the  areas  of  the  two  bases  be  added  to  the  lateral  surface, 
the  sum  will  be  the  whole  surface  of  the  prism. 

Ex.  1.  If  the  base  of  a  right  prism  be  a  regular  hexagon 
whose  sides  are  each  2  feet  3  inches,  and  if  the  height  be  16 
feet,  what  is  the  convex  surface?  Ans.  216  square  feet. 

Ex.  2.  If  the  base  of  a  prism  be  an  equilateral  triangle 
whose  perimeter  is  6  feet,  and  if  the  height  of  the  prism  be  17 
feet,  what  is  the  whole  surface  ? 

The  area  of  the  triangle  is    1.732 
The  lateral  surface  103.732 

The  whole  surface  105.464 

Ex.  3.  What  is  the  superfices  of  a  cube  the  length  of  whose 
lide  is  5}  feet?  Ans.  181|  square  feet 

PROBLEM.    III. 

To  find  the  lateral  or  convex  surface  of  a  regular  pyramid. 

Rule  1. — Multiply  the  perimeter  of  the  base  into  half  the 
ilant  height  (Prop.  XX.  B.  II.) 
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2. — Or  if  the  base  of  the  pyramid  is  a  regular  polygon,  find 
the  area  of  its  base,  which,  increased  in  the  ratio  of  the  radius 
of  the  circle  inscribed  in  the  base  to  the  slant  height,  will  gire 
the  convex  surface  (Prop.  XXI.  B.  II.) 

Or  multiply  the  area  of  the  base  by  its  slant  height,  and  di- 
vide that  product  by  the  radius  of  the  circle  inscribed  in  the 
base,  the  quotient  will  be  the  vertical  surface. 

3. — Or  its  convex  surface  may  be  found  by  first  finding  the 
convex  surface  of  its  circumscribing  prism,  then  say,  as  the 
virtical  height  of  the  pyramid  is  to  its  slant  height,  so  is  half 
the  vertical  surface  of  the  circumscribing  prism  to  the  convex 
surface  of  the  pyramid  (Prop.  XXIII.  B.  11.) 

Or  multiply  half  the  convex  surface  of  the  prism  by  the  slant 
height  of  the  pyramid,  and  divide  this  product  by  the  vertical 
height  of  the  pyramid. 

Scholium.  1.  If  the  area  of  the  base  be  added  to  the  lateral 
surface,  the  sum  will  be  the  whole  surface.  The  lateral  sur- 
face of  an  oblique  pyramid  may  be  found  by  taking  the  sum  of 
the  areas  of  the  unequal  triangles  which  form  its  sides.] 

Ex.  1.  Required  the  lateral  surface  of  a  regular  hexagonal 
pyramid  whose  axis  is  20  feet,  and  the  sides  of  whose  base  are 
each  8  feet?  

Here  \/ 8* 4"=  \/48=the  radius  of  the  inscribed  circle. 

And  \/48+20'=21.16=the  slant  height.  Hence  the  lateral 
surface=21. 16X4X6=607.84  square  feet 

Ex.  2.  What  is  the  lateral  surface  of  a  regular  hexa^nal 
pyramid,  the  radius  of  the  circle  inscribed  in  its  base  being  8 
feet,  and  the  slant  height  being  20  feet  ? 

Let  r=the  radius  of  the  inscribed  circle. 
And  let  x=lhe  side  of  the  hexagon. 
Then  x=aIso  the  radius  of  the  inscribed  circle. 
Then  x'— Ja:'=r",=fx*=64. 
And  x"=ir"=85f 
Hence  x=9^88. 
The  area  of  the  base  by  Prop.  VII.=9.238X4=36.752- 

By  rule  2nd,  8  :  20  :  :  36.752  :  91.88  the  lateral  surfiEice. 

Ex.  3.  In  a  square  prism  whose  altitude  is  10  feet,  and  the 

side  of  the  square  of  the  base  is  5  feet,  it  is  proposed  to  cut  out 

a  pyramid  of  the  same  base  and  altitude,  required  the  convex 

surface. 

Here  10X5X4 =200= the  lateral  surface  of  the  prism. 

And  >/To*+2i*=  10.307= the  slant  height  of  the  pyramid. 
Then  by  rule  3,  10  :  10.307  :  :  200-T-2  :  108.07  the  lateral 
surface  of  the  pyramid. 


MENSURATION  OF  SOLIDS.  121 

4.  The  base  of  a  regular  pyramid  is  6  square  feet,  and  the 
of  its  inscribed  circle  is  to  the  slant  height  of  the  pyra- 
I  1  to  4|,  what  is  the  whole  surface  of  the  pyramid  7 

Ans.  33  square  feet. 
>/ttim.  2.  If  through  a  pyramid  and  parallel  to  its  axis, 
n  be  passed  cutting  out  a  portion  of  the  base,  and  also  of 
eral  surface,  the  portion  of  the  lateral  surface  cutout  by 
»rism,  will  be  to  that  cut  out  from  the  base  as  the  slant 
of  the  pyramid  is  to  the  radius  of  the  base  (Prop.  XXII. 
L  II.) 

5.  If  through  a  regular  triangular  pyramid  whose  base 
ns  3  square  feet,  and  whose  slant  height  is  four  times 
r  than  the  radius  of  the  circle  inscribed  in  the  base,  three 
itic  holes,  whose  section  is  4  square  inches  each,  be  cut 
jI  to  the  axis ;  required,  the  lateral  surface  of  the  pyramid 
ling.  Ans.  14^^  square  feet. 

PROBLEM.    IV. 

To  find  the  solidity  of  a  pyramid. 

GENERAL    RULE. 

kf  ultiply  the  area  of  the  base  by  one-third  of  the  height^ 
XXVI.  B.  II.) 

f  the  base  of  the  pyramid  is  a  regular  polygon,  its  solidi- 
fqual  to  the  convex  surface  multiplyed  by  one-third  of 
stance  of  the  centre  of  the  base  from  the  lateral  surface. 

olium.  Since  similar  pyramids  are  to  each  other  as  the 
of  their  altitudes,  or  the  cubes  of  their  like  dimensions, 
.  XXXV.  B.  II.) ;  if  a  pyramid  be  cut  by  a  plane  paral- 
its  base,  the  portion  cut  off  toward  the  vertex,  will  be  to 
hole  pyramid  as  the  cube  of  the  altitude  of  the  portion  so 
%  to  the  cube  of  the  altitude  of  the  whole  pyramid. 


:.  1.  What  is  the  solid  contents  of  a  penta- 
I  pyramid  ABCDIV,  whose  altitude  OV  is 
feety  and  each  side  AB  of  the  base =2  feet  ? 


B      c 
le  tabular  area  of  the  base,  (Rule  II.  Table  I.  Prob. 
"^ens.  EL  Geom.) 

(•X  1.7204774=4X  1.7204774=6.8819096  feet. 

11 
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Hereby  the  rule  6.88190g6xy=27.5S7T884  cubic  feet, 
the  solid  content  of  the  pyramid  required. 

Ex.  2.  The  convex  surface  of  a  regular  pyramid  isS4squBn 
inches ;  the  distance  of  the  centre  ot  the  base  is  2  inches  from 
one  of  its  lateral  faces,  what  is  the  solidity  t 

Ans.  24x3Xi=16  solid  inches. 

Ex.  3.  What  is  the  solid  content  of  a  hexagonal  pyramid 
whoee  perpendicular  height  is  6.4  feet,  and  each  side  of  the  bass 
e  iDches.  Ans.  1.38564064  cubic  feet. 


To  find  the  lateral  ntrface  of  the  frustum  of  a  regular  pyramid. 

Rule. — Multiply  half  the  sum  of  the  perimeters  of  the  two 
ends  by  the  slant  height. 

For  each  side  of  a  frustum  of  a  regular  pyramid  is  a  traj^ 
zium,  as  AFDH,  and  the  area  of  each  of  the  sides  is  evideollT 
equal  to  half  the  sum  of  the  parallel  sides,  as  AF,  DH,  miJ- 
tiplicd  by  its  slant  height  ro,  and  the  whole  convex  surface 
being  mode  up  of  all  the  lateral  faces,  is  evidently  equal  to 
half  ihe  sum  of  the  perimeters  of  the  two  bases  mulUj^ied  bf 
the  slant  height. 

If  to  the  lateral  surface  of  a  frustum,  the  areas  of  the  t«s 
bases  be  added,  the  sum  will  be  the  whole  surface. 

Ex.  1.     Required  the   lateral   surface   of  the  ' 

frustum  of  a  pentagonal  pyramid.  Us  slant  height 
ro=  11  feet  8  inches,  each  side  of  the  greater 
end  AB=3  feet  5  inches,  and  each  side  of  the 
less  end  HI=  I  foot  8  inches. 


square  feet,  the  surface  required. 

Ex.  2.  If  the  slant  height  of  a  frustum  ofaregidsLTOCtagontl 
pyramid  be  42  feet,  the  sides  of  one  end  &  feet  each,  and  the 
sides  of  the  other  end  3  feet  each,  required  the  lateral  siiriacfr 
Ans.  1344  square  feet 

SchoKum,  If  the  slant  height  is  not  given,  it  may  be  found 
by  the  properties  of  the  right  angled  triangle  v'o^+r**=lbe 
slant  height,  rs  being  equal  to  the  difibrencc  of  the  ladiiof 
circles  inscribed  in  the  two  bases. 
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niOBLEM   VI. 

To  find  the  solidity  of  the  frustum  of  a  pyramid. 

KuLB  1.     Add  into  one  sum  the  areas  of  the  two  ends  and 
square  root  of  the  product  of  these  areas,  and  multiply 
i  sum  by  one-third  of  the  altitude  of  the  frustum,  (Prop. 
CVIII,  B.  11.) 

I.  Or,  multiply  each  face  of  the  frustum,  including  its  bases, 
one-third  of  their  several  distances  from  any  point  within 
frustum,  (Prop.  XXIX.  Sch.  1,  B.  II.) 

Scholium.  If,  in  the  frustum  of  a  pyramid  whose  base  is  a 
:ular  polygon,  any  point  in  the  axis  is  assumed,  the  lateral 
es  will  all  be  equidistant  from  such  point ;  and  if  the  point 
issumed  in  the  centre  of  either  base,  then, 

L  Multiply  the  convex  surface  by  one-third  of  its  distance 
n  the  centre  of  either  base,  or,  by  one-third  of  a  line  drawn 
XI  such  centre  perpendicular  to  the  lateral  surface,  to  which 
1  a  pyramid  formed  on  the  opposite  base,  and  whose  alti* 
e  is  equal  to  that  of  the  frustum,  and  this  sum  will  be  the 
dity  of  the  frustum. 

Sx.  1.  Required  the  solidity  of  a  frustum  of  a  pengtagonal 
amid,  whose  perpendicular  height  (see  diagram  to  rrob. 
os=5  feet,  each  side  of  the  greater  end  AB=18  inches, 
I  each  side  of  the  less  end  HI=6  inches. 
ly  rule  II.,  Mens.,  El.  Geom.,  the  tabular  area  of  the  lower 
6=557.43467;  the  upper  base=61.93718. 
!iCQ,^y  the  lule,  557.43467X61.93718=34525.9356323351 

I  v^34525.9355d23351  =  185.81 155,  the  mean  area. 

knd  557.43467+61.93718+185.81155=805.18342  square 

Heoce,   805.18342X60+3=16103.66840   cubic   inches^ 

1925  cubic  feet,  the  solidity  of  the  frustum  required. 

L  What  is  the  solidity  of  the  frustum  of  a  pyramid  having 

iirilateral  bases  12  and  H  inches  square,  its  vertical  height 

sg  7  inches,  its  slant  height  8}  inches,  and  from  a  certain 

Dt  assumed  in  the  axis  at  a  distance  of  4  inches  above  the 

larger  base,  the  lateral  faces  are  each  2}  inches  distant  ? 

lere,  since  the  assumed  point  is  4  inches  from  the  lower 

e,  it  must  be  3  inches  from  the  upper  base. 

12+1 ' 
Phen — ^— ^X8.75=59.0625=one  of   the  lateral    faces; 

I  59.0625  x2|-7-3=47.25=the  pyramid  formed  on  such 
I  as  a  base  whose  vertex  is  the  point  assumed  ;  and  47.85 
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X4=189=lhe  four  similar  pyramids  formed  on  the  four  late- 
ral sides  «s  bases.  To  which  add  (12Xl2Xf)+(liXliX|)= 
192+2{=the  two  pyramids  formed  on  the  two  bases,  and 
whose  vertices  are  in  the  same  point,  and  we  have  the  whole 
solid=189+192-f2i=383i. 

Ex.  3.  What  is  the  solidity  of  the  frustum  of  a  pyramid  with 
quadrilateral  bases,  the  surface  of  the  upper  base  being  36 
square  inches,  each  of  the  lateral  faces  45  inches,  and  their 
distances  from  the  centre  of  the  base  being  each  4}  inches^ 
the  altitude  of  the  frustum  being  4  inches  ? 

Here  44X4X  4J-^3=288=the  pyramids  formed  on  the  late- 
ral faces ; 

And  36X4H-3        =  48=:a  pyramid  formed  on  upper  base. 
Hence  288+48=336  solid  inches,  the  content. 

PROBLEM   VII. 

To  find  the  solidity  of  a  wedge. 

Rule. — Add  half  the  length  of  the  edge  to  the  length  of  the 
base,  and  multiply  this  sum  by  one-third  of  the  product  of  the 
height  of  the  wedge  and  the  breadth  of  the  base,  (Proposition 
XXXIIL,  B.  II.) 

Ex.  I.  If  the  base  AC  of  the 
wedge  ABCDGH  be  20  by  6 
inches,  the  edge  GH  16  inches, 
and  the  perpendicular  height 
PG  10  inches,  what  is  the  soli- 
dity? 

(8+20)  X^^  =660    solid 

inches. 

Ex.  2.  The  length  and  breadth  of  the  base  of  a  wedge  are 
35  and  15  inches,  the  length  of  the  edge  is  55  inches,  and  the 
perpendicular  height  17.14508  inches :  what  is  the  solidity! 

Ans.  3.1006  cubic  feet. 

Ex.  3.  How  many  solid  feet  are  there  in  a  wedge  whose 
perpendicular  height  is  6  feet  4  inches,  the  length  of  the  edge 
is  2  feet  8  inches,  the  length  of  the  base  3  feet  5  inches,  and 
its  breadth  1  foot  1  inch  ?  Ans.  10^1  cubic  feet 

PROBLEM   VIII. 

To  find  the  solidity  of  a  prismiod. 
RuLB. — To  the  areas  of  the  two  ends,  add  four  tiroes  the 
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area  of  a  parallel  section  equally  distant  from  the  ends,  and 
multiply  this  sum  by  one-sixth  of  the  height,  (Prop.  XXXIV. 
B.  II.) 

Ex.  1.  How  many  cubic  feet  are  there  in 
a  stone  whose  ends  are  rectangles,  the  length 
L  of  the  greater  end  =14  inches,  the  breadth 
B  =  I2  inches,  the  corresponding  sides  C,  6, 


of  the  less  end  =6  and  4  inches,  the  perpen-    [^ — 3S. 

dicular  height  being  30^  feet. 

The  area  of  the  larger  end     =  1 4  X 1 2  =  1 68 


The  area  of  the  smaller  end  =  6X  4=  24  \a ^     \, 

The  area  of  the  middle  section=10X   8=  80 


Hence  the  solidity=(168+24+4X 80)30^ -t-6=2602|,  which 
divided  by  144,  gives  18y  cubic  feet  for  the  content. 

Ex.  2.  What  is  the  solid  content  of  a  pyramid  whose  great- 
er end  measures  12  inches  by  8,  the  lesser  end  8  inches  by  6, 
and  the  length,  or  height,  60  inches  7  Ans.  2.453  feet 

Ex.  3.  What  is  the  solid  content  of  a  waggon  whose  inside 
dimensions  are  as  follows  :  the  length  of  the  top  81|  inches, 
its  breadth  .55  inches,  the  length  of  the  bottom  41  inches,  its 
breadth  29^  inches,  the  perpendicular  height  being  47^  inches  T 

Ans.  73.11376953125  cubic  feet 

PROBLEM    IX. 

To  find  the  surface  of  a  regular  poh/edron. 

RtTLc. — ^Multiply  the  area  of  one  of  the  sides  by  the  number 
of  sides. 

Or  multiply  the  square  of  one  of  the  edges  by  the  surface  of 
a  similar  solid  whose  edges  are  1. 

Since  the  faces  of  a  regular  polyedron  are  all  equal,  it  is 
eridcnt  that  the  area  of  one  side  multiplied  by  the  number  of 
•ides,  will  give  the  area  of  the  surface. 

Hence,  if  we  have  a  table  exhibiting  the  surfaces  of  the  se- 
Teral  regular  polyedrons  whose  linear  edges  are  unity,  we 
may  from  this  find  the  surfaces  of  all  other  similar  polyedrons; 
ance  the  areas  of  the  similar  polygons  composing  the  faces 
of  each  are  as  the  squares  of  their  homologous  sides,  (Prop. 
tXIV.  Cor.  E.  B.  IV.  EL  Geom)  Such  a  table  may  be  form- 
ed by  multiplying  the  area  of  one  of  the  faces  by  the  number 
of  them.  Thus  the  area  of  one  equalateral  triande  whose 
tide  is  1,  is=0,43d0127  by  table  under  Problem  IX.  Meru. 
EL  Geom,    Therefore,  the  surface 

of  a  regular  telraedron         =.4330127X4=1.7320608 
of  a  regular  octaedron  =4330127  X8=3.4641016 

of  a  regular  icosaedron         =4330127X20=8.6602540 
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Hence  the  surfaces  in  the  following  table  may  be  in  like  man* 
ner  computed. 

A  table  of  the  surfaces  and  solidities  of  the  regular  polye- 
drons  whose  edges  are  1.     ' 


NAMES. 

NO.  OF  SIDES. 

1 
SURFACES. 

SOLIDITIES. 

Tetraedron. 

Hexaedron. 

Octaedron. 

Dodecaedron. 

Icosaedron. 

4 

6 

8 

12 

20 

1 .7320508 
6.0000000 
3.4641016 
20.6457288 
8.6602540 

0.1178513 
l.OOOOOOO 
0.4714045 
7.6631189 
2.1816950 

Ex.  1.  What  is  the  surface  of  a  regular  dodecaedron  whose 
edges  are  each  25  inches  7 

The  area  of  one  of  the  sides  is  1075.3.  And  the  surface  of 
the  whole  solid=  1075.3 X  12=12903.6. 

Ex.  2.  What  is  the  surface  of  a  regular  icosaedron  whose  ' 
edges  are  each  102  ?  Ans.  90101.8. 

PEOBLBM   X. 

To  find  the  solidity  of  a  regular  polyedr  on. 

Rule  1. — Multiply  the  surface  by  one-third  of  he  perpen- 
dicular distance  from  the  centre  to  one  of  its  sides.  (Prop* 
VII.  Cor.  2.  B.  II.  Sec.  2.) 

2«  Or  multiply  the  cube  of  one  of  the  edges  by  the  solidity 
of  a  similar  solid  whose  edges  are  one. 

As  the  solidity  is  made  up  of  a  number  of  equal  pyramids, 
whose  bases  are  the  sides,  and  whose  height  is  the  perpendicu- 
lar distance  of  the  sides  from  the  centre,  (Prop.  XIV.  B.  III.)i 
the  solidity  of  the  whole  must  be  equal  to  the  areas  of  the 
sides  multiplied  into  one-third  of  this  perpendiculaiy  (Profk 
VI.  Cor.  2.  B.  II.  Sec.  2.) 

If  the  contents  of  the  several  regular  solids,  whose  edges  are 
oae,  be  arranged  in  a  tahle^  this  may  be  used  to  measure  other 
similar  solids.  For  two  similar  regular  solids  contain  the 
same  number  of  similar  pyramids,  and  these  are  to  each  other 
as  the  cubes  of  their  linear  sides  or  edges. 

Thus,  by  reference  to  the  table  of  the  surfaces  and  solidi* 
ties  of  polyedrons  under  the  last  problem,  the  solidity  of  a  te- 
traedron whose  linear  edge  is  1,  is  found=.l  178513,  and  if 
this  is  multiplied  by  2X2X2,  the  product  will  be  the  solidity 
of  a  tetraedron  whose  edge  is  2. 

Ex.*  1.  What  is  the  solidity  of  a  regular  octaedron,  whose 
edges  are  each  32  inches?  Ans.  15447  inches. 
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.  3.  What  is  the  solidity  of  a  dodecaedron  whose  linear 
is  2  feetT  Ans.  61,3049512  cubic  feet. 

.  3.  Required  the  solidity  of  an  icosaedron  whose  linear 
equals  2  feetT  Ans.  17,45356  cubic  feet. 

rSOBLBM    XI. 

To  find  tke  co^x  surface  of  a  right  cylinder. 

TLB. — Multiply  the   circumference  of  the  base  by  the 
h!     (Prop.  I.  B.  III.) 

t.   1.  What  is  the  convex  surface  of  the  right 
der  AB,  the  circumference  of  whose  base  is 
1 4  inches,  and  its  altitude  14  feet  7 
ere  I4xej  =  116.666666xfeet  the  convex  sur- 
ice  required. 

I.  2.  What  is  the  convex  surface  of  a  right  cylinder  whose 
h  is  20  feet,  the  diameter  of  the  base  being  2  feet? 

Ans.  125.664. 

raOBLEH    XII. 

To  find  the  solidity  of  a  cylinder. 

CLE  1. — Multiply  the  area   of  the   base  by  the   height, 
-p.  II.  B.  III.) 
Or  multiply  its  convex  surface  by  half  the  radius  of  the 
:.     (Prop.  III.  B.  III.) 

X.  1.  Whatis  the  solidity  of  a  cylinder,  the  surface  of  the 
!  being  9  feet,  and  its  altitude  5  feet? 
[ere  9X5=45  feet  the  solidity  required. 
Ix.  2.  The  circumference  of  the  base  of  an  oblique  cylia- 
is  20  feet,  and  the  perpendicular  height  10,3lij ;  what  is 
solidity?  Ans.  614,926  feet. 

!x.  3.  What  is  the  solidity  of  a  cylinder,  the  convex  surface 
ig  SO  feet,  and  the  radius  of  the  base  6  inches?    Ans.  5  feet. 

PBOBLEM    XIII. 

To  find  tke  convex  surface  of  a  cone, 

toLE  1. — Multiply  the  circumference  of  the  base  by  half 
slant  height  (Prop.  IV.  B.  III.) 
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2.  Or  multiply  the  area  of  the  base  by  the  slant  height,  and 
divide  tliis  product  by  the  radius  of  the  base.  (Prop.  V.  B.  III.) 

3.  Or  multiply  halt'  the  convex  surface  of  the  circumscrib- 
ing cylinder  by  the  slant  height,  and  divide  the  product  by  the 
vertical  height  of  the  cone. 


c 


Ex.  1.  What  is  the  convex  surface  of  the 
cone  ABCD,  the  diameter  of  the  base  AB  be- 
ing 5  feet,  and  the  slant  height  AC,  18  feet? 

By  rule  2  (.7854  X  5'X  18)-7- 2^=141.372 
square  feet,  the  convex  surface  of  the  required. 


Ex.  2.  What  is  the  convex  surface  of  a  cone  whose  slant 
heififht  is  20  feet,  and  the  circumference  of  its  base  9  feet  ? 

Here  VX9=90  square  feet,  the  convex  surface  required. 

Ex.  3.  What  is  the  convex  surface  of  a  right  cone,  the  con- 
vex surface  of  its  circumscribing  cylinder  being  301,5936,  the 
slant  side  10  and  the  vertical  height  8  ? 

Here  301,5936-7-2X10-7-8=188,496  the  surface  required. 

Ex.  4.  Kcquircd  the  M^hole  surface  of  a  cone  whose  per- 
pendicular height  16^  feet,  and  the  diameter  of  its  base  26{ 
inches.  Ans.  61,1944  square  feet 

Ex.  5.  If  the  axis  of  a  right  cone  be  16,  and  the  circumfer- 
ence of  the  base  75.4 :  what  is  the  whole  surface  ?  Ans.  1206.4. 


PBOBLEM   XIV. 

To  find  the  solidity  of  a  cone. 

Rule  1. — Multiply  the  area  of  the  base  into  one-third  of  the 
height.  (Prop.  VII.  B.  HI.) 

2.  Or  multiply  the  convex  surface  of  the  cone  by  one-third 
of  its  distance  from  the  centre  of  the  base.  (Prop.  VlII.  B.  Ill 

Ex.  1.  What  is  the  solidity  of  a  right  cone  whose  height  is 
663,  and  the  diameter  of  whose  base  101  ? 

Here  loI'X. 7854X221=  177062. 

Ex.  2.  What  is  the  solidity  of  a  cone  whose  convex  surface 
is  188.496,  and  the  length  of  a  linie  drawn  from  the  centre  of 
its  base  perpendicular  to  the  convex  surface  4y  ? 

Here  1 88.496 XH =30 1,593.  the  solidity  required. 

Ex.  3.  Required  the  solidity  of  a  conical  church  spire, 
whose  perpendicular  height  is  68.1  yards,  and  the  diameter  of 
its  base  10  yards.  Ans.  1782.858  cubic  yards. 
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PROBLEM    XV. 

To  find  the  convex  surface  of  the  frustum  of  a  cone. 

RuLB. — Multiply  half  the  sum  of  the  circumferences  of  the 
two  bases  by  the  slant  height,  (Prop.  VII.  B.  III.) 

Ex.  1.  What  is  the  convex  surface  of  the 

frustum  of  a  cone,  the  circumference  of  the 

greater  base,  AB,  being  9  feet,  the  smaller,  CD, 

2,  and  the  slant  height  3.  a 

Here  ((9  X  2)  ~ 2)  X  3=  16.5  the  required  surface. 

Ex.  2.  Required  the  whole  surface  of  the  frustum  of  a  cone, 
the  slant  height  being  10}  feet,  the  circumference  of  the  greater 
end  b\  feet,  and  that  of  the  less  2\  feet. 

Ans.  42,47898  square  feet. 

PROBLEM   XVI. 

To  find  the  solidity  of  the  frustum  of  a  cone. 
Rule  1. — Add  into  one  sum  the  areas  of  the  two  ends  of 

0 

the  frustum,  with  the  square  root  of  their  product ;  multiply 
this  sum  by  one-third  of  the  altitude  of  the  frustum,  (Prop.  X. 
B.  III.) 

2.  Or  multiply  the  convex  surface  of  the  frustum  by  one- 
third  of  its  shortest  distance  from  the  centre  of  the  greater 
base,  and  to  this  product  add  one-third  the  product  of  the 
smaller  base  into  the  vertical  height  of  the  frustum,  (Prop.  XL 
B.  III.) 

Ex.  1.  What  is  the  solidity  of  the  frustum  of  a  cone  whose 
perpendicular  height,  rD,  (see  last  diagram,)  is  30  inches,  the 
greater  diameter,  AB,  32  inches,  and  the  less  diameter,  DC,  24 

inches  ?  

By  rule  1,  32"X.7854 =804.2496 

the  area  of  the  greater  end, 

And    24" X. 7854 =462.3904 

the  area  of  the  less  end. 

Then  \/804.2496  X 452.3904=  )  =603.1872 

\/363834.79824384 i    '  '  ' 

the  mean  area,  

The  sum= 1859.8272 
Now,  1 859.8272  X  (30^  3) =18598.272  cubic  inches 

=  10.7628  cubic  feet  the  solid  con- 
tent of  the  conical  frustum  required. 
Ex.  2.  What  is  the  solidity  of  the  frustum  of  a  cone,  whose 
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vertical  surfnce  is  186.0100,  the  smaller  base  1.1309,  the  dia> 
tance  from  he  centre  of  the  base  to  the  conical  surlace  being 
4J,  and  its  perpendicular  height  7J. 

Here  lS6.6109x(5}-r3) 398.9107, 

And        1.1309X(7l^3) 2.7143, 

Hence  the  solidity  required=        301,635. 
Ex.  3.  What  is  the  solidity  of  the  frustum  of  a  cone,  the 
circumference  of  the  greater  end  being  40,  that  of  the  smaller 
20,  and  its  perpendicular  height  50  T  Ans.  3713.64. 

FKOBLBH    XVn. 

ToJtTtd  the  tolidity  of  a  conesected  a/Knder,  or  of  a  contietUd 
frustum  of  a  cone. 

RuLB  1, — Multiply  the  convex  surface  by  one-third  ofiu 
shortest  distance  from  the  centre  of  the  base  in  which  the  co- 
nical vertice  terminates,  (Prop.  XIII.  B.  III.) 

8.  Or  from  the  solidity  of  the  cylinder  or  conic  frustum,  sub- 
tract the  solidity  of  a  cone,  whose  base  is  the  wanting  base  of 
the  cylinder,  or  frustum,  and  whose  altitude  is  the  altitude  of 
the  cylinder  or  of  the  frustum. 


Ex.  1.  What  is  the  soliditv  of  the  cone- 
sected frustum  of  .a  cone  bBAFEDCc, 
whose  convex  surface  is  SO,  and  the 
]en{;th  of  tiie  line  OG  drawn  from  the 
centre  of  ihe  base  to  the  convex  sur- 
face 4  ? 

Here  30x(4-r3)=40  the  solidily  re- 
quired. 


Ex.  2.  What  is  the  solidity  of  a  conesected  cylinder  wboM 
convex  surface  is  60,  and  the  radius  of  the  base  6 1 

Ans.  1 83.333. 
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PIOBLBM    ZVIII. 

Tojind  the  surface  of  a  regular  polyedroicL 

There  are  three  conditions : 

First.  If  the  polyedroid  has  two  conical  vertices. 

Rule. — Multiply  the  circumference  of  its  inscribed  sphere 
by  its  axis  or  vertical  diameter,  (Prop.  XVlll.  B.  111.) 

Second.  If  the  polyedroid  has  vertical  bases,  or  if  the  axis 
terminates  in  a  plane  base  at  each  extremity,  then 

Divide  the  square  of  the  radius  of  one  of  the  equal  bases  by 
the  diameter  of  the  inscribed  sphere ;  and  add  the  quotent  to 
that  diameter.  And  the  product  of  this  sum,  multiplied  by  the 
circumference  of  the  inscribed  sphere,  is  the  surface,  (Prop. 
XIX.  B.  III.) 

Third.  If  the  polyedroid  has  one  conical  vertice,  and  one 
plane  base,  then 

Divide  the  square  of  half  the  radius  of  the  base  by  the  ra- 
dius of  the  inscribed  spliere,  and  add  this  quotent  to  the  axis 
of  the  polyedroid.  And  this  sum  multiplied  by  the  circumfer- 
ence of  the  inscribed  sphere,  will  be  the  surface,  (Prop.  XIX* 
Cor  B.  III.) 

Ex.  1.  If  the  circumference  of  a  sphere  inscribed  in  a  poly- 
edroid with  two  vertices  be  20  inches,  and  the  diameter  of  the 
circumscribing  sphere  be  8  inches,  what  is  the  surface  of  the 
polyedroid?  Ans.  20X8=  160= the  surface  required. 

2.  If  the  radii  of  the  two  equal  bases  of  a  polyedroid  be  5 
inches,  and  the  radius  of  the  inscribed  sphere  be  10  inches, 
what  is  the  surface  of  the  polyedroid  ? 

Ans.  (20+6X5-r20)X 6.283=  1331.99=the  surface  of 
the  polyedroid. 

3.  What  is  the  surface  of  a  regular  pentedroid,  the  radius 
of  whose  base  is  5  inches  ? 

By  the  table  of  polygons  under  (Prop.  IX.  Mens.  El.  Creom.) 
we  find  the  radius  of  the  circumscribed  circle  of  a  pentagon 
whose  side  is  1  =.85065,  and  the  radius  of  the  inscribed  cir- 
cle 68819,  the  sum  of  which  is  evidently=the  axis  of  the  pen- 
taedroid,  the  radius  of  whose  base  is  | ;  and  since  the  sides  of 
similar  figures  are  proportional, 
(85065+68819)X5-7-i=15.3884=the  axis  of  the  pentaedroid- 

Thus  (15.3884+5 Xl-r6.8819X43.24=607.26  the  surface 

r*»nii»r«»H- 
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PROBLEM   XIX. 


To  find  the  solidity  of  a  regular  polyedroid. 

Rule. — Multiply  the  surface  by  one-third  of  the  radius  of 
the  inscribed  sphere,  (Prop.  XX.  B.  III.) 

Ex.  1.  What  is  the  solidity  of  a  regular  tetre- 
droid,  the  diameter  of  whose  inscribed  sphere 
is  10? 


Here  the  radius  of  the  base  will  be  found=  18.32, 
and  the  axis  of  the  tetredroid  will  be  found=26.32 ;  hence,  by 
Problem  XVIII.,  Rule  3d,  we  have  the  surface  of  the  tetre- 
droid=[(17.32-r2)'+27.32]X  31.416=952.2189,  and,  by  the 
rule,  952.2189X1=1587.0128,  the  solidity. 

Ex.  2.  What  is  the  difference  in 
solidity  of  a  quadredroid  with  coni- 
cal vertices,  and  one  whose  axis  ter- 
minates in  two  planes,  the  diameter 
of  the  inserted  sphere  in  each  case 
being  10  inches  ? 

The  diameter  of  their  circumscribed  spheres  will  be  found 
=  14.142,  which  is  also  =  the  axis  of  the  vertical  quadredroid, 
and  31.416X  14.142 X  1=740.475,  its  solidity. 

The  axis  of  the  quadredroid,  with  two  equal  plane  bases,  is 
=the  diameter  of  the  inscribed  sphere=10,  and  its  surface  is 
(5'-7- 10+10)  X  31.415=392.7,    and    its    solidity = 392.7 Xi= 
,  654.5.     The  difference  is=85.975. 

Ex.  3.  What  is  the  solidity  of  a  pentedroid, 
the  diameter  of  whose  inscribed  sphere  is  10 
inches  ? 

Here  320.5= the  surface  ; 
hence  320.5Xi=534.15=the  solidity  required. 


PROBLEM    XX. 


To  find  the  surface  of  a  sphere. 

Rule  1. — ^MuItiply  the  diameter  by  the  circumference^ 
(Prop.  XXII.  B.  III.) 

2.  Or  multiply  the  area  of  a  circle  of  the  same  diameter 
by  4,  (Prop.  XXII.  Cor.  1.  B.  III.) 
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Ex.  1.  What  18  the  surface  of  a 
globe  whose  diameter  AB  is  12,  and 
the  circomrerence  MNPQ  37.6991  ? 

Here  37.6991  X  12=452.3892  the 
convex  surface. 


Ex.  2.  How  many  square  inches  will  cover  a  globe  6 
inches  in  diameter  7  Ans.  226.1952  square  inches,  j 

POBLEM   XXI. 

To  find  the  solidity  of  a  sphere. 

Rule  1. — Multiply  the  surface  by  one-third  of  the  radius, 
or  one-sixth  of  the  diameter,  (Prop.  aXIII.  B.  III.) 

2.  Or  multiply  the  square  of  the  diameter  by  one-sixth  of 
the  circumference,  (Prop.  XXIII.  Sch.  3.  B.  III.) 

3.  Or  multiply  the  cube  of  the  diameter  by  .5236,  which  is 
the  solidity  of  a  sphere  whose  diameter  is  1. 

Ex.  1.  What  is  the  solidity  of  a  sphere  whose  diameter  is 
\\  the  convex  surface,  being  5.58506  ? 

Here  5.58506X(U-r6)= 1.241 12  the  solidity  required. 
Ex.  2.  Required  to  find  the  solid  content  of  the  earth,  sup- 
posing its  circumference  to  be  25,000  miles. 

Ans.  263857437760  cubic  miles. 

FROBLBM   XXII. 

9 

2\>  find  the  convex  surface  of  a  segment  or  zone  of  a  sphere. 

Rule. — ^Multiply  the  height  of  the  segment  or  zone  into  the 
circumference  of  the  sphere,  (Prop.  XXIl.  Cor.  2,  B.  III.) 

Ex.  1.  Required  the  convex  surface  of  the  segment  of  & 
^here  whose  height  is  9  inches,  and  the  diameter  ot  the  whole 
•phere  is  42  inches. 

Here  42X3.1416=131.4472  inches,  the  circumference  of 
^he  sphere. 

Hence  131.9472X9=1187.5248  square  inches,  the  convex 
•'irface  of  the  segment  required. 

Ex.  2.  What  is  the  convex  surface  of  a  spherical  segment, 
^  diameter  of  the  base  being  17.25  feet  and  its  height  4.5 
feet?  Ans.  297.3229875  square  feet 

12 
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PROBLEM   XXIII. 

To  find  the  solidity  of  a  spherical  sector. 

Rule. — Multiply  its  spherical  surface  by  one-third  of  the 
radius  of  the  sphere,  (Prop.  XXIII.  Cor.  1,  J3.  IIL) 

Ex.  1.  What  is  the  solidity  of  a  spherical  sector,  the  diame- 
ter of  whose  sphere  is  12,  its  convex  surface  being  7  T 

Here  7X2=14,  the  solidity  required. 

Ex.  2.  Supposing  the  earth  to  be  a  sphere,  7930  miles  in 
diameter,  and  the  polar  circle  to  be  23^  28'  from  the  pole, 
what  is  the  solidity  of  the  spherical  sector  whose  base  is  bound- 
ed by  this  polar  circle  ?  Ans.  10,799,867,000  miles. 

PROBLEM   XXIV. 

To  find  the  solidity  of  a  spherical  segment. 

Rule. — Find  the  solidity  of  the  spherical  sector  having  the 
same  spherical  surface ;  find,  also,  the  solidity  of  the  cone  hav- 
ing the  same  base  as  the  segment,  and  whose  vertice  is  in  the 
centre  of  the  sphere  ;  subtract  the  solidity  of  the  cone  from 
that  of  the  sector,  which  will  give  the  solidity  of  the  segment,  if 
the  segment  is  less  than  a  hemisphere ;  and  add  the  solidity  of 
the  cone  to  that  of  the  sector,  if  the  segment  be  greater  than  a 
hemisphere. 

Ex.  1.  What  is  the  solidity  of  a  spherical  segment  whose 
convex  surface  is  326.7264,  the  surface  of  the  base  of  the  seg- 
ment being  310.834,  the  height  of  the  segment  2,  and  the 
diameter  of  the  sphere  52  ? 

Here  336.7264X7=2287.0648,  the  solidity  of  the  sector, 
and  310.834X6^=1968.607       «        *«        «         cone, 

318.4578    "        "        «         segment 
Ex.  2.  What  is  the  solidity  of  a  spherical  segment  whose 
height  is  .15051,  the  diameter  of  the  base  being  19.69897,  tod 
the  radius  of  the  sphere  10  ? 

PROBLEM   XXV. 

To  find  the  solidity  of  a  spherical  zone,  or  frustum. 

Rule. — Multiply  the  spherical  surface  of  the  zone  by  on^ 
third  of  the  radius  of  the  sphere,  and  each  end  of  the  the  zona 
by  one-third  of  its  distance  from  the  centre  of  the  sphere;  tba 
«um  of  these  products  will  be  the  solidity. 
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For,  if  from  the  zone  there  be  taken  two  cones,  whose  bases 
are  the  ends  of  the  zone,  and  whose  altitudes  are  the  distances 
of  those  bases  from  the  centre,  the  portion  remaining  will  be 
equal  to  the  spherical  surface  multiplied  by  one-third  of  the 
radius ;  since  the  portions  required  to  complete  the  sphere  in 
such  case,  are  two  spherical  sectors,  whose  solidities  are  in 
the  same  ratio  in  regard  to  their  spherical  surfaces  as  the 
whole  sphere. 

Ex.  1.  What  is  the  solidity  of  a  spherical  zone,  the  diame- 
ter of  whose  sphere  is  12,  the  convex  surface  of  the  zone 
301.594,  the  surface  of  each  base  15.708,  and  their  perpendi- 
cular distances  from  the  centre  4  7 

Here  301.594X2         =603.188 
and     15.708XliX2=  41.888 

645.076  the  solidity  required. 
Ex.  2.  What  is  the  solidity  of  a  spherical  frustum,  the  di- 
ameter of  the  sphere  being  9,  one  end  of  frustum  2,  and  the 
other  3  ? 


EXAMPLES  FOR  PRACTICE. 

Ex.  1.  How  many  solid  feet  in  a  square  prism  whose  alti- 
tude is  5^  feet,  and  each  side  of  its  base  1}  feet? 

Ans.  9{  solid  feet. 

Ex.  2.  What  is  the  solidity  of  a  quadrangular  pyramid  each 
nde  of  whose  base  is  30  feet,  the  altitude  of  each  face  being 
25  feet  ?  Ans.  6000  solid  feet. 

Ex.  3.  What  is  the  solidity  of  the  frustum  of  a  quadrangu- 
lar pyramid,  the  side  of  the  inferior  base  being  15  inches,  that 
of  the  superior  6  inches,  and  the  altitude  24  feet? 

Ans.  19.5  solid  feet. 

Ex.  4.  The  dimensions  of  the  great   pyramid,  Geeza,  in 

Sfypt,  as  derived  from  the  accurate  measurement  of  M.  Cou- 
le,  are  as  follows : — Side  of  the  base,  763.62  feet ;  entire  al- 
titude, 476.01  ;  altitude  of  the  frustum,  456.43  feet.  Required 
the  area  of  the  base,  the  whole  surface  and  the  solid  contents 
of  the  frustum.       Ans.  Area  of  the  base,  5831 1 5.5  square  feet 

Whole    surface,   1517757.05    square 
feet    Solidity,  92516502  solid  feet 
Ex.  5.  What  is  the  solidity  of  a  cylinder  whose  altitude^ 
and  the  circumference  of  whose  base  are  each  20  feet  ? 

Ans.  636.62  solid  feet 
Ex.  6.  What  is  the  convex  surface  of  a  right  triangular 
prism  whose  altitude  is  20  feet,  and  each  side  of  the  base  18 
inches  7  Ans.  90  square  feet 
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Ex.  7.  What  is  the  surface  of  a  cube  whose  side  is  20  feet  ? 

Aus.  2400  square  feet 

Ex.  8.  What  is  the  convex  surface  of  a  cylinder  whose  al- 
titude is  20  feet,  and  the  diameter  of  its  base  2  feet  ? 

Ans.  125.664  square  feet. 

Ex.  9.  What  is  the  whole  surface  of  a  cylinder  whose  alti- 
tude is  10  feet,  and  the  circumference  of  its  base  3  feet? 

Ans.  31.4324  square  feet. 

Ex.  10.  What  is  the  convex  surface  of  a  quadrangular  py- 
ramid whose  altitude  is  20  feet,  and  each  side  of  the  base  30 
feet?  Ans.  1500  square  feet. 

Ex.  11.  What  is  the  convex  surface  of  a  cone  whose  side 
is  20  feet,  and  the  circumference  of  its  base  9  feet  ? 

Ans.  90  square  feet. 

Ex.  12.  How  many  square  feet  in  the  surface  of  the  frus- 
tum of  a  quadrangular  pyramid,  the  altitude  of  each  face  being 
10  feet,  each  side  of  the  inferior  base  3  (eet  4  inches,  and  of 
the  superior  2  feet  3  inches?  Ans.  110  square  feet 

Ex.  13.  The  earth  being  supposed  a  perfect  sphere,  whose 
diameter  is  7912  miles,  what  is  its  surface  ? 

Ans.  19G660672  square  miles. 

Ex.  14.  What  is  the  convex  surface  of  the  frigid  zone  of 
the  earth,  the  altitude  of  this  zone  being  327  miles  ? 

Ans.  8127912  square  miles. 

Ex.  15.  What  is  the  convex  surface  of  the  torrid  zone,  the 
altitude  being 3150.6 miles?      Ans.  78311313.6  square  miles. 

Ex.  16.  What  is  the  convex  surface  of  either  temperate 
zone,  the  altitude  being  2053.7  miles  ? 

Ans.  51046767.2  square  miles. 

Ex.  17.  What  is  the  solidity  of  the  earth? 

Ans.  259328406532  solid  miles  nearly. 

Ex.  18.  A  prismatic  pile  of  wood  whose  base  is  4  feet  square, 
and  whose  altitude  is  8  feet,  comprises  a  cord,  what  part  of 
a  cord  then  is  contained  in  a  pile  7|  feet  long,  d|  feet  broad, 
and  4  feet  hi^h  ?  Ans.  ||f . 

Ex.  19.  what  is  the  weight  of  a  round  bar  of  wrought  iron 
12  feet  long,  1|  inches  in  diameter;  a  cubic  inch  of  the  metal 
w^hing  4^  ounces,  as  it  does  very  nearly?     Ans.  40.2 lbs. 

£x.  20.  The  channel  of  a  certain  river  is  80  yards  wide, 
and  averages  6|  feet  deep  at  a  certain  place,  and  the  current 
at  such  place  sets  at  the  rate  of  2|  miles  per  hour,  what  is  its 
velocity  at  another  place  where  the  channel  is  contracted  to 
60  yards  in  width  and  0  feet  deep,  supposing  the  same  quan- 
tity of  water  to  pass  through  each  place,  and  how  many  cubic 
feet  pass  per  minute     7    '     Ans.  3.148  miles  per  hour,  and 

59.840  cubic  feet  per  minute. 
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Ex.  21.  It  is  required  to  find  the  thickness  of  the  lead  of  a 
pipe  of  an  inch  and  quarter  bore,  which  weighs  14lb.  per 
yard  in  length ;  the  cubic  foot  of  lead  weighing  1 1 325  ounces  ? 

Ans.  '20738  inches. 

Ex.  22.  What  will  the  diameter  of  a  globe  be,  when  the  so- 
lidity and  superficial  content  are  expressed  by  the  same  num- 
ber? Ans.  6. 

Ex.  23.  A  sack  that  would  hold  3  bushles  of  corn,  is  22^ 
inches  broad  when  empty ;  what  will  that  sack  contain  which, 
being  of  the  same  length,  has  twice  its  breadth  or  circumfer- 
ence? Ans.  12  bushels. 

Ex.  24.  Seven  men  bought  a  grinding-stone,  of  60  inches 
diameter,  each  paying  one-seventh  part  of  the  expense;  what 
part  of  the  diameter  must  each  grind  down  for  his  share  ? 

Ans.  the  Ist,  4.4508 ;  2d,  4.8400  ;  3d,  5.3535 ;  4th,  6.0765 ; 
6th,  7.2079  ;  6th,  9.3935 ;  7th,  22.6778  inches. 

Ex.  25.  How  many  three-inch  cubes  may  be  cut  out  of  a 
twelve-inch  cube  7  Ans.  64. 

Ex.  26.  To  divide  n  cone  into  three  equal  parts  by  sections 
parallel  to  the  base,  and  to  find  the  altitudes  of  three  parts,  the 
beight  of  the  whole  cone  being  20  inches  7 

Ans.  The  upper  part  13.867,  the  middle  part  3.604, 
the  lower  part  2.528. 

Ex.  26.  A  gentleman  has  a  bowling-green  300  feet  long,  and 
SMK)  feet  broad,  which  he  would  raise  one  foot  higher,  by 
means  of  the  earth  to  be  duff  out  of  a  ditch  that  goes  round  it ; 
to  what  depth  must  the  ditch  be  dug,  supposing  its  breadth  to 
be  every  where  8  feet  7  Ans.  7|^  feet 

Ex.  27.  How  high  above  the  earth  must  a  person  be  raised, 
that  he  may  see  one-third  of  its  surface  7 

Ans.  To  height  of  the  earth^s  diameter. 

Ex.  28.  A  cubic  foot  of  brass  is  to  be  drawn  into  a  wire  of 
l-40th  of  an  inch  in  diameter ;  what  will  the  length  of  the 
wire  be,  allowing  no  loss  in  the  metal  7 

Ans.  97784.797  yards,  or  55  miles  984.646  yards. 

Ex.  29.  How  much  water  can  be  put  into  a  cubical  vessel 
3  fi^t  deep,  which  has  been  previously  filled  with  cannon-balls 
of  the  same  size,  2,  4,  6,  or  9  inches  in  diameter,  regularly 
arranged  in  tiers,  one  directly  above  another  7 

Ans.  96i  wine  gallons. 

Ex.  30.  What  is  the  solidity  of  the  greatest  square  prism 
which  can  be  cut  from  a  cylindrical  sticK  of  timber,  2  feet  6 
inches  in  diameter,  and  56  feet  long  7 

Ans.  175  cubic  feet.  ^ 

Ex.  81.  How  many  such  globes  as  the  earth  are  equal  in 

12* 
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bulk  to  the  sun,  if  the  former  is  7930  miles  in  diameter,  and 
the  latter  890,000  ?  Ans.  1,413,678. 

Ex.  32.  How  many  cubic  feet  of  wall  are  there  in  axonical 
tower  66  feet  high,  if  the  diameter  of  the  base  be  20  feet  from 
outside  to  outside,  and  the  diameter  of  the  top  8  feet ;  the 
thickness  of  the  wall  being  4  feet  at  the  bottom,  and  decreasing 
regularly,  so  as  to  be  only  2  feet  at  the  top?         Ans.  7188. 

Ex.  33.  If  a  conical  cistern  be  3  feet  deep,  7^  feet  in  diame- 
ter at  the  bottom,  and  5  feet  at  the  top,  what  will  be  the  depth 
of  a  fluid  occupying  half  its  capacity  7     Ans.  14.535  inches. 

Ex.  34.  If  a  globe  20  inches  in  diameter  be  perforated  by  a 
cylinder  16  inches  in  diameter,  the  axis  of  the  latter  passing 
through  the  centre  of  the  former ;  what  part  of  the  solidity, 
and  the  surface  of  the  globe,  will  be  cutaway  by  the  cylinder f 

Ans.  3284  inches  of  the  solidity,  and  502,655  of  the  surface. 

Ex.  35.  What  is  the  solidity  of  the  greatest  cube  which  can 
be  cut  from  a  sphere  3  feet  in  diameter  7  Ans.  5|  feet 

Ex.  36.  Required  the  surface  and  the  solidity  of  the  great- 
est  parallelopipedon,  whose  length,  breadth,  and  depth,  together 
make  187 

Ex.  37.  The  surface  of  a  square  prism  is  546 :  what  is  iti 
solidity  when  a  maximum  7 

Ex.  38.  The  content  of  a  cylinder  is  159.645968  :  what  if 
its  surface  when  a  minimum  7 

Ex.  39.  The  whole  surface  of  a  right  cone  is  201.0619ji3 : 
what  is  its  solidity  when  a  maximum  T 

Ex.  40.  The  surface  of  a  triangular  pyramid  is]4d.30127! 
what  is  its  capacity  when  a  maximum  7 

Ex.  41.  The  radius  of  a  sphere  is  10.  Required  the  solidi- 
ties of  this  sphere,  of  its  circumscribed  equilateral  cone,  and  of 
its  circumscribed  cylinder. 

Ex.  41.  The  surface  of  a  sphere  is  28.274337,  and  of  an 
irregular  polyedron  circumscribed  about  it  35 :  what  are  their 
respective  solidities  7 

Ex.  42.  The  solidity  of  a  sphere,  equilateral  cone,  and  Ar- 
chimedean cylinder,  are  each  500  :  what  are  the  surfaces  tod 
respective  dimensions  of  each  7 

Ex.  43.  If  the  surface  of  a  sphere  be  represented  by  tke 
number  4,  the  circumscribed  cylinder's  convex  surface  tod 
whole  surface  will  be  4  and  6,  and  the  circumscribed  equili- 
teral  cone's  convex  and  whole  surface,  6  and  9  respectively* 
Show  how  these  numbers  are  deduced. 

Ex.  44.  The  solidity  of  a  sphere,  circumscribed  cylinderi 
and  circumscribed  equilateral  cone,  are  as  the  numbers  4,  6, 
and  9.    Required  the  proof. 


^ 


TARES,  CUBES,  AND  THEIR  PROPERTIES. 


\H  it  is  proposed  to  find  the  length  of  the  side  of  a  given 
or  the  edge  of  a  given  cube,  we  find  it  necessary  to 
an  arithmetical  process.  But  neither  geometry  nor 
3tic  furnishes  us  with  accurate  modes  of  reasoning, 
will  lead  us  to  the  true  determination  of  such  lines,  in- 
ent  of  mechanical  considerations  or  trials.  It  is  true, 
re  rules,  founded  on  mathematical  investigations,  which 
;t  us  to  the  required  data ;  but,  in  all  cases,  it  is  neces- 
»  assume  a  quantity,  or  magnitude,  as  the  value  of  th^ 
id  line,  and  then  ascertain  by  trial  whether  this  is  the 
le;  and  if  this  is  too  small,  we  assume  some  other  quan- 
lich  we  add  to  this,  and  after  having  ascertained  that 
n  of  the  quantities  assumed  are  too  small,  we  add  again, 
on,  till  we  come  at  the  true  value  of  the  line,  or  till  we 
dmate  sufficiently  near  to  it  for  our  purpose. 

ANALTBI8   OF   POWEIS   AND   ROOTS. 

IS  been  shown  that  the  surface  of  a  square  is  equal  to 
'oduct  of  its  side  into  itself;  and  that  the  solidity  of 
i  is  equal  to  the  continued  product  of  the  edge  twice 
self;  therefore,  the  finding  the  side  of  a  square,  or  the 
>f  a  cube,  consists  in  dividing  the  given  square,  or  cube, 
ich  factors  as  compose  them;  and  this,  in  the  case  of  the 
if  consists  in  dividing  it  into  two  equal  factors ;  these 
9  are,  in  arithmetic,  termed  roots,  and  the  process  by 
they  are  found  is  called  the  extraction  of  roots.  The 
ty  from  which  such  root  is  to  be  extracted  is  called  the 
r  of  the  root,  and  is  fui*ther  designated  according  to  the 
3r  of  times  the  root  is  multiplied  into  itself  to  produce 
30wer.  Thus  the  square,  or  second  power,  consists  of 
inple  product  of  the  root  into  itself;  thus  3x3=9,  is  the 
d  power,  or  square  of  3.  The  cube,  or  third  power, 
tts  of  the  continued  product  of  the  root  twice  into  itself: 
1X3X3=27,  which  is  the  third  power  of  3.    These  two 
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powers  arc  the  only  ones  which  elementary  geometry  furnish- 
es us,  but  arithmetic  and  algebra  conduct  us  to  many  other 
higher  powers,  such  as  the  biqiiadrate,  or  fourth  power,  the 
fifth,  sixth,  &c.  Algebra  furnishes  us  with  methods  of  divi- 
ding a  given  power  into  its  constituent  factors,  when  such 
power  is  perfect,  and  under  an  ai^gebraic  expression. 

From  our  common  methods  of  notation,  it  becomes  neces- 
sary to  consider  any  given  power  to  consist  of  more  than  one 
term,  unless  it  is  resolvable  immediately,  by  a  single  trial,  into 
its  constituent  factors ;  and,  in  this  view  of  the  case,  wc  will 
suppose  the  second  power  to  be  put  under  the  algebraical 
form  (a+fe)'=a*+2a6+6'=a'+(2a+6)6,  the  square  of  the 
two  terms,  which  is  exhibited  geometrically  in  Prop.  X.  B.  IV. 
EL  Geom.,  where  it  appears  that  a  is  the  first  term  of  the 
root,  and  b  is  the  second.     Let  a  be  the  first  divisor,  thus, 

a)a*+2ab+b\a+b 
a' 


2a+b)     2ab+b^ 
2ab+V 


Let  the  second  divisor  be  2a+&,  or  double  the  first  term,  in- 
creased by  the  second ;  whence  we  have  the  root  required, 
a+b. 

Again,  let  this  power  consist  of  the  squares  of  three  termi : 
thus,  {a+b+cy=a*+2ab+b*+2ac+2bc+c^ 

=a*+{2a+b)b+{2a+2b+c)c 
(for  a  ffeometrical  construction  see  Prop.  X.  B.  IV.  Cor.  4.  EL 
Oeom^  where  a  is  the  first  term  in  the  root,  b  the  second,  and 
c  the  third  term  ;  hence,  we  may  make  a  the  first  divisor, 
2a+b  the  second,  and  2a+2b+c  the  third,  and  the  mode  of 
extraction  is  as  follows: 

1st  divisor,  a)a*+2ab+b*+2ac+2bc+€^{a+b+c 


a' 


2d  divisor,  2a+b)     2ab+V 

2ab+V 


3d  divisor,  2a+2b+c)       2ac+2bc+c* 

2ac+2bc+c' 

whence  we  have  the  root  a+b+c. 

Now,  since  it  is  found  by  observation  that  the  square  of  & 
single  figure  never  consists  of  more  than  two  places  or  terms 
in  our  decimal  notation,  and  the  square  of  two  figures,  of  not 
more  than  four  nor  less  than  three ;  and  the  square  of  three 
figures,  of  not  more  than  six  places,  and  not  less  than  fivei 
and  so  on :  we  may,  from  this  law,  determine  the  number  of 
figures  which  we  are  to  have  in  the  root 
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Hence,  from  the  forgoing,  ve  may  deduce  the  folIowiDg 
lie  for  the 

EXTRACTION  OF  THE  SQUARE  ROOT. 

RULE^ 

Divide  the  given  number  into  periods  of  two  figures  each 

f  setting  a  point  over  the  place  of  units,  another  over  the 

ace  of  hundreds,  and  so  on  over  every  second  figure  from 

e  right  to  the  left  hand  in  integers,  and  toward  the  right  in 

^imals. 

Find  the  greatest  square  in  the  first  period  on  the  left  hand, 

id  set  its  root  on  the  right  hand  of  the  given  number  as  for 

quotient  in  division. 

Subtract  the  square  thus  found  from  the  said  period,  and 

the  remainder  annex  the  two  figures  of  the  next  following  pe- 

hJ,  for  a  new  dividend. 

Double  the  root,  above  mentioned,  for  a  new  divisor,  and 

d  how  often  it  is  contained  in  the  new  dividend,  exclusive  of 

e  right  hand  figure,  and  set  that  quotent  figure  both  in  the 

otent  and  divisor. 

Multiply  the  whole  augmented  divisor  by  this  last  quotent 

:ure,  and  subtract  the  product  from  the  said  dividend,  bring- 

l  down  to  the  remainder,  the  next  period  of  the  given  num- 

r  for  a  new  dividend. 

Repeat  the  same  process  as  before,  viz. :  find  another  new 

7isor  by  doubling  its  last  figure,  from  which,  and  the  last 

vidend,  find  the  next  figure  in  the  root  as  before,  and  so  on 

rough  all  the  periods  to  the  last. 

If,  when  the  periods  are  all  exhausted,  and  there  is  still  a 

mainder,  whose  root  is  not  accurately  attainable,  cyphers 

ay  be  annexed,  and  the  process  may  be  continued  at  plea« 

ire,  or  till  the  true  root  is  found. 

Examples. 

To  find  the  square  )  .... 

oot  of  29M6624.        \  29506624(5432  root 

25 

104)450 
416 


1083)3466 
3249 


10862)21724 
21724 
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Scholium.  When  the  root  is  to  be  extracted  to  many  places 
of  figures,  and  where  it  is  interminable,  the  work  may  be  con- 
aiderably  shortened,  thus — 

Having  proceeded  in  the  extraction  after  the  common  me- 
thod, till  there  be  found  half  the  required  number  of  figures  in 
the  root,  or  one  figure  more  than  half;  then,  for  the  rest,  di- 
vide the  last  remainder  by  its  corresponding  divisor,  dropping 
one  figure  from  the  right  hand  of  the  divisor  at  each  operation 

To  find  the  square  root  of  2  to  9  places  of  figures. 

2     (1.41421356 
1 

24)1.00 
96 

281)400 
281 


2824)11900 
11296 


2828)60400 
56564 


28284)3836 

by  contraction  1008  remainder 

160  remainder 
19  remainder 
2  remainder. 
Here  1.41421356  is  the  root  required. 


EXTRACTION  OF  THE  CUBE  ROOT. 

When  a  cube  is  given,  whose  root  is  to  be  extracted,  we 
may  at  once  determine  the  number  of  figures  or  digits  in  the 
root,  by  considering  that  the  cube  of  one  figure  never  amoonti 
to  more  than  three  figures,  and  the  cube  of  two  figures  never 
amounts  to  more  than  six,  nor  less  than  four;  and  so  od. 
Therefore,  if  we  divide  the  given  cube  into  periods  of  three 
figures  each,  beginning  at  the  right  hand,  and  proceed  toward 
the  left,  the  number  of  periods  will  indicate  the  number  of 
digits  in  the  root  And,  in  like  manner,  if  the  nth  root  is  to  be 
extracted,  the  power  is  to  be  divided  into  periods  of  n  digits* 
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These  things  being  premised,  we  may  proceed  in  our  in- 
tigations  to  determine  what  those  digits  actually  are. 
f  we  cube  the  binomial  a+b,  we  shall  have 

(a+6)"=a'+3a'6+3a6'+6" 
3ry  if  we  cube  an  integer,  consisting  of  two  digits,  for  ex- 
iple,  26,  we  may  have 

(20+6)"=20"+3X20*X6+3X20x6'+6'=26" 

.-.  26«=20»+3X20X6X(20+6)+6» 

=20"+3X20x6(21+5)+6" 

=20'+(3x20X21+3X20X5+6*)X6...(a) 

Again,  let  us  cube  a  trinomial  a+b+c,  and  we  have 

a*+3a'6+3a'c+3a6'+6a6c+3ac'+6*+36*c+36'+c« 

Or,  if  we  cube  an  integer  of  three  digits,  2,  6,  5,  we  may 
ve,  in  the  first  instance,  by  resolving  it  into  two  terms, 
;5»=(260+5)"=260'+(3X260X261+3X260X4+6')X5  by 
oceeding  as  above. 
But,  260'=26"X  10',  and  formula  (a)  givea 

26'=20«+(3X20X21+3X20X5+6')X6 

Hence, 

265*=200'+(3X20X21+3X20X6+6')X6Xl0'  ) 

+(3X260X261+3X260X4+5')X 5 i  "^^ 

Thus  we  may  proceed  with  an  integer  of  four,  or  any  num- 
T  of  digits.  But  the  above  is  sufficient  to  show  that  every 
ibe  may  be  transformed  so  as  to  consist  of  as  many  terms 
i  its  root  has  digits  ;  and  that  each  of  these  terms,  except  the 
St,  is  the  product  of  three  factors ;  two  of  which  are  the 
gits  of  the  root  and  the  cube  of  unity,  with  cyphers  annexed, 
id  continued  as  far  as  indicates  the  place  of  this  digit  in  the 
ot.  The  third  factor  consists  of  three  parts,  one  of  which  is 
e  square  of  the  digit  to  which  the  term  belongs ;  another 
irt  is  the  product  of  3  into  the  whole  of  the  root  up  to  that 
git,  followed  by  a  cypher,  and  multiplied  by  the  whole  of 
e  root  up  to  that  digit,  followed  by  a  unit ;  and  the  remain- 
g  part  is  the  product  of  3  into  the  whole  of  the  root  up  to 
lat  digit,  multiplied  by  1  less  than  that  digit. 
From  the  above  considerations,  it  may  be  inferred  that,  to 
nd  any  di^it  of  the  root,  we  must  divide  the  known  part  of 
leterm  of  the  power  which  belongs  to  the  digit,  required  by 
le  product  of  3,  into  the  root  already  known,  followed  by  a 
7pher,  multiplied  by  that  root,  followed  by  unity. 
It  is  also  evident  that,  having  found  the  dic^it,  it  is  then  easy 
>  make  up  the  whole  of  the  term  of  the  cube  which  corres- 
onds  to  that  digit. 
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Let  it  be  required  to  extract  the  cubd  root  of  17576. 

First.  Let  the  number  be  divided  into  periods  as  directed 
above. 


subtrahend  2' 

17670(26  root 

=         8 

divisor  3X20X21 ' 

3X20X5  = 

6'= 

=  1200)9576  resolvend 
=   300 
=     36 

1596 
6 

subtrahend 

9576 

9576 

By  comparing  this  operation  with  formula  (er),  the  first  sob- 
trahend,  viz. :  8  corresponds  with  the  term  20',  or  8000,  when 
the  cyphers  are  neglected,  these  are  neglected  on  account  of 
its  location ;  since,  if  they  should  be  retained,  its  value  would 
not  be  altered. 

Again,  the  divisor  for  finding  the  second  digit,  is  that  part  of 
the  compound  factor  of  the  second  term  of  formula  (a),  which 
does  not  involve  the  required  digit 

And  the  second  subtrahend  is  the  entire  second  term  of  (a), 
of  which  the  formation  is  easy  and  expeditious  in  practioe^ 
viz. :  first,  adding  to  the  divisor  the  product  of  its  two  fint 
factors  multiplyed  by  one  less  than  the  new  digit;  then  ad- 
ding the  square  of  the  new  digit,  and  multiplying  the  aggre* 
gate  also  by  this  new  digit. 

However  numerous  may  be  the  digits  in  the  root,  they  mtf 
each  be  found  by  the  same  operation. 

To  find  the  cube  root  of  18609625. 

18609625(265  rod 
subtrahend  2*=s  8 


divisor  3X20X21=1260)10609  resolvend 
60X5=  300 

6*=  36 


1596 
6 


subtrahend  9576 


1033625  resolvend 
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divisor  3  X  260X261:=  208580)  1033625  resolvend 

780X4=     3120 
6«==         25 


206725 
5 


subtrahend  1033625 

This  operation  may  be  compared  mth  formula  (6.) 
Enough  has  been  exhibited  to  make  evident  the  following : 

GENERAL  RULE. 

Divide  the  given  power  or  number  into  periods  of  three 
figures  each,  beginin^  at  the  units  place,  and  point  off  every 
tUrd  figure  toward  me  left,  and  if  there  be  decimals,  also  to- 
ward the  right. 

Find  the  greatest  cube  in  the  lefl  hand  period,  place  its  root 
on  the  right  hand,  and  subtract  its  cube  from  the  first  period. 
To  the  right  of  the  remainder  bring  down  the  next  period, 
thereby  forming  a  second  resolvend. 

Then  take  three  times  the  productof  the  root  already  found 
followed  by  a  cypher,  into  that  root  followed  by  a  unit,  which 
otkes  a  divisor :  divide  the  resolvend  by  this  divisor,  and  the 
quotient  will  be  the  next  digit  in  the  root  required,  requiring 
corrections  if  it  is  found  too  great  or  too  small. 

Then  form  a  subtrahend  by  adding  to  the  divisor  the  pro- 
duct of  the  two  first  factors  of  the  divisor,  multiplied  by  one  less 
than  the  new  digit  of  the  root,  and  also  the  square  of  this  new 
digit,  and  then  by  multiplying  the  aggregate  of  these  three  by 
the  new  digit 

Lisstly,  tBike  the  subtrahend  from  the  resolvend,  and  bring 
down  to  the  right  of  the  remainder  the  next  period.  This  forms 
a  new  resolvend  ;  from  which,  by  repeating  the  operation,  the 
next  digit  of  the  root  may  be  found,  and  so  on  till  the  whole  root 
is  perfected,  or  till  its  approximation  is  sufficiently  extended. 

Note. — In  finding  the  second  digit,  the  quotient  arising 
from  the  division,  must  generally  be  taken  one  less  than  would 
appear  to  be  the  true  quotient,  and  in  some  instances  two  less ; 
for  if  it  be  taken  too  great,  the  subtrahend  will  likewise  be  too 
great.  With  respect  to  the  subsequent  digits,  this  remark  will 
not  apply. 

13 
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Let  the  cube  root  of  the  following  number  be  required. 

28113875.829398(304.07  root 
27 


divisor  3X300X301=270900)1113875  resolvend 

900X3=     2700 
4'=         16 


273616 
4 


subtrahend  1094464 


div.  3X3040X3041=27733920)19411829  resolvend 

rfit).3X  30400  X  30401  =2772571200)  1941 1829398 
91200X6=         547200 
r=  49 


2773118449 
7 

19411829143 


255  resolvend. 
By  annexing  cyphers,  the  extractions  may  be  continued  in- 
definitely if  the  series  should  not  terminate. 

GENERAL  EXTBACTION  OF  ROOTS. 

By  means  of  the  extractions  of  the  square  and  cubic  roots, 
the  higher  roots  may  be  found  whenever  the  index  of  the 
power  consists  of  integeral  factors. 

ThiLS  to  find  the  biquadratic  or  fourth  root  of  on  integer  or 
decimal. 

First  find  the  sqtuire  root^  tlien  take  the  square  root  of  the  r^ 
sukf  and  this  last  root  will  he  the  biquadratic  root  required. 

For,  if  a^  be  any  integer  or  decimal,  its  square  root  is  0*1 
since  a*=a*Xa*,  and  the  square  root  of  a*  is  a. 

So,  if  the  8th  root  is  required,  we  have  only  to  repeat  the 
extraction  of  the  square  root  three  times. 

Thus,   a^^a^Xa^ 
a*=d'Xa* 
and  a*=aXa 
And  in  the  same  manner  may  the  16th,  32d,  &C.9  be  obtained. 

Also,  the  6th  root  may  be  obtained  by  first  extracting  the 
square  root,  and  then  the  cube  root  of  that  root  The  9th  root 
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may  be  found  by  two  successive  extractions  of  the  cube  root, 
the  1 2th  root  by  the  square  root  twice,  and  the  cube  root  once. 

And  so  on  for  any  root  when  the  index  of  the  power  can 
be  divided  into  integral  factors. 

If  we  were  required  to  find  the  fifth,  seventh,  eleventh,  or 
any  other  root,  the  index  of  which,  however,  is  a  prime  num- 
ber, rules  might  be  devised  according  to  principles  already  ex- 
plained, but  the  process  would  be  so  laborious,  and  their  ap- 
plication of  such  rare  occurrence,  that  it  will  not  be  necessary 
to  give  them  here. 

I  shall  here  give  a  table  of  squares  and  cubes,  square  roots, 
and  cube  roots,  of  numbers  from  I  to  1000. 

INTRODUCTION    TO   THE    TABLE   OF    POWERS    AND    EOOTSb 

Id  the  following  table  of  powers  and  roots  of  numbers,  the 
first  column  contains  the  natural  numbers,  and  opposite  there* 
to  in  the  second  and  third,  are  found  the  squares  and  cubes 
answering  to  each  of  those  numbers  respectively,  and  in  the 
fourth  and  fifth  are  found  the  square  roots  and  cube  roots  of 
the  same  numbers. 

Thus  suppose  it  were  required  to  find  the  square,  and  also  the 
cube  of  20.  We  shall  find  in  the  column  of  squares  opposite 
to  20  in  the  columns  of  numbers,  400,  hence  400  is  the  square 
of  20 ;  and  in  the  same  manner  will  the  cube  be  found=8000  ; 
hence  also  if  the  square  root  and  cube  root  of  20  is  required ; 
here  in  the  fourth  column  opposite  to  20  in  the  column  of  num- 
bers will  be  found  4.472I36=the  square  root  of  20,  and  the 
cube  root  is  in  like  manner  found=2.7144I8. 

In  this  table  not  only  may  the  regular  series  of  powers  and 
roots  for  the  given  series  of  numbers  be  found,  but  also  the 
roots  of  many  higher,  and  the  powers  of  many  lower,  and  in- 
termediate numbers  may  be  found  ;  thus  the  regular  series  of 
numbers  whose  powers  and  roots  are  computed,  extend  only 
to  IOOO9  but  since  the  number  from  which  a  power  is  raised  is 
the  root  of  that  power,  if  the  root  of  any  number  correspond- 

31  to  any  power,  either  square  or  cube  in  the  table  is  requir- 
,  the  root  may  be  taken  from  the  column  of  numbers. 

Thus,  if  the  cube  root  of  7880599  is  required,  it  will  be 
found  in  the  column  of  numbers  opposite  to  7880599,  in  the 
column  of  cubes=  199. 

Also,  if  the  square  or  cube  of  any  number  correspondinff 
with  any  number  found  in  the  column  of  roots  is  required,  it 
may  be  found  in  the  column  of  numbers  opposite  thereto. 

Thus  let  it  be  required  to  find  the  square  of  13.96424  ;  this 
we  shall  find  in  the  column  of  numbers  opposite  13.96424  in 
the  column  of  square  root6=195. 
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Also,  if  the  root  of  any  decimal  cumber  less  than  unity  is 
required,  we  may  regard  the  decimal  as  an  integral  number, 
and  proceed  to  take  out  the  power  or  root  answering  thereto ; 
and  then  place  a  decimal  point  before  it,  in  such  position  as  to 
give  the  power  or  root  its  proper  value  in  reference  to  the  de- 
cimal number,  prefixing  cyphers  when  necessary. 

Thus,  let  it  be  required  to  find  the  square  of  .16,  here  in  the 
table  opposite  16  will  be  found  256,  to  which,  if  we  prefix  a 
cypher,  we  shall  have  .0256= the  square  of  .16;  since  the 
square  of  any  decimal  number  contains  double  the  number  of 
decimal  places  of  its  prime  number. 

And  the  cube  of  16  will  be  found =4096,  and  since  the  cube 
of  any  decimal  number  contains  three  times  as  many  decimal 
places  as  the  given  number,  if  to  this  we  prefix  two  cyphers 
with  a  decimal  point,  we  shall  have  the  cube  of  .16=. 004096. 

Also,  if  it  were  required  to  find  the  square  root  of  .16,  we 
find  in  the  column  of  roots  opposite  16  in  the  column  of  num- 
bers 4 ;  to  which,  if  we  prefix  a  decimal  point,  we  shall  have 
the  square  root  of  .16=.4,  and  the  cube  root  of  the  same  num- 
ber, we  shall  find=. 259842. 

Whenever  it  is  necessary  to  find  the  power  or  root  of  any 
number  less  than  1000  consisting  of  integers  and  decimals 
which  cannot  be  found  in  the  table,  such  power  or  root  may 
be  approximately  found  by  taking  a  proportional  value  between 
the  power  or  root  of  the  next  higher  and  next  lower  number 
in  the  table,  always  observing  that  this  will  give  the  power  a 
little  in  excess  and  the  root  a  little  in  defect,  as  in  the  follow- 
ing proportion. 

As  the  difference  of  the  next  higher  and  next  lower  number 
is  to  the  difference  of  their  powers  or  roots,  so  is  the  differ- 
ence of  the  next  lower,  and  the  given  number  to  the  correo 
tion  to  be  added  to  the  power  or  root  of  the  next  lower  num- 
ber to  produce  the  power  or  root  required.  Thus,  if  the 
square  of  70.85  is  required,  we  shall  find  the  square  of 
70=4900,  and  the  square  of  71=5041 ;  hence,  we  have 
71_70=1  :  5041—4900=141  :  :  70.85— 70=.85  :  11985  the 
correction,  which,  if  we  add  to  4900,  we  have  5019.85,  the 
power  required.  And  if  the  square  root  of  70.86  is  required, 
it  may  be  found  in  a  similar  manner.  Thus  the  square  root 
of  70  is  8.3666003,  and  that  of  71  is  8.4261498,  the  difference 
is  .0595495,  hence  we  have  1  :  0595495  :  :  .85  :  .0500617. 
the  correction  to  be  added  to  8.3666003,  therefore  the  root 
=8.416662,  which  will  be  found  a  little  in  defect,  the  true  root 
being  8.417184. 
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PRSFAOS. 


s  part  of  the  series  consists  of  spherical  geometry,  taken 
r  from  Brewster's  translation  of  Legcndre's  work.  Ana- 
plane  and  spherical  trigonometry,  based  on  the  subject, 
nd  in  Rutherford's  edition  of  Hutton's  Mathematics,  being 
ally  abridged  from  the  larger  works  of  Cagnoli,  and 
;  but,  in  this  work,  much  improved  and  enlarged.  To 
are  added  many  practical  exercises  on  the  subject,  by 
>f  application.  In  this  treatise  will  be  found  many  cu- 
ind  highly  useful  problems  in  trigonometrical  surveying, 
►pographical  operations,  not  before  published.  The  pro- 
3  of  the  circle  are  introduced  advantageously  into  trigo- 
xical  problems — hence  we  are  enabled,  by  geometrical 
•uction,  and  trigonometrical  analysis,  to  determine  many 
vise  extremely  difficult  problems,  in  a  manner  at  once 
;,  elegant,  and  satisfactory.  The  application  of  alge- 
)  geometry,  is  discussed  in  such  manner  as  to  combine 
inciples  of  the  two  sciences.  The  properties  of  the  pa- 
c,  elliptical^  and  hyperbolic  curves,  being  such  as  are 
d  by  the  sections  of  a  cone,  and  hence  are  usually  de. 
atcd  conic  sections,  are  also  discussed.  This  subject  is, 
some  alterations  and  additions,  taken  from  Rutherford's 
1  of  Hutton's  Mathematics.  It  is  the  design  of  the  au- 
:o  preserve  an  unbroken  connection  from  pure  elemen- 
0  the  higlier  Geometry  and  mensuration ;  and  with  this 
;  in  view  the  present  volume,  being  the  third  part  of  the 
r  is  prepared. 


IV  PREFACB. 

The  well  established  reputation  and  the  high  respectability 
of  the  authors  from  whom  our  selections  have  been  made, 
renders  it  unnecessary  for  us  to  discuss  their  merits  in  order 
to  secure  a  favorable  reception  of  this.     It  will  only  be  neces- 
sary for  us,  in  the  following  pages,  to  preserve  the  same  de- 
gree of  accuracy  and  perspicuity  in  our  digressions  as  charac- 
terise those  works,  and  we  shall  have  nothing  to  fear  from  the 
criticisms  of  scientific  amateurs  and  mathematicians. 
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SPHERICAL  GEOMETRY. 


DEFINITIONS. 


1.  The  sphere  is  a  solid  terminated  by  a  curve  surface,  all 
I  points  of  which  are  equally  distant  from  a  point  withiD, 
led  the  centre. 


The  sphere  may  be  con- 
ved  to  be  generated  by 
■  revolution  of  a  semi* 
iJe  DAE  about  its  di- 
eter DE  i  for  the  surface 
cribed  in  this  move- 
at,  by  the  curve  DAE, 
I  have  all  its  points 
ally  distant  from  its 
treC. 


.  The  radius  of  a  sphere  is  a  straight  line,  drawn  from  the 
\n  to  any  point  of  the  surface  ;  the  diameter,  or  axis,  is  a 
passing  through  this  centre,  and  terminated  on  both  sides 
^e  surface. 

II  the  radii  of  a  sphere  are  equal ;  all  the  diameters  are 
il,  and  each  double  of  the  radius. 

It  will  be  shown  (Prop.  I.)  that  every  section  of  the 
iie,  made  by  a  plane,  is  a  circle.  This  granted,  a  great 
ie  is  a  section  which  passes  through  the  centre ;  a  smaS 
e,  one  which  dues  not  pass  through  the  centre. 

A  plane  is  tangent  to  a  sphere,  when  their  surfaces  have 
ne  point  in  common. 
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5.  The  pole  of  a  circle  of  a  sphere  is  a  point  in  the  surf 
equally  distant  from  all  the  points  in  the  circumference  of 
circle. 

6.  A  spherical  triangle  is  a  portion  of  the  surface  of  a  sph< 
bounded  by  three  arcs  of  great  circles. 

Those  arcs,  named  the  sides  of  the  triangle,  are  alw 
supposed  to  be  each  less  than  a  semi-circumference.  The 
gles  which  their  planes  form  with  each  other,  are  the  anj 
of  the  triangle.  ^ 

7.  A  spherical  triangle  takes  the  name  of  right-ang 
isosceles,  equilateral,  in  the  same  cases  as  a  rectilineal  trias 

8.  A  spherical  polygon  is  a  portion  of  the  surface  ( 
sphere,  terminated  by  several  arcs  of  great  circles. 

9.  A  lune  is  that  portion  of  the  surface  of  a  sphere  wl 
is  included  between  two  great  semicircles,  meeting  in  a  o 
mon  diameter. 

10.  A  spherical  wedge,  or  nngula,  is  that  portion  of  the  s* 
sphere  which  is  included  between  the  same  great  semi-circ 
and  has  the  lune  for  its  base. 

11.  A  spherical  pyramid  is  a  portion  of  the  solid  sphere 
eluded  between  the  planes  of  a  solid  angle,  whose  vcrte: 
the  centre.  The  base  of  the  pyramid  is  the  spherical  poly 
intercepted  by  the  same  planes. 

12.  A  zone  is  the  portion  of  the  surface  of  the  sphere 
eluded  between  two  parallel  planes,  which  form  its  bases,  < 
of  those  planes  may  be  tangent  to  the  sphere  ;  in  which  c 
the  zone  has  only  a  single  base. 

13.  A  spherical  segment  is  the  portion  of  the  solid  spl 
included  between  two  parallel  planes  which  form  its  base 

One  of  these  planes  may  be  tangent  to  the  sphere ;  in  wl 
case,  the  segment  has  only  a  single  base. 

14.  The  altitude  of  a  zone  or  of  a  segment  is  the  dista 
between  the  two  parallel  planes,  which  form  the  bases  of 
zone  or  segment. 

16.  Whilst  the  semicircle  DAE  (Def  1.)  revolving  ro 
its  diameter  DE,  describes  the  sphere,  any  circular  sectoi 
DCF  or  FCH,  describes  a  solid,  which  is  named  a  sphxr 
sector. 

16.  The  symbal  *.'  which  occurs  in  this  volume,  is  usee 
denote  because ;  when  applied  in  algebraic  notation. 
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PROPOSITION    I.      THEOREM. 

Every  weetion  of  a  sphere^  made  by  a  plane^  is  a  circle. 

Let  AMB   be  a  section,  made  by  a 

Elane,  in  the  sphere,  whose  centre  is  C. 
'rom  the  point  C,  draw  CO  perpendicu- 
lar to  the  plane  AMB  ;  and  diiTerent  lines 
CM,  CM,  to  different  points  of  the  curve 
\HBy  which  terminates  the  section. 

The  oblique  lines  CM,  CM,  CA,  are 
Moal,  being  radii  of  the  sphere ;  hence 
(Prop.  VL  B.  L  El.  S.  Geom.)  they  are 
eqaatly  distant  from  the  perpendicular  CO ;  therefore  all  the 
lines  OM,  MO,  OB,  are  equal.  Consequently,  the  section 
AltB  is  a  circle,  whose  centre  is  O. 

Cor.  1.  If  the  section  passes  through  the  centre  of  the 
sphere,  its  radius  will  be  the  radius  of  the  sphere  ;  hence,  all 
great  circles  are  equal. 

Cor.  2.  Two  great  circles  always  bisect  each  other  ;  for 
their  common  intersection,  passing  through  the  centre,  is  a 
iliameter. 

Cor.  3.  Every  ffreat  circle  divides  the  sphere  and  its  sur- 
&ce  into  two  equal  parts ;  for,  if  the  two  hemispheres  were 
separated,  and  afterwards  placed  on  the  common  base,  with 
their  convexities  turned  the  same  way,  the  two  surfaces  would 
exactly  coincide,  no  point  of  the  one  being  nearer  the  centre 
than  any  point  of  the  other. 

Cor.  4.  The  centre  of  a  small  circle,  and  that  of  the 
sphere,  are  in  the  same  straight  line,  perpendicular  to  the  plane 
of  the  small  circle. 

Cor.  5.  Small  circles  are  the  less  the  further  they  lie  from 
the  centre  of  the  sphere  ;  for,  the  greater  CO  is,  the  less  is  the 
chord  AB,  the  diameter  of  the  small  circle  AMB, 

Cor.  6.  An  arc  of  a  great  circle  may  always  be  made  to 
pass  through  any  two  given  points  of  the  surface  of  the 
tphere ;  for  the  two  given  points,  and  the  centre  of  the  sphere, 
inake  three  points,  which  determine  the  position  of  a  plane. 
But  if  the  two  given  points  were  at  the  extremities  of  a  di- 
ameter, these  two  points  and  the  centre  would  then  lie  in  one 
ttraight  line,  and  an  infinite  number  of  ^reat  circles  might  be 
x&ade  to  pass  through  the  two  given  points, 
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PROPOSITION    II.      THEOREM. 

In  every  spherical  triangle,  any  side  is  less  than  the  sum  oftht 

other  two. 

Let  O  be  the  centre  of  the  sphere, 
and  ACB  the  triangle :  draw  the 
radii  OA,  OB,  OC.  Imagine  the 
planes  AOB,  AOC,  COB,  to  be 
drawn ;  those  planes  will  form  a 
solid  angle  at  the  centre  O  ;  and  the 
angles  AOB,  AOC,  COB,  will  be 
measured  by  AB,  AC,  BC,  the  sides 
of  the  spherical  triangle.  But  each  of  ^ 
the  three  plane  angles  forming  a  solid 
angle  is  less  than  the  sum  oi  the  other  two  (Prop.  XXL,  B.  i 
EL  S.  Geom.) :  hence  any  side  of  the  triangle  ABC  is  less 
than  the  sum  of  the  other  two. 

PROPOSITION    in.      THEOREM. 

The  shortest  distance  from  one  point  to  another,  on  the  surfaa 
of  a  sphere,  is  the  arc  of  the  great  circle  which  joins  the  two 
given  points. 

Let  ADB  be  the  arc  of  the  great  circle  ^ 

which  joins  the  points  A  and  B ;  and  with- 
out this  line,  if  possible,  let  M  be  a  point  of 
the  shortest  path  between  A  and  B.  Through 
the  point  M,  draw  MA,  MB,  arcs  of  great 
circles ;  and  take  BD=MB. 

By  the  last  Proposition,  the  arc  ADB  is 
shorter  than  AM+MB ;  take  BD=BM  re- 
spectively from  both ;  there  will  remain 
AD<AM.  Now,  the  distance  of  B  from 
M,  whether  it  be  the  same  with  the  arc  BM,  or  with  any 
other  line,  is  equal  to  the  distance  of  B  from  D;  for,  by  mt* 
king  the  plane  of  the  &;reat  circle  BM  to  revolve  about  th0 
diameter  which  passes  through  B,  the  point  M  may  be  brought 
into  the  position  of  the  point  D ;  and  the  shortest  line  betweeft 
M  and  B,  whatever  it  may  be,  will  then  be  identical  with  that 
between  D  and  B :  hence  the  two  paths  from  A  to  B,  one 
passing  through  M,  the  other  through  D,have  an  equal  part  in 
each,  tne  part  from  M  to  B  equal  to  the  part  from  D  to  B. 
The  first  part  is  the  shorter  by  hypothesis ;  hence  the  distance 
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bm  A  to  M  must  be  shorter  than  the  distance  from  A  to  D, 
nrhich  is  absurd ;  the  arc  AM  being  proved  greater  than  AD. 
Seoce  no  point  of  the  shortest  line  from  A  to  B  can  lie  out  of 
he  arc  ADB ;  hence  this  arc  is  itself  the  shortest  distance  be- 
ween  its  two  extremities. 

PftOPOSmON    TV.      THEORRM. 

Tie  sum  of  the  three  sides  of  a  spherical  triangle  is  less  than 
the  circumference  ojf  a  great  circle. 

Let  ABC  be  any  spherical  tri- 
Qgle;  produce  the  sides  AB, 
^U,  till  they  meet  again  in  D. 
'he  arcs  ABD,  ACD,  will  be 
^micircumferences,  since  (Prop. 

Cor.  2.)  two  great  circles  al- 
ftys  bisect  each  other.  But  in 
le  triangle  BCD,  we  have  (Prop. 
[.)  the  side  BC<BD+CD  ;  add 
iB-f  AC  to  both  ;  we  shall  have 
LB-f  AC+BC<ABD+ACD  :— 
hat  is  to  say,  less  than  a  circum- 
erence. 

PROPOSITION    V.     THEOREM. 

The  sum  of  all  the  sides  of  any  spherical  polygon  is  Jess  than 
the  circumference  of  a  great  circle. 

Take  the  pentagon  ABCDE,  for 
tample.  Produce  the  sides  AB, 
C,  till  they  meet  in  F  ;  then,  since 
C  is  less  than  BF-f  CF,  the  peri- 
eter  of  the  pentagon  ABCDE  will 
!  less  than  that  of  the  quadrilateral 
BDF.  Arain  produce  the  sides 
B,  FD,  till  they  meet  in  G;  we 
all  have  ED<EG+DG  ;  hence  the  perimeter  of  the  quadri- 
eral  AEDF  is  less  than  that  of  the  triangle  AFG ;  which 
It  is  itself  less  than  the  circumference  of  a  ffreat  circle : 
ace.  for  a  still  stronger  reason,  the  perimeter  of  the  polygon 
)CDE  is  less  than  this  same  circumference. 

Scholium.  This  proposition  is  fundamentally  the  same  as 
x>p.  XXIL  B.  L  EL  S.  Geam. ;  for  O  being  the  centre  of  the 
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sphere,  a  solid  angle  may  be  conceived  8i  formed  al  0,  by 
tne  plane  ancles  AOB,  BOC,  COD,  &c. ;  and  the  sum  of  these 
angles  must  be  less  than  four  right  angles ;  which  is  exactly 
the  proposition  we  have  been  engaged  with.  The  demon- 
stration here  given  is  different  from  thai  of  Prop.  XXIL  B. 
I.  EL  S.  Geom. ;  both,  however,  suppose  that  the  polygon 
ABCDE  is  convex,  or  that  no  side  produced  will  cut  the 
figure. 

PKOFOSiriON    VI.      TBKOKEH. 


The  poles  of  a  great  circk  of  the  ^here,  are  the  extremitia  of 
that  diameter  of  the  sphere  which  is  perpendicular  to  this  cir- 
cle ;  and  these  extremities  are  also  the  poks  of  aU  small  ctrckt 
parallel  to  it. 

Let  ED  be  perpendi- 
cular to  the  great  circle 
AMB ;  then  will  E  and 
D  be  its  poles ;  as  also 
the  poles  of  the  parnllel 
small  circles  HPP,  FNG. 

For,  DC  being  perpen- 
dicular to  the  plane  AMB, 
is  perpendicular  to  all  the 
slralglitlinesCA,CM,CB, 
&.C.,  drawn  through  its 
foot  in  this  plane;  hence 
all  the  arcs  DA,  DM,  DB, 
&c.,  are  quarters  of  the 
circumference.  So  tike- 
wise  are  all  the  arcs  EA,  EM,  EB,  &c. ;  hence  the  points  D 
and  E  are  each  equally  distant  from  all  the  points  of  the  dr- 
cumfercnce  AMB ;  hence  (Def.  5.)  they  are  the  poles  of  thit 
circumference. 

Again,  the  radius  DC,  perpendicular  to  the  plane  AMB,i* 
perpendicular  to  its  parallel  FNG ;  hence  (Prop.  I.  Cor.  4.)  it 
passes  throush  0  the  centre  of  the  circle  FNG;  hence,  if  ll» 
oblique  lines  DF,  DN,  DG  be  drawn,  these  oblique  lines  wiB 
diverge  equally  from  the  perpendicular  DO,  and  will  them- 
selves be  equal.  But,  the  chorda  being  equal,  the  arcs  il* 
equal ;  hence  the  point  D  is  the  pole  of  the  small  circle  FNG; 
and.  for  like  reasons,  the  point  E  is  the  other  pole. 

Cor.  1.  Every  arc  DM,  drawn  from  a  point  in  the  arcof 
a  great  circle  AMB  to  its  pole,  it  a  quarter  of  the  circumftt- 
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Qce,  which,  for  the  sake  of  brevity,  is  usually  named  a  qtiad" 
anSf  or  quadrant :  and  this  quadrant  at  the  same  time  makes 
right  angle  with  the  arc  AM.  For  (Prop.  XVII.  B.  I.  El. 
I.  worn.)  the  line  DC  being  perpendicular  to  the  plane  AMC, 
very  plane  DMC  passing  through  the  liae  DC,  is  perpendicu- 
ir  to  the  plane  AMC ;  hence  the  angle  of  these  planes,  or 
Def.  6.)  the  angle  AMD,  is  a  right  angle. 

Cor.  2.  To  find  the  pole  of  a  given  arc  AM,  draw  the  in- 
lefinite  arc  MD  perpendicular  to  AM ;  take  MD  equal  to  a 
[aadrant ;  the  point  D  will  be  one  of  the  poles  of  the  arc  AM : 
)r  thus,  at  the  two  points  A  and  M,  draw  the  arcs  AD  and  MD 
)erpendicular  to  AM ;  their  point  of  intersection,  D,  will  be 
he  pole  required. 

Cor.  3.  Conversely,  if  the  distance  of  the  point  D  from 
sach  of  the  points  A  and  M,  is  equal  to  a  quadrant,  the  point 
D  will  be  the  pole  of  the  arc  AM,  and  also  the  angles  DAM, 
AMD,  will  be  right. 

For,  let  C  be  the  centre  of  the  sphere,  and  draw  the  radii 
CA,  CD,  CM.  Since  the  angles  ACD,  MCD  are  right,  the 
line  CD  is  perpendicular  to  the  two  straight  lines  CA,  CM  ; 
bence  it  is  perpendicular  to  their  plane  (Prop.  V.  B.  I.  El.  8. 
Geom.) ;  hence  the  point  D  is  the  pole  of  the  arc  AM ;  and 
consequently  the  angles  DAM,  AMD  are  right. 

Scholium.  The  properties  of  these  poles  enable  us  to  de- 
scribe arcs  of  a  circle  on  the  surface  of  a  sphere,  with  the 
same  facility  as  on  a  plane  surface.  It  is  evident,  for  instance, 
that  by  turning  the  arc  DF,or  any  other  line  extending  to  the 
same  distance,  round  the  point  D,  the  extremity  F  will  de- 
scribe the  small  circle  FN6 ;  and,  by  turning  the  quadrant 
DFA  round  the  point  D,  its  extremity  A  will  describe  the  arc 
)f  the  great  circle  AM. 

If  the  arc  AM  were  required  to  be  produced,  and  nothing 
vere  given  but  the  points  A  and  M  through  which  it  was  to 
»a88,  we  should  first  have  to  determine  the  pole  D,  by  the  in- 
ersection  of  two  arcs  described  from  the  points  A  and  M  as 
«ntres,  with  a  distance  equal  to  a  quadrant.  The  pole  D 
leing  found,  we  might  describe  the  arc  AM  and  its  prolonga* 
ion,  from  D  as  a  centre,  and  with  the  same  distance  as  before. 

In  fine,  if  it  is  required  from  a  given  point  P  to  let  fall  a 
perpendicular  on  the  given  arc  AM,  produce  this  arc  to  S, 
ill  the  distance  PS  be  equal  to  a  quadrant ;  then,  from  the 
X)Ie  Sy  and  with  the  same  distance,  describe  the  arc  PM,  which 
will  be  the  perpendicular  required. 

8* 
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PROPOSITION    VU.      THBORBM. 

Every  plane  perpendicular  to  a  radius  at  its  extremity  is  tai^ 

gent  to  the  sphere. 

Let  FAG  (see  the  next  diagram)  be  a  plane  perpendicular  to 
the  radius  OA,  at  its  extremity  A.  Any  point  M  in  this  dane 
bein^  assumed,  and  OM,  AM  being  Joined,  the  angle  0AM 
will  be  right,  and  hence  the  distance  OM  will  be  greater  than 
OA.  Hence  the  point  M  lies  without  the  sphere ;  and  as  the 
same  can  be  shown  for  every  other  point  of  the  plane  FAG, 
this  plane  can  have  no  point  but  A  common  to  it  and  the  sur- 
face of  the  sphere  ;  hence  (Def.  4.)  it  is  tangent 

Scholium.  In  the  same  way,  it  may  be  shown  that  two 
spheres  have  but  one  point  in  common,  and  therefore  touch 
each  other,  when  the  distance  between  their  centres  is  equal  to 
the  sum,  or  the  difference  of  their  radii ;  in  which  case,  the 
centres  and  the  point  of  contact  lie  in  the  same  straight  line. 

PROPOSITION  VIU.      THEOREM. 

The  angle  formed  by  two  arcs  of  great  circles^  is  equal  to  the 
angle  formed  by  the  tangents  of  these  two  arcs  at  their  pmts 
of  intersection,  and  is  measured  by  the  arc  described  firm 
this  point  of  intersection,  as  a  pole,  and  limited  by  the  siinh 
produced  if  necessary. 

Let  the  angle  BAG  be  formed  by  the  two 
arcs  AB,  AG ;  then  it  will  be  equal  to  the 
ancle  FAG  formed  by  the  tangents  AF,  AG, 
ana  be  measured  by  the  arc  DE,  described 
about  A  as  a  pole. 

For  the  tangent  AF,  drawn  in  the  plane 
of  the  arc  AB,  is  perpendicular  to  the  ra-  q 
dius  AO ;  and  the  tangent  AG,  drawn  in 
the  plane  of  the  arc  AG,  is  perpendicular  to 
the  same  radius  AO.     Hence,  (Prop.  XX. 
B.  I.  El.  S.  Geom.)  the  angle  FAG  is  equal 
to  the  angle  contained  by  the  planes  OAB,     , 
OAG  ;  which  is  that  of  the  arcs  AB,  AC,  ^ 
and  is  named  BAG. 

In  like  manner,  if  the  arcs  AD  and  AE  are  both  quadrantSf 
the  line  OD,  OE  will  be  perpendicular  to  OA,  and  the  ande 
DOE  will  still  be  equal  to  the  angle  of  the  planes  AOD,A0£: 
hence  the  arc  DE  is  the  measure  of  the  angle  contained  by 
these  planes,  or  of  the  angle  GAB. 


f, 
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Cor.  The  angles  of  spherical  triangles  may  be  compared 
rether,  by  means  of  the  arcs  of  ^at  circles  described  from 
;ir  vertices  as  poles  and  included  between  their  sides :  hence 
s  easy  to  make  an  angle  of  this  kind  equal  to  a  given  angle. 

Scholium.  Vertical  angles,  such  as  AGO  and  BCN  (see  dia- 
im  to  Prop.  XXL)  are  equal ;  for  either  of  them  is  still  the 

le  formed  by  the  two  planes  ACB,  OCN. 

t  is  further  evident,  that,  in  the  intersection  of  two  arcs 
;iB,  OCN,  the  two  adjacent  angles  AGO,  0GB  taken  toge- 
iTt  are  equal  to  two  right  angles. 

PROPOSITION   IX.      THEOREM. 

from  the  vertices  of  the  three  angles  of  a  spherical  triangle^ 
aspoleSf  three  arcs  be  described  forming  a  second  triangle^ 
the  vertices  of  the  angles  of  this  second  triangle  will  be  re-' 
spectively  poles  of  the  sides  of  the  first. 

From  the  vertices  A,  B,  G, 

poles,  let  the  arcs  EF,  FD, 

D  be  described,  forming  on 

e  surface  of  the  sphere,  the 

angle  DFE ;  then  will  the 

ints  D,  E,  and  F  be  re-  ^ 

ectively  poles  of  the  sides 

:,  AG,  AB. 

For,  the  point  A  being  the 

le  of  the  arc  EF,  the  dis- 

Qce  AE  is  a  quadrant ;  the 

int  C  being  the  pole  of  the  arc  DE,  the  distance  GE  is  like- 

iise  a  quadrant:  hence  the  point  E  is  removed  the  length  of 

quadrant  from  each  of  the  points  A  and  G  ;  hence  (Prop  VI. 

)r.  3.)  is  the  pole  of  the  arc  AG.    It  might  be  shown,  by  the 

me  method,  that  D  is  the  pole  of  the  arc  BG,  and  F  that  of 

B  arc  AB. 

Cor.  Hence  the  triangle  ABG  may  be  described  by  means  of 
BF,  as  DEF  is  described  by  means  of  ABG. 

PROPOSITION    X.      THEOREM. 

he  same  supposition  continuing  as  in  the  last  proposition,  each 
angle  in  trie  one  of  the  triangles,  will  be  measured  by  the 
semicircumference  minus  the  side  lying  opposite  to  it  in  the 
other  triangle. 

Produce  the  sides  (see  the  preceding  diagram)  AB,  AC,  if 


16  SPHERICAL  GEOMETRY. 

necessary,  till  they  meet  EF,  in  G  and  H.  The  point  A  being 
the  pole  of  the  arc  GH,  the  angle  A  will  be  measured  by  that 
arc  But  the  arc  EH  is  a  quadrant,  and  likewise  OF,  £  be- 
ing the  pole  of  AH,  and  F  of  AG;  hence  EH+GF  is  equal 
to  the  semicircumference.  Now,  EH-f  GF  is  the  same  as 
EF+GH ;  hence  the  arc  GH,  which  measures  the  angle  A, 
is  equal  to  a  semicircumference  minus  the  side  EF.  In  like 
manner,  the  angle  B  will  be  measured  by  ^  circ. — DF :  the 
angle  C,  by  ^  circ. — DE. 

And  this  property  must  be  reciprocal  in  the  two  triangles, 
since  each  of  them  is  described  in  a  similar  manner  by  means 
of  the  other.  Thus  we  shall  find  the  angles  D,  E,  F,  of  the 
triangle  DEF  to  be  measured  respectively  by  |  circ. — BC, 
i  circ. — AC.  \  circ. — AB.  Thus  tlie  angle  D,  for  example, 
is  measured  by  the  arc  MI ;  but  MI+BC=MC+BI= J  drc.; 
hence  the  arc  MI,  the  measure  of  D,  is  equal  to  |  circ. — BC ; 
and  so  of  all  the  rest. 

Scholium.  It  must  further  be  observed,  that  besides  the  tri- 
angle DEF,  three  others  might  be  formed  by  the  intersection 
of  the  three  arcs  DE,  EF,  UF.  But  the 
proposition  immediately  before  us  is  ap- 
plicable only  to  the  central  triangle, 
which  is  distinguished  from  the  other 
three  by  the  circumstance  (see  diagram  -^^ 
to  Prop.  IX.)  that  the  two  angles  A  and 
D  lie  on  the  same  side  of  BC,  the  two  B 
and  E  on  the  same  side  of  AC,  and  the 
two  C  and  F  on  the  same  side  of  AB. 

Various  names  have  been  given  to  the  triangles  ABC,  DEF; 
we  shall  call  them  polar  triangles. 


PROPOSITION   XI.      THEOREM. 

If  around  the  vertices  of  the  two  angles  of  a  given  spherical  tri- 
angle,  as  poles,  the  circumference  of  two  circles  be  described 
which  shall  pass  through  the  third  angle  of  the  triangle  ]  if 
then,  through  the  other  point  in  which  those  circumferenct^ 
intersect,  and  the  two  first  angles  of  the  triangle,  the  arcs  of 
great  circles  be  drawn,  the  triangle  thus  formed  will  have  cul 
its  parts  equ/il  to  those  of  the  first  triangle. 

Let  ABC  be  the  given  triangle,  CED,  DFC  the  arc  de- 
scribed about  A  and  B  as  poles ;  then  will  the  triangle  AD6 
have  all  its  parts  equal  to  those  of  ABC. 
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For,  by  construction,  the  side  AD=AC, 
)B=BC«  and  AB  is  common :  hence 
hose  two  triangles  have  their  sides  equal, 
ach  to  each.  We  are  now  to  show,  that 
he  angles  opposite  these  equal  sides  are 
Iso  equal. 

If  the  centre  of  the  sphere  is  supposed  ^ 
9  be  at  O,  a  solid  angle  may  be  conceiv- 
d  as  formed  at  O  by  the  three  plane  an- 
[les  AOB,  AOC,  BOC  ;  likewise  another 
olid  angle  may  be  conceived  as  formed  by  the  three  plane 
agles  AOB,  AOD,  BOD.  And  because  the  sides  of  the  tri- 
angle ABC  are  equal  to  those  of  the  triangle  ADB,  the  plane 
ingles  forming  the  one  of  these  solid  angles,  must  be  equal  to 
he  plane  angles  forming  the  other,  each  to  each.  But  in  this 
ase  we  have  shown  (Prop.  XXIII.  EL  S.  Geom.)  that  the 
Janes,  in  which  the  equal  angles  lie,  are  equally  inclined  to 
lach  other ;  hence,  all  the  angles  of  the  spherical  triangle  DAB 
ire  respectively  equal  to  those  of  the  triangle  CAB,  namely, 
DAB=BAC,  DBA= ABC,  and  ADB=ACB ;  hence,  the  sides 
ind  the  angles  of  the  triangle  ADB  are  equal  to  the  sides  and 
iie  angles  of  the  triangle  ACB. 

Scholium.  The  equality  of  those  triangles  is  not,  however, 
m  absolute  equality,  or  one  of  superposition  ;  for  it  would  be 
mpossible  to  apply  them  to  each  other  exactly,  unless  they 
^ere  isosceles.  The  equality  meant  here  is  what  we  have  al- 
•eady  named  an  equality  by  symmetry ;  therefore,  we  shall  call 
he  triangles  ACB,  ADB,  symmetrical  triangles. 


PROPOSITION    XII.       THEOREM. 


Two  triangles  on  the  same  sphere,  or  on  equal  spheres,  are  equal 
in  all  their  parts,  when  they  have  each  an  equal  angle  included 
between  equal  sides. 

Suppose  the  side  AB=EF,  the 
ide  AC=EG,and  the  angle  BAC 
=FEG ;  the  triangle  EFG  may  be 
placed  on  the  triangle  ABC,  or  on 
IBD  symmetrical  with  ABC,  just 
s  two  rectilineal  triangles  are 
placed  upon  each  other,  when  they  d 
lave  an  equal  angle  included  be- 
ween  equal  sides.  Hence  all  the 
Mirts  of  the  triangle  EFG  will  be 
iqual  to  all  the  parts  of  the  trian- 
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gle  ABC  ;  that  is,  besides  the  three  parts  equal  by  hypothesis, 
we  shall  have  the  side  BC=FG,  the  angle  ABC=EFG,  and 
the  angle  ACB=EGF. 

PROPOSITION   XIII.      THEOREM. 

T\do  triangles  on  the  same  sphere^  or  on  equal  spheres^  are  equal 
in  all  their  parts,  when  two  angles  and  the  included  side  of  Hm 
one  are  respectively  equal  to  two  angles  and  the  included  sidi 
of  the  other. 

For,  one  of  those  triangles,  or  the  triangle  symmetrica]  with 
it,  may  be  placed  on  the  other,  as  is  done  in  the  corresponding 
case  of  rectilineal  triangles,  (Prop.  IX.  B.  II.  EL  Geom.) 

PROPOSITION  XIV.      THEOREM. 

If  two  triangles  on  the  same  sphere^  or  on  equal  spheres  have  aU 
their  sides  respectively  equal,  their  angles  will  likewise  be  all 
respectively  equal,  the  equal  angles  lying  opposite  the  equd 
sides. 

This  truth  is  evident  from  Proposition  XI,  where  it  is  shown 
that,  with  three  given  sides  AB,  AC,  BC,  (see  the  diagram,) 
there  can  only  be  two  triangles  ACB,  ABD,  differing  as  to  the 
position  of  their  parts,  and  equal  as  to  the  magnitude  of  those 
parts.  Hence,  those  two  triangles,  having  all  their  sides  re- 
spectively equal  in  both,  must  either  be  absolutely  equal,  or  at 
least  symmetrically  so;  in  both  of  which  cases  their  corres- 
ponding angles  must  be  equal,  and  lie  opposite  to  equal  sides. 

PROPOSITION    XV.       THEOREM. 

In  every  isosceles  spherical  triangle,  the  angles  opposite  the  equd 
sides  are  equal ;  and  conversely,  if  two  angles  of  a  spherical 
triangle  are  eqtuil,  the  triangle  is  isosceles. 

First.  Suppose  the  side  AB=AC;  we  shall 
have  the  angle  C=B.  For,  if  the  arc  be 
drawn  from  tne  vertex  A  to  the  middle  point 
D  of  the  base,  the  two  triangles  ABD,  ACD 
will  have  all  the  sides  of  the  one  respectively 
equal  to  the  corresponding  sides  of  the  other, 
namely,  AD  common,  BL)=DC,  and  AB= 
AC :  hence,  by  the  last  Proposition,  their  an- 
gles will  be  eoual ;  therefore  B=C. 

Secondly.    Suppose  the  angle  B=C;  we 
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lall  have  the  side  AC=AB.  For,  if  not,  let  AB  be  the  greater 
f  the  two ;  take  BO=AC,  and  join  OC.  The  two  sides  BO, 
C  are  equal  to  the  two  AC,  BC ;  the  angle  OBC,  contained 
V  the  first  two  is  equal  to  ACB  contained  by  the  second  two. 
fence  (Prop.  XII.)  the  two  triangles  BOC,  ACB  have  all  their 
iher  parts  equal ;  hence  the  angle  OCB=ABC :  but  by  hy- 
^thesis,  the  angle  ABC=ACB ;  hence  we  have  OCB= ACB, 
rhich  is  absurd  ;  hence  it  is  absurd  to  suppose  AB  different 
t>ai  AC  ;  hence  the  sides  AB,  AC,  opposite  to  the  equal  an- 
les  B  and  C,  are  equal. 

Scholium.  The  same  demonstration  proves  the  angle  BAD 
=DAC,  and  the  angle  BDA=ADC.    Hence  the  two  last  are 
ht  angles ;  hence  the  arc  drawn  from  the  vertex  of  an  isos- 
s  spherical  triangle  to  the  middle  of  the  base,  is  at  right  an- 
ks  to  the  basCf  and  bisects  the  vertical  angle. 


PROPOSITION    XVI.       THEOREM. 


ue, 


I  any  spherical  triangle^  the  greater  side  is  opposite  the  great-' 
er angle;  and  conversely ^  the  greater  angle  is  opposite  the 
greater  side. 

Let  the  angle  A  be  greater  than  the  angle  B,  then  will  BC 
;  greater  than  AC ;  and  conversely,  if  BC  is  greater  than 
C9  then  will  the  angle  A  be  greater  than  B. 

First.  Suppose  the  angle 
>B ;  make  the  ande  BAD= 
:  then  (Prop.  XV5  we  shall 
ive  AD=DB ;  but  AD+DC 
greater  than  AC ;  hence, 
itting  DB  in  place  of  AD,  we 
allhaveDB+DC,orBC>AC. 
Secondly.  If  we  suppose  BC>AC,  the  angle  BAC  will  be 
-eater  than  ABC.  For,  if  BAC  were  equal  to  ABC,  we  should 
ive  BC=AC  ;  if  BAC  were  less  than  ABC,  we  should  then, 
i  has  just  been  shown,  find  BC<AC.  Both  these  conclusions 
re  false :  hence  the  angle  BAC  is  greater  than  ABC. 
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PROPOSITION   XVII.      THEOREM. 

If  two  triangles  on  the  same  sphere,  or  on  equal  spheres,  are 
mutually  equiangular^  they  will  also  be  mutualfy  equilate' 
rah 

Let  A  and  B  be  the  two  given  triangles ;  P  and  Q  their 
polar  triangles.  Since  the  angles  are  equal  in  the  triangles 
A  and  B,  the  sides  will  be  equal  in  their  polar  triangles  P  and 
Q,  (Prop.  X. :)  but  since  the  triangles  P  and  Q  are  mutually 
equilateral,  they  must  also  (Prop.  XIV.)  be  mutually  equian- 
gular ;  and,  lastly,  the  andes  being  equal  in  the  triangles  P 
and  Q,  it  follows  (Prop.  X.)  that  the  sides  are  equal  in  their 
polar  triangles  A  and  B.  Hence  the  mutually  equiangular 
triangles  A  and  B  are  at  the  same  time  mutually  equilateral. 

Scholium,  This  proposition  is  not  applicable  to  rectilineal 
triangles  ;  in  which  equality  among  the  angles  indicates  only 

f)roportionality  among  the  sides.  Nor  is  it  difficult  to  account 
or  the  difference  observable,  in  this  respect,  between  spheri- 
cal and  rectilineal  triangles.  In  the  proposition  now  before 
us,  as  well  as  in  Propositions  XII,  XIII,  XIV,  which  treat  of 
the  comparison  of  triangles,  it  is  expressly  required  that  the 
arcs  be  traced  on  the  same  sphere,  or  on  equal  spheres.  Now 
similar  arcs  are  to  each  other  as  their  radii ;  hence,  on  equal 
spheres,  two  triangles  cannot  be  similar  without  being  equal. 
Therefore  it  is  not  strange  that  equality  among  the  angles 
should  produce  equality  among  the  sides. 

The  case  would  be  different,  if  the  triangles  were  drawn 
upon  unequal  spheres  ;  there,  the  angles  being  equal,  the  tri- 
angles would  be  similar,  and  the  homologous  sides  would  be 
to  each  other  as  the  radii  of  their  spheres. 

PROPOSITION  XVIII.      THEOREM. 

The  sum  of  all  the  angles  in  any  spherical  triangle  is  less  tken 
six  right  angles,  arid  greater  than  two. 

For,  in  the  first  place,  every  angle  of  a  spherical  triande 
is  less  than  two  right  angles  (see  the  following  Scholiuon) : 
hence  the  sum  of  all  the  three  is  less  than  six  right  angles. 

Secondly,  the  measure  of  each  angle  of  a  spherical  triangle 
(Prop.  X.)  is  equal  to  the  semicircumference  minus  the  corres- 
ponding side  of  the  polar  triangle ;  hence  the  sum  of  all  the 
three,  is  measured  by  three  semicircumferences  minus  the  sum 
of  all  the  sides  of  the  polar  triangle.    Now  (Prop.  IV.),  this 
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itter  sum  is  less  than  a  circumrerence ;  therefore,  taking  it 
iway  from  three  semicircumferences,  the  remainder  will  be 
^ater  than  one  semicircumference,  which  is  the  measure  of 
wo  right  angles ;  hence,  in  the  second  place,  the  sum  of  all 
iie  angles  in  a  spherical  triangle  is  greater  than  two  right 
iDgles. 

Cor.  1.  The  sum  of  all  the  angles  of  a  spherical  triangle 
s  not  constant,  like  that  of  all  the  angles  of  a  rectilineal  tri- 
ingle ;  it  varies  between  two  right  angles  and  six,  without 
i?er  arriving  at  either  of  these  limits.  Two  given  angles 
lieretbre  do  not  serve  to  determine  the  third. 

Cor.  2.  A  spherical  triangle  may  have  two,  or  even  three 
ingles,  right,  two  or  three  obtuse. 

If  the  triangle  ABC  is  hi-rectangular^  in  other 
srords,  has  two  right  angles  B  and  C,  the  vertex 
A.  will  (Prop.  X.)  be  the  pole  of  the  base  BC  ; 
ind  the  sides  AB,  AC  will  be  quadrants. 

If  the  angle  A  is  also  right,  the  triangle  ABC 
nil]  be  tri-rectangular;  its  ano;les  will  all  be  right,  rI. —  — ^C 
and  its  sides  quadrants.  The  tri-rectangular  triangle  is  con- 
tained eight  times  in  the  surface  of  the  sphere. 

Scholium.  In  all  the  preceding  observations,  we  have  sup- 
posed, in  conformity  with  (Def.  6,)  that  our  spherical  triangles 
bave  always  each  of  their  sides  less  than  a  semicircumter- 
ence;  from  which  it  follows  that  any  one  of  their  angles  is 
always  less  than  two  right  angles.  For  (see  diagram  to  Prop. 
IV.)  if  the  side  AB  is  less  than  a  semicircumference,  and  AC 
is  to  likewise,  both  those  arcs  will  require  to  be  produced 
before  they  can  meet  in  D.  Now  the  two  ancles  ABC,  CBD 
:akcn  together,  are  equal  to  two  right  angles ;  nence  the  angle 
hBC  itself,  is  less  than  two  right  angles. 

We  may  observe,  however,  that  some  spherical  triangles  do 
•mU  in  which  certain  of  the  sides  are  greater  than  a  semi- 
jrcumference,  and  certain  of  the  angles  greater  than  two  right 
IDgles.  Thus,  if  the  side  AC  is  produced  so  as  to  form  a  whole 
arcomference  ACE,  the  part  which  remains  after  substracting 
he  triangle  ABC  from  the  hemisphere,  is  a  new  triangle  also 
lesigoated  by  ABC,  and  having  AB,  BC,  AEDC  for  its  sides. 
Bere«  it  is  plain,  the  side  AEInD  is  greater  than  the  semicir- 
cumference AED ;  and,  at  the  same  time,  the  angle  B  oppo- 
ate  to  it  exceeds  two  ri^ht  angles,  by  the  quantity  CBD. 

The  triangles  whose  sides  and  angles  are  so  large,  have  been 
eiduded  from  our  Definition ;  but  the  only  reason  was,  that 
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the  solution  of  them,  or  the  determination  of  their  parts,  is  al- 
ways reducible  to  the  solution  of  such  triangles  as  are  com- 
prehended by  the  Definition.  Indeed,  it  is  evident  enough, thnt 
if  the  sides  and  angles  of  the  triangle  ABC  are  known,  it  will 
be  easy  to  discover  the  angles  and  sides  of  the  triangle  which 
bears  the  same  name,  and  is  the  difference  between  a  hemis- 
phere and  the  former  triangle. 


PROPOSITION    XIX.   THEOREM. 

The  surface  of  a  lune  is  to  the  surface  of  the  sphere^  as  the 
antrle  of  this  lune,  is  to  four  right  angles,  or  as  the  arc  which 
measures  that  angle,  is  to  the  circumference. 

Let  AM NB  be  a  lune ;  then  will  its 
surface  be  to  the  surface  of  the  sphere 
as  the  angle  NCM  to  four  right  an- 
gles, or  as  the  arc  NM  to  the  circum- 
ference of  a  great  circle. 

Suppose,  in  the  first  place,  the  arc 
M N  to  be  the  circumference  MNPQ 
as  some  one  rational  number  is  to  ano- 
ther, as  5  to  48,  for  example.  The 
circumference  MNPQ  being  divided 
into  48  equal  parts,  MN  will  contain 
5  of  them  ;  and  if  the  pole  A  were  joined  with  the  several 
points  of  division,  by  as  many  quadrants,  we  should  in  the  hens- 
isphere  AMNPQ  have  48  triangles,  all  equal,  because  all  their 
parts  are  equal.  Hence  the  whole  sphere  must  contain  96  of 
those  partial  triangles,  the  lune  AMBNA  will  contain  10  of 
them  ;  hence  the  lune  is  to  the  sphere  as  10  is  to  96,  or  a8  5to 
48,  in  other  words,  as  the  arc  MN  is  to  the  circumference. 

If  the  arc  MN  is  not  commensurable  with  the  circumfer- 
ence, we  may  still  show,  by  a  mode  of  reasoning  frequently 
exemplified  already,  that  in  this  case  also,  the  lune  is  to  the 
sphere  as  MN  is  to  the  circumference. 

Cor.  1.  Two  lunes  are  to  each  other  as  their  respective  an- 
gles. 

Cor.  2.  It  was  shown  above  (Prop.  XVIII.  Cor.  2.)  that  the 
whole  surface  of  the  sphere  is  equal  to  eight  tri-rectangular 
triangles  ;  hence,  if  the  area  for  one  such  triangle  is  taken  for 
unity,  the  surface  of  the  sphere  will  be  represented  by  8.  This 
granted,  the  surface  of  the  lune,  whose  angle  is  A,  will  be  ex- 
pressed by  2A  (the  angle  A  being  always  estimated  from  the 
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o;ht  angle  assumed  as  unity :)  since  2A  :  8  :  :  A  :  4.  Thus 
e  have  here  two  different  unities;  one  for  angles,  being  the 
7ht  angle ;  the  other  for  surfaces  being  the  tri-rectangular 
»herical  triangle,  or  the  triangle  whose  angles  are  all  right, 
id  whose  sides  are  quadrants. 

Or  if  the  area  of  one  such  triangle  is  represented  by  T,  the 
irface  of  the  whole  sphere  will  be  expressed  by  8T,  and  the 
irface  of  the  lune  whose  angle  is  A,  will  be  expressed  by 
AxT.  for 

4:  A  :  :8T  :  2AxT 
I  which  expression,  A  represents  such  a  part  of  unity,  as  the 
Qgle  of  the  lune  is  of  one  right  angle. 

Scholium.  The  spherical  ungula,  bounded  by  the  planes  AMB, 
iNB,  is  to  the  whole  solid  sphere,  as  the  angle  A  is  to  four 
ght  angles.  For,  the  lunes  being  equal,  the  spherical  ungulas 
rill  also  be  equal ;  hence  two  spherical  ungulas  are  to  each 
thefy  as  the  angles  formed  by  the  planes  which  bound  them. 

PROPOSITION    XX.      THEOREM. 

Two  symmetrical  spherical  triangles  are  equal  in  surface. 

Let  ABC,  DEF  be  two  symme- 
ical  triangles,  that  is  to  say,  two 
{angles  having  their  sides  AB= 
•E,  AC=DF,CB=EF,  and  yet  in- 
ipable  of  coinciding  with  each 
iher:  we  are  to  show  that  the  sur-  y^^ 
ce  ABC  is  equal  to  the  surface 
EF. 

Let  P  be  the  pole  of  the  small  cir- 
e  passing  through  the  three  points  A,  B,  C ;  from  this  point 
raw  (Prop.  VI.)  the  equal  arcs,  PA,  PB,  PC ;  at  the  point  F, 
ake  the  angle  DFQ=ACP,  the  arc  FQ=CP;  and  join  DQ, 

Q. 

The  sides  DF,  FQ  are  equal  to  the  sides  AC,  CP ;  the  an- 
e  DFQ=ACP :  hence  (Prop.  XII.)  the  two  triangles  DFQ, 
CP  are  equal  in  all  their  parts  ;  hence  the  side  DQ= AP,  and 
16  angle  DQF=APC. 

In  the  proposed  triandes  DFE,  ABC,  the  angles  DFE,  ACB 
pposite  to  the  equal  sides  DE,  AB,  being  equal  (Prop.  XIII.) 

the  angles  DFQ,  ACP,  which  are  equal  by  construction,  be 
iken  away  from  them,  there  will  remain  the  angle  QFE, 
loal  to  PCB.  Also  the  sides  QF,  FE  are  equal  to  the  sides 
u,  CB ;  hence  the  two  triangles  FQE,  CPB  are  equal  in 
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all  their  parts  ;  hence  the  side  QE=:PB»  and  the  angle  FQE 
«CPB. 

Now,  the  triangles  DFQ,  ACP,  which  have  their  sides  re- 
spectively equal,  are  at  the  same  time  isosceles,  and  capable  of 
coinciding,  when  applied  to  each  other ;  for  having  placed  PA 
on  its  equal  QF,  the  side  PC  will  fall  on  its  equal  QD,  and 
thus  the  two  triangles  will  exactly  coincide ;  hence  they  arc 
equal ;  and  the  surface  DQF= ArC.  For  a  like  reason,  the 
surface  FQE=CPB,  and  the  surface  DQE=APB  ;  hence  we 
have  DQF+FQE— DQE=APC-fCPB— APB,  or  DFE= 
ABC  ;  hence  the  two  symmetrical  triangles  ABC,  DEF  are 
equal  in  surface. 

Scholium.  The  poles  P  and  Q  might  lie  within  the  triangles 
ABC,  DEF :  in  which  case  it  would  be  requisite  to  add  the 
three  triangles  DQF,  FQE,  ])QE  together,  in  order  to  make 
up  the  triangle  DEF;  and  in  like  manner  to  add  the  three  tri« 
angles  APC,  CPB,  APB  together,  in  order  to  make  up  the  tri- 
angle ABC:  in  all  other  respects,  the  demonstration  and  the 
result  would  still  be  the  same. 

PROPOSITION    XXI.      THEOREM. 

If  the  circumferences  of  two  great  circles  intersect  each  other 
on  the  surface  of  a  hemisphere^  the  sum  of  the  opposite  trian- 
gles  thus  formed^  is  equivalent  to  the  surface  of  a  lune  whose 
angle  is  equal  to  the  angle  formed  by  the  dixies. 

Let  the  circumferences  AOB,  COD, 
intersect  on  the  hemisphere  OACBD; 
then  will  the  opposite  triangles  AOC, 
BOD  be  equal  to  the  lune  whose  an- 
gle is  BOD. 

For,  producing  the  arcs  OB,  OD 
on  the  other  hemisphere,  till  they 
meet  in  N,  the  arc  OBN  will  be  a  se- 
mi-circumference, and  AOB  one  also ; 
and  taking  OB  from  both,  we  shall 
have  BN=AO.  For  a  like  reason,  we  have  DN=CO,  aad 
BD=AC.  Hence  the  two  triangles  AOC,  BDN  have  their 
three  sides  respectively  equal ;  besides,  they  are  so  placed  as 
to  be  symmetrical ;  hence  (Prop.  XIX.  Sch.)  they  are  equal 
in  surface,  and  the  sum  of  the  triangles  AOC,  BOI)  is  equivt* 
lent  to  the  lune  OBNDO,  whose  angle  is  BOD. 

Scholium.  It  is  likewise  evident  that  the  two  spherical  pyra- 
mids, which  have  the  triangles  AOC,  BOD  for  bases,  are  to- 
gether equivalent  to  the  spherical  ungula  whose  angle  is  BOD. 
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PROPOSITION  XZII.      THBOSEM.' 

The  surf  ace  of  a  spherical  triangle  is  measured  hy  the  excess 
of  the  sum  of  its  three  angles  above  two  right  angles^  muUir 
plied  by  the  tri-rectangular  triangle. 

Let  ABC  be  the  proposed  triangle : 
produce  its  sides  till  they  meet  the 
great  circle  DEFG,  drawn  at  plea- 
sure without  the  triangle.  By  the 
last  Theorem,  the  two  triangles  ADE, 
AGHy  are  together  equivalent  to  the 
lone  whose  angle  is  A,  and  which  is 
measured  by  2A.T  (Prop.  XIX.  Cor. 
2.)  Hence  we  have  ADE+AGH= 
2A.T  ;  and,  for  a  like  reason,  BGF+ 
BID=2B.T,  and  CIH+CFE=2C.T. 

But  the  sum  of  these  six  triangles  exceeds  the  hemisphere  by 
twice  the  triangle  ABC,  and  the  hemisphere  is  represented  by 
4T ;  therefore,  twice  the  triangle  ABC  is  equal  to  2A.T-f 
2B.T+2C.T— 4T  ;  and  consequently,  once  ABC=(A+B-fC 
— 2)T ;  hence  every  spherical  triangle  is  measured  by  the  sum 
of  all  its  angles  minus  two  right  angles,  multiplied  by  the  tri- 
rectangular  triangle* 

Cor.  1.  However  many  right  angles  there  may  be  in  the 
tarn  of  the  three  angles  minus  two  rij^ht  angles,  just  so  many 
tri-rectangular  triangles,  or  eighths  of  the  sphere,  will  the  pro- 
posed triangle  contain.  If  the  angles,  for  example,  are  each 
equal  to  f  of  a  right  angle,  the  three  angles  will  amount  to  four 
right  angles,  and  the  sum  of  the  angles  minus  two  right  angles 
will  be  represented  by  4 — 2,  or  2 ;  therefore  the  surface  of 
the  triangle  will  be  equal  to  two  tri-rectangular  triangles,  or  to 
the  fourth  part  of  the  whole  surface  of  the  sphere. 

Scholium.  While  the  spherical  triangle  ABC  is  comiparied 
irith  the  tri-rectangular  triangle,  the  spherical  pyramid,  which 
MS  ABC  for  its  tose,  is  compared  with  the  tri-rectangular 
>yramid,  and  n  similar  proportion  is  found  to  subsist  between 
hem.  The  solid  angle  at  the  vertex  of  the  pyramid,  is  in  like 
nanner  compared  with  the  solid  angle  at  the  vertex  of  the  tri- 
ectangalar  pyramid.  These  comparisons  are  founded  on  the 
:oincidence  of  the  corresponding  parts.  If  the  bases  of  the 
>yramids  coincide,  the  pyramids  themselves  will  evidently  co- 
Dcide,  and  likewise  the  solid  angles  at  their  vertices*  From 
his,  some  consequences  are  deduced. 

3* 
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First.  Two  triangular  spherical  pyramids  are  to  each  other 
as  their  bases ;  and,  since  a  polygonal  pyramid  may  always  be 
divided  into  a  certain  number  of  triangular  ones,  it  follows  that 
any  two  spherical  pyramids  are  to  each  other  as  the  polygons 
which  form  their  bases. 

Second,  The  solid  angles  at  the  vertices  of  these  pyramids 
are  also  as  their  bases :  hence,  for  comparing  any  two  solid 
angles,  we  have  merely  to  place  their  vertices  at  the  centres 
of  two  equal  spheres,  and  the  solid  angles  will  be  to  each  other 
as  the  spherical  polygons  intercepted  between  their  planes 
or  faces. 

The  vertical  angle  of  the  tri-rectangular  pyramid  is  formed 
by  three  planes,  at  right  angles  to  each  other.  This  angle, 
which  may  be  called  a  right  solid  angfe,  will  serve  as  a  very 
natural  unit  of  measure  for  all  other  solid  angles.  If,  for  ex- 
ample, the  area  of  the  triangle  is  f  of  the  tri-rectangular  tri- 
angle, then  the  corresponding  solid  angle  will  also  be  }  of  the 
right  solid  angle. 

PROPosmoN  xxni.    theorem. 

The  surface  of  a  spherical  polyg&n  is  measured  by  the  tnm  of 
all  its  angles,  minus  two  right  angles  multiplied  by  the  nsm- 
ber  of  sides  in  the  polygon  less  two^  into  the  tri'Vectangukr 
triangle. 

Prom  <Mie  of  the  vertices  A,  let  di- 
agonals AC,  AD,  be  drawn  to  all  the 
other  vertices ;  the  polygon  ABCDE 
will  be  divided  into  as  many  triangles* 
minus  two,  as  it  has  sides.  But  the 
surface  of  each  triangle  is  measured  by 
the  sum  of  all  its  angles  minus  two 
right  angles,  into  the  tri-rectangular  tri- 
angle^ and  the  sum  of  the  angles  in  all  _ 
the  triangles  is  evidently  the  same  as  that  of  all  the  angles  of 
the  polyeon :  hence,  the  surface  of  the  polygon  is  equal  to  the 
sum  of  all  its  angles,  diminished  by  twice  as  many  right  angl^ 
as  it  has  sides,  less  two*  into  the  tri-rectangular  triangle. 

Scholium.  Let  s  be  the  sum  of  all  the  andes  in  a  spherical 
polygon,  n  the  number  of  its  sides,  and  T  the  tri-rectangular 
triangle  ;  the  ri^ht  angle  bein^  taken  for  unity,  the  surface  of 
the  pdygon  will  be  measured  ny 

^,—2  (n— 2,))  T,  or  (s— 2  n+4)  T 
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CHAPTER  I. 

.ANB  Trigonometry  is  the  science  which  treats  of  the  re- 
is  of  the  sides  and  angles  of  plane  triangles. 
every  triangle  there  are  six  parts :  three  sides  and  three 
^s  ;  which  have  such  relations  to  each  other  that  the  value 
16  depends  on  the  value  of  the  others ;  and  if  a  sufficient 
>er  of  these  are  known  the  others  may  thereby  be  deter- 
d. 

16  sides  of  triangles  consist  of  absolute  magnitude,  but  the 
»  are  only  the  relations  of  those  sides  to  each  other  in 
ion  or  direction,  without  regard  to  their  ma^itudes. 
igles  have  no  absolute  measure  in  terms  of  the  sides ;  but 
levertheless,  susceptible  of  measure ;  for  if  two  lines  meet 
other  the  space  included  between  them  within  a  given 
Qce  from  their  point  of  contact  is  proportional  to  their 
tal  inclination,  and  hence  (Prop.  XVlII.  Cor.  B.  III.  EL 
t.)  the  arc  of  the  circumference  of  a  circle  intercepted  by 
lines  drawn  from  its  centre,  may  be  regarded  as  the  mea- 
of  the  angle  or  inclination  of  those  lines,  and  therefore  the 
>f  the  circumference  may  be  regarded  as  the  measure  of 
liar  magnitude. 

>r  this  purpose  the  circumference  of  the  circle  is  supposed 
i  divided  into  360  equal  parts,  called  degrees,  and  each  of 
i  degrees  is  divided  into  60  equal  parts  called  minutes,  and 
minute  into€0  equal  parts  called  seconds  ;  and  so  on,  to 
is,  fourths,  &c. 

bese  divisions  are  designated  by  the  following  characters, 
'  *^  &c.  Thus  the  expression  80**  20'  12"  22'",  repre- 
I  an  arc  or  an  angle  of  30  degrees  20  minutes  12  seconds 
birds. 

he  circumference  of  any  circle  may  in  this  manner  be  ap- 

I  as  the  measure  of  angles,  without  regard  to  its  magni- 

or  the  length  of  its  radius ;  hence  a  degree  is  not  a  mag- 
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nitude  of  any  definite  length,  but  is  a  certain  portion  of  the 
whole  circumference  of  any  circle,  for  it  is  evident  that  the 
360th  part  of  the  circumference  of  a  large  circle  is  greater 
than  the  same  part  of  a  smaller  one,  but  the  number  of  de« 
grees  in  the  small  circumference  is  the  same  as  in  the  large  one. 
The  fourth  part  of  the  circumference  of  a  circle  is  called 
a  quadrant  and  contains  90,degrees :  hence  90  degrees  is  the 
measure  of  the  right  angle. 

Thus,  if  wc  draw  two  straight  lines 
AD,  BE,  so  as  to  cross  each  other  at 
right  angles,  and  from  their  point  of  inter- 
section, C,  we  discribe  a  circle  with  any 
radius  so  as  to  cut  those  lines  in  any 
points,  as  a,  6,  J,  «,  the  circumference  ot 
the  circle  will  thus  be  divided  into  four 
equal  arcs,  oA,  bd^  de,  ea,  each  of  which 
measures  or  subtends  a  right  angle  at 
the  centre  C,  of  the  circle. 

If  a  line  CP  be  made  to  revolve  round  a  fixed  point  C  at 
the  centre  of  a  circle,  and  so  as  to  pass  successively  through 
every  point  of  the  circumference,  commencing  in  the  point  a, 
then,  while  it  is  in  the  position  Ca,  or  while  it  coincides  with 
the  line  Ca,  those  two  lines  form  but  one,  and  intercept  no  arc 
on  the  circumference  of  the  circle,  and  hence  form  no  angle 
with  each  other ;  but  when  the  line  CaP 
comes  into  the  position  CP,  it  fiirms  with 
AC  an  acute  angle  at  C,  which  is  mea- 
sured by  the  arc  aP,  and  when  it  comes 
into  the  position  C6P,  it  then  forms  a  right 
angle  ACP  with  the  line  AC,  which  angle 
is  measured  by  the  quadrant  ab.  Now 
let  it  come  into  the  position  CP,,and  the 
angle  which  it  forms  with  CA,  will  be 
measured  by  the  arc  aP,,  which  is  greater  than  a  right  angle, 
and  hence  is  an  obtuse  angle. 

Let  it  now  come  into  the  position  CdV ;  it  then  coincides 
with  the  right  line  C(/,  which  is  a  portion  of  the  line  AC  pro- 
duced, since  the  line  CP,  in  this  position,  coincides  with  the  line 
AD,  it  can  be  said  to  form  with  it  no  angle ;  yet  the  space 
passed  over  by  the  line  CP,  from  the  position  CaP,  is  equal  to 
two  quadrants,  or  two  right  angles  equal  to  160  degrees,  and 
for  trigonometrical  investigation  the  lines  C6P  and  CA  are 
said  to  subtend  the  angle  measured  by  the  arc  abd. 

After  passing  the  point  d,  and  coming  into  the  position  CP,f 
it  forms  with  AC,  and  on  the  upper  side  of  it  the  angle  P3CA 
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easured  by  the  arc  oeP,,  but  having  passed  over  the  arc 
k/ P„  is  said  to  contain,  with  the  line  C  A,  the  angle  ACP^  on 
e  upper  side  of  those  lines  measured  by  the  arc  a&JP,, 
eater  than  two  right  angles.  When  it  comes  in  the  posi- 
m  CeP  it  is  said  to  subtend,  with  the  line  AC  from  the  sanie 
le  of  it,  the  angle  measured  by  the  arc  abdCf  or  three  quad- 
nts«  equal  to  three  right  angles. 

When  in  the  position  CP^,  it  is  said  to  contain  with  CA,  and 
I  the  same  side  of  it,  an  angle  greater  than  three  right  angles. 
Finally,  when  the  line  CP  has  completed  an  entire  revolu- 
)n,  having  returned  to  its  original  position,  CA,  it  will  have 
rmed  an  angle  with  it  equal  to  four  right  angles. 
If  the  line  CP  continues  to  revolve,  it  is  manifest  that  the 
)gle  will  increase,  and  may  with  this  view  form  with  CA, 
igles  greater  than  four,  than  five,  or  than  any  given  number 
right  angles. 

ab  is  called  the  first  quadrant  of  the  circle,  bd  the  second, 
'■  the  third,  and  ea  the  fourth  quadrant. 
It  must  be  borne  in  mind,  that  the  line  CP  cannot,  geome- 
ically,  be  said  to  contain  with  another  line,  AC,  an  angle 
'eater,  nor  quite  equal  to,  two  right  angles,  but  in  view  of  its 
ipposed  motion  round  one  of  its  extremities,  C,  as  a  centre, 
is  said  to  contain,  with  the  line  AC,  all  the  angular  space 
rough  which  it  has  passed  in  its  revolution. 
Thus,  let  the  line  Cr  have  performed  one  complete  revolu- 
>n,  from  the  position  CaP  to  the  same  position  again,  the 
igle  which  it  forms  with  the  line  CA,  though  absolutely  no- 
ing,  is  in  view  of  its  supposed  motion  measured  by  the  quad- 
nts  ab+bd+de+ea^  each  of  which  quadrants  are  readily  re- 
»gnized  as  being  contained  by  their  several  lines  of  division, 
hen  by  removing  those  lines  of  division  of  the  circumference, 
ose  several  angle?  are  all  converted  into  one  containing  the 
hole  circumference  ;  hence,  in  view  of  this  motion  or  rela- 
m  of  the  two  lines,  they  are  said  to  contain  an  angle  mea« 
red  by  the  whole  circumference. 


30  ANALYTICAL  PLANE  TRIGONOMETRY. 


DEHNITIONS  AND  ILLUSTRATIONa 


The  following  symbols  are  sometimes  used. 

1.  The  complement  of  an  arc  or  of  an  angle,  is  what  re- 
mains after  taking  that  arc  or  that  angle  from  90  degrees. 
Thus,  if  d  be  any  arc  or  angle,  the  complement  is  90° — d 

2.  Supplement  of  an  arc  or  an  angle,  is  what  remains  after 
taking  that  arc  or  angle  from  two  right  angles,  or  180  de- 
grees. Thus,  if  ^  be  any  arc  or  angle,  the  supplement  of  4  is 
180°—^. 

If  AP  be  any  arc,  and  ACP  be  any  angle,  _£. 

4  measured  by  that  arc,  then  the  complement 
of  the  ancle  6  is  the  angle  PCB  measured  by 
the  arc  PB,  and  the  supplement  of  the  angled 
is  the  angle  PCD  measured  by  the  arc  PBD, 
andifBCPis  any  angle  6  measured  by  the 
arc  PB,  then  PCA  is  the  complement  of  ^,  and  if  PCD  is  any 
angle  d,  then  will  PCA  be  its  supplement. 

3.  To  represent  the  ratios  of  the  sides  and  angles  of  trian- 
gles, right  lines  are  drawn  in  and  about  a  circle  called  sineSf 
tangents,  secants,  &c. 

Draw  two  right  lines  AD,BE  cutting  each 
other  at  right  angles  in  the  point  C,  with  the 
centre  C  and  any  distance  as  radius,  describe  a 
circle  cutting  the  lines  in  the  points  A,  B,  D,  E. 

Draw  the  radius  CP  forming  with  CA  any 
angle  ACP=d.  From  P  draw  PS  perpendi- 
cular on  CA.  From  A  draw  AT  a  tangent 
to  the  circumference  at  A.  Produce  CP  to 
meet  AT  in  T. 

4.  Then  the  ratio  of  PS  to  the  radius  CA  of  the  circle,  ii 
called  the  sine  of  the  angle  PCA. 

Or,  -_  =sin.  S. 

C»A 

5.  The  ratio  of  AT  to  the  radius  CA  of  the  circle,  is  called 

the  tangent  of  the  angle  TC A  or  PCA. 

AT 
Hence,  ^_^=:tan.  d. 

CA 

6.  And  the  ratio  of  CT  to  the  radius  is  the  secant  of  the 
angle  PCA. 

n  CT 

Ur,  =sec.  6. 
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Si 


7.  The  ratio  of  AS  to  the  radius  of  the  circle,  is  called  the 
sed  sine  of  the  angle  PCA. 

Or,  7T-r=^^'  sin.  &, 

LA 

).  The  sine  of  the  complement  of  an  angle,  is  called  the  sine 

nplement,  or  cosine  of  that  anp^le. 

Thus,  sin.  (00° — 5)= cos.  ^,  hence  cos.  (00** — d)=sin.  4. 

h  The  tangent  of  the  complement  of  any  given  angle,  is 

led  the  cotangent  of  that  angle. 

Thus,  tan.  (OO^* — d)=cot.  d,  hence  cot.  (00°— ^)=tan.  6 
10-  The  secant  of  the  complement  of  any  given  angle,  is 
lied  the  cosecant  of  that  angle. 

Or,  sec.  (00° — d)=cosec.  d,  hence  cosec.  (00°— ^)=sec.  ^. 
11.  The  versed  sine  of  the  complement  of  any  angle,  is  call- 
the  conversed  sine  of  that  angle. 

Or,  V.  sin.  (00° — d)=co-v.  sin.  d, 

and  hence  co-v.  sin.  (00 — 5)=v.  sin.  6. 
In  order  to  show  that  the  ratio  of  CS  to  the  radius  of  the 
rcle  in  the  last  figure,  is  the  cosine  of  the  angle  PCA ;  that 
,  the  sine  of  its  complement. 

Or  that  ^^ri  =cos.  ^, 

CA 

Draw  a  circle  A'B'D'E'  equal  to  the  circle 
BDE,  and  from  C  the  centre,  draw  C'P', 
aking  with  C'A'  the  angle  FC'A'  equal  to  a'I 
e  angle  PCB;  that  is,  to  the  compliment 
•  PCA,  or  to  (00°— d). 


Then,  since  CP  is  equal  to  C'P',  and  the 
ides  at  S  and  S'  nre  ri^ht  angles,  the  angle 
PS  equal  to  the  angle  P'C'S'  the  two  trian- 
les  PCS,  P'C'S'  are  equal  in  every  respect ; 
S=:C'S',  CS=FS'. 


Therefore, 


CS     P'S' 


CA     CA 

=sin.  FC'A'  by  Def. 
=sin.  (00° — d)  by  construct. 
=cos.  6  by  Def. 
We  have  hitherto  considered  an  angle  PCA  less  than  a  right 
ngle,  but  the  same  definitions  are  applied,  whatever  may  be 
be  magnitude  of  the  angle. 
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Thug,  for  example,  let  us  take  an  angle 
P  CA  situated  in  the  second  quadrant, /Aa<  i^, 
an  angle  greater  than  one  right  angle,  and 
less  than  two.  ^ 

From  P,  let  fall  P,S,  perpendicular  on 
AD,  from  D  draw  DT,  a  tangent  to  the  cir- 
cle at  D,  meeting  CP,  produced  in  T,  ;  then, 
as  before, 

^=8in.  P.CA 

S?i=cos.  P.CA 
OA 

DT 

^=tan.  P,CA 

^=sec.P,CA 


CA 
AS,__ 

CA 


V,  sin.  P,CA. 


Again,  let  the  angle  in  question  be  situated  in  the  third  quad- 
rant, that  is,  let  it  be  an  angle  greater  than  two,  and  less  than 
three  right  angles. 

Making  a  construction  analogous  to  that  in  the  two  former 
cases,  we  shall  have 


???^=sin.  P,CA 

CA 

jTT^  =  COS.  P3CA 


B 


DT 


CA 
CT 


tan.  P3CA 


^S-'^D 


=sec.  P,AC 


CA 

,^=v.  sin.  P.CA. 

L/A 

Lastly,  let  the  angle  be  situated  in  the  fourth  quadrant;  that 
is,  let  it  be  an  angle  greater  than  three,  and  less  than  four 
right  angles,  then  as  before, 

PS  B 

^=sin.  P,CA 

S?i=co«.  P.CA 

OA 


CA 


tan.  P.CA 
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CA 

AS,_ 

CA 


sec  P«CA 
V.  sin.  P^CA. 


We  shall  now  proceed  to  establish  some  important  general 
relations,  between  the  trigonometrical  quantities  which  are 
immediately  deducible  from  the  above  definitions,  and  from 
the  principles  of  Geometry. 

T 

Resuming  the  figure  of  Def.  (3) : 
Since  CSr  is  a  right-angled  triangle,  and 
CP  the  hypothenusc, 

PS'+CS'=CP  M 

Dividing  by  CP, 

ps;    CS«^ 

CP+CP 
that  is,  sin.*d+cos.*^=l     --» (1) 

The  triangles  PSC,  TAG,  are  equiangular  and  similar; 
hence, 

PS_AT 

CS""CA 

CA_AT 
C?""CA 

CA 

sin.  S 


Therefore 


that  is, 


=:tan.  4 


COS.  6 

In  last  case,  for  B  substitute  (90®—^) ;  then 

COS.  (»0**— 4) 

^^  COS.  6 

Or,  -: — 7= cot  i 


(2) 


sin.  ^ 

From  (2)  and  (3)  we  have 

sin.  ^    ^       a       J  COS.  *        ^  - 
;=tan.  ^  and  -: — r=cot  tf. 


(») 


COS.  4 


sin.  t 


Hence,  tan.  t= or,  tan.  4  cot  4=1 

cot.  4, 

By  similar  triangles  CTA,  OPS. 

CT_CP 

CA~CS 
1 

CP 


(*) 
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Or,  sec.  ^= T,  or,  sec.  ^  cos.  4=1   -    -    (5) 

COS.  e 

By  Definition, 

cosec.  4=sec.  (90^—4) 

= iiuio    A\  by  the  last  case, 

cos.  (W — B)    '' 

=-. — :,  or,  cosec  4  sin.  4=1  -    -  (6) 
sin.  4 

Since  CAT  is  a  right  angled  triangle,  and  CT  the  hypothe- 

nuse 

CA«+AT«=CT* 

Dividing  by  CA", 

AT'CT' 

^■**CA*"CA« 
that  is,        l+tan.'4=sec.'4 (7) 

By  (3)  we  have       ^^^  ^=?£!l! 

sin.  6 

"    '  ,  ^    cos.' 4 

Therefore,  cof  4=^^^^ 

Adding  1  to  each  side  of  the  equation, 

.  -     ,  .  cos.' 4 
1+cof  4=l-f-T-r, 

sin.'  4 

sin.'  4-f  COS.'  S 
"~        sin.'  4 

=-r-Ti  by  (1) 

sin.  6    ^  ^  ' 

= cosec.'  4  by  (6)      .     -    -    -    (8) 

By  Definition,  .    SA 

^  versm.  ^=cT" 

CA— CS 
■"     CA 

*     CA 
=1— cos.  4 (9) 

By  Definition, 

coyersin.  4=versin.  (90^—4) 

=  1 — cos.(90** — 4,)  by  the  last  case. 
=  l_8in.  4 (10) 

The  above  results,  which  are  of  the  highest  importance  in 
all  trigonometrical  investigations,  are  collected  and  arranged 
in  the  following  table,  which  ought  to  be  committed  to  memo- 
ry:— 
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1. 
2. 

3. 


TABLE  I. 

Sm.'d+cos.'d=l 

sin.  6 

7  =tan.  0 

COS.  d 
COS.  A 


=cot.  6 


sin.  6 

4.  tan.  ^  cot.  6      =1 

5.  sec.  ^  COS.  tf      =1 

6.  cosec.  tf  sin.  d  =1 

7.  l+tan.'d         =sec.'d 

8.  1+cot.'  ^         =  cosec.'  d  ' 

9.  V.  sin.  ^  =1 — cos.  6 
10.     coversin.  ^       =1 — sin.  6. 

12.  The  chord  of  an  arc  is  the  ratio  of  the  straight  line  join 
ing  the  two  extremities  of  the  arc  to  the  radius  of  the  circle. 


PROPOSITION. 

The  chord  of  any  arc  is  equal  to  twice  the  sine  of  half  the  arc. 

Take  any  arc  AQ,  subtending  at  the  ^ 

centre  of  the  circle  the  angle  ACQ=d. 

Draw  the  straight  line  CP  bisecting  the 
angle  ACQ. 

Join  A,  Q ;  from  P  let  fall  PS  perpen- 
dicular on  CA. 

Since  CP  bisects  ACQ,  the  vertical  an- 
gle of  the  isosceles  triangle  ACQ,  it  bi- 
sects the  base  AQ  at  right  angles. 

Therefore,  AO=OQ,  and  the  angles  at  O  are  right  angles. 

Again,  since  the  triangles  AOC,  FSC,  have  the  angles  CSP, 
COA,  right  angles,  and  the  angle  PCS  common  to  the  two 
triangles,  and  also  the  side  CP  of  the  one  equal  the  side  CA 
of  the  other,  these  triangles  are  in  every  respect  equal. 

.-.  PS=AO=OQ 
.-.  AQ  =2PS 

•  •  CA  ""XA 

or,  chord  4  =2  sin.  PC  A 

=2  sin.  2 

We  shall  now  proceed  to  explain  the  principle  by  which  the 
signs  of  the  trigonometrical  quantities  are  regulated  — 
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All  lines  measured  from  the  point  C  along 

CA,  that  is,  to  the  leftj  are  considered  pos- 
itive, or  have  the  sine  +. 

All  lines  measured  from  the   point  C 
along  CD,  that  is,  in  the  opposite  direction  a  I 
to  theright  are  considered  negative,  or  have 
the  sign  — . 
All  lines  measured  from  the  point  C  along 

CB,  that  is,  upwards,  are  considered  posi- 
tive or  have  sign  +. 

All  lines  measured  from  the  point  C  along  CE,  that  is,  in 
the  opposite  direction  downwardSf  are  considered  negative,  or 
have  the  sign  — . 

Let  us  determine  according  to  this  principle,  the  signs  of  the 
sines  and  cosines  of  angles  in  the  different  quadiants. 

PS 
In  the  first  quadrant^  sin.  ^= ttt" 

.    CS. 

COS.  ^=^ 

Here  PS=Cc  is  reckoned  from  C  along  ^ 
CB  upwards,  and  is  therefore  positive. 

CS  is  reckoned  from  C  along  CA,  to  the 
left  and  is  therefore  positive. 

In  the  first  quadrant,  therefore  the  sine 

and  cosin  are  both  positive, 

P   S 
In  the  second  quadrant^  sin.  ^=fr~r^ 

.     CS,. 

Here  P,S,=Cc,  is  reckoned  from  C 
along  CB  upwards,  and  is  therefore  posi- 
tive. 

CS,  is  reckoned  from  C  along  CD  to 
the  right  and  is  therefore  negative. 

In  the  second  quadrant,  therefore,  the  sine 
is  positive  and  the  cosine  negative, 

PS  B 

In  the  third  quadrant,  sin.  tf=  Xm^ 

Here  P3S3=Cc3  is  reckoned  from  C 
along  CE,  downwards,  and  is  therefore 
negative. 

CS3  is  reckoned  from  C  along  CD,  to 
the  right,  and  is  therefore  negative. 
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In  the  third  quadrant,  therefore,  the  sine 
id  cosine  are  both  negative. 

P  S 
In  the  fourth  quadrant,  sin.  ^=  A/ 

CS, 

COS.  ^=TTT^ 

CA 

ere  P4S^=Cc4  is  reckoned  from  C  along 
G  downwards  and  is  therefore  negative. 
S^  is  reckoned  from  C  along  CA,  to  the 
!t  and  is  therefore  positive. 
In  the  fourth  quadrant,  therefore,  the  sine  is  negative,  and 
t  cosine  positive. 

Hence  we  conclude,  that  the  sine  is  positive  in  the  first  and 
cond  quadrants,  and  negative  in  the  third  and  fourth  ;  and  the 
sine  is  positive  in  the  first  and  fourth,  and  negative  in  the 
cond  and  third,  or  in  other  words : 

The  sine  of  an  angle  less  than  180®  is  positive  and  the  sine 
'an  angle  greater  than  180®  and  less  than  360®  is  negative. 
The  cosine  of  an  angle  less  than  90®  is  positive,  the  cosine  of 
\  angle  greater  than  90®,  and  less  than  270®,  is  negative,  and 
t  cosine  of  an  angle  greater  than  270®,  and  less  than  360,®  is 
7sitive. 

The  signs  of  the  sine  and  the  cosine  bein^  determined,  the 
gns  of  all  the  other  trigonometrical  quantities  may  be  at  once 
itablished  by  referring  to  the  relations  in  Table  1. 
Thusy  for  the  tangent,   .     ^ 

^^-  ^=cos.  6 

Hence,  it  appears  that  when  the  sine  and  cosine  have  the 
ime  sign  the  tangent  will  be  positive,  and  when  they  have 
ifierent  signs  it  will  be  negative. 

Therefore,  the  tangent  is  positive  in  the  first  and  third  quad- 

tnts  and  negative  in  the  second  and  fourth. 

he  same  holds  good  for  the  cotangent ;  for 

^ '  cos.  ^ 

cot  Sv=- — - 

sm.  6 

«^  ««^^  sec  «=-!— 

cos.  A 

\e  sign  of  the  secant  is  always  the  same  with  that  of  the  co- 

Ine ;  and,  since  ^^        a       ^ 

'  '  cosec  d=-r 


sin.  ^ 

I  like  nnanner,  the  sign  of  the  cosecant  is  always  the  same  with 
lot  of  the  sine. 

The  versed  sine  is  always  positive,  being  reckoned  from  A 
I  way  8  in  the  same  direction. 
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It  is  sometimes  convenient  to  give  differ- 
ent signs  to  angles  themselves.  We  have 
hitherto  supposed  angles  of  different  magni- 
tudes to  be  generated  by  the  revolution  of 
the  moveable  radius  CP  round  C  in  a  direc- 
tion from  left  to  right ;  and  the  angles  so 
formed  have  been  considered  positive,  or  af- 
fected with  the  sign  +.  If  we  now  suppose  the  angle  p= 
to  be  generated  by  the  revolution  of  the  radius  CP'  in  the  op 
posite  direction,  we  may,  upon  a  principle  analogous  to  lh< 
former,  consider  the  angle  p  as  negative,  and  affect  it  with  th( 
sign  — . 

We  shall  now  determine  the  variations  in  the  magnitude  o 
the  sine  and  cosine  for  angles  of  different  magnitudes. 

In  the  first  quadrant : 

Let  CP,  CP^,  CP3, be  different 

positions  of  the  revolving  radius  in  the 

first  quadrant;  and  from  P, P,,  P3, 

draw  PS,  P,S,,  P3S3,  perpendiculars  on 
CA. 

It  is  manifest,  that  as  the  angle  in- 
creases the  sine  increases  ;  for 


P,S,  ,    PS 
CA  ^CA 


and  £l^>f«?i 
CA  ^  CA 


When  the  angle  becomes  very  small,  PS  becomes  fcry 
small  also  ;  and  when  the  revolving  radius  coincides  with  CA, 
that  is,  when  the  angle  becomes  0,  then  PS  disappears  alto- 
gether, and  is  =0. 

PS 

Hence  since,  generally,  sin.  d=;;rr  &i^d  since,  when  4=0, 
PS=0 ;  CA 

.     ^      0 
-•.  sm.  0=prr 
CA 

=0 

On  the  other  hand,  when  the  angle  becomes  equal  to  90°,  PS 
coincides  with  CB,  and  is  equal  to  it. 

PS 

Hence  since,  generally,  sin.  ^=7=— r  and  since,   when  4=W*i 

PS=CB ;  CA* 

CB 
.-.  sin.  W°=pT 

=  1;  .-.  CB=CA. 
Again,  it  is  manifest,  that  as  the  angle  increases  the  coiios 
diminishes ;  for 

cs^cs,     J  cs,   CS, 

CA^CA  CA^CA 
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When  the  angle  is  very  small,  CS  is  very  nearly  equal  to 
CA  ;  and  when  the  revolving  radius  coincides  with  CA,  that 
is,  when  the  angle  is  0,  then  CS  coincides  with  CA  and  is 
equal  to  it 

CS        ^    . 
Hence  since, generally,  cos.  ^'=frT-f  and  since,  when  ^=0, 

CS=CA;  ^^ 

n    CA     , 
.'.  COS.  0=7rr=l 
LA 

On  the  other  hand,  as  the  angle  increases,  CS  diminishes, 
and  when  the  angle  becomes  equal  to  90°,  CS  disappears  al- 
together, and  is  =0. 

Hence  since,  generally,  COS.  ^=pr7-,  and  since,  when  ^=90°,CS 
=0;  ^^ 

.'.  cos.  ^0°=p^  =0 

Let  us  now  take  different  positions  of  the  revolving  radius 
in  the  second  quadrant. 

It  is  manifest,  that  as  the  angle  in- 
creases the  sine  diminishes  ;  for 


CA  ^   CA'  CA  ^   CA 

As  the  angle  goes  on  increasing,  PS 
goes  on  diminishing ;  and  when  CP  coin- 
cides with  CD,  that  is,  when  the  angle 
becomes  equal  to  180^,  PS  disappears  al- 
together, and  is  equal  0. 

PS 
Hencesince,gencrally,  sin.  ^=7TT-,  and  since,  when  ^=180**, 

PS=0;  ^^ 

.-.  sin.  180°=0. 

On  the  other  hand,  as  the  angle  increases  the  cosine  increases  ; 
for 

2?±.^2?i.  and  ^^2^ 
CA  ^CA  CA    ^CA 

and  when  the  revolving  radius  coincides  with  CD  and  the  an- 
gle becomes  180^,  CP  coincides  with  CD  and  is  equal  to  it. 

CS 

Hence  since,generally,  COS.  ^=j^  and  since,  when  d=  180°, 

CS=CD ;  ^^ 

CD 


COS.  180°= 


=— I; 


CA 
.-.  CD=CA. 
The  negative  sign  here  is  employed,  because  the  cosine  is 
reckoned  to  the  nghi  along  CD. 
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Reasoning  in  the  same  manner  for  the  third  and  fourth 
qu&drantSy  we  shall  find, 

sin.  270°=— 1 
COS.  270°=     0 
sin.  360°=     0 
COS.  360°=     1. 
Thus,  it  appears, 
That  as  the  angle  increases  in  the  first  quadrant,  from  0  up  to 
90°, 
The  sine,  being  positive,  increases  from  0  up  to  1, 
The  cosine  being  positive  decreases  from  1  down  to  0. 
That,  as  the  angle  increases  in  the  second  quadrant,  from  90^ 
up  to  180°, 
The  sine,  being  positive,  decreases  from  1  down  to  0, 
The  cosine,  being  negative,  passes  from  0  to  — 1. 
That,  as  the  angle  increases  in  the  third  quadrant,  from  180° 
up  to  270°, 
The  sine,  being  negative,  passes  from  0  to  — 1, 
The  cosine,  being  negative,  passes  from  — 1  to  0. 
That,  as  the  angle  increases  in  the  fourth  quadrant  from  270° 
up  to  360°, 
The  sine,  being  negative,  passes  from  *-l  to  0, 
The  cosine,  being  positive,  increases  from  0  up  to  1. 

The  variations  in  the  magnitude  of  the  sines  and  cosines, 
being  those  of  the  other  triTOnometrical  quantities  may  be  de- 
termined by  the  means  of  the  relations  in  Table  L 

_,.                                  ^    sin.  ^ 
Thus,  smce,  tan.  o=z 

COS.  6 

^    sin.  0    0 

tan.  0= ;;=T=0 

COS.0     1 

^^     sin.  90°     1         ^  .  ^  . 
tan.  90°= KnS'^K'^^^  infinitum^  or  9. 

COS.     «rU  1/ 

The  truth  of  this  last  relation  may  be  readily  illustrated,  by 
referring  to  the  geometrical  construction;  when  it  will  be 
seen  that  for  the  an^le  of  90°  AT  becomes  parallel  to  CP; 
and  therefore,  the  pomt  T,  in  which  the  two  Imes  meet,  is  at 
an  infinite  distance. 
So,  also,  cot.    0=  QD 

cot  90°  =0 
and  so  for  all  the  rest. 

We  shall  next  proceed  to  point  out  some  important  general 
relations,  which  exist  between  the  trigonometrical  functions  of 
angles  less  than  90^  and  those  of  angles  greater  than  00° 
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B 


Draw  CP,  making  with  CA  any  ande 
PCA  which  we  may  call  ^  ;  let  fall  rS 
perpendicular  from  P  on  CA.  Draw 
CP.  making  with  BC  the  angle  BCF= 
PCA==^  ;  and  from  P'  let  fall  FS'  per- 
pendicular  on  CD. 

Then  the  angle  FCA=90°+^. 

The  two  triangles  PCS,  FCS',  have 
the  side  PC  of  the  one  equal  to  the  side 
PC  of  the  other,  also  the  angles  at  S  and 
S'  riffht  angles,  and  the  angle  CPS  of  the  one  equal  to  the  an- 
gle FCS'  of  the  other ;  therefore  the  two  triangles  are  in 
every  respect  equal ;  and 

PS=CS',    CS=FS'. 
FS'^CS 

CA     CA 
sin.  FCA=cos.  PCA, 
sin.  (9tf*+^)=cos.  6. 


Therefore, 


Or, 

that  is. 
Again, 


Or, 
that  is 


CS'PS 

CA~CA 
—cos.  FCA=sin.  PCA, 
COS.  (90**+^)=— sin.  ^. 


As  before,  draw  CP,  making  any  angle 
^  with  CA,  and  draw  CP',  making  with 
CD  the  angle  FCD,  equal  to  S. 

Then  the  angle  FCA=180**— 4. 

The  two  triangles  PCS,  FCS'  are  ma- 
nifest! v  in  all  respects  equal ;  and 

PS=FS'  CS=CS' 

Therefore,      g=^ 


that  is,  sin.  ^=sin.  (180**— «) 

an  important  proposition  which  enunciated  in  words,  is,  the 
sine  of  an  angle  is  equal  to  the  sine  of  its  supplement. 

Again, 

cscs; 

CA^CA 
COS.  6=z — COS.  (180®—^), 
that  is,  the  cosine  of  an  angle,  and  the  cosine  of  its  supplement 
are  equal  in  absolute  magnitude,  but  have  opposite  signs. 
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If,  as  in  the  annexed  figure,  we  draw 
CF,  making  with  CD  an   angle  DCP'     . 
equal  to  the  angle  ^,  we  shall  find  in  like 
manner,  j^ 

sin.  (180°+^)=— sin.  6 
COS.  (180°+^)= COS.  (180°—^) 

= — cos.  6. 

If  we  draw  CP',  making  with  CE  an 
angle  ECF=d,  then 

sin.  (270®— «)= — cos.  ^ 
COS.  (270°— d)=— sin.  d 


B 


as  is  evident  from  Def  8,  and  the  rule  for 
signs ;  and,  in  like  manner,  we  may  pro- 
ceed for  angles  in  the  fourth  quadrant 
These  relations  being  established  between 
the  sines  and  cosines,  the  corresponding 
relations  between  other  trigonometrical  functions  may  be  de- 
duced immediately  from  Table  1. 

T'^"^'        tan.  (90°+.)==?lBli?21+f) 

^  ^     COS.  (90° +d) 

cos.  ^ 


tan.  (180^ 


— sin.  d 

sin.  (180°—^) 

^■"cos.  (180°—^) 
_     sin.  d 

— -cos.^ 


= — tan.  ^ 
and  so  for  all  the  rest 

The  student  may  exercise  himself  by  verifying  such  of  the 
results  in  the  following  table  as  have  not  been  formally  de- 
monstrated. 
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TABLE  II. 

=0 

♦sin.  (180**+^) 

= —  sin.  ^ 

=1 

*cos.  (180°+^) 

= —  COS.  6 

=0 

tan.  (180°+^) 

=tan.  6 

=  QD 

cot.  (180°+^) 

=cot.  ^ 

-1 

sec.  (180°+d) 

= —  sec.  ^ 

) 

—  QD 

cosec.  (180°+^) 

=— r  cosec  6 

O-S) 

=  COS.  ^ 

sin.  (270°—^) 

COS.  6 

>°— «) 

=sin.  ^ 

cos.  (270°—^) 

= —  sin.  6 

.»_«) 

=cot.  ^ 

tan.  (270°— 4) 

=cot  ^ 

I'— <) 

=lan.  ^ 

cot.  (270*—^) 

=tan.  ^ 

fi-4) 

= cosec.  ^ 

sec.  (270°—^) 

= — cosec.  ^ 

;90— <) 

=sec.  ^ 

cosec.  (270° — 6) 

= —  sec.  ^ 

=1 

sin.  270° 

-     1 

3 

=0 

COS.  270° 

=0 

i 

=  00 

tan.  270° 

=  00 

3 

=0 

cot.  270° 

=0 

3 

=  00 

sec.  270° 

=  00 

^0^ 

=1 

cosec.  270° 

=— 1 

°+^) 

—cos.  6 

sin.  (270°+^) 

= COS.  ^ 

)0+6) 

=  —  sin.  ^ 

COS.  (270° +d) 

=sin.  6 

)^+^) 

=  —  cot.  A 

tan.  (270° +0 

= —  cot.  6 

)^+^) 

=  —  tan.  d 

cot.  (270° +d) 

= —  tan.  ^ 

)°+d) 

cosec.  ^ 

sec.  (270° +d) 

= cosec.  ^ 

[90° +0 

=sec.  ^ 

cosec.  (270° +0 

= —  sec.  ^ 

(0**— ^) 

=sin.  d 

sin.  (360°—^) 

= — sin.  6 

0°— ^) 

—  —  cos.  ^ 

cos.  (360°—^) 

=cos.  d. 

50°—^) 

=  —  tan.  A 

tan.  (360°—^) 

=_  t&n.  6 

JU°— 4) 

=  —  cot.  A 

cot.  (360°— 4) 

= —  cot  6 

iO**— ^) 

sec.  ^ 

sec.  (360°—^) 

—sec.  d 

[180°—^)  —  cosec. 

cosec.  (360—^) 

=— cosec.  ^ 

0« 

=0 

sin.  360° 

=0 

0^ 

-—1 

COS.  360° 

=  1 

(f 

=0 

tan.  360° 

=0 

3« 

00 

cot.  360° 

=  00 

0« 

=  —1 

sec.  360° 

=1 

180* 

=0 

cosec.  360° 

=  00 

results  in  the  above  table  which  are  most  frequently 

e  marked  with  an  asterisk,  and  ought  to  be  committed 

r>ry. 

lave  in  the  preceding  pages  confined  ourselves  to  the 

ration  of  angles  not  greater  than  360°,  but  the  student 

i  DO  difficulty  in  applying  the  above  principles  to  an- 

emy  magnitude  whatsoever. 
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We  shall  conclude  this  introductory  chapter,  by  demonstrat- 
ing two  propositions  which  are  of  the  highest  importance  in 
our  subsequent  investigations.     The  first  is« 

In  any  right-angled  triangle^  the  ratio  which  the  side  oppo- 
site to  one  of  the  acute  angles  bears  to  the  hypoihenttse^  is  the 
sine  of  that  angle ;  the  ratio  which  the  side  adjacent  to  one  of 
the  acute  angles  bears  to  the  hypothenuse^  is  the  cosine  of  that 
angle ;  and  the  ratio  which  the  side  opposite  to  one  of  the  acute 
angles  bears  to  the  side  adjacent  to  that  angle^  is  thetangeiU  of 
that  angle, 

P 

Let  CSP  be  a  plane  triangle  right-angled  at  S. 

Then,     Qp=8ia.  C,  (^=cos.  C,  Qg=tan.  C, 

Co  Ti   SP  •)   SC      .  T» 

or       cP^^^^'      CP"^^*'      SP"^ 

From  C  as  a  centre  with  the  radius  CP| 
describe  a  circle. 

Produce  CS,  to  meet  the  circumference 
in  A. 

From  A  draw  AT  a  tangent  to  the  circle  . 
at  A.  ^ 

Produce  CP  to  meet  AT  in  T. 

Then,  from  Definitions  (2)  (3)  (4), 

PS  g^  CS  g^  AT  g^ 

gp=sm.  O,^=cos.  C,  ^=tan.  O, 

for  CP=AC. 
But  the  triangles  TAC,  PS  J,  are  similar; 

Therefore, 


CP    CS 


Cor. 


PS=CP  sin.  C=CP  COS.  P 
CS=CPcos.C=CP8in.P 
PS=CS  tan.  C=CS  cot.  P 


The  second  proposition  is. 

In  any  plane  triangle^  the  ratio  of  any  two  of  the  sides  is 
equal  to  the  ratio  of  the  sines  of  the  angles  opposite  to  them. 

Let  ABC  be  a  plane  triangle  ;  it  is  required  ^ 

to  prove  that 

CB     sin^  A  CBsin.  A  CA    sin.  B 

CA^sin.  ff  BA""sin.  C  BA""sin.  C* 
From  C  let  fall  the  perpendicular  CD  on  AB. 

Then,  since  CDB  is  a  plane  triangle  right-an- 
gled  at  D,  by  last  proposition 
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CD=CB  sin.  B (1) 

Again,  sidcc  CDA  is  a  plane  triangle  right-angle  at  A, 

'CD=CA  sin.  A (2) 

Equating  these  two  values  ofCDt 

CB  sin  B=CA  sin.  A  ; 
Tk^nof^r*  CB_siruA. 

OA    sui.  B. 
In  like  manner,  by  dropping  perpendiculars  from  B  and  A 
upon  the  side  AC,  CB  we  can  prove, 

CB_sin.  A,    CA_sin.  B, 

BA    sin.  C,    BA    sin.  C. 
In  treating  of  plane  triangles,  it  is  convenient  to  designate 
the  three  angles  by  the  capital  letters  A,  B,  C,  and  the  sides 
opposite  to  these  angles  by  the  corresponding  small  letters 
0,  6,  c.     According  to  this  notion,  the  last  proposition  will  be 
a    sin.  A    a    sin.  A    6_sin.  B 

fc"sin.  B    c^sin.  C'    c^sin,  c* 


CHAPTER  II. 


GENERAL    FORMULJB. 

Gioen  the  sines  and  cosines  of  two  angles,  to  find  the  sine  of 

their  sum. 

Let  ABC  be  a  plane  triangle ;  from  C  let  fall  CD         ^ 
perpendicular  on  AB, 
Let  ancle  CAB=^ 
and    angle  CBA=iS, 

Then,  AB    =  BD+DA  h. 

=  BC  COS.  i3  +  AC  cos.  ^  A 

because  BDC  and  ADC  are  right-angled  triangles, 

Dividing  each  member  of  the  equation  by  AB, 
BC         ^     AC        - 
1    =   AB^^-^+AB^^"-^ 

sin.  ^       ^  .  sin./3        .  ,     ,      t>        .    ^.       « 
=    -r— Tscos  p  +-r-7:;C08.  tf,  by  last  Prop.  m  Chap.  I. 
sm.C  sm.C         '   "^  ^  ^ 

.*.  sin.  C  =   sin.  ^  cos.  P+  sin.  ^  cos.  ^. 

But,  since  ABC  is  a  plane  triangle,  ^+P+  C  =  180* 
.-.C  =    180*— (^+/3) 
sm.C  =   sin.  jl80**— (^+iS)} 

=   sin  (^+i8,)  because  180^ — (^+^)  is  the  supplement 
of  (^+.5.) 

6 
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Hence«  sin.  (/3+0  =  sin.  B  cos  /9+  sin.  )8  cos.  *  -  -  -  -  (a) 

That  is,  the  sine  of  the  sum  of  two  arcs  or  angles  is  equal  ike 
sine  of  the  first  multiplied  by  the  cosine  of  the  second^  plus  the 
sine  of  the  second  multiplied  btf  the  cosine  of  the  first 

This  expression,  from  its  great  importance,  is  called  the 
fundamental  formula  of  Plane  Trigonometry,  and  nearly  the 
ivhole  science  may  be  derived  from  it. 

Criven  the  sines  and  cosines  of  two  angles^  to  find  the  sine  of 

their  iifference. 

By  formula  (a). 

sin.  (4+^)  =  sin.  6  cos.  /3+  sin.  fi  cos.  i. 

For  4  substitute  180°— ^9  the  above  will  become 

sin.  1 180°— («— jS)  I    =  sin.  (180°—^)  cos.  /3 
+  sin.  /S  cos.(180°— 4) 

But  sin.  {180°— (a— i8)f=  sin.  (^— jS)  v  180°— («—^  is  ihe 
supplement  of  (^ — p.) 

And,    sin.  (180° — 6)  =  sin.  ^ 

And,    cos.(180°— ^)  =  —  cos.  ^ 

Substitute,  therefore,  these  values  in  the  above  expressiooi 
it  becomes 

sin.  (d — P)  =  sin.  ^  cos.  j3 — sin.  fi  cos.  S  ....  (5) 

That  is,  the  sine  of  the  difference  of  two  arcs  or  angles^  is  equal 
the  sine  of  the  first  X  cosine  of  the  second^  —  the  sine  of  the  se- 
cond X  cosine  of  the  first. 

Given  the  sines  and  cosines  of  two  angles^  to  find  the  cosine  of 

their  sum. 

By  formula  (a) 

sin.  (d+^)=8in.  ^  cos.  P+  sin.  fi  cos.  i. 
For  ^  substitute  90°+^,  the  above  will  become 
sin.  |90°+(^+i8)}=      sin.  (90°+^)  cos.  j8 

+  sin.  i8  COS.  (90°+^) 
But,  sin.  {90°+(^+/S)|=cos.  (^+/3)  by  Table  IL 
And,  sin.  (90°+^)         =cos.  6. 
And,  COS.  (90° +0        = — sin.  ^. 

Substituting,  therefore,  these  values  in  the  above  expression, 
it  becomes,  cos.  (^+0)  =co8.  4  cos.  ^ — sin.  S  sin.i3    -    •    (c) 

That  is,  the  cosine  of  the  sum  of  two  arcs  or  angles^  is  equal  io 
the  cosine  of  the  first  multiplied  by  the  cosine  of  the  second^  mi' 
nus  the  sine  of  the  first  multiplied  by  the  sine  of  the  second. 


^ 
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Given  the  rimes  and  corines  of  two  angles^  to  find  the  corine  of 

their  difference. 

By  ibrmula  (a :) 

sin.  (^+i8)  =sin.  ^  cos.  ^+  sin.  fi  cos.  d, 

For  4  substitute  00^—^,  the  above  will  become 
sin.  |90**— (d— i8){=      sin.  (90^—4)  cos.  jS 

+  sin.  p  cos.  (90°— 4), 
Bat,  sin.  {9(K>_(^_/3)|=cos.  (^-H3),By  Table  IL 
sin.  (90°-— 4)  =cos.  4  .......... 

cos.  (90° — *)  =sin.  ^  

Substituting,  therefore,  these  values  in  the  above  expression, 
it  becomes 

cos.  iP — ^)        =cos.  4  COS.  j3+sin.  4  sin.  ^    -    -    (<0 

That  is,  the  corine  of  the  difference  of  two  arcs  or  angles^  is 
ttpul  to  the  corine  of  the  first  multiplied  by  the  corine  of  the 
stcondjplus  sine  of  the  first  into  the  rine  of  the  second. 

Given  the  tangents  of  two  angles^  to  find  the  tangent  of  their  sum. 
By  Table  L : 

=  Bi°>  ;  COS.  ff+sin.  ff  cos^  ^^^ 

COS.  i  COS.  io — sm.  0  sm.  p 
Dividing  both  numerator  and  denominator  of  fraction  by 
COS.  A  cos  P : 

sin.  i  COS.  /3    sin.  )3  cos.  4 

COS.  4  COS.  /9      cos.  0  COS.  4 


1      gJP*  ^  gJP'  ff 

COS.  4  COS.  ^ 

Simplifying,     __tan.  ^+tan.  /8  . . 

"■  1— tan.  ^  tan.  jS ^^^ 

That  is,  the  tangent  of  the  sum  of  two  arcs  or  angles^  is  equal 
ta  the  sum  of  the  tangents  of  the  two  arcs^  divided  by  1  minus 
the  product  of  the  two  tangents^ 

Given  the  tangents  of  two  angles^  to  find  the  tangent  of  their 

difference. 

By  Table  L : 

^,     ^    sin.  It — ff) 

tan.    W-H5)== 72 — 57 

V  ^/    cos.(^-hS) 

sin.  t  COS.  /3 — sin.  P  cos.  ^  ,     ^,.       .  ,  _ 

= 2 TTT^' — T"^ — 5"  by  tt)  and  (rf) 

cos.  t  COS.  ^+sm.  ^  sm.  p.   ^  ^ '        ^  ' 
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Dividing  both  numerator  and  denominator  by  cos.  S  cos.  P : 

sin.  6  cos.  fi      sin.  ^  cos.  6 
cos.  S  COS.  ^      cos.  ^  cos.  fi 


,    ,  sin.  ^  sin.  jS 


cos.  ^  COS.  jS 

Simplifying,         tan.  ^  —  tan,  ff 

""1+  tan.  Man.  /» ^^ 

Hence,  /Ac  tangent  of  the  diffei-ence  of  two  arcs  or  angles,  is 
equal  to  the  difference  of  the  tangents  of  the  two  arcs^  dioiikd 
hy  I  plus  the  product  of  the  two  tangents. 

The  student  will  have  no  difficulty  in  deducing  the  following: 

cot  rt+/3)=S2Li22L^i 

,     „        ov      <50t.  i  cot  ^+1 

«»*•  <*-^>='cot  ^-cot  t 

y*    nx    86c«  ^  sec.  ^  cosec.  ^  coscc  ^ 

sec.  W+p)= z 5 i ^ 

^       '    cosec.  e  cosec  p — sec.  e  sec  p 

^     sec  ^  sec  ^  cosec  ^  cosec  /8 
'  ^        '""cosec  ^  cosec.  ^+sec  ^  sec  /5 
sec  ^  sec  iS  cosec  ^  cosec  /8 
cosec  (^+^)~sec  t  cosec  /S+sec  i8  cosec« 
^^_sec  ^  sec  ff  cosec  h  cosec  ff 
cosec  ^      '^^    sec  tf  cosec  ^ — sec  ^  cosec  ^ 

To  determine  the  sine  of  twice  a  given  angle. 

By  formula  (a) : 

sin.  (d+iS)=sin.  ^  cos.  ^+sin.  P  cos.  ^. 
Let  ^=i8,  then  the  above  becomes 

sin.  2  ^=sin.  ^  cos.  d+sin.  ^  cos.  * 

=2  sin.  ^  COS.  ^--.--.(^1) 

That  is,  the  sine  of  twice  a  given  angle,  is  equal  to  twice  the 
sine  of  the  given  angle  multiplied  by  its  cosine. 

In  the  last  formula,  for  6  substitute  ^  ;  then, 

6,6  6 

sin.  2X  2=2  sm.  —  cos.  ^ 

6  ^ 

Or,  sin.  ^=  2  sin.  g-  cos.  - (o^) 
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To  determine  the  cosine  of  twice  a  given  angle. 

By  formula  (c) : 

COS.  (^+^=cos.  ^  COS.  P  —  sio.  ^  sin.  fi 
Let  4=iS  then  the  above  becomes 

COS.  2^=cos.*  ^  —  sin.' ^ -    (Al) 

By  table  L  sin.'  t  =  1— cos.*  B  ;  substituting  this  for  sin.'  ^ : 

COS.  2^=2cos.'d  — 1 (A2) 

Again,  since  cos.'  d=l — sin.'  B,  substitute  this  for  cos.'  B : 

COS.  2^=1—2  sin.' ^ (AS) 

Hence,  the  cosine  of  twice  a  given  arc  or  angk^  is  equal  to  1 
minus  twice  the  square  of  the  sine  of  the  given  angle. 

To  determine  the  tangent  of  twice  a  given  angle. 
By  formula  {e) : 


,- .  «v    tan.  ^+tan.  ff 
tan.  (^+^)=i_tan.^tan.i3 
Let  4=i9,  the  above  becomes 


..    2  tan.^ 
^"-^^=l-tan.'^ ^^ 

The  tangent  of  twice  a  given  arCf  is  equal  to  twice  the  tangent 
of  the  given  arc^  divided  by  1  minus  the  square  of  the  tangent 

The  student  will  easily  deduce  the  following : 

^  ^    cot*  B  —  1     cot  B — tan.  B 

cot  2  o=-;r — r"7— = S 

2  cot.  B  -  2 

sec*  B  cosec'  B 
*^^-  2  ^=cpsec.'^  — sec'^ 

sec.'  B  cosec'  B     sec  B  cosec.  B 

•^^^^^^-  ^  ^==  2  sec  B  cosec  d=  2 

To  determine  tJie  sine  of  half  a  given  angle. 

By  formcda  (Ad)  : 

COS.  24=1 — 2  sin.' 4 

For «  substitute  -;  the  above  becomes,. 

cos.2-=l — ^•"*-' 2* 

B 
Or,      COS.  d = 1  —  2  am.'  — 


4 
.-.  2sin.'-=l  — COS.  4 


.       4  /I COS.  4  (i\ 
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That  is«  the  sine  of  half  a  given  angle  or  arc  is  equal  to  the 
square  root  of  1  minus  the  cosine  of  the  arc  divided  by  two. 

To  determine  the  cosine  of  half  a  given  angle. 

By  formal  (h2) : 

COS.  2^     =     2  C08.'d — 1 

For  6  substitute  -- ;  the  above  becomes, 

6  i 

COS.  2  —     =2     2  COS.* 1 

2  2 

Or,  COS.  d      =      2  COS.* 1 

2 

2  COS.'—    =      1+C0S.4 

2 

COS.    {        =  y/T+^Tl        ..-.(*) 

2  ^2 

To  determine  the  tangent  of  half  a  given  angle. 
Divide  formula  (j)  by  {k) : 

sin.  -^r 


f  =    v4 


1 — cos.^ 


-+COS.  ^ 
COS.  —  -T-*.v». 

2  _ 

Or,  tan.^     =      ^l_cosJ    ^  .„j 

2  ^    1+cos.d     ^ 

Multiply  both  numerator  and  denominator  by  v^}— cos.  ^;  the 

above  becomes, 

6      _     1— COS.  6  . . 

tan.--     «     — : — -— (fi) 

2  sm.  d 

Multiply  both  numerator  and  denominator  of  (/  1)  by 

v'l-f  COS.  ^  ;  we  have, 

6  sin.  6  .... 

tan.  --     =     — r (/3) 

2  1+cos.  d  ^ 

The  student  will  easily  deduce  the  following : 

,    ^      _     ./i+cosTl 

l+cos.  d 

sin.  ^ 

sin.  ^. 
1— cos.4 
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•cc.~     =     k/iH£L 
2  ^   sec.  tf+1 

^      —     ^  /  2  sec  ^ 
2     "     V; 


cotec 


sec  ^ — 1 


To  determifie  the  sine  of  (n+1)  ^  tn  ^m«  o/*  ^^  ^  (n  — 1)6 

and  B. 

By  formula  (a)  aad  (ft) : 

im.  (j8+^)3s  «n.  iS  COS.  ^  +  sin.  6  cos.  /S 
sin.  (/S— ^)=s  sin.  ^oos.  ^  —  sin.  6  cos*  j8 

Add  these  two  eqaations, 
sin.  (^+^)+sin.  (j8— ^)=s2  sin.  j8  cos.  ^ 

Subtract  sin.  {P — f)  from  each  member, 

sin.  (fi+6)  =*=2  sin.  jS  cos.  6  —  sin.  (jff  —  §) 

Let  i3=ii  ^9  the  above  becomes 

sin.  (ii+l)^=2sin.n4cos.4  —  sin.(n — 1)4..  (m) 

In  the  above  formula,  let  n  =1 ;  .*•  ii+l=2,  i» — 1=0 
.*.  sin.  2  4=2  sin.  4  cos.  4  —  sin.  0 

=2  sin.  4  COS.  4,  the  same  result  as  in  (g). 

Let  n=:2 ;  .*.  n+l=8,  « — 1=1 ; 

•'.    tin.  3  4  =2  sin.  2  4  cos.  4  —  sin.  4 

=2X2  sin.  4  COS.  4xcos.  6  —  sin.  4 

=4  sin.  4  COS.*  4  —  sin.  4     * 

=4  sin.  4  (1  —  sin.'  4) — sin.  4 

=8  sin.  4  —  4  sin.' 4    -    -    •    -    •    (n) 

Let  11=3;  .*.  nXl=4,ii  — 1=2; 
.-.  B^  formula  (m) : 

sm.  4  4  =2Xsin.  3  dxcos.  4  —  sin.  2  4 

=2  (3  sin.  4  —  4  sin.'  4)  cos.  4-^2  sin.  4  cos.  4 
=(8  COS.*  4^-4  COS.  4)  sin.  6 

It  is  manifest  that,  by  continuing  the  same  process,  we  may 
find  in  succession,  sin.  5  4,  sin.  0  4,    •    •    -    &c 

To  determine  the  cosine  of  (n+1)  d,  in  terms  ofni^  (n — 1)  4, 

andS. 

By  formula  (c)  and  (d)  : 

cos,  (iS+4)=cos.  )3  COS.  4  —  sin.  /3  sin.  6 
COS.  (^ — 4)=cos.  jScos.  4+sin.  ^  sin.  4 

Add  these  two  equations, 
<^  (/3+4)+cos.  (/S  — 4)=2  COS.  )8  cos.  4 

Subtract  cos.  (fi — 4)  from  each  member, 


52  ANALYTICAL  PLANE  TRIGONOMETRY, 

COS.  (/3+d)=2  COS.  ^  COS.  ^  —  co«.  {fi  —  ^) 

Let  p=n  6f  the  above  becomes 

cos.  (n+ 1)  ^=2  COS.  n  ^  cos.  6 . —  cos.  (n  —  1)  d  -  •  (o) 

In  the  above  formula,  let  n=l.j   .*.  n+l=2,  n — 1=0 ; 
Then,      cos.  2  ^=2  cos.  ^  cos.  6  —  cos  0 

=2  COS.*  S  —  1,  the  same  result  as  in  (i2). 

Let  n=2,    .'.  n+l=3,  n —  1=1 ; 

.*.     COS.  3^=2  COS.  2  6  COS.  ^  —  cos.  6 

=2  (2  cos."  6  —  1)  COS.  B  —  COS.  6 
=4cos.'^  —  3  cos.  4     •    •    .    .     (p) 

Lctn=3;  .*.  n+l=4,  « — 1=24 

.*.    cos.  4  4=2  COS.  3  A  C08.  6  —  cob.  2  ^ 

=2  (4  COS.*  4  —  8  COS.  4)  COS.  d  —  (2  cos.*  6  —1) 

=8  COS.*  6  —  8  COS.*  d+1 

It  is  manifest  that*  by  continuing  the  same  process,  we  may 
find,  in  succession,  cos.  5  4,  cos.  6  4,    -    •    •    &c. 

By  addine  and  subtracting  («)  and  (ft),  and  by  adding  and 
subtracting  (c)  and  (J),  we  obtain  the  following  formula;,  which 
are  of  considerable  utility. 

sin.  l6+l3)+8\n.  (4  — i8)=    2  sm.  6  cos.  P' 

sin.  (4+^) — sin.  {s — i3)=     2  sin.  i8  cos.  6  y^  . . 

COS.  (4+i8)+cos.  (4— /3)=     2  cos.  4  cos.  )3  ^ ^'^ 

COS.  (4+/?)— COS.  (d — j8>=  — 2  sin.  4  sin.  iff 

Any  angle  6  may,  by  a  simple  artifice,  be  put  under  the  form, 

2^2 

And,  in  like  manner, 

2  2 

.-.  sin.  d=sin.  I  — — h  -^—  J 

=8in.  --^^  COS.  — -^  +  sin.  — -—  cos. (U 

I     2  2  2  2 


sm.  ^=sm.   j  — -^-  I 


cos 


.    ^+/3         ^— iS        .  ^  — ^^^  ^+P  f2) 

.d=cos.j-^+-^| 

-:COS.  -^  cos.  — -^  —  ^^'  -^T-  ■***•  — JT" ^  ' 
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COS.  P=C08.  i  -— — 

d+13         6  —  13        .     6+p    .     6—fi  .^. 

=co«.  — —-  COB.  -— h  sm.  -— -  sm.    ^      -  -  -  (4) 

2  2  2  2  ^  ^ 

Add  together  (1)  and  (2) : 

sia.  ^+8111.  p=2  sin.  — —  COS. — — -    -•--••    (r) 

Subtract  (2)  from  (1), 

A  •  Oft*  ^  — ^  ^+0  ,   V 

sm.  6  —  sm.  p =2  sin.  -— —  cos.  — — (s) 

Add  together  (3)  and  (4), 

B+B        d P 

cos.  4+C08.  p=2  cos.  COS. (0 

2  2 

Subtract  (4)  from  (3), 

cos.  A  —  cos.  p=  —  2  sm. sm. .    .    .    •    .  (t?) 

2  2 

These  formulas,  which  are  of  the  greatest  importance,  might 
have  been  immediately  deduced  from  the  group  (7),  by  chang- 
ing 6  +fi  into  ^  ^ — i8  into  /8, 6  into  ^,  /8  into  ^^. 

2  2 


tan.    _ 
2 


Divide  (r)  by  («)  : 

2  sm.  — ^  COS. ~ 

sin.  ^+8in.  ff  _  ^ ^ 

2 

Multiply  (a)  by  (fr) ;  then, 
sin.  (d+.S)  sin.  (^  — i8)=sin.'  6  cos.*  j3  — sin.*  ^  cos.'  d 

=8in.'«  — 8in.'i9 («) 

Multiply  (c)  by  (rf) ;  then, 
cos.  (^+/3)  COS.  (^  —  i3)=cos.*  B  COS.'  /8  —  sin.*  6  sin."  ^ 

=:cos."^  — siD.'/8    .    .    -    -  (y) 
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We  will  now  investigate  a  few  properties  where  more  than 
two  arcs  or  angles  are  concerned,  and  which  may  be  of  use 
in  the  subsequent  part  of  this  work. 

Let  ^,  fif  7»  be  any  three  arcs  or  angles. 
Then, 

fo  .    \    sin.  ^  sin.  y+sin.  fi  sin.  (^+i8+y) 

"'"•  <^+^>= iiTFH^ 

For  by  formula  (a) 
sin.  (^+i34-7)=sin.  ^  cos.  (^+7)+cos.  d  sin.  (P+y)  which 
[putting  COS.  ^  cos.  y — sin.  fi  sin.  7,  fur  cos.  (^+7)],i8=sin.< 
COS.  fi  COS.  7 — sin.  ^  sin.  ^  sin.  7+00S.  ^  sin.  (^+7)  ;  and,  mul- 
tiplying by  sin.  /^,  and  adding  sin.  t  sin  7,  there  results  sin.  4 
sin.  7+sin.  ^  sin.  (^+^+7)=sin.  ^  cos.  ^  cps.  7  sin.  /8+  sin.  ^ 
sin.  7  COS.'  ^-l-cos.  ^  sin.  fi  sin.  (^+7)=sin.  d  cos.  fi  (sin.  i^ 
COS.  7+cos.  fi  sin.  7)+cos.  ^  sin.  p  sin.  (^+7)=(aiB.  I  cos.  ^ 
+COS.  ^  sin.  P)  sin.  (i8+7)=sin.  (^+j8)  sin.  (^+7). 

Hence,  dividing  by  sin.  (^+^)»  we  have, 

•     /^  .    V    »in-  ^  siJ^'  7+«in.  fi  sin.W+^+7) 

»«»•  c^+y) stch:^^ 

In  a  similar  manner  it  may  be  shown,  that 

.     sQ       V    sin.  ^  sin.  7 — sin.  /8  sin.  (^  —  P+y) 

^^-7)=^ .in.(<-<a) 

If  ^f  ^f  7»  ^9  represents  any  four  arcs  or  angles,  then  writing 
y+6  for  7  in  the  preceding  investimtion,  there  will  result 
•     iRjL.  -i-Jt\-,s'P'  ^  *"^'  (7+?)+sin.  P  sin.  (^+ff+7-H) 
sm.  iP+7-t-^;  sin.  («+/9) 

A  like  process  for  five  arcs  or  angles  will  giva 

sin.  (/^+^+^^^->»'"-^»'°'(y+*+P+«^'^^^'(^+^-^y^'*+0 

Bin.  (^+^) 
And  for  any  number  4,  ^,  7,  &c     .    .    •    X 
'    to  X     1    ^\     sin.dsin.(7+5+...X)+sin.^sin.W+^+7+...>) 
..n.(^+7+..x)= .in.(,+ff) ^^ 

Taking  again  the  three  ^,  ^,  7,  we  have 

sin.  (i8  —  7)= sin.  P  cos.  7 —  sin.  7  cos.  i3 
sin.  (7  —  d)  =8in.  7  cos.  d— -sin.  ^  cos.  7 
sin.  (4  —  ^)=sin.  4  cos.  ^  —  sin.  P  cos.  ^ 
Multiplying  the  first  of  these  equations  by  sin.  ^,  second  by 
sin.  p,  third  by  sin.  7 ;  then  adding  together  the  equations 
thus  transformed ;  there  will  result, 
sin.  ^  sin(^ — 7)+sin.  ^  sin.  (7  —  ^)+sin.7sin.  (^ — ^)=0 
sin.  ^  sin.  (fi — 7)+cos.  P  sin.  (7 — d)+cos.  7  sin.  (^ — i8)=0 
These  two  equations  resulting  from  any  three  angles  what- 
ever may  evidently  be  applied  to  the  three  angles  of  any 
triangles. 
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Let  the  series  of  arcs  or  angles  ^,  ^,  7,  2 X, 

be  contemplated,  then  we  have  formula  (x) 

sin.  (6+IS)  sin.  («— i8)=sin.'  6  —  sin.^  P 
sin.  (P+y)  sin.  (^ — 7)=  sin.*^  —  sin."  7. 
sin.  (j^+i)  sin.  (y  —  ^=sin."  7  —  sin.*^ 

sin.  {\+i)  sin.  (X — ^)-t:8in.'  X — sin.*  B 

Adding  these  equations  together,  we  have 

sin.  (6+fi)  sin.  (d-H8)+8in.  (/S+y)  sin.  (i8_7)+sin.  (7+^ 

sin.  (y — S)+ sin.  (X+^)  sin.  (X — ^)=0 

Proceeding  in  a  similar  manner  with  the  sin.  (6  —  fi)^ 
cos.  (*+^),  sin.  (^ — 7),  COS.  {fi+y)f  &c.,  there  will  at  length 
be  obtained  cos.(«»+^)  sin.(<)  —  P)+cos.(^+y)  sin.(i8 — 7)+  . . . 
COS.  {\+B)  sin.  O.— «)=0 

If  the  arcs  ^,  p,  7-  •  •  -  X  form  an  arithmetical  progression 
of  which  the  first  term  is  0  the  ratio  f  and  the  last  term  \  any 
number  n  of  circumferences,' then  will /3 — *=f,  7  —  ^=f,  &c., 
*+^=^,  j8+7=8f,  &c ;  dividing  the  whole  by  the  sin.  f,  the 
preceding  equations  will  become 

sin.  f +sin.  8; +sin.  5{+&c.=0      > ^  v 

COS.  {+COS.  8;+cos.  5{+&c.=0    ) ^  ^ 

Iff  were  equal  2^,  these  equations  would  become 
sin.  {+sin.  (f+Q+sin.  ({+2{)+sin.  ({+39+&c.=0 
cos.  f+cos.  (f+{)+cos.  (f+2J)+cos.  ({+3f)+&c.=0 

The  last  equations,  however,  only  show  the  sums  of  the 
sines  and  cosines  of  arcs  or  angles  in  arithmetical  progression 
when  the  common  diflference  is  to  the  first  term  in  the  ratio  of 
2  to  1.  To  find  a  general  expression  for  an  infinite  series  of 
this  kind,  let 

S+«n.  *+sin.  («+)8)+sin.  (^+2/8)+8in.  {B+3P)+ &c. 

Then  since  this  series  is  a  recurring  series  whose  scale  of  re- 
lations is  2  COS.  P — 1,  it  will  arise  from  the  development  of  a 
fraction  whose  denominator  1 — 2x  cos.  P+yC  making  x=^* 
Now  this  fraction  will  be, 

_8in.  ^+x(gin.(^+ff)  —  2  sin.  ^  cos.  P 

"  1 — 2xcos.  ^+X* 

Therefore,  when  x=l»  ^®  have, 

q    sin.  ^+sin.  {B+P)—2  sin,  i  cos.  P 
^^  2  — 2  COS. /8  5 

And  this  because,  2  sin.  ^  cos.  ^=sin.  i^+P)  +sin.  {B — fi) 

sin.  ^  —  sin.  (^  — ff) 

=     2(l-cos.i8)      *^y  ^^™"'"  (*>• 
Now  putting  ^  for  (^+i3)  and  jS'  for  (^  —  jS)  we  have  from 
formula  («) : 
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sin.  ^'— sin.  i8'=2  cos-i  (^'+i3')  sin-J  («'— ^') 
Hence,  it  follows  that, 

sin.  B  —  sin.  (^  —  P)  =2  cos.  ((J  —  f5)  sin.i^ 
Besides  which  we  have, 

1  —  cos.  iS=a  sin.'fS 
Consequently  the  preceding  expression  becomes, 
S=sin.  ^+sin.  (a+^)+sin.  (d+2/3)+8in.  (d+3^)     &c  arf 
infinitum^  __cos.  (^  —  |iS) 

""~2lin;p~ (t2) 

To  find  the  sum  of  n+1  terms  of  this  series,  we  have  simply 
to  consider  that  the  sum  of  the  terms  past  the  (n+ljth, 
that  is  the  sum  of 

sin.  (d+(n+l)^)  +8in.  («+(n+2)jS)  +sin.p+(n+3).S)+ 
&c.  ad  infinitum^  is  by  the  precccding  theorem, 

^cos.  (^+(/t+i).g) 
2  ain.|  fi 
Deducting  this  from  the  former  expression,  there  will  remain 
sin.  ^+sin.  (d+/8)+sin.  (^+2i8)+sin.  (^+8.5)4-  -  -  -  - 
.  -  .  .  sin.  (^+nig)=cos.  (a-|i3)-co8.  (^+(h+0.3) 

2  sin.  i/3 
sin.  ((>+inj9)sin.^  (n-l-I)ff         ,  „. 

^  STp  "  <'^' 

By  like  means  it  may  be  found,  that  the  sum  of  the  cosinri 
of  arcs  or  angles  in  arithmetical  progression,  is  cos.  ^+co8. 
(^4-/3)+cos.  (4+2/3)+cos.  0+3,8)+  &c  ad  infinitum, 

^      sin.(tf  +  iff) 

2  8io.i/3  ...    (t4) 

Also, 

COS.  ^+cos.  (^+ff)+cos.  (^+2iQ}+cos.  (4+3ff)+.  -  .  - 
(cos.  A+n^)  COS.  (a+iff(8in.i  {n+l)B 

=        nsH4i9 -  (*^' 

To  find  the  numerical  value  of  the  sine,  cosine,  4^.,  of  45*. 

In  the  circle  ABD,  draw  CA,  CB,  radii  at  ± 

right  angles  ;  join  AB. 
Then  by  Definition  (12) 

Chord  ABC  (»0')=^  ^ 

Chord*  90»  =^ 

_AC*+BC 
~      AC 
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2  AC" 


•.•  BC=AC 


AC» 
=     2 (1) 

Now,  tke  chord  of  an  arc  is  equal  to  twice  the  sine  of  half 
the  arc ;  therefore, 

2  sin.  45^=chord  90^ 
4  sin.'  45^= chord*  90^ 

=2,  by  Equation  (1) ; 

sin.  45**=  — - 

Again,  by  table  I. : 

sin."  tf+cos."  d=l 

COS.*  45^ = 1 — «in.'  45* 

1 


Also, 


COS.  45*=  -77-=  sin.  46^ 
'/2 


tan.  45°= 


sin.  45° 


COS.  45° 
=  l=cot  45°. 


To  find  the  nwmericcA  value  of  the  sine,  cosine,  4^.,  cf  30°. 


In  the  circle  ABD,  draw  CP,  making  with 
CA  the  angle  ACP=60° ;  join  A,  P. 


Now, 


Again, 


2  sin.  30°= chord  60° 
^AP 

AC 
AC 


AC 


sin.  30°= 


=  1 
1 


\-  AP=AC,  •••  the  triangle  APC 
is  cquianfi 
equilateral 


is  equiangular,  and  uerefore 

BU. 


cos.  80°=  ^/l  _  8in.«  30° 


=^/^=^^=^l=l^^ 
^22 

6 
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Also, 

«^o    sin-  30^ 
tan.  30"*= --r^ 

COS.  30*" 
_      1 

cot  30**= ^— ;r=  \/3 

To  find  the  numerical  value  of  the  sine^  cosine^  ^.^  of  60*. 

sin.  60^= COS.  (90*^—60*0 
=cos.  30"* 


v'3  ,     , 

— - »  by  last  art 


Affain, 


Also, 


COS.  eO'^^sin.  (90^— 60*^) 
=sin.  30** 
_  1 

2 

lan.  60**=  y/3 

cot.  60^=  -^ 
v'3 


It  is  required  to  find  the  sum  of  all  the  natural  sines  to  every 
minute  in  the  quadrant,  radius  =1.  In  this  problem,  the  actual 
addition  of  all  the  terms  would  be  a  very  tiresome  labor,  but 
tlie  solution  by  means  of  formula  (zS),  is  rendered  very  easy. 

Applying  that  formula  we  have  sin.  (^+lni^=:sin.  46®, 
sin.  'i(?i+l)i8=sin.  45^  0',  30"  and  sin.  ii8=sin.  30', 

sin.  45^  sin.  45^  0'  30"     ^  .^^  o>i«^>i«c  4k  .    j 

r—z::rz =3438.2467465,  the  same  sum  required 

sin.  39"  ^ 

Let  it  be  required  to  find  the  sum  of  the  sines  to  every  mi- 
nute of  the  arc  of  60**. 

Here  the  numerical  expression  in  the  equation  would  become 

«n. «0°Xsin  30°  0' 30"^.sx. 500126-^.00014545953 
sm.  30^' 

=  1719.123373.25  equal  the  sum  of  all 
the  natural  sines  to  every  minute  of  the  arc  of  60**. 

It  may  be  useful  to  exhibit  the  most  useful  results  in  this 
cha])tcr,  in  the  following  table. 
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TABLE  IIL 

(1.)  sin.  (^±iS)     =8in.  d  cos.  iSisin.  jS  cos.  B 

(2.)  COS.  (^=fc^)     =cos.  d  COS.  0=Fsin.  ^  sin.  P 

/« V  /4  .  /5v  ^^'^*  ^±tan.  P 

(3.)  Ian.  rtdbm 5 

^   '  V     ^/         1  qptan.  d  tan.  ^ 

(4.)  sin.  2  ^  =2  sin.  ^  cos.  ^ 

(5.)  cos.  2  ==co8.'^— sin.'4=2  cos.'  & — 1  =  1 — 2  sin."  d 

/n  1  *       o  A  2  tan.  d 

(6.)  tan.  2  d  = r-r- 

^  1 —  tan.'  ^ 


2 

^  ^  /iTcosTT 


(8.)  cos.^  =\/ 


t^\     '       ^                  ^   /l  —  cosTd 
(7.)  sin.  ~  =\/ 

(9.)  tan.  4-  ^     /1-cos.  ^^1-cos.  ^^_j?n>_i 

2  1 +COS.  d         sin.  d         1+cos.d 

(10.)  sin.  6  =2  sin.  —  cos.  — 

(U.)  sin.  SS  =3  sin.  4  —  4  sin.'  ^ 

(12.)  COS.  3  «  =4  cos.'  d  —  3  cos.  S 

(13.)  sin-  (n+1)  ^  =2  sin.  nd  cos.  ^  —  sin.  (n—  1)  « 

(14.)  cos.  (n+l)4  =2  COS.  n^  cos.  ^  —  cos.  (n  —  1)  ^ 

(15.)  sin.  a+sin.  /S  =2  sin.  i±^  cos.  ?^ 

2  2 

(16.)  sm.  ^ —  sin.  p=2  sm. ^  cos. ^ 

2  2 

(17.)  cos.  4+ COS.  /3=2  COS.  COS.       '  ■ 

2  2 

(18)  COS.  d — cos.^= — 2  sin. sin.  — - — 

^    ^  2  2 

tan. 


..gv  sin.  d+sin.  ^  '     2 


sin.  * — sin.  8  6  — P 

tan.     ^ 
2 

(20.)  sin.  (d+/9)+sin.  (tf  — ^)=2  sin.  ^  cos.  jS 
(21.)  sin.  (d+/3)— sin.  («  — i8)=2  sin.  ^  cos.  ^ 
(22.)  cos.  (d+i8) +COS.  (tf  -  i8)=:2  cos.  d  cos.  P 
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(23.)  COS.  (d+^)— COS.  (^— i8)=_2  SIB.  «  sin.  p 
(24.)  sin.  (4+/3)  cos.  (d— ^)=sin.'d— sin.'^=cos.*/8— cos.'  I 
(25.)  cos.  i^+P)  COS.  (4 — ^^)=cos.*  ^ — sin.'i8=cos.'^+co8.*i3— 1 
(26.)  sin.  d+sin.  (d+j8)+sin.  (^+2i8)+sin.  («+3./8)+ 

.  .  .  sin.  («+ni8)=     «n.(^+inff)sin.i(n+l)ff 

sin.  I  ^ 

(27.)  cos.  ^+cos.  (4+/9)+cos.  (^+2i8)+cos.  (^+3j8)+   -  -  • 
-  -  .  COS.  (^+n/3)  COS.  (^+ii3)  sin.  \  (n+1)  j8 

""  sin.  i  /S 

(28.)  sin.  45**  =co8.  45^=-^ 

(29.)  tan.  45**  =cot  46^=1 

(30.)  sin.  30*  =cos.  60*= 


2 

a/3 
(31.)  cos.  30*  -^cos.  00*=-^ 

(32.)  lan.  30*  =cot  60*=  — 

(33.)  cot.  30*  =tan.  60*=  y'S 

The  formulflB  of  Trigonometry  may  be  multiplied  to  almost 
any  extent,  and  t!ic  same  quantity  may  be  expressed  in  avast 
number  of  different  ways.  An  intimate  acquaintance  witb 
those  given  in  the  above  table  is  essential  to  the  progress  of 
the  student. 

The  folloviring,  although  of  less  frequent  occurrence,  may 
occasionally  bo  found  useful,  and  can  be  readily  deduced  from 
the  above. 


,      .    (  sin.  (45»=fcfl)  ) 
^^')    I  COS.  (45°:f«>  i 


eoSk  4:i:3in.  t 

(36.)  tan.  (45<'±«)  =      l^^n^ 

Izptan.  6 

(36.)tan.'^^o+-)      =      1^—, 
^  V^S'^i  2  /  Iqisin.  « 

^  V46°±2/  cos. «  l+sin.< 

(88 )  ""•  (^+^  _      tan.  <+taD.  /3    cot.  i8:^cot< 

»n.  («— j8)  ~      tan.«— tan.i8~cot.  yS— eoU» 
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COS.  (S +ff)  .  _  cot,  ff— tan.  ^  ^  cot,  ^-tan.  ff 

'^  COS.  (« — !^)  "^  cot.  /3+tan.  6     cot.  tf+tan.  /? 

^^  J  sin,  ^+siD.  ff  ^  ^„^  ^ 
COS.  ^+ COS.  0                               2 

11  )  si»-  ^+si"'  ^  =._coti=^ 

cot.  ^— COS.  ^  2 

COS.  d+cos.^  2 

43.)  "'"-"-''"l^  =_cot  1±^ 

COS.  ^  —  COS.  0  2 

.^^ .  COS.  ^+cos.  ^  ^  __  ^^^^  Mf  ^ot.  In^ 

'    *    cos.  ^-cos-i^  2  2 

45.)  tan.  d+tan.  fi  =     V 7i 

cos.  ^  COS.  p 

(46.)cot«+cot/8  =     ?i^-±4 

Sin.  d  sin.  p 

(47.)tan.«-tan./S         =    sjM^z:^ 

COS.  0  COS.  p 

(48.)  cot.  «  —  cot  /8         =  _"'"•  ^*-^> 

sin.  ^  sin.  i^ 

{40.)tan.'«-tan.'^       =     "'"•  (^+^>  "'"•  ^*-^) 

COS.*  4  COS.*  i3 

(50.)  col.«  «  - cof  i8       ^_«iP-(^+g)sinJ<--g)^ 

sin."  ^  sin.*  /S 

In  order  to  become  familiar  with  the  various  combinations, 
and  dexterous  in  the  application  of  these  expressions,  the  stu* 
dent  will  do  well  to  exercise  himself  by  verifying  the  follow- 
io;  values  of  Sin.  4,  Cos  ^,  Tan.  4,  which  are  extracted  from 
the  large  work  of  Cagnoli. 

6* 
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TABLE  OF  THE  MOST  USEFUL  ANALYTICAL  VALUES  OF 

SIN.  6,  COS.  6,  TAN.  i. 

VALUES  OF  SIN.  ^.  I  VALUES  OF  COS.  4. 


1.  COS.  6  tan.  ^ 

COS.  ^ 

'  cot.  d 
3.  \/l— cos.'d 

Jl 

4-  \/iTcot71 

5         tan.  ^ 
'  v'1+tan.'d 

6.  2  sin.  qC<>s.— 

«   y/l — COS.  2^ 
2 

2  tan.  - 

« — — 

1+tan.'- 


I  ,«  sin.  A 

Id.  ; \ 

tan.  9 

17.  sin.  ^  cot  4 

18.  \/l— sin.*^ 
1 

^^'  v'l+tan.'^ 


9. 


cot  -  +tan.-^ 


sin.  (30^+a)— (sin.  30^— a) 


a 


11.  2  8in.'(45^+2-)— 1 

a, 

12.  1— 2  sin.*  (45^— g-) 

1— tan.«  (45°—  -) 

13.  '* ^ 

'l+tan.«(45^— -^) 

tan.(45**+-)— tan.(45°— |) 


20. 


cot.  6 


^^l+cot.*a 


6  6 

21.  cos.'  5— sin.'  - 

22.  l-2sin.«- 

6 

23.  2  COS.*  -  —  1 

2 


24.  \/: 


1 +CO8.  2  a 


25. 


26. 


27. 


4    ^ 

.  6 

1  +tan.*  - 

cot  -  —tan.  - 
cot  -  +  tan.— 


0 
1  +  tan.  a  tan.  - 


6 


14. 


tan.(45°+^)+tan.(45°— -) 
16.  sin.  (60°+a)— sin.  (60°— a) 


28. 


tan.(45°+-)+cot(45°+2) 

29.  2co8.(45°+2)cos.(45°-3) 

30.  cos.(60°+a)+cos.(60M 


ANALYTICAL  PLANE  TRIGONOMETRY. 


M 


VALUES    OP   TAN.    6. 


1 

:ot  « 


^  COS.'  S 


sin.  S 


•l-flin.'a 


>/l— cos.va 

COS.  a 


2  tan.  X- 

5" 
l_  tan.'  - 


37. 


cot-  -  -1 


38.  6  i 
cot-  — tan.  g 

39.  cot  a— 2  cot  2 
1— COS.  2  a 


40. 


41. 


sin.  2  4 
sin.  2  a 


42 


1+cos.  2  a 
/I— COS.  2  a 


1+cos.  2d 

^  o      ^ 


43.  tan.(45^+2)-tan.(46^-^) 


-om  certain  properties  of  the  circles  to  be  discussed  in  an- 
*  volume,  other  important  trigonometrical  formulas,  may  be 
ced,  furnishing  us  with  more  expeditious  means  of  deter- 
Qg,  numerically,  the  values  of  some  of  the  trigonometri- 
inesy  and  ratios,  all  of  which  Mrill  occur  in  their  order. 

To  develop  sin.  x  and  co^.  x  in  a  series  (ucending  by  the 

powers  of  x. 

he  series  for  sin.  z  must  vanish  when  x=0,  and  therefore 
erm  in  the  series  can  be  independent  of  x,  nor  can  the 
.  powers  of  x  occur  in  the  series ;  for  if  we  suppose 

sin.  «=     a,«+a,x*+a3x*+a^x*+a,«*+  .... 

en  sin.  ( — x)= — a,x+a,«* — a,a:"+a^«* — «,«*+  .  .  . 

>ut  sin.  ( — x)= — sin.  x 

=— a,« — a,«* — fljx' — a^x* — a^x* —  .  . 

tfj  =""^a>  ^4^^ — ^4>»  •  ••  J  hence  aj=0,  a^=0.... 
.*.  sin.  «=     a,«+a,«*+a,«'+fl^a:*+ (1) 


M 
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Again,  the  series  ibr  cos.  x  must  =&  1  when  '  =»  0,  and  there- 
fore the  scries  must  contain  a  term  independent  of  r,  and  it 
must  be  1 ;  also  the  series  can  contain  no  odd  powers  of  x,  for 
if  we  suppose 

cos,ap=l+a,x+a,a:*+a,«*+a4a:*+ 

then  cos.  ( — a:)  =  l — a^x+a^x* — a^x*+a^x* —  .... 
but  cos.  ( — x)=cos.  X 

=  l+a,«+aa*"+fl3«*+a4«*+ 

.'.    a,= — ai,a3= — a,,  .  .  .     .•.  a,=0,  a,=20  .  .  . 

.\  COS.  x=l+a3a*+a^x*+a^x*+ (2) 

Hence  cos.  x+sin.  x^l+a^x+a^j^+a^x^+a^x^-^a^x^   -  -  (3) 
COS.*  —  sin.x=l — a^x+a^x* — a^x*+a^x* — «,«*+  -  -(4) 
Now  in  equation  (3)  write  x  +  A  for  x,  and  we  have 
cos.(x+A)+sin(x+A)=l+a,(x+A)+a,(x+A)«+a,(x+*)»+(5) 
but  cos.  (x+A)+sin.  (x+A)=cos.  x  cos.  A  —  sin.  x  sin.  * 

+sin.  X  COS.  A  4- COS.  x  sio.  k 
c=cos.  A  (cos.  x+sin.  x)+sin.  A  (cos.  x — sin.  x) 

=(1  +a,A'+a,A*+. . .).(!  +a^x+a^x^+a^x*+ ) 

+     (a,A+a3A'+fl,A'+...)(l— fl,x+a,x"— fl,x'+..) 
ssl+ajX+flaX'+ajX*  4-    .  . 

+a,A  —  a,*xA+a,fl,x*A+   .  , 
+a,A*+fl,aaxA"    +   .  , 

Comparing  equations  (5)  and  (6)  we  have 
l+a.x+a^x^    +a,x«     +^        l+a,x+a,x»      +a,x»       +' 
+a,A+2a,xA+3a3x'A+  +a,A — a,a,xA+fl,fl,x'A— 

+  a,A*  +3a3xA*+  >=  +a,A*     +a^a^xh*+ 

+  a,V  +  +  a,A«    - 

+J  +J 

and  equating  the  coefficients  of  the  terms  involving  the  same 
powers  of  x  and  A,  we  have 

2aa  = — a  1  a  1 ;  therefore  a,  = 


-    -    {^ 


«i«i 


8€l,= 


«,«!    • 


.  «,= 


4tf^= — a^a. 


to«=      ajfl^ 


a*= 


2 

a 

i«i 

3 

a 

I«3 

4 

a 

1«4 

L2 
1.2.3 

^     4 


«.= r:-*'=  + 


i  =  + 


1.2.3.4 


1 


1.2.3.4.5 
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hence  «n.  x=a,x-j^+  j^^  ^-—£^^^r+ 

^^-  ^""^     ~  1.2  ^■*' 1.2.3.4  ^~  1.2.3.4.5.6  ^'^ 

and  we  have  only  to  determine  the  value  of  a^.    To  efiect 
this,  we  have 


a'     .  «• 


•  •  • 


8in.:r=a.x-j^x-+^-a:'_ 

="''»*0~i:^^'''  1  JJ.8.4.6  ^~ 

Now  the  value  of  x  may  be  assumed  so  small  that  the  se- 
ries in  the  parenthesis,  and  sin.  x,  shall  differ  from  1  and  x  re- 
spectively, by  less  than  any  assignable  quantities  ;  hence  ulti- 
mately 

x=a,:r,  and  therefore  a^  =  l;  whence 

.        _    x'       ,  X'  X'  , 

^^  ^"■^""1.2.3    "*"  L2.3.4.5  ~  1.2.3.4.5.6.7  "*"  •  •  • 

cos.x-1—  j-g     +  1:2:8:4  —  1.2.3.4.5.6  "^ 

To  develop  tan.  x  and  cat.  x  in  a  series  ascending  by  the 

powers  of  x. 

The  development  may  be  obtained  from  those  of  sin.  x  and 
COS.  X,  already  found. 

x*  X* 

sin.  X          *  ~  1.2.3  "^  1.2.3.4.5.  ~  ^^ 
tan.  x= = -5 i 

C0S.X  ^  X* 

^~  IJJ  "^      1.2.3.4~*^ 

ind  the  series  will  therefore  be  of  the  form 

x+a,x*+a,x*+a^x'+  ...» 

X*  X* 

X — -t-tt:.  + 


Hence^  let  x+a^7^+a^7^+ . .  = ^ '^I 


1—  -T-^    + 


1.2     '      1.2.3.4 


» • » 


x* 

.*.   X TTT^  4 


1.2.3  '  1.2.3.4.5 

7?  7f 


'••#• 


-=0-6+1^4— •)('+»"■+•"•+-■) 
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1^ 

1.2 


te*+ 


+• 


1.2 
1 


1J2.3.4 


a:*+ 


+ 


Hence,  equating  the  coefficients  of  the  like  terms,  we  have 
1  1  2 


1.2 
a. 


1.2.3 


•'•  ^»     ""   1.2.3 


'       1.2  ^   1.2.3.4        1.2.3.4.5     • 


2*_ 

*  ^*     ■"  1.2.3.4.5 


.'.  tan.  X  =  X  + 


1.2.3 


+ 


2V 


1.2.3.4.5 
2V 


1  2ar 

Sim.  cot  X  =  —  —  717^  —  1  o  o  ^  «r 

X        1.2.3  ^       1.2.3.4.5 


&C. 


•  • 


CHAPTER  in. 

rORMULJS  FOR  THE  SOLUTIOW  OF  TRIANGLES. 

We  shall  here  repeat  the  enunciations  of  the  two  propon* 
lions  established  in  Chapter  L 


pROFosrrioN  i. 

In  any  right-angled  plane  triangk^ 

P.  The  ratio  which  the  side  opposite  to  one  of  the  acnU 

angks  has  to  the  hypothenuse^  is  the  sine  of  that  angle. 

2**.  The  ratio  which  the  side  adjacent  to  one  of  the  aciif 
angles  has  to  the  hypothenuse^  is  the  cosine  of  that  angle. 

3**.  The  ratio  which  the  side  opposite  to  one  of  the  acirf« 
angles  has  to  the  side  adjacent  to  that  angle^  is  the  tangent  v 
that  angle. 

Thus,  in  any  right-angled  triangle  ABC, 
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OT 


t       .     ,    BA  ,    CB 

-  =  sin.  A,  -vp  =  COS.  A,  ^-T : 

=  COS.  C,        =  sin.  C, 

CB  =  ACsin.  A  >  •^ 
=  ACcos.C  J 


BA  =  ACCOS.A  )   . 
=  ACsin.  CJ   > 


tan.  A 
cot  C 


CB  =  B  A  tan.  A  ) 
=  BA  cot.  C  \  ^ 


W 


PROPOSITION  n. 


any  plane  triangk^  the  sides  are  to  each  other  as  the 
sines  of  the  angles  opposite  to  them. 


e  shall,  frequently  in  treating  of  triandes,  make  use  of 
TollowiDg  notation  ;  denoting  the  angles  of  the  triangle 
he  large  letters  at. the  angular  points,  and  the  sines 
he  triangle  opposite  to  these  angles,  by  the  corrcs- 
ing  small  letters. 

lus,  in  the  triangle  ABC,  we  shall 
te  the  angles,  BAG,  CBA,  BOA, 
he  letters.  A,  B,  C,  respectively, 
the  sides  BC,  AC,  AB,  by  the 
rs  a,  6,  c,  respectively, 
ccording  to  this,  we  shall  have,  by 
proposition, 


a 
■ft 
a 
c 
b 
c 


sin.  A' 
sin.  B 
sin.  A 
sin.  C 
sin.  B 
sin.  C^ 


(^ 
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PROPOSITION   in. 


In  any  plane  triangle^  the  sum  of  any  ftM  sides^  is  to  their 
difference,  as  the  tangent  of  half  the  sum  of  the  oMigles  opposite 
to  them,  is  to  the  tangent  of  hatf  their  difference. 

Let  ABC  be  any  plane  triangley  then*  by 
Proposition  II 

a  ^  sin.  A 

b  ""  sin.  B 
a+b      sin.  A+sin.  B 

a — b     sin.  A — sin.  B 

Bat,  by  Trigonometry,  Chap.  H.  fr) 

.    Tfc      <*   •    A+B       A — B 

sin.  A+sin.  B  =  2  sin.— g— cos. — — 

.      .    «      «        A+B.   A— B 

•in.  A — sin.  B  =  2  cos.  —r — sin.    ^ 


. . 


a+b 
a+b 


.     A+B      A— B 
2  sin.  — r— cos. — — 

''  A+B  .    A— B 

cos.-^  sm.  -^ 

^      A+B      A— B 

=  tan.  — r — cot—:; — 


4     A+B^ 
A— B 


tan. 


And  in  like  manner, 


a+c 


tan.- 


2 
A+C 


tan. 


b+c 


tan.' 


A— C 
2 

B+C 


tan.' 


B— C 


2-J 


.  (r) 
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PEOBOSmON  TV. 


^0  express  the  cosine  of  tin  angk  of  a  plane  triangk  in 
terms  of  me  sides  of  the  triangle, 

«et  ABC  be  a  triangle  ;  A»  B,  C,  the  three 
les  ;  a,  6,  c,  the  corresponding  sides. 
.  Let  the  proposed  (A)  be  acute, 
■"rom  C  draw  CD  perpendicular  to  AB,  the 
e  of  the  triangle. 

en,  A. 

BC«=AC«+AB'— 2AB.  AD  (Prop.  XXVL 
rV.  EL  Oeom.) 

a*  =  &•   +  c«   — «c  .    AD 


t,  since  CDA  is  a  right-angled  triangle^ 

AD  =  AC  COS.  CAD  =  5  cos.  A 
.*.    cf  z=z   V   +  c^ —  ibc  COS.  A 

.-.  COS.  A  —  2j^ 

lich  is  the  expression  required. 

2  Let  the  proposed  angle  ^A)  be  abtuse. 

From  Cy  draw  CD  perpendicular  to  AB  producea. 

ben, 

r, 

«•    =  6«     +  c«      +  2c    .  AD 
lit,  since  CDA  is  a  right  angled  triangle, 
AD  =  AC  COS.  CAD 

=  AC  X  —  COS.  CAB 
*.-  CAB  is  the  supplement  of  CAD. 
=  —  h  cos  A 
.%  a*  =  V  +  (f  —  26c  COS.  A 

V  +  c*  —  a^ 

.\  COS.  A  = :^ 

2bc 


BC  •=  AC'  +  AB*  +  2AB- AD 


It  will  be  seen  that  this  result  is  identical  with  that  which 
^e  deduced  in  the  last  case,  so  that,  wheUier  A  be  acute  or 
itose,  we  shall  have, 

7 


70 


ANALYTICAL  PLANE  TRIGONOMETRY. 


COS.  A  = 


y  +  C  —  a«  ^ 
2bc 


Proceeding  in  the  same  man- 
ner for  the  other  angles,  we  shall 

find, 

a'  +  (^  —  b* 

^^«-  2  =  2^c 

«•  +  fc«  —  c* 


cos.  C  = 


2ab 


w 


PROPOSITION    V. 

To  express  the  sine  of  an  angk  of  a  plane  triangk  in  terms 

of  the  sides  of  the  tnangk. 

Let  A  be  the  proposed  angle ;  then  by  last  prop., 

V  +  c^  —  a" 

COS.   A  =  ^rr 

2bc 


Adding  unity  to  each  member  of  the  equaticm, 

y  +  c«  —  a* 

1  +  COS.  A  =  1 H r-r 

2bc 

b^+2bc+c*-    -• 


2bc 
(b  +  cY—€f 

^         2bc 

(b+c+a)  {b+c—a) 


Again,  cos.  A  = 


2bc 
y  +c«  — a« 

2bc 


(0 


Substracting  each  member  of  the  equation  from  unity, 

1— cos.A  =  1 ^=^ 

2frc— y— c'+g« 

""  26c 

g'— (y— Qftc+c*) 

"  26c 

a«— (&_c)« 

■"        26c 

_  (a+6-<)  (a+o-^) 

26c  


.(« 


ANALYTICAL  PLANE  TRIGONOMETRY.  71 

Multiplying  together  equations  (1)  and  (2,) 

(l+cosA).(I-co3A)=^°+*+'^>  <^+^-rl  ^""^'-^^  ^^+^> 

46  c 

But  (1 +COS.  A)  (1^-cos.  A)=  1— COS.*  A 

=  sin.'  A     (Table  L) 

....    _{a+b+c)  (b+c—a)  (a+c—b)  (a+b—c) 
.*.  sin.  A  —  Ak»^t 


46V 


Extracting  the  root  on  both  sides, 
sm.  A  = 


26c  x/(a+6+c)(6+c— a)(a+c— 6)(a+6 — c)..(3 


The  above  expresison,  for  the  sine  of  an  angle  of  a  triangle 
in  terms  of  the  sides,  is  sometimes  exhibited  under  a  form 
somewhat  different 

Let  8  denote  the  semiperimeter,  that  is  to  say,  half  the  sum 
of  the  sides  of  the  triangle  ;  then 

a+b+c 
s  =  — 5 — ,  and,  2s  =  a-hb+c 

=  — 5 —    ...  2  {s  —  a)  =  b+ 


s — b  =  — 5 ...  2{s  —  6)  =  a+c — b 

=  — 5 —    —  2  {s  —  c)  =  a+b — c 


Substituting  2  *,  2  {s — a),......  for  fl+6+c,  b+c — a, in  the 

expression  for  sin.'  A,  it  becomes 

16  s  (s^^)  (s—b)  (s—c) 


sin.«  A  =  4  j.^. 

And  extracting  the  root  on  both  sides, 

.      .  _   2     • 

■"•  ■*  -  fee"/*  («— a)  (s—b)  (s—c) 

Proceeding  in  the  same  manner  for  the  other 
»ogle8,  we  shall  find  ^*    -    -   (») 

""•  ^  =  ^V,  (s—a)  (5—6)  (»■ 


»'°-  ^- ab'Vs{s—a)(t—b){»-€)J 
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By  equation  (1)  we  have 

l+eos.A  =  <^*+^><*+^-^^ 


2bc 
4s(s-a) 


But,  by  Chap.  II, 


2bc 


1 +COS.  A=2  COS.'— 

A     4s{s — a) 

.-.     2  COS.'  — = r-r— 

2  2  be 

Extracting  the  root  on  both  sides, 

COS. 


2     ^       fcT" 


And  in  like  manner,  


2 

C 


ac 


COS. -1  =  ^/113 


8       "  ab 

By  equation  (2)  we  have 

2frc 
_4(s-b)  (s—c) 

2bc 
But,  by  Chap.  11, 

1 — COS.  A=2  sin.*  -5- 

••    2«n--2-= 2ft^ 

Extracting  the  root  on  both  sides, 

sin.4-=v/^ES5Ei^ 

And  in  like  manner, 


in.-i-=v'5E5&^ 


sm 


w 


(0 
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Dividing  the  formula  marked  (^  by  those   marked  ((f) 
we  have  

2       ^        s(s  —  b) 


2       A^       *(#-c)       J 


W 


CHAPTER  IV. 

ON  THE  CONSTOUCTION  OP  TRIGONOMETRICAL  TABLES. 

Before  proceeding  to  apply  the  foirmuI»  deduced  in  the  last 
chapter  to  the  solution  of  trianffles,  we  shall  make  a  few  re- 
marks upon  the  construction  of  those  tables,  by  means  of  which 
we  are  enabled  to  reduce  our  trigonometrical  calculations  to 
nomerical  results. 

It  is  manifest,  from  definitions  1^,  52^,  3^,  &c.  that  the  various 
trigonometrical  quantities,  the  sine,  the  cosine,  the  tangent,  &c. 
are  abstract  numbers  representing  the  comparative  length  of 
certain  lines.  We  have  already  obtained  the  numerical  value 
of  these  quantities  in  a  few  particular  cases,  and  we  shall  now 
show  how  the  numbers,  corresponding  to  angles  of  every  de- 
gree of  magnitude,  may  be  obtained  by  the  application  of  the 
most  simple  principles. 

The  numbers  corresponding  to  the  sine,  cosine,  &c.  of  all 
angles  from  1"  up  to  90^,  when  arranged  in  a  table,  form  what 
is  called  the  Trigonometrical  canon. 

The  first  operation  to  be  performed  is 


To  compute  ike  numerical  value  of  the  sine  and  cosine  of  V. 
We  have  seen,  Chap.  II.  formula  (j )  that 

2 


«*..     ^_4,/l— cos.^ 


J 


By  which  formula  the  sine  of  any  angle  is  given  in  terms  of 
^he  sine  of  twice  that  angle. 

7^ 
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Now  substitute  -  for  B  and  it  becomes 


Sin.  ^  or  sin.  ^^\/i  —  \\/i—8m.'  ^ 
In  like  manner,  sin.T;=  \/^  _  j  ^^1  —  sin.*  -^ 


'^'  2^=  N/i-i\/l-  sin.'  ^ 


And  generally,  sin.  3^=  Vi  -  i  \/i  -  gin."  -1 


2»-i 
Now  let  «=30**    ••••5^= IS** 

and  applying  the  above  formnla,  we  have 

sin.  16*'=\/*-ix/l-8in.*  30** 

But  by  Chap.  U.  sin.  30**=i    .'.  sin.*  80^=' 

.-.    sin.  16**=  x/^ — i\/iHT 

=.2588190    .    .    ^    > 
Similarly,    sin.  7^80'=  x/^ ^ \/i— sin.*  15° 

=  V'i-jVl-(-2588190)« 

=.1305268 

&;c.=&c. 
It  is  manifest,  that,  by  continuing  the  process,  we  shall  ob- 
tain in  succession  the  sines  of  3^45',  of  1°52'30'S  &c. 

In  this  way  we  find 

30° 
Sin.  ^n-or  sin.  1'  45"  28'"  7*^^  30^  =.00051 13260,  d(C 

30° 
Sin.  -gir  or  sin.  52"  44"'  tf^  45^^  =.0002556684,  Ac 

From  which  it  appears,  that,  when  the  operation  abov^ 
mentioned  has  been  repeated  so  many  times,  the  sine  of  the 
arc  is  halved  at  the  same  time  that  the  arc  itself  is  bisected ^ 
that  is. 
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7%e  sines  of  verf  small  arcs  are  nearly  proportioiuU  to  the 

arcs  themselves. 

Hence  we  shall  have 

Sin.  52"  44'"  3*^  45^  :  sin.  1' : 


/ 


52"  44"'  3^^  45^^  :  1 
60  60 


2"  60  X  60 

3600       :  4096 

.  „  sin.  52"  44'"  3»^  45^  X  4096 
•••  «a.  1'= ^^ 

.0002556634  X  4096 


3600 

=.000290888204 ^cos.  89**  59' 

•.•  sin.  ^=cos.  (90*^—0 

Again,  *.•  cos.  ^=  Vl^-sin^J) 

cos.  1'=  y/l  -^(.000290888204 ...  )• 
=^.999999915384 

The  sine  and  cosine  of  I'  being  thus  determined,  we  shall 
Toceed  to  show  in  what  manner  we  shall  now  be  enabled  to 
ompute  the  sines  and  cosines  of  all  superior  angles. 

By  formula  (m)  Chap.  II. 
Sin.  (n+1)  6=2  cos.  B  sin.  nd  —  sin.  («  —  1)  B 

If  we  suppose  B=V  and  n  to  be  taken  =  to  the  numbers  1, 

9  3y in  succession,  we  find 

in.  2'=2  COS.  1'  sin.  1'  —  sin.  0=.0005817764 ...  =cos.  89**  58' 
in.  3'=2  COS.  1'  sin.  2'— sin.  1'=  .0008726645 ...  =cos.  89**  57' 
in.  4'=2  COS.  1'  sin.  3'— sin.  2' =.00 11635526 ...  =cos.  89**  56' 

&c.=d&c. 
.gain,  by  employing  formula  {o\  Chap.  II. 

Cos,  (n+1)  ^=2  COS.  B  cos,  n6  —  cos.  (n  —  I)  A 

;  as  before,  we  suppose  4=1'  and  n=l,  2, 3, .....  jn  succession, 
Cos.  2'=  2  COS.*  1'—  cos. 0=.999999830  ....  =sin.  89°  58' 

Cos.  3'=2  COS.  1'  COS.  2'— COS.  1'=.999999619 ....  =sin.  89**  57' 
Cos.  4'=2  COS.  1'  COS.  8^—  cos.  2'=.999999323 ....  =sin.  89''  56' 
&c.=&c 

It  is  manifest,  that,  by  continuing  the  above  processes,  we 
liall  obtain  the  numerical  values  of  the  sines  and  cosines  of  all 
ogles  from  1'  up  to  90°.  These  being  determined,  the  tan- 
ents,  cotangents,  &c.  may  be  calculated  by  means  of  the  re- 
itions  established  in  table  I. 

The  above  operations  are  exceedingly  laborious,  but  require 

knowledge  oi  the  fundamental  rules  of  arithmetic  alone.    It 

I  manifest  that,  in  employing  this  method,  an  error  committed 

1  the  sine  or  cosine  oi  an  imerior  arc,  will  entail  errors  on  the 
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sines  or  cosines  of  all  succeeding  arcs.  Hence  is  created  the 
necessity  of  some  check  on  the  computist,  and  of  some  inde- 
pendent mode  of  examining  the  accuracy  of  the  computation. 
For  this  purpose,  formulae,  derived  immediately  from  esta- 
blished properties,  are  employed  ;  if  the  numerical  results  from 
these  formulae  agree  with  the  results  obtained  by  a  regular 
process  of  computation,  then  it  is  almost  a  certain  conclusion 
that  the  latter  process  has  been  rightly  conducted. 

Formulae  employed  for  this  purpose  are  called  formuJUt  of 
verification^  and  of  these  any  number  may  be  obtained ;  it  will 
be  sufficient  for  our  present  purpose  to  give  one. 

Sin.«^+cos.««=l tab.!. 

And    2  sin.  ^  cos.  ^=sin.  2J 

Hence  sin.  ^^^Vl+sin.  2^=b  Jv^l — sin.  2  ^ 

COS.  *=|\^l+sin.  2^z^  ^Vl— sin.  2  ^ 
Now  if  we  suppose  ^=12®  SC 

sin.  12^  30'=i^l+sin.  25^  db^Vl-  sin.  25* 


COS.  12*  30'=i\/l+sin.  25*  T  iV'l-  sin.  25* 

Hence,  if  the  values  of  the  sine  and  cosine  of  12*  30',  and 
of  the  sine  of  25*  obtained  by  the  method  already  explained, 
when  substituted  in  these  equations,  render  the  two  members 
identical,  we  conclude  that  our  operations  are  correct 

The  values  of  the  sine  and  cosine  of  30^  45*,  60*,  &c. 
which  were  obtained  in  Chap.  II.,  may  be  employed  as  for- 
mulae of  verification. 

We  can  obtain  finite  expressions,  although  under  an  incom- 
mensurable form,  for  the  sines  of  arcs  of  3*,  and  all  the  mul- 
tiples of  3°,  i.  e.  for 

3*,  6*,  0^  12*,  15^18*,  21*,  24*,  27*,  30*,  83*,  36*,  39*,  42*, 
45*,  48*,  51*,  54*,  57*,  60*,  63*,  66*,  69*,  72*,  75*,  78*,  81*, 
84*,  87*,  90*. 

We  first  obtain  the  values  of  the  sines  30*,  45*,  60*,  18*,  and 
firom  these  we  obtain  all  the  others,  by  means  of  the  formulae, 
for 

Sin.  («+i8),  sin.  {t  -  jS),  &c. 

The  numerical  value  of  the  trigonometrical  functions  have 
been  calculated  by  some  to  ten  places  of  figures,  by  others  as 
far  as  twelve.  We  must  have  tables  calculated  to  ten  places 
to  have  the  seconds  and  tenths  of  a  second  with  precision, 
when  we  make  use  of  the  sines  of  aogies  which  diSer  bot 
Utile  from  90*,  or  of  the  cosines  of  angles  of  a  few  seconds 
only.  TaUes  in  general,  however,  are  calculated  as  far  as 
seven  places  only,  and  these  give  results  sufliciently  accurate 
for  all  ordinary  purposes. 
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Such  is  the  formation  of  the  tfigonometrical  canon.  The 
bor  of  the  application  of  this  canon,  may  be  much  facilita- 
d  by  the  application  of  a  system  of  artificial  numbers  called 
garithms,  a  description  of  which,  forms  the  subject  of  the 
M  chapter. 


CHAPTER  V. 

LOGARITHMS. 
DEFINrriONS   AND   ILLUSTRATIONS. 

1.  Logarithms  are  certain  functions  of  natural  numbers,  by 
ic  use  of  which  the  tedious  operations  of  multiplication  and 
vision  are  performed  by  the  aadition  and  subtraction  of  those 
nctions;  which  consist  of  artificial  numbers  having  such 
stations  to  certain  natural  numbers,  that  the  sum  of  any  two 
*  those  artificial  numbers  will  be  a  similar  function  of  the 
roduct  of  the  natural  numbers  to  which  they  have  such  rela- 
yn ;  and  ihe  difierence  of  any  two  will  be  a  similar  func- 
m  of  the  quotient  arising  from  the  division  of  such  natural 
imbers. 

Or  more  definitely,  logarithms  are  the  numerical  exponents 
'ratios,  being  a  series  of  numbers  in  arithmetical  progression 
>rresponding  to  another  series  in  geometrical  progression. 
Thus.  ^Of  I9  2f  Bf  ^    5,     6,    Indices  or  logarithms, 
""^  I  1,  2,  4,  8,  16,  32,  64,  Geometrical  progression. 
ry^      (  0,  1,  2,  3,    4,     5,       6,      Logarithms, 
^^*     (  h  3,  9,  27,  81,  243,  729,  Geometric  progression. 
1^      (  0,  I,    2,      3,        4,  5  Logarithms, 

^^*  (  1,  10,  100,  1000,  10000,  100000  Geom.  progress. 
Where  it  is  evident  that  the  same  indices  answer  lor  any 
MMnetric  series,  and  therefore  there  may  be  an  endless  variety 
'  sjrstems  o(  logarithms  to  the  same  natural  numbers  by 
aoging  the  second  term  2,  3  or  10,  &c.,  of  geometrical  se- 
»  of  whole  numbers  ;  and  by  interpolation  the  whole  system 
numbers  may  be  made  to  enter  the  geometric  series  and  re- 
ave their  proportional  logarithms,  whether  intregers  or 
scimals. 

It  also  appears  from  the  construction  of  these  series,  that  if 
ly  two  indices  be  added  together,  their  sum  will  be  the  in- 
»  of  that  number  which  is  equal  to  the  product  of  the  two 
nns  in  the  geometric  series  to  which  those  indices  belong, 
bos,  the  indices  2  and  3  bein^  added  together,  make  5,  and 
le  product  of  4  and  8,  being  the  terms  corresponding  to  those 
dices  is  82,  which  is  the  number  corresponding  to  the  index  (k 
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In  like  manner,  if  any  index  be  subtracted  from  another,  the 
difierence  will  be  the  index  of  that  number  which  is  equal  to 
the  quotient  of  the  two  terms  to  which  those  indices  belong 
Thus  the  index  6  —  the  index  4  is=-2,  and  the  terms  corres- 
ponding to  those  indices  are  64  and  16,  whose  quotient  is=4) 
which  is  the  number  answering  to  the  index  2. 

For  the  same  reason,  if  the  logarithm  of  any  number  be 
multiplied  by  the  index  of  its  power,  the  product  will  be  equal 
to  the  logarithm  of  that  power.  Thus,  the  index  or  logarithm 
of  4>  in  the  above  series  is  2 ;  and  if  this  number  be  multiplied 
by  3,  the  product  will  be=6,  which  is  the  logarithm  of  64»  oi 
the  third  p)ower  of  4. 

And,  if  the  logarithms  of  any  number  be  divided  by  the  in- 
dex of  its  root,  the  quotient  will  be  equal  to  the  logarithm  of 
that  root  Thus,  the  index  or  logarithm  of  64  is  6»  and  if  this 
number  be  divided  by  2,  the  quotient  will  be  3,  which  is  the 
logarithm  of  8,  or  the  equal  root  of  64. 

The  logarithms  most  convenient  for  practice,  are  such  as 
are  adapted  to  a  series  increasing  in  a  tenfold  ratio,  as  ia  the 
last  of  the  above  forms,  and  are  those  whidi  are  usually  found 
in  most  of  the  common  tables  on  the  subject 

2.  In  a  system  of  logarithms  aUnumbersare  considered  as  the 
powers  of  some  one  number^  arbitrarily  chosen^  which  is  otdU 
the  base  of  the  system^  and  the  exponent  of  that  power  nf  tk 
base  which  is  equal  to  any  given  numberf  is  called  the  loga- 
rithm of  that  number. 

Thus,  if  a  be  the  base  of  a  system  of  logarithms,  N  anj 
number,  and  x  sueh  that 

N  =  a« 

then  X  is  called  the  logarithm  of  N  in  the  system  whose  base 
is  a. 

The  base  of  the  common  system  of  logarithms^  (called  from 
their  inventor  ^'Briggs's  Logarithms^,  is  the  number  l^ 
Hence  since 

(10)  ^'^  I      ,  0  is  the  logarithm  of      1       in  this  systetfr 

(10)' =      10     ,  1     10     • 

(10)«=     100    ,  2    100    ' 

(10)»=    1000    ,  3    1000 

ttO)*=  10000  ,  4    10000 • 

&C.    =        &C.  &C. 

From  this  it  appears,  that  in  the  common  system  the  logft* 
lithms  of  every  number  between  1  and  10,  is  some  number  be- 
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ween  0  and  1,  i.  e.ial  plus  a  fraction.  The  logarithm  of  every 
lumber  between  10  and  100,  is  some  number  between  1  and 
{,  t.  e.  is  1  plus  a  fraction.  The  logarithm  of  every  number 
)etween  100  and  1000,  is  some  number  between  2  and  3,  t.  e. 
s  2  plus  a  firactioD,  and  so  cm* 

In  the  common  tables  the  fractional  part  alone  of  the  loga- 
ithm  is  registered,  and  from  what  has  been  said  above,  the 
iile  usually  given  for  finding  the  characteristic^  or,  index,  t.  e. 
be  integral  part  of  the  logarithm  will  be  readily  understood, 
riz.  The  index  of  the  logarithm  of  any  number  greater  than 
tniiy  is  equal  to  one  less  than  the  number  of  integral  figures  in 
\hs  given  number.  Thus,  in  searching  for  the  logarithm  of 
inch  a  number  as  2970,  we  find  in  the  tables  opposite  to  2970 
Ibe  number  4727564 ;  but  since  2970  is  a  number  between 
1000  and  10000,  its  logarithm  must  be  some  number  between 
8  and  4,  t.  e.  must  be  3  plus  a  fraction ;  the  fractional  part  is 
the  number  4727564^  which  we  have  found  in  the  tables,  aflix- 
ing  to  this  the  index  3,  and  interposing  a  decimal  point,  we 
have  3,4727564,  the  logarithm  of  2970. 

We  must  not,  however,  suppose  that  the  number  3.4727564 
is  the  exact  logarithm  of  2970,  or  that 

2970=(10)**"'»^ 

accurately.  The  above  is  only  an  approximate  value  of  the 
logarithm  of  2970 ;  we  can  obtain  the  exact  logarithm  of  very 
few  numbers,  but  taking  a  sufficient  number  of  decimals,  we 
can  approach  as  nearly  as  we  please  to  the  true  logarithm,  as 
will  be  seen  when  we  come  to  treat  of  the  construction  of 
taUes. 

It  has  been  shown  that  in  Briggs'  system  the  logarithm  of 
1  is  0,  consequently,  if  we  wish  to  extend  the  application  of 
logarithms  of  fractions,  we  must  establish  a  convention  by 
Which  the  logarithms  of  numbers  less  than  1  may  be  repre- 
sented by  numbers  less  than  zero,  t.  e.     by  negative  numbers. 

Extending^  therefore,  the  above  principles  to  negative  ex- 
ponents, since 

or  (10)-*=0.1,    — 1  is  the  logarithm  of  .1    in  this  system 


or(10K=0.01,  — 2      .01 

or(10)-*=0.00L— 3      .001 

.0001. 
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It  appears,  then,  from  the  convenHon^  that  the  logarithm  of 
every  number  between  1  and  .1,  is  some  number  between 
0  and  —  1 ;  the  logarithm  of  every  number  between  .1  and 
.01,  is  some  number  between  —  1  and  —  2 ;  the  logarithm  of 
every  number  between  .01  and  .001,  is  some  number  between 
—  2  and  —  3 ;  and  so  on. 

From  this  will  be  understood  the  rule  given  in  books,  of  ta- 
bles, for  finding  the  characteristic  or  index  of  the  logarithm  of 
a  decimal  fraction,  viz.  The  index  of  any  decimal  fraction  is  a 
neg€Uive  number^  etjfual  to  unity^  added  to  the  number  of  zeros 
immediately  following  the  decimal  point.    Thus,  in  searching 
for  a  logarithm  of  the  number  such  as  .00462,  we  find  in  the 
tables  opposite  to  462  the  number  6646420  ;  but  since  .00462 
is  a  number  between  .001  and  .0001.  its  logarithm  must  be 
some  number  between  — 3  and  — 4,  t.  e.  must  be  — 3  plus  a 
fraction,  the  fractional  part  is  the  number  6646420,  which  we 
have  found,  in  the  tables,  affixing  to  this  the  index  —  3,  and  in- 
terposing a  decimal  point,  we  have  —  3.6646420,  the  loga- 
rithm of .00462. 


General  Properties  of  Logarithms. 

Let  N  and  N'  b$*  any  two  numbers,  x  and  xf  their  respec- 
tive logarithms,  a  the  base  of  the  system.    Then,  by  Ael  i^)\ 

N=ii« (1) 

N'=a^ (2) 

L  Multiply  equations  (1)  and  (2)  together, 

N  N'  =a  ^c^ 

/.  by  def.  2,  x+x'  is  the  logarithm  of  N  N',  that  is  to  say, 

The  logarithm  of  the  product  of  the  two  or  more  f acton  w 
equal  to  the  sum  of  the  logarithms  of  these  factors. 


IL  Divide  equation  (1)  by  (2), 


N'    a»' 

N 
,'.     def.  (2),  x  —  x*  is  the  logarithm  otj^  that  is  to  say* 
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The  logarithm  of  a  fraction^  or  of  the  quotient  of  two  num- 
berSf  is  e^fual  to  the  logarithm  of  the  numerator  minus  the  loga* 
riihm  of  the  denominator. 

UL  Raise  both  members  of  equation  (1)  to  the  power  of  n. 

N"  =a" 
•*.    by  de£  (2),  i»  x  is  the  logarithm  of  N  \  t^at  is  to  say, 

J%e  logarithm  of  any  power  of  a  given  number  is  equal  to 
ike  logarithm  of  the  number  multiplied  by  the  exponent  of  the 
power* 

IV.  Extract  the  n^  root  of  both  members  of  equation.(l). 

1  X 

NT=^nr 

X  JL 

•*•    by  def.  (2),  — is  the  logarithm  of  N  ^  that  is  to  say, 

The  logarithm  of  any  root  of  a  given  number  is  equal  to  the 
logarithm  of  the  number  divided  by  the  index  of  the  rooL 

Combining  the  two  last  cases,  we  shall  find, 

m  MX 


whence,  —  is  the  logarithm  of  N  »  . 

It  is  of  the  highest  importance  to  the  student  to  make  him* 
self  familiar  with  the  application  of  the  above  principles  to  al- 
gebraic calculations.  The  following  examples  will  afibrd  a 
useful  exercise : 

Ex.  1.  log.  (a.  b.  c.d...  )^\og.  a+log.  6+Iog.  c+log.  rf+  . . . 
Ex.  2.  log.  ("J~)  =log.  a+log.  6+log.  c— log.  cf— log  e. 

Ex.  3.  log.  (a"* 6"  cP . . .  .)=m  log.  a+n  log.  b+p  log.  c  . . . 

(a*&*  \ 
J  =m  log.  a+n  log.  b^p  log.  c  . . . 

Ex.  5.  log.(a'— a;*)=log.(a+a:).(a— a;)==log.(a+x)+log.(a— ar) 

Ex.  6.  log.  %/a'-x*         =-2"  log.  (a+x)+—  (a-^-x) 


8 
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Ex.  7.  log.  (aVa')=log.  a"+  i-log.  a'=8  log.  a+— log.  a 

4  4 

=  -^log.a 


Ex.8,    log.   V(a'— a:«)«= -log- («—«)+  — log.(a«+aa:+a:0 
=  -^  {log.  (a-x)+log.  (a+a:+z)+log.  (a+a^z)} 

where  2"=fla: 

Ex.  9.  log.  v^JT+p  =  l{log.  (a+a:+z)+log.  (a+»— x){, 

where  x*=2«x 

^''-  ^^'  '''^-  -(^f^=|l>^g-(«-^)-3log-(a+x)| 

Let  us  resume  the  equation, 

N  =  a« 

1^.  If  a>l,  making  a;=0,  we  have  N=l ;  the  hypothesii 
x=l  gives  N=a.  As  x  passes  from  0  up  to  1,  and  from  1  up 
infinity,  N  will  increase  nrom  1  up  to  /z,  and  from  a  up  to  in- 
finity ;  so  that  x  being  supposed  to  pass  through  all  interme- 
diate values,  according  to  the  law  of  continuity,  N  increase! 
also,  but  with  much  greater  rapidity.  If  we  attribute  negative 

values  to  x.  we  have  N=a    * ,  or  N=  —  Here,  as  x  increas- 

es,  N  diminishes,  so  that  x  being'^  supposed  to  increase  nega- 
tively^ N  will  decrease  from  1  towards  0,  the  hypothesis 
a:=Qo  gives  N=0. 

2^  If  a<l,  put  a=  -p  where  6>I,  and  we  shall  then  have 

N=  j-^  or  N=6* ,  according  as  we  attribute  positive  or  negs- 

tive  values  to  x.  We  here  arrive  at  the  same  conclusion  as 
in  the  former  case,  with  this  difference,  that  when  x  is  po- 
sitive N<1,  and  when  x  is  negative  N>1. 

3°.  If  a=l,  then  N=l.  whatever  may  be  the  value  x. 

From  this  it  appears,  that, 

1.  In  every  system  of  logarithms  the  logarithm  of  I  w  0,  tf*^ 
the  logarithm  of  the  base  is  1. 
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II.  If  ike  base  be  >  I  ^  the  logarithms  of  numbers  >1  arepo^ 
sitive^  and  the  logarithms  of  numbers <C^  are  negative.  The 
contrary  takes  place  if  the  base  ie<l. 

III.  Hm  base  being  Jixedf  any  number  has  only  one  real  log* 
aritkm  ;  but  tke  same  number  kas  manifestly  a  different  logU" 
rilkmfor  each  value  of  the  base^  so  that  every  number  has  an  inji* 
nite  number  of  real  logaiHthms.  Thus,  since  9'=81,  and  S^^SI, 
2  and  4  are  the  logarithms  of  the  same  number  61,  according 
as  the  base  is  9  or  3. 

IV.  Negative  numbers  have  no  real  logarithms^  for  attribut- 
ing to  X  all  values  from — oo  tfp  fo+  od,  we  find  that  the  corres* 
ponding  values  of  N  are  positive  numbers  only ^  from  0  tip 

to  +  OD. 

The  formation  of  a  table  of  logarithms  consists  in  deter- 
mining and  registering  the  values  of  x  which  correspond  to 
N=l,  2,  3y  •  •  .  •  in  the  equation. 

If  we  suppose  »i=a* ,  making 

x=Oy  a,2e(,da,4a,5a,-     -     -     -     -     logarithms. 

y=l,  m,  m%  m*,  m*,  m\ numbers. 

the  logarithms  increase  in  arithmetical  progression,  while  the 
Dombers  increase  in  geometrical  progression  ;  0  and  1  being 
the  first  terms  of  the  corresponding  series,  and  the  arbitrary 
numbers  a  and  m  the  common  difference  and  the  common  ratio. 
We  may,  therefore,  consider  the  systems  of  values  of  x  and 
y,  which  satisfy  the  equation  N=a* ,  as  ranged  in  these  two 
progressions. 
In  order  to  solve  the  equation 

c=a^ 
where  c  and  a  are  given,  and  where  x  is  unknown,  we  equate 
the  logarithms  of  the  two  members,  which  gives  us 

log.  c=x  log.  a 
Whence, 

log.  a 
To  determine  the  value  of  x  in  the  equation 

Aa»  +  Ba»-*  +  Ca*-«  + =  P 

We  have 

•«'(A+|-+^    +.  ...  =P 
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Or, 

_  log.  P  -  log.  Q 

log.  a 

If  we  have  an  equation  a'  =  b^  where  z  depends  uf 
unknown  quantity  x,  and  we  have 

x=Ax»  +  B«»-i  +  .  .  .  . 

Since  x=r-^^=K  some  known  number,  the  problem  d< 

upon  the  loTution  of  the  equation  of  the  n^  degree. 

K=Aa"  +Ba:»-i  +  .  .  .  . 

For  example,  let 

Ma)  =^ 

Hence, 

(«•— 5«+4)  log.  (y)  =log.  |- 

«* — 5x+4  =  —  2 

an  equation  of  the  second  degree,  from  which  we  find  i 
«  =  8. 
To  find  the  value  of  x  from  the  equation 

Taking  the  logarithms  of  each  member, 

(n  —  — )  log.  ft=wi  X  log.  c+  («— p)  log./ 

Or, 

(m  log.  c+log./)  «" —  (n  log.  6+/>  log./)  »+«  lof 

a  quadratic  equation,  from  which  the  value  of  x  may 
termined. 

In  like  manner,  from  the  equation 

we  find 

_  log,  a —  log,  b 


«=• 


m 


log.  c  — n  log.  6 


Equations  of  this  nature  are  called  Exponential  Equat 

Let  N  and  N  +  1  be  two  consecutive  numbers,  the 
ence  of  their  logarithms,  taken  in  any  system,  will  be 

log.  (N+l)-Iog.  N=log.  (^— )  =log.  (1+  ^ 

a  quantity  which  approaches  to  the  logarithm  of  1,  or  i 
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ortion  as  ^^  decretsei^  that  is,  as  N  increases.    Hence  it 

N 

arsy  that 


e  dijferenct  pf  the  logarithms  of  two  consecutive  numbers 
f  im  pn^ortion  as  the  numbers  themselves  are  greater. 

iThea  we  have  calculated  a  table  of  logarithms  for 
)ase  a,  we  can  easily  change  the  system,  and  calculate 
er  table  for  a  new  base  b. 

=6'  ,  X  is  the  log  of  c  in  the  system  whose  base  is  b ; 
ig  the  logs,  in  the  known  system,  whose  base  is  a,  we  baT« 

'-1^-^-*  (i^ (A)  heoce 

e  log.  of  c  in  the  system  whose  base  is  h^  is  the  quotient 
igfrom  dividing  the  bg.  of  c  by  the  log.  of  the  new  base  b, 
hese  last  logs,  being  taken  in  the  system  whose  base  is  a. 

order  .*•  to  have  x  the  log.  of  c  in  the  new  system,  we 
multiply  log.  c  by  , 7 ;   this  last  factor  j t  is  con- 
fer all  numbers,  and  is  called  the  Modulus  ;  that  is  to  say, 
!  divide  the  logs,  of  the  same  number  c  taken  in  two  sys- 
the  quotient  will  be  invariable  for  these  systems,  what- 
may  be  the  value  of  c,.  and  will  be  the  modulus,  the  con- 
multiplier  which  reduces  the  first  system  of  logs,  to  the 
td. 

Mre  find  it  inconvenient  to  make  use  of  a  log.  calculated  to 
ase  10,  we  can  in  this  manner,  by  aid  of  a  set  of  tables 
lated  to  the  base  10,  discover  the  logarithm  of  the  given 
»er  in  any  required  system. 

r  example,  let  it  be  required,  by  aid  of  Briggfl^  tables,  to 

2  5 

he  log.  of  -;r  in  a  system  whose  base  is  — 

t  X  be  the  log.  sought,  then  by  (A) 

'og.  -3^ 

,  5 

log-  -7 

log.  2  —  log.  3 
""log.  6  —  log.  7 


8« 
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Taking  these  logs,  in  Briggs*  system,  and  reducing,  we  find. 

—0.17609125 

-_  0.14612804 

2  5 

8  1.2050476  »  log.  -^  to  base  y. 

2  3 

Similarly,  the  log.  of  — ,  in  the  system  whose  base  is  r-»  is 

_  log'  ^  —  log*  3 
""  log.  3  —  log.  2 

which  is  manifestly  the  true  result ;  for  in  this  case  the  gene 

ral  equation  N=a*  becomes  -r-  =i"5"/=i'o7      ^^^  a?  iscri- 

dently  =  —  1. 
In  a  system  whose  base  is  a,  we  have 

_    log.  n 

for,  by  the  definition  of  a  log.  in  the  equation  ii=a' ,  x  is  the 

log.  n. 

In  like  manner, 

h  _     log.  (n^)  _     *  log.  n. 
w     —    a  —    n 

EXAMPLXB   FOE  ExBBCISK. 

Ex.  1.  Given  2'*  +2*  =12  to  find  the  value  of  x. 
Ans.  a:=  1.584962,  or  a:=log.  ( — 4)-f-loff.  2. 
Ex.  2.  Given  x+y=^af  and  m^^'~^^=n  to  fina  a;  and  y. 

Ans.  a:=i{a+log.  n-r-log.m}  and  y=i{« — ^log. n-r log.  sij. 
Ex.  3.  Given  m^  n^  =a,  and  ?ix=^ky  to  find  x  and  y. 
f  x= log.  a  -r-  (log.  m + log.  n) 

^^'  )  and  y = Alog.  a-f-(log.  m+log. »)• 

To  find  the  logarithm  of  any  given  number. 

Let  N  be  any  given  number  whose  logarithm  is  x,  in  a  syi- 
tem  whose  base  is  a  ;  then 

a'  =N  and  a»=N"  ; 

hence,  by  the  exponential  theorem,  we  have  from  the  M 
equation 

1+Axz+A"^+ . . .  =1+A|a;+A|*i^  + . . . 
1«2  1.2 
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I  eqaating  the  coeffictenta  of  z,  we  get  Ax=A,;  hence 
,^A,_(N-1)— J(N_l)'+i(N-ir— . . . 


•  •  • 


A     (a— 1)— 4(a— l)«+i(a— 1)'. 

laae  A=(<i— l)-4(<i— 1)»+K«— 1)'—  ....  in  the 
iniion  of  a". 

A,=(N— 1)— i(N— l)«+i(N— )•—  .    .    .  in  the 
nsion  of  N* . 

^find  the  logarithm  of  a  nwnber  in  a  converging  seriet. 

^e  hare  aeen  that  if  a'  =N',  thett 

_(N'— 1)— i(N'— l)»+i(N'~l)'— |(N'— 1)'+  . . . 

(a—  l)-i(a  -  1)«+K« -  l/-i(«- 1/+  . .  • 
ow  the  reciprocal  of  the  denonainator  is  the  modulus  of 
lystem ;  and,  representing  the  modulus  by  M,  we  have 
3g.N'=M{(N'— 1)— J(N'— l)'+i(N'— 1)'-«(N'— 1)«+J 

ut  N*=l+n ;  then  N* — l^n,  and  we  have 

log.  (l+n)=M(+n— i»«+K— Jii«+K \ 

imilarly  log.  (I— n)=M(— n— Jn'— Jn'— Jn*— !«•-. . .) 

log.  (l+n)-log.  (l-ii)=2M(»+in'+in'+jn'+. . .) 

1+n 
or  log.r^=2M(n+in'+}ii*+4ii'+. . .) 

Put  n=^il— ;  then  l+n=?Jii  l-» 
2P+1  2P+1' 

2P    and»+«    P+^- 


~2P+1*        l-»~    P 
leqnently 

5.(P+l)-log.P=2M  j  2F+l  +  3(2P+ir+5(2P+iy+  I 

K(P+l)=logP+2M  j  2p!h  +  3^F^^  ! 

encc,  if  log.  P  be  known,  the  log  of  the  next  greater  num- 
can  be  found  by  this  rapidly  converging  series. 

To  find  the  Napierian  logarithms  of  numbers. 

i  the  preceding  series,  which  we  have  deduced  for  log. 
•1),  we  fod  a  number  M,  called  the  modulus  of  the  sys- 
;  and  we  must  assign  some  value  to  this  number  before 
:an  compute  the  value  of  the  series.  Now,  as  the  value 
[  ii  arbitrary^  we  may  follow  the  steps  of  the  celebrated 
1  Napier»  the  inventor  of  logarithms,  and  assign  to  M  the 
lest  possible  value.  This  value  will  therefore  be  unity  i 
wemive 
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log.  (P+l)=log.  P+2  j  ^-jlp^+5^^+_j^.+ 

Expounding  P  successively  by  l^JBp4f  &c.,  we  find 

2=log.  ,+s(».+-^.+-^.+^^+...)„  .«« 

log.     3=log.  2+2(l+^.+A..+_^,+  ....)»1.0« 
log.     4=2  log.  2 =1.38( 

log.    6-log.  4+2(l+^+^+^+....)-1.60( 

log.    6=log.  2+log.8       ....    e=i.7»: 

log.    7=log.  6+2(l+3-L,+g±j+.........)=1.94. 

log.    8=log.  2+log.  4»  or  8  log.  2     •        •    ^2.071 

log.    9=2  log.  8 ss2.10: 

log.  10=log.  2+log- 5        -        -        .        .     :s2.80S 

In  this  manner  the  Napierian  logarithms  of  all  numbers 
be  computed. 

To  find  the  common  logarithms  of  numben. 

Let  a*  =s  N  and  6^  =  N ;  then  we  have 

X  =  log.  N  to  the  base  a,  or  x=log.  »N 
y   =  log.  N  to  the  base  6,  or  y ^log.  ^N 
hence»  log.  »N=log.  J>j  =«loff.  J>  (Gen.  properties  logaritl 

/.  x—y  log.  J> 

and  y=,- 1.« 

^    log.  Jf 

and  by  means  of  this  equation  we  can  pass  from  one  systt 
logs,  to  another,  by  multiplying  «,  the  log.  of  any  numb 
the  system  whose  base  is  a^  bv  the  reciprocal  of  log.  h  ii 
same  system  ;  and  thus  we  shall  obtain  the  log.  of  the 
number  in  the  system  whose  base  is  ft. 

Let  the  two  systems  be  the  Napierian  and  the  comnu 
which  the  base  of  the  former  is  €=2.716281828  •  • .  an< 
base  of  the  latter  is  6=10,  the  base  of  the  common  systc 
arithmetic  ;  then  we  have  ^asio,  and  aaBe«2.71dS81M 
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ifld  consequently  if  N  denote  any  number,  we  shall  have 

log.  ioN=j^g  ,10'^^g  *^  '  ihdiiiu^ 

and  the  modulus  of  the  common  system  is,  therefore, 

M=  oono^Q^i     =.43429448  /.  2 M=  .86858896 
Hence,  to  construct  a  table  of  common  logarithms,  we  have 

l.g(P+l)=logP+.86858896  j  ^^  +^_+^_... 
Expounding  P  successively  by  1^,3,  &c.,  we  get 
log.  a=.86868896(|-+^+glj+...) 

=:.86858896X. 6981472        -        -         -     =.3010300 
log.  3=:log.2+.86868896(|-+g^+-^,+.  . .  )=.4771213 

log.  4=2  log.  2 =.6020600 

log.  5=log.  V='<^K-  10— log  2=1— log.  2  -  =.6989700 
log.  6=log.  2+log.  3 =.7781613 

log.  7=log.6+-86858896(^+^,+g^.+  ..)=.8460980 

log.  8=log.2»  =3  log.  2  .  -  -  .  =.9030900 
log.  9=log.3*  =2  log.  3  ....  =.9542426 
log.lO= =1.0000000 

kc  &c. 

Since  .Iog.J^=2M  (n+iffi  +  f n«  +^7^  +. . .) 


let^^^P ;  then  l+n=P  (1— «)  or  n=pXT 
1 — n  r+l 

^ai  thus  we  have  a  series  for  computing  the  logs,  of  all  num* 
herBf  without  knowing  the  log.  of  the  previous  number. 
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EZAHPLKS   IN    LOOAUTBMB. 

f 

(1.)  Given  the  log.  of  2=0.3010800,  to  find  the  logs,  of  25 
and  .0125. 

Here25=— =— ; 

therefore  log.  25=2  log.  10—2  log.  2=1.3979406 

_  125^  _  1 1^ 

Again  .0125  -i0000""80~10X2'« 

.'.  log.  .0125=log.  1 — ^log.  10 — 3  log.  2= — 1—3  log.  2 

=2.0969100 

(2.)  Calculate  the  common  logarithm  of  17. 

Ans.  1.2304489. 

(3.)  Given  the  logs,  of  2  and  3  to  find  the  logarithm  of  12.5. 

Ans.  1  +2  log.  3—2  log.  2. 

(4.)  Having  given  the  logs,  of  3  and  .21,  to  find  the  loga- 
rithm of  83349. 

Ans.  6+2  log.  3+3  log.  .21. 


Ok  Exponential  Equatiokb. 


An  exponential  equation  is  an  equation  in  which  the  un- 
known quantity  appears  in  the  form  of  an  exponent  or  index ; 
thus,  the  following  are  exponential  equations  : 

a»  =  J,  jH^  =  a,  a**  =  c,  «*  =  a,  &c. 

z 

When  the  equation  is  of  the  form  a'  =  h,  or  a^  =  c^  the 
value  of  X  is  readily  obtained  by  logarithms,  as  we  have  al- 
ready seen  above.  But  if  the  equation  be  of  the  form 
9*  =  a,  the  value  of  x  may  be  obtained  by  a  rule  of  cg^pros- 
imation^  as  in  the  following  example  : 

Ex.  Given  x^  =  100,  to  find  an  approximate  value  of «. 

The  value  of  :c  is  evidently  between  3  and  4,  since  8*  e=  27 
and  4^  =  256  ;  hence,  taking  the  logs,  of  both  sidef  of  the 
equation,  we  have 
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X  log.  £3:  log.  100=2 


First,  let  xi  =  3.5  ;  then 

3.5  log.  3.5=   1.9042380 

true  no.  =  2.0000000 


error      =—.0957620 


Second,  let  x^  =  3.6;  then 
3.6  log.  3.6=  2.0026890 
true  no.  =  2.0000000 


error      =  +.0026890 


Then,  as  the  difference  of  the  results  is  to  the  difference  of 
the  assumed  numbers,  so  is  the  least  error  to  a  correction  of 
the  assumed  number  corresponding  to  the  least  error ;  that  is, 

.098451  ;  .1  :  :  .002689  :  .00273 ; 

hence  x=3.6— .00273=3.59727,  nearly 

Again,  by  forming  the  value  of  x«  for  x= 3*5972,  we  find  the 
error  to   be— .0000841,  and  for  x=3.5973,  the  error  is  + 

moi4d ; 

hence,  as  .000099  :  .0001  :  :  .0001  :  .0000151  ; 
therefore  x=3.5973— .0000151=3.5972849,  the  value  nearly. 

Examples  for  Practice. 

(1.)  Fmd  xfirom  the  equation  x>  =  5  Ans.  2.129372. 

(2.)  Solve  the  equation  x>  =  123456789    Ans.  8.6400268. 
(3)  Find x  from  the  equation x<  ==:  2000.    Ans.  4.8278226. 

Since  the  properties  of  logarithms  afford  great  facilities  in 
perfonninfi;  complicated  arithmetical  operations  upon  large 
Hombers,  it  becomes  desirable  to  have  the  logarithms  of  sines, 
fsosines,  tangents,  &c.  computed  and  arranged  in  tables  ;  but 
»K)st  of  these  numbers  being  less  than  unity,  their  logarithms 
^oald,  of  course,  be  negative.  To  avoid  this  inconvenience, 
41  the  trigonometrical  functions  calculated  in  the  manner 
Explained  in  Chap.  IV,  are  multiplied  bv  a  larse  number,  and,  the 

aieration  being  performed  upon  all,  their  relative  value  is  not 
tared.  This  number  may,  of  course,  be  anv  whatever,  pro- 
vided it  be  so  large,  that,  when  the  numerical  values  of  tngo- 
tiometrical  quantities  are  multiplied  by  it,  their  logarithms  may 
be  positive  numbers. 

The  number  employed  for  this  purpose  in  the  common  tables 
im  10000000000  or  10'%  which  is  usually  represented  by  the 
symbol  R. 

The  sine  of  r,  as  computed  above,  is 

Sin.  1'=.0002908882 .... 
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a  number  much  smaller  than  unity,  and  whose  logaritk 
would  consequently  be  negative. 

When  multiplied  by  10'*  it  becomes 

=  2908882 .  .  .  • 
a  number  whose  logarithm  is  6.4637261,  and  consequently  i 
find  in  our  tables,  log.  sin.  l'=6.4687261. 

A  table  constituted  upon  this  principle  is  called  a  Tabk 
Logarithmic  Sines^  Cosines^  Tangents^  &c.  and  by  this  nearl 
all  the  practical  operations  of  trigonometry  are  usually  pe 
formed. 

It  is  manifest,  from  these  remarks,  that  before  we  can  appi 
formulas  deduced  in  the  preceding  chsCptdrs  to  practical  pi 
poses,  we  must  transform  them  in  such  a  manner  as  to  reuk 
the  several  trigonometrical  quantities  identical  with  those  n 
gistcred  in  our  tables.  The  sines,  cdsines,  &c.  we  ha?e  hid 
erto  employed,  are  called  Trigonometrical  qnantities  calculate 
to  a  radius  unity  ;  those  registered  in  the  tables,  Trigcmom 
trical  quantities  calculated  to  radius  R. 

The  problem  to  be  solved  therefore  is 

To  transfoitn  an  expression  calculated  to  a  radius  unitt/t  U 
another  calculated  to  a  radius  R 

Let  us  represent  sin.  ^  to  radius  unity  by  m. 
••  .•  ••  R  by  n. 

Then  the  relation  between  them  is 

n  =  R  HI 
n 

^=  R 

and  so  for  all  the  other  trigonometrical  quantities. 

Hence,  in  order  to  transform  an  expression  calculated  to  r^ 
dius  unitt/t  to  another  calculated  to  radius  Rp  we  must  iitit 
each  of  the  trigonometrical  quantities  by  R. 

.  If  any  of  the  trigonometrical  quantities  enter  in  the  stpM 
cube,  &c.  these  must  of  course  be  divided  by  R'  R',  &&  *^ 

As  observed  above,  R  may  be  any  given  number  whataitfi 
the  number  usually  employed  in  the  ordinary  tables  being  U^< 
and  therefore 

log.  R  =  10 

Take  as  an  example  such  an  expression  as 

a  sin.  B  =  b  tan.'  9 

in  order  to  reduce  this  to  an  expression  which  we  can  00a 
pute  by  our  tables  we  must,  according  to  the  above  rule,  i 
vide  each  of  the  trigonometrical  quantities  by  the  prop 
power  of  R  :  the  expression  then  becomes 

sin.  ^  tan.*  9 
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» dearing  of  fractions, 

a  R  sin.  ^  =  5  tan.'  9 

►g.  a  +  log.  R  +  log.  sin.  d  =  log.  6  +  2  log.  tan.  9 
pression  which  may  be  calculated  by  the  tables. 

he  expression  calculated  to  radius  unity  be  of  the  form 

sin.  ^ 

m  =  -. 

sin.  9 

lires  no  modification,  for  if  we  divide  both  terms  of  the 

sin.  ^  ,     «,  ,    ,,  ,       . 

►n  -: by  R,  we  shall  not  alter  its  value. 

sm.  9    -^    ^ 

need  not  prosecute  this  subject  farther,  as  numerous  ex- 

3  of  these  transformations  will  occur  at  every  step  in  the 

;ding  chapters. 

CHAPTER  VI. 

ON    THE   SOLUTION   OF   RIGHT-ANGLED   TRIANGLES. 

jry  plane  triangle  being  considered  to  consist  of  6  parts, 

ree  sides,  and  the  three  angles,  if  any  of  these  three  parts 

en,  we  can,  in  general,  determine  the  remaining  parts 

|onometry. 

ight-angled  triangles,  the  right  angle  is  always  known, 

lerefore  any  two  other  parts  being  given,  we  can,  in  ge- 

determine  the  rest.     We  shall  thus  have  five  difierent 

Wlien  one  of  the  acute  angles  and  the  hypothenuse  is 

• 

When  one  of  the  acute  angles  and  a  side  is  given. 

When  the  hypothenuse  and  one  side  is  given. 

WThen  the  two  sides  are  given. 

When  the  two  acute  angles  are  given. 

t  ABC  be  a  riglit-angled  triangle,  C  the  right   ngle. 

I  the  sides  opposite  to  the  angles  A  and  B 
noted  respectively  by  a,  fc,  and  let  the  hy- 
nuse  be  called  c. 

A 

le  1,  Given  A,  c,  required  B,  a.  h. 
ce  C  is  a  right  angle 

A+B=90° 

B=90'* — A  whence  B  is  known  — (1) 
Chap.  III.  prop.  1, 

a^c  sin.  A 
9 
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Adapting  this  expression  to  computation  by  the  tabl< 

I  sin.  A 

log.  a=c  — ^^ 

.•.  log.  a=5log.  c+log.  sin.  A — log.R,  whence  a  is  kno\ 

In  like  manner, 

,       cos.  A 

R 
.*.  log.  6=log.  c+log.  cos.  A — log.  R,  whence  b  is  knc 
If  B,  c  are  given,  and  A,  a,  b  required,  we  shall  ha^ 
cisely  in  the  same  manner, 

A=90^— B 

log.  ci=log.  c+log.  cos.  B  —  log.  R 

log.  J=log.  c+log.  sin.  B  —  log.  R 

Case  2.  Given  A,  a,  required  B,  fr,  c. 

B=90°— A,  whence  B  is  known      -    -    -    . 
b=a  cot.  A 

Adapting  the  expression  to  computation  by  the  table 

,         cot.  A 
D=a  — =- — 

R 

log.  6=log.  a+log.  cot.  A— log.  R,  whence  b  is  kno 
Again, 

a=c  sin.  A 

a 

sin.  A 
Adapting  it  to  computation, 

c=*R  .      « 
sm.  A 

.-.  log.  c=log.  R+log.  a--log.  sin.  A,  whence  c  is  kno 
If  A,  b,  be  given,  B,  a,  c,  we  shall  have  in  like  manm 
B=90°— A 

log.  a=log.  J+log.  tan.  A  —  log.  R     .    .    .    -    , 

log.  c=log.  R+log.  6  —  log.  COS.  A    .... 
If  B,  b  be  given,  and  A,  a,  c  required, 

A=90^  — B 

log.  a= log.  6+ log.  cot.  B  —  log.  R    .... 

log.  c=log.  R+log.  b  -.  log.  sin.  B      .    .     .    .    , 
If  B,  a  be  given,  and  A,  6,  c,  required. 

A=90^-B 

log.  ft=:log.  tf+log.  tan.  B —  log.  R     -    -     .    . 

log.  c=log.  R+log.  a  —  log.  COS.  B     .... 
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Case  3.  Let  a,  c  be  given,  required  b.  A,  B. 
b'=:c'  —  a' 
=(c+a)  (c  —  a) 
,',2\og. 6=log.  (c+a)+log. (c^a)  whence  b  is  known  -  -  (19) 

sin.  A=  — 
c 

Adapting  the  expression  to  computation, 
sin.  A_^  a 

.'.  lo^.  sin.  A=log.  R+Iog.  a— log.  c,  whence  A  is  known,  (20) 
So  also, 

cos.  B     a 

~R"'^"r 
.'.  log.  cos.  B=log.  R+log.  a — log.  c,  whence  B  is  known,  (21) 

Ifi,  c  be  given,  and  a,  A,  B  required,  we  shall  have 

2log.  a=log.  (c+6)+log.  (c  — 6) (22) 

log.  cos.  A=log.  R+log  6— log.  c (23) 

log.  sin.  B=log.  R+log.  6  — log.  c (24) 

Case  4.  Let  a,  &  be  given,  required  A,  B,  c. 

tan.A=iL 
b 

Adapting  the  expression  to  computation, 
tan.  A_  a 

.•.log.tan.  A=log.  R+log.  a  —  log.  ^  whence  A  is  known,  (25) 
So  also, 
tan.  B_  b 

R    ""T 

•••  log.  tan.  B=log.  R+log.  b  —  log.  a,  whence  B  is  known,  (26) 

c=  "/a^+b^  whence  c  is  known,    .    -    -    -    (27) 

Case  5.  Given  A,  B,  required  a,  6,  c. 

It  is  manifest  that  this  case  does  not  admit  of  a  solution,  for 
nif  number  of  unequal  similar  triangles  may  be  constructed, 
iuiTing  their  angles  equal  to  the  angles  A,  B,  C. 

We  shall  conclude  this  chapter  by  giving  some  numerical 
examples. 

Example  I.  Given  A=26**  41'  6",  c=6539.76  yards,  re- 
quired a. 
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Then  by  (2). 

log.  <i=log.  c+Iog.  sin.  A— -log.  R. 
By  the  tables       log.  c=     8.8155618 
log.  sin.  A=     9.6523286 

13.4678904 
log.  R=    10. 


log.  a=      3.4678904 

The  number  in  the  tables  corresponding  to  the  logarithm 
3.4678904  is  found  to  be  2936.91. 

a=2936.91  yards. 
In  like  manner,  the  side  b  may  be  determined,  if  required. 

Example  2.  Given  c=6539.76  yards,  a=2936.91  yards,  re- 
quired 6,  A,  B. 
By  (19). 

2  log.  6=log.  (c+a)+log.  ic-a)  IILIzSm 

By  the  tables, 

log.  (c+a)=  3.9766557 
log.(c— a)=  3.5566462 

2  log.  b=  7.5333019 
log.  6=  3.7666509 
The  number  in  the  tables  corresponding  to  the  logarithm 
3.7666509  is  5843.2 

6=5843.2  yards. 

To  determine  A  we  have  (20). 

log.  sin.  A=log.  R+log.  a  —  log.  c 
By  the  tables,        log.   a—     3.4678904 

log.  R=   10. 

13.4678904 
log.    c=     3.8155618 


log.  sin.  A^     9.6523280 

On  referring  to  our  tables»  we  3ball  find  that  the  md^ 
whose  logarithmic  sine  is  9.6533286  is  26''  41'  6",  which  ii 
yonseauently  the  value  of  A. 

A  b*elng  kno\^?  ^  ^^  determined  at  once  by  subtracting  th« 
value  of  A  from  90^,  or  B  P^y  ^®  determined  independently 

ofAby(2l). 

log.  cos.  B=log.  R+log.  a-^Iog.  c. 
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Example  3.  Let  a,  b^  in  the  last  number  be  giveUf  and  c 

required. 
Then  by  (27).  

c=  \/a»+6*  or  <^=a^+h'' 
The  calculation  in  this  case  is  not  so  simple,  for  the  quan- 
tity under  the  radical  cannot  be  easily  adapted  to  logarithmic 
calculation. 
We  have,        log.  «•= 6.9357808     .-.     a*=     8625400 

log.  6*=7.5333019     /.     6*=  34143000 

.-.     c»=  42768400 
log.  c*=7.6311230 
log.  c  =3.8155615 
c  =6539.76 

Example  4.  Given  c=6512.4  yards,  6=6510.6,  to  find  A. 
By  (23). 

log.  cos.  A=log.  R+log.  b — log.  c 
Now,  log.  R=  10. 

log.  b  =     3.8136210 

13.8136210 
log.  c=     3.8137411 

log.  COS.  A=     9.9998799 
A=     1^  20'  50" 

Upon  inspecting  the  tables  that  are  calculated  to  seven 
places  of  decimals  onlv,  it  will  be  seen  that,  when  the  angles 
becomes  very  small,  the  cosines  differ  very  little  from  each 
other.  The  same  remark  applies,  of  course,  to  the  sines  of  an- 
gles nearly  90°.  In  cases,  therefore,  where  great  accuracy 
« required,  we  may  commit  an  important  error  by  calculating 
&  imall  angle  from  its  cosine,  or  a  large  one  from  its  sine.  We 
must  consequently  endeavor  to  avoid  this,  by  transforming 
our  expression  by  help  of  the  relations  established  in  chapter 
&8t  and  second. 

In  the  example  before  us,  A  is  a  small  angle  which  has  been 
calculated  from  its  cosine  ;  we  must  therefore,  if  possible,  cal- 
culate this  an^Ie  by  means  of  its  sine,  or  some  other  trigono- 
iQethcai  function. 

Now,  by  formula  (J ),  chap.  II.  we  have  generally 

.;«  '^  —  A.  /l — <^s.  A 
Bin*  -zr- = ^/ 


2 


9* 
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In  the  present  case,  cos.  A= — -,   substituting  this  in  the 

above  equation,  

A          /c  —  a 
sin.—  =  V 

log.  sin.  — - = i  log.  (c  —  a)  —  \  log.  2  a +log.  R. 

From  which  we  find, 

A 

—=40'  24" 

And         .-.  A  =1^20' 48" 

Instead  of  1°  20'  50",  as  obtained  by  the  former  process. 

No  angle  which  is  nearly  90°  ought  to  be  calculated  from 
its  tangent,  for  the  tangents  of  all  large  angles  increase  with  so 
much  rapidity,  that  the  results  derived  from  the  column  of 
proportional  parts  found  in  the  tables  cannot  be  depended  on 
as  accurate. 


CHAPTER  VII. 

OS    THE    SOLUTION    OF   OBUaUE    ANGLED   TRIANGLES. 

Six  different  cases  present  themselves. 

1.  When  two  angles  and  the  side  between  them  are  mven. 

2.  When  two  angles  and  the  side  opposite  to  one  of  Uiem  are 

^iven. 

3.  When  two  sides  and  the  included  angle  are  given.  • 

4.  When  two  sides  and  the  angle  opposite  to  one  of  them  are 

given. 

5.  When  the  three  sides  are  given. 

6.  When  the  three  angles  are  given. 

Let  A,  B,  C  be  a  plane  triangle. 

Let  the  angles  be  denoted  by  the  large  letters 
A,  B,  C,  and  the  sides  opposite  to  these  angles  by 
the  corresponding  small  letters  a,  6,  c. 

Case  1.    Given  A,  B,  c,  required  C,  a,  h. 
Since  A+B+C= 180^ 

C=180°-(A+B,)  whence  C  is  known. 
C  being  thus  determined,  we  have,  by  chap.  III.  prop.  2, 


ANALYTICAL  PLANE  TRIGONOMETRY.  99 

a     sin.  A 
c  ""sin.  C 

sin.  A 

Sin.  O 

ixpression  \i^hich  is  in  a  form  adapted  to  computation  by 

ibles. 

jg.  a=Iog.  c+log.  sin.  A— log.  sin.  C,  whence  a  is  known. 

.6  __  sin.  B 

c  ""  sin.  C 

sin.  B 

0  =  c.-: — 7^ 

sin.  O 

og.  &=Iog.  c+log.  sin.  B — log.  sin.  C,  whence  h  is  known. 

any  other  two  angles  and  the  side  between  them  be  given, 
lay  determine  the  remaining  angle  and  sides  in  a  manner 
.sely  similar. 

ise  2.    Given  A,  B,  a,  required  C,  &,  c 

Since  A+B+C=180*' 

.-.    C=180°— (A+B,)  whence  C  is  known. 

^     .  h     sin.  B 

Arain.  —  =-: — T 

®     '  a     sm.  A 

,  sin.  B 

sin.  A 
log.  &=log.  a+log.  sin.  B — log.  sin.  A,  whence  h  is  known. 

>,  C  beitog  known, 

c  j_^8in.  C 

a  "~sin.  A 

sin.  C 

sm.  A 

log.  c=Iog.  a+log.  sin.  C — ^log.  sin.  A,  whence  c  is  known. 

'any  two  other  ancles  and  the  side  opposite  to  one  of  them 
given,  the  remaining  angle  and  sides  may  be  determined 
manner  precisely  similar. 

'Oic  3.     Given  a,  J,  C,  required  A,  B,  c. 
»7  prop.  3,  chap.  IIL 
,       A+B 

tan. — r- 
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Now,         A+B+C=180' 

2    -^2 

A+B  C 

tan.  --5-= tan.  (80°—  -) 


•  • 


C 
=cot.- 

A+B 

Substituting  this  value  of  tan.  — —  in  (1.) 

C 

cot  —  ,  , 

2        a+b 


A-B""a-ft 
tan.-^^ 

A-B    a-h     ^ C 

tan.  — ^r- =— TT  ^^  TT 
2        a+b         2 

log.  tan.  — — =log.  (a— ^)+log.  cot-  ^  ""'^8-  (^+^) 

A-B. 

And  we  can  thus  calculate  the  value  of  the  angle     ^  •  from 

our  tables;  let  the  angle  thus  found  be  called  9  .%  A— B=2f 

Now  A+B=180^— C 

And  A — B=2  9 


C 

.".  adding  and  subtracting  A=90° +9—— 

B=90°_(9+^) 

The  angles  A  and  B  will  thus  become  Imown,  and,  these 
being  determined,  we  can  find  the  side  c  from  the  relation, 

c  _8in.  C 

a    sin.  A 

sin.  C 

sm.  A 
log.  c=log.  a+log.  sin.  C  —  log.  sin.  A 

If  a,  c,  B,  or  ^  c,  A  be  given,  the  remaining  ancles  and  side 
may  be  determined  in  a  similar  manner  by  aid  of  the  formula 
(j)  in  chap.  IIL 
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Case  i.    Given  a,  &,  A  to  determine  B,  C,  c. 

sin.  B    b 
sin.  A""  a 

•in.  Bss  sin.  A .  -r 

a 

•  log.  sin.  B=  log.  sin.  A+Iog.  h — log.  a,  whence  c  is  known. 

B  being  known,  C  =s  180°  — (A+fi,)  whence  C  is  known. 

C  being  known, -^=?|5lC 
°  a      Bin.  A 

sin.  C 

sm.  A 
.*.  log.  a  ss  log.  sin.  C  —  log.  sin.  A,  whenoe  b  is  known. 

If  any  two  other  sides  and  the  angle  opposite  to  one  of  them 
^  given,  the  remaining  angles  and  side  may  be  determined 
a  manner  precisely  similar. 

It  must  be  remarked,  that,  in  the  above  case,  we  determine 
le  angle  B  from  the  logarithm  of  its  sine ;  but  since  the  sine 
any  angle,  and  the  sine  of  its  supplement  are  equal  to  one 
lother,  and  since  it  is  not  always  possible  for  us  to  ascertain 
priori  whether  the  angle  B  is  acute  or  obtuse,  the  solution 
ill  be  sometimes  ambiguous. 
In  fact,  two  different  and  unequal  triangles 
ay  be  constructed,  having  two  sides  and 
e  angle  opposite  to  one  of  those  sides  in 
le  triangle,  equal  to  the  corresponding  sides 
id  angle  of  the  other ;  one  of  these  trian- 
35  will  be  obtuse-angled,  and  the  other 
ute-angled,  and  the  angles  opposite  the  re-  ^^ 
iining  given  sides  in  each  will  be  supple- 
mtal. 

Thus  let  ABC,  be  a  plane  triangle. 

ViTith  centre  C  and  radius  equal  to  CB  describe  a  circle  put- 
i  AB  in  D. 
Join  CD. 

Then  it  is  manifest  that  the  two  unequal  triapgles  CQA, 
)A,  have  the  two  sides  CB,  CA  of  the  one,  equal  to  the  two 
ts  CD,  CA  of  the  other,  and  the  angle  A,  opposite  the  equal 
es  CB,  CD,  in  each,  common. 

It  is  manifest  from  this,  that  it  is  impossible  to  determine  «• 
"ally,  from  the  data  of  this  oase,  which  of  the  two  triangles 
he  solution  of  the  problem.  There  are  certain  considera- 
19|  however,  by  which  the  ambiguity  ma^  sometimes  be  re- 
red,  ' 
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1.  If  the  angle  be  obtuse,  then  both  of  the  remaining  angles 
must  be  acute,  and  the  species  of  B  will  be  determined. 

2.  If  the  given  angle  be  acute,  but  the  side  opposite  the 
given  angle  greater  than  the  given  side  opposite  the  required 
angle,  then  the  required  angle  is  acute.  For  since  in  every 
triangle  the  greater  side  has  the  greater  angle  opposite  to  it, 
and  since  the  side  opposite  to  the  given  angle,  which  is  acute, 
is  greater  than  the  side  opposite  to  the  required  angle,  it  fol- 
lows, a  fortiori,  that  the  required  angle  is  acute. 

But  if  the  given  angle  be  acute,  and  the  side  opposite  to  the 
given  angle  less  than  the  side  opposite  to  the  required  angle, 
then  we  have  no  means  of  ascertaining  the  species  of  the  re- 
quired angle,  and  the  solution  in  this  case  is  ambiguous. 

Case  5.  Given  the  three  sides,  a,  fr,  c,  required  the  three 
angles  A,  B,  C. 

By  formula  (e)  chap.  III. 

.       ._2     

®^°-  ^  "■  bc-y^s  (s— a)  (s—b)  {s—c) 

^^'   ^  -  ac^s  (s—a)  (s—b)  s—c) 

~~  ab'  ^s  (s — a)  {s — b)  {s — c) 

Adapting  these  expressions  to  computation  by  the  tables,  and 
taking  the  logs, 
log.  sin.  A 

=log.R-f  log.  2+i  |log.«+log.(#— o)+log.  (»— 6)+log.  (#-<){  —log  Mog.f 

log.  sin.  B 

=log.  R+log.  2-fi|log.  «H-Iog.  (,-(i)+log.  («-&)+ log.  (#-c)}— log.»-log  ' 

log.  sin.  C 

=Iog.  R+log.  2-f  i  I  log.  «+log.  (#— fl)+log.  (»— 6)+log.  (#-<)  {— log.  •-Iflf'  * 

Whence  thiB  three  angles  are  known. 

The  three  angles  may  also  be  obtained  from  any  of  the 
groups  of  formulas  (tf),  (^,  (ii),  in  chap.  III. 

It  is  manifest,  from  the  remarks  made  at  the  conclusion  of 
the  last  chapter,  that,  when  one  or  more  of  the  required  angks 
is  very  small,  the  group  {(f)  may  berused  with  the  greatest  ad- 
vantage, and  when  one  or  more  of  the  angles  is  nearly  90^> 
we  ought  to  employ  the  group  (^.)  The  group  {ri)  may  I* 
made  use  of  in  any  case. 
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C(ue  6.  Given  the  three  angles  A,  B,  C,  required  the  three 
des  Of  bf  c. 

It  is  manifest  that  this  case  does  not  admit  of  solution,  for 
ly  number  of  unequal  similar  triangles  may  be  constructed, 
iving  their  angles  equal  to  the  angles  A,  B,  C. 
We   shall  conclude  this  chapter  by  giving  some  numeri- 
il  examples. 

Example  1.     Given  A  =  68°  2'  24",  B  =  57**  53'  16".8, 
=  3754  feet,  required  C,  6,  c. 
Then  by  case  2. 

C  =  180°  — (A+B) 

=   180°  — 125°  55'40".8 

=  54°  4'  19".2 

sin.  B 

0  =  a  .  —. — T 

sin.  A 

log.  b  =  log.  a  +  log.  sin.  B  —  log.  sin.  A 
Now  log.  a  =  3.5744943 

log.  sin.  B  =  9.9278888 

13.5023831 
log.  sin.  A  =  9.9672882    • 

log.  b  =  3,5350949  =  log.  3428.43 
.-.  6  =  3428.43 

Similarly, 

log,  c  =  log.  a  +  log.  sin.  C  —  log.  sin.  A 
log.  a  =  3.5744943 
log.  sin.  C  =  9.9083536 

13.4828479 
log.  sin.  A  =  9.9672882      * 

log.  c  =  3.5155597  =  log.  3277.628 
c  =  3277.628  feet. 

Exanmk  2.    Given  a  =  145,  b  =  178.3,  A  =  41°  10',  re- 
quired B,  C 

This  example  belongs  to  case  4,  and  since  the  given  angle 
A  is  acute,  and  the  side  b  opposite  to  the  required  angle  B 
greater  than  the  side  a,  the  solution  will  be  anibiguous. 
We  have    log.  sin.  B  =  log.  sin.  A  +  log.  b  —  log.  a 
log.  sin.  A  =  9.8183919 
log.  b  =  2.2511513 

12.0695432 
log.  a  =  2.1613680 

log.  sin.  B  =  9.9081752 
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The  angle  in  the  tables  corresponding  to  this  logarithm,  is 
64®  2'  22",  but  we  cannot  determine  a  priori  whether  the  an- 
gle sought  be  this  angle,  or  its  supplement  125®  bT  38''. 
.-.     B  =  64®  2'  22" 

Or  B  =   126®  67'  88" 

If  we  take  the  1st  value, 
0=84®  47'  38"  and  the  triangle  required  is  ABC  ) 

If  we  take  the  second  value,  \  see  last  fig. 

0=12®  62'  22"  and  the  triangle  required  is  ADO  ) 

Example  3.    Given  a  =  178.3,  b=  145,  A  =  41®  10',  re- 
quired B. 

This  example  also  belongs  to  case  4,  but  since  the  given 
angle  A  is  acute,  and  the  side  b  opposite  the  required  angle  B 
less  than  the  side  a,  it  follows  that  the  angle  B  must  be  an 
acute  angle,  and  the  solution  will  not  be  ambiguous. 
We  have        log.  sin.  B  =  log.  sin.  A  +  log.  b  —  log.  a 

But  log.  sin.  A  =  9.8183919 

log.  6=  2.1613680 

11.9797699 
log.  a  =   2.2611513 

log.  sin.  B  =  9.7286086 

The  angle  in  the  tables  corresponding  to  this  logarithm  is 
32®  21'  64",  and  since,  in  the  present  instance,  the  supplement 
of  32®  21'  64"  cannot  belong  to  the  case  proposed,  the  solution 
is  not  ambiguous. 

Example  4.  Given  a  =374,  ft  =  8277.628,  and  the  included 

angle  67®  63'  16".8  :  required  A,  C,  6. 

By  case  3  we  have 

^ B  Q 

log.  tan.  — - —  =  log.  (a  —  6)+log.  cot.  ~  —  log.  (a+6) 

a  —  b=  476.372,  .'.  log,  (a  — ft)  =  2.6779444 

C 
log.  cot.  2  =10.2572497 

12.9361941 
a+ft  =  7031.628,  log.  (a+ft)     =  3.8470543 

A g 

.'.    log.  tan.  —jr-  =  9.0881398 

A— B 
Whence  — —  =     6®  59'  2".4 

And  since  A+B  =  122®  6'43".2 

And  A— B  =     1 3®  68'  4",8 

2A  =   136®  4'  48" 
2  B  =   108®  8'  38".4 
A  =  68®  2'  24",  B  =  54®  4'  19''.2 


.  • 
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The  angles  A  and  B  being  determined,  the  side  c  may  be 
tadily  found  from  the  equation. 

c       sin.  C 

a       sin.  A 
log.  c  =  log.  a  +  log.  sin.  C  —  log.  sin.  A 

Example^.  Given  a=33,  6=42.6,  c=53.6,  required  A,  B,  C. 
Taking  the  formula  marked  (e)  in  chap.  III.  we  have 
log.  sin.  A 

log.  R+log.  2-f  i  I  log.  «-f  log.  (•— a) +log.(#— 6)+Iog.(t— c)  \ — \  log.i+log.c  \ 

log.  sin.  B 

log.  R+log.  2+i  \  log.  «+Iog.  (*-«)+log.(»-6)+log.(»-c)  \ — \  log.a+log.c  \ 

log.  sin.  C 

log.  R+log.  2+i  \  log.  *+log.  (f-fl)+log.(«-A)+log.(t-c)  I  -  { log.a+log.6 1 


low  log.R=10. 

log.2=0.3010300 
a=33    .-.log.a      =1.5185139)      log.6+log.c= 3.3585744 
6=42.6 .-.  log.6      =1.6294096  [  .-.  log.a +log.c= 3.247 6787 
c=53.6.-.log.c      =1.7291648  )      log.a +log.6= 3.1479235 
1=64.6 .-.  log.5      =1.8102325 

-a=31.6  .-.log.*— a=  1.4996871 

-6=22    .-.  log.*— 6=  1.3424227 

-c=  1 1     .%  log.*— c=  1.0413927 

.  log.*  +log. {s—a) + log.{s — 6)  +log. {s — c) = 5.6937350 

And 
J  llog.5+log.(5— a)+log.(*— 6)+log.(*— c)|  =  2.8468675 

.  log.R+log.2+J{log.*+rog.(5 — a)+Tog.(5— 6) 
+rog.(*— c)} =  13.1478975 

Subtracting  from  this  number  the  values  log.  6+log.  c ; 
>g.  a+log.  c  ;  log.  a+log.  6 ;  in  succession  we  find, 

log.  sin.  A  =  9.7893231  .-.  A  =  ST  59'  53' 
log.  sin.  B  =  9.9002188  .-.  B  =  52°  37'  46"tV 
log.  sin.  C  =  9,9999740  .-.  C  =  89°  22'  20"i^ 

Having  determined  A  and  B  by  the  above  method,  we  find 
he  above  accurate  value  of  C,  by  subtracting  the  sum  of  A 
ind  B  from  180°.  If,  however,  it  had  been  required  to  deter- 
ikine  C  alone  (being  an  angle  nearly  equal  to  90°)  we  could 
lot  have  found  its  value  witn  sufficient  accuracy  from  the  com- 
Bu>n  tables,  for  it  will  be  seen,  upon  referring  to  them,  that 
tSe  number  9.9999740  may  be  the  logarithm  of  the  sine  of  any 
angle  from  «9°  22"  20"  up  to  89°  22'  25"  consequently  the 
above  method  cannot  be  applied  with  propriety  to  determine 
the  exact  value  of  C,  unless  we  previously  determine  A  and  B. 

10 
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The  angle  C  may  however  be  determined  directly,  and  with 
great  accuracy,  from  any  of  the  three  formulae  (tf),  (^),  (rj),  fn 
Chap.  in. 

Let  us  take  these  in  succession,  ((f). 

Q 

log.  cos.-=log.  R+i  {log.  s+log.  (s — c)| — i(log.'a+ log.  i) 

log.  5=1.8102325  )  .-.i  {log.s+log.(»—c)}  =  1.4268126 
log.(5—c)= 1.0413927  ]  log.R=10 

2.8516252  11.4258126 

log.a+log,6=3.1479235  .-.  i  (log.  a  +  log.  b)  =   1.5739617 

,  C 

log.  C08.-=    9.8518509 

C 

-=44*^  41'  10"  ^ 

0=89**  22'  20"  H 

By  (?). 
C 

log.sin.-=log.R+4llog.(c— «)+log.(*— J)|-i  {log.a+log.J} 

log.(5-a)  =  1.4096871  )Ai{log.(5-<i)+log.(*-i)|=    L4210649 
log.(s-<i)= 1.3424227  \  log.  R=10. 

2.8421098  11.4210640 

log^+log.6=3.1479235     .•.  i  {log-a+log.  5?=   1.5739617 

log,  sin.— =  9-8470932 

C 

j=44°  41'  lO'VV 

C=89°  22'  20"i| 

By  (»). 

Q 

log.tan.~=log.R+illog.(5-a)+log.(5— 5)|-J|log.5+log.(5-f)| 

log.(s-a)=1.4996871  )                       ^     , 
log.(c-^)=1.3424227  {,-.|  dog.(«-a)  +  log. (*-a)}  =1.4210549 
2.8421098  )        I log.R^  =  10, 

log.5=L8 102325  }  11.4210549 

log.«-c=  1.041 3927  )  .%     i  {log.+log.  {s—c)    =1.4258126 


2.8516252  ,  C     ^ 

log.  tan.r-s=:9.9953423 

C 

-=44«  41'  10"A 

C=89^  22'  lOH 
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CHAPTER  Vlir. 

ON   THE   USE   OF  SUBSIDIARY   ANGLES. 

^sidiary  Angles  are  nngles  which,  although  not  immediately 
>cted  with  a  ^ven  problem,  are  introduced  by  the  corn- 
in  order  to  simplify  his  calculations.  Their  use,  and  the 
>d  in  which  they  are  employed,  will  be  understood  fix>m 
follows. 

len  the  two  sides  of  a  triangle,  and  the  included  angle, 
▼en,  according  to  the  method  pursued  in  the  last  chap- 
re  must  determine  the  two  remaining  angles  before  we 
impute  the  third  side.  It  frequently  happens,  however, 
ctice,  that  the  side  only  is  required,  and  it  therefore  be- 
(  desirable  to  have  some  direct  method  of  computing  the 
idependently  of  the  two  angles. 

>pose  that  a,  &,  C  are  given,  and  c  is  required.  By  chap, 
rop.  4, 

c«=a«+ft«-2ai  COS.  C. 
le  c  is  determined  theoretically  at  once  by  this  expression, 
e  formula  is  not  adapted  to  Jogarithmic  computation,  and 
.,  if  employed  practically,  lead  to  a  very  tedious  and 
icated  calculation.  We  can,  however,  put  this  expres- 
nder  a  form  adapted  to  logarithmic  calculation,  by  nav- 
soorse  to  an  algebraical  artificer  and  introducing  a  sub- 
y  angle. 

c»=a*+&*— 2  ab  cos.  C 

ling  and  substracting  2  ah  on  the  right  hand  side. 

c«=a*+5*— 2  ah+2  afr— 2  ah  cos.  C 
={a—hy+2  ah  (1—  cos.  C) 

=(a-^)"+2a&+2sin.*- 


=(a— *)•]  1  + 


4  ah  sin. — 


{a-by 


.                  4  ah  sin.* « 
Assume ±  =  tan.*  ^    . 

(a^y 

c«=(a-.j)«(l+tan.*(p) 
=(a— &)»sec.*  p 

c  =(a — h)  sec.  9 
log.  c  =log.  (a— ft)+log.sec9— log.  R 
angle  9  u  known  from  the  equatioiL 


\ 
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2  y/ah  .  sin.  — 
tan.  9  =  ^ 

Whence, 

Q 

Iog.tan.9=log.  24-  i  (log.a+log.6)  +  log.  sin.r- — ^log.(fl— i) 

9  being  thus  determined,  log.  sec.  <p  can  be  found  from  the 
tables,  and  the  value  of  c  becomes  known. 

The  angle  9,  which  is  introduced  into  the  above  calculation, 
in  order  to  render  the  expression  convenient  for  logarithmic 
computation,  is  called  a  subsidiary  angk. 

The  above  transformation  may  be  effected  in  a  manner 
somewhat  different,  as  before. 

c*=a»+fc* — 2  ah  cos.  C 
=a*+h^+2  ah—2ah^2  ah  cos.  C 
^{a+hy—2  ah  (1+cos.  C) 

Q 

=  (a+j)«_2  aJx2  cos.'  - 

4  ab  COS.*  C\ 
=  («—*)•(!— 2) 

(a+&)* 

4  ah  cos.'  ^ 
Assume      2  =sin.  *  (p 

c'=(fl+^^)»  (1— sin.'  9) 

=(a+6)'cos.*9 
c^(a-\'V)  COS.  9 
log.  c=(5+6)+log.  COS.  9 — ^log.  R 
As  before  the  angle  9  must  be  determined  from  the  equation. 

Q 

2^ab  .  COS.— 

8m.9=  '^ 

(a +  6) 
In  order  to  prove  that  we  can  always  assume 

— .         c 

2y/ah  .  COS.- 
t    .  .V —    =  sin.  9 

—        P 

2y/ah  COS.- 

we  must  show  that  2  is  always  less  than  unity?  ^  * 

(«±<^)  ...  jS 

in  other  words,  that  2's/ah  is  always  less  than  (<i+^))^^ 

easily  done. 
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If  a+b  >  2y/ah 

Then      a^+2ah+b^>  ^ab 

a*+b*  >  2ab 

a^+b^—2ab>  Q 
Or  (a— &)•        >  0 

ice  (a — by  is  necessarily  a  positive  quantity,  it  must 
>e  greater  than  0  (except  in  the  particular  case  a =6, 

—     9 

is=0),and  therefore^  ^^^  ^^^'2   is  always  less  than 

{a+b)         ^ 
1  consequently  an  angle  may  always  be  found  whose 
ual  to  it. 

ing  the  same  case  of  oblique-angled  triangles,  we  de  - 
the  diflference  of  the  angles  A,  B  from  the  equation. 

^     A— B     a—b      C 

tan.    ^    =  — rT<50t.- 

2         a+b       2 

^ ^g  Q 

og.tan. — — =log.(a— ^)+log.  cot.^ — ^log.  (a  +  b) 

solution  of  certain  astronomical  problems,  the  loga- 

the   sides  a,  b  are  given,  but  not  the  sides  them- 

d  these  logarithms  being  given,  we  can  very  easily 

A — B 

Q    without  knowing  the  sides. 

A—B    a—b      C 

b 

'-a       C 
cot.— 


b 2 

1+- 

a 


b 
e—  =tan.  o 
a 


A—B    1— tan.9      ,    C 

tan. — jr—  = ,  ,  . .  cot.   jr- 

2        1+tan.  9  2 

C 

=tan.  (46° — 9)  cot.^ 

A        P  Q 

[.tan.— T— =log.tan.  (46°— <p)  +log.cot.-— log.  R 

10* 
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The  angle  9  is  known  from  the  equation. 

b 

tan.  9= — 
a 

Whence      log.  tan.  9= log.  R+log.  ft  —  log.  a 

^ g 

The  angle thus  becomes  known  from  the  logs,  of  fl 

and  ft,  without  calculating  a  and  ft.  In  the  same  way  we  have 
cot. =tan.  (45° +9)  tan.  — 

And  .*.  log.  cot. — —-=log.  tan. (45*^ +9)+ log.  tan. — log.R 

«2  2 


CHAPTER  IX. 


ON   THE   SOLUTION  OF  GEOMETRICAL  PROBLEMS  BT  TRIGONOMETtT. 

A  great  variety  of  geometrical  problems  may  be  solved 
with  much  elegance  by  the  introduction  of  geometrical  for- 
mulse.    We  shall  give  a  few  examples. 


PROBLEM   I. 


To  express  the  area  of  a  plane  triangle  in  terms  of  the 

sides  of  the  triangle 


Let  CD  be  a  perpendicular  from  C  upon  AB 
Area  of  a  triangle  ABC= 

=— .  AC  sin.  A 
=  -^.  sio.  A 


*i  A^5(«-«)('— 6)(»-c)..Cb.nl- 


2  'be 


—  y/s  {s — a)  («— ft)  {s — c) 
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PROBLEM   n. 

To  exptxss  the  radius  of  a  circle  inscribed  in  a  given  triangle^ 
in  terms  of  ike  sides  of  the  triangle. 


Let  the  radius  required  be  called  r. 
AreaofAOC=-^ 


AOB= 


re 


2 

ra 


COB=  2  A 

.'.  Whole  area  of  triangle  ABC=a—  {a+h+c)z=z  r  .  s 
ie.  A (5— a) («— 6)  [s~-i^^:zr  .s by  last  problem 

s 


PaOBLXH   UL 


To  express  the  radius  of  a  circle  circumscribed  about  a  given 
triangle^  in  terms  of  the  sides  of  the  triangle. 


Let  fall  CD  perpendicular  on  AB 

Let  the  radius  be  called  R. 

By  Prop-  XXXIX,  B.  IV.  El.  Geom. 

CQ  .  CD==AC  .  CB 
•.   CQ.CD.  AB=AC.CB- AB 
2  Rx2  area=a&c 


4  area 


abc 


4\/,(5-a)(5-6)(5— c) 
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FSOBLBH   tV. 


Given  the  three  angles  of  a  plane  triangle,  and  the  radius  of 
the  inscribed  triangle,  to  find  the  sides  of  the  triangle. 


Let  A,  B,  C,  be  the  three  given  angles,  r  the 
radius, 
ABor  c=AP,+P,B 


=r(cot.A+coL|.) 
/A  .  B\ 


So, 


AC  or  &=r 


BC  or  a=r 


.    A    .      B 

sin.  —  sm.   — - 

2  2 


A    .      C 

sin.      —    sin.  -rr 

2  2 


sin 


B 


810.   -g-  Sin.  -g- 


P,        B 


FSOBLEM   V. 


Given  the  three  angles  of  a  plane  triangle,  and  the  radittt  of 
the  circumscribing  circle,  to  find  the  sides  of  the  triangk' 


As  in  Problem  III. 

CQ  .  CD=AC  .  CB 
CQ  .  CB  sin.  B=AC  .  CB 
AC=2  R  sin.  B 
So,  BC=2  R  sin.  A 

AB=2  R  sin.  C 
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CHAPTER  X. 


PROBLEMS  IN  TRIGONOMETRICAL  SURVEYING. 


THE  DETERMINATION   OF  TOPOOftAPHICAL   DATA   BY   GEOMETRICAL 
CONSTRUCTION    AND   TRIGONOMETRICAL   ANALYSIS. 


PROBLEM   I. 

To  determine  the  height  of  an  inaccessiik  object 

Let  AB  be  the  object,  and  in  a  straight  line  ^ 
towards  it  measure  anv  distance  DC,  and  ob- 
serve the  angles  of  elevation  ADB,  ACB  at 
the  stations  D.  C.    Put  CD=/i,  ACB=a,  ADB 
^h:  then  DAC=a— 6;  hence  we  have 
AB_  .         AC        sin,  ft 
AC""^^  a;  CD"" sin.  {a—b) 
^it  multiplying  these  two  equations,  we  have 

AB    sin.  a  sin.  b         a  n     ^   •         •     r  /       w 

7vp\=  -' — 7 rr»  or,  AB=A  sm.  a  sm.  o  cosec.  (a— W 

CD     sm.  (a  —  ft) 

•'•  Iog.AB=log.A+log.8in.a+log.8in.ft+log.cosec.(a-ft)-80  (I) 

Cor.  Since  DB=:  AB  cot  ft,  and  CB= AB  cot  a ;  therefore, 
by  subtraction,  CD= AB(cot.ft-cota,)or  AB=^^^^  J^^^  ^    (2) 

Ex.    Let  DC=A=200,  BDA=ft=31S  BCA=a=46^;  to 
find  AB  and  CB. 

log.  ft.    .     .     =  log.  200  =  2.8010800 

iog.8in.a  .  -  =  log.  sin.  46^=  9.8560841 
log.  sin.  ft  .  -  =  log.  sin.  81^=  9.7118393 
log.co8ec(a— *)=log.  cosec  15**= 10.5870088 

log.AB    .    .     =log.  286.29      =  2.4568072 .'.  AB= 286.29 
Alio,  BC=AB  cot  a,  .•.  log.  BC=log.  AB+log.  cot.  a —  la 


">< 

""If 

-/-!« 

x^ 

A 

^ 

H 

c 

K 
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PROBLEM  II. 

To  determine  the  height  af  an  inaccessible  object^  which  has  n( 

level  ground  before  it 

Let  AB  be  the  object,  and  C,  D,  two 
stations  in  a  vertical  plane  passing  through 
AB ;  measure  the  distance  CD,  and  at  C 
take  the  angles  of  elevation  or  depression 
of  the  station  D,  and  the  top  and  bottom 
of  the  object.  Also  at  D  take  the  eleva- 
of  the  top  of  AB. 

PutCD=A,  DCH=a,  BCK=6,  ACK=c,  ADG=(/;  then 
ACB=c  — 6,  ADC=a+rf,  and  CAD=c— i 

-^        AB  __  sin.  ACB  ^  sin.  (c — b)  ^  sin.  (c — b) ' 

^^'  AC"" sin.  ABC^sin.  ABK  ^     cos.  6 

AC    sin.  ADC    sin.  (a+d)    ^  ,  .  ,    i 

7^^=-' — riTr\="^ — 7 — j\  >  hence,  multiply  these 
CD    sin.CAD    sin.(c — a)  ^^ 

equations, 

AB    sin.  (c — b)  sin.  (a+d)        .    ,       . 

we  have  rrn= — ^^^  a  ,:^  /^ — ■JST'  9  and,  therefore, 
CD         COS.  o  sm.  (c  —  a) 

AB=A  sin.  (c  —  b)  sin.  (a+d)  sec.  5  cosec  (c— <?) 
.*.  log.  AB=log.  A+log.  sin.  (c — 6)H-iog.tsin.(a+(f)+log. 
sec.  6+log.  cosec.  (c  —  d) — 40 (1) 

Cor.  When  a=90^,  and  5=0%  then  we  have 
log.AB=Iog.A+log.sin.c+log.cos.rf+log.cosec.(c— d) — 30  (2) 

Ez  1.  Let  A=I8  feet;  c=40°;  ^=37^30',  a=90°  and  J=0'; 
to  find  AB. 

log.  A  .  .  .  =Iog.  18  .  .  .  =  1.2552725 
log.  sin.  c.  .  =log.  sin.  40°  .  =  9.8080675 
log.  cos.  d.  .  =log.  COS.  37*^30'=  9.8994667 
log.  cosec.(c-d)=log.  cosec.2°  30'= 11.3603204 

log.  AB     .     •    =log.  210.4394  =  2.3231271 

.•.AB=210.4394. 

Ex.  2.  The  angle  of  elevation  of  the  top  of  a  tower,  stand- 
ing on  a  hill,  was  33°  45',  and  measuring  on  level  around  900 
yards  directly  towards  the  tower,  the  angles  of  elevation  of 
the  top  and  bottom  of  the  tower  were  51°  and  40°  respectively* 
"What  is  the  height  of  the  tower  ?  Ans.  140  yds. 

Remark. — When  the  station  D  is  higher  than  A,  the  top  of 
the  tower,  then  the  angle  d  must  be  considered  negative,  and 
therefore  we  should  have 

AB=  h  sin.  (c— 6)sin.  (d^—d)  sec.  b  cosec  (c+d) 
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PROPOSITION    L      EEMMA. 


Straight  Unes  be  draum  from  any  point,  either  within^  or 
if,  a  polygon,  to  all  the  angular  points,  the  continued  pro* 
t  of  the  sines  of  the  alternate  angles,  made  by  the  sides  of 
mygon,  and  the  lines  so  drawn,  will  be  equal. 

Let  angle  CDP=/,  and  PEA=i; 


then 


sin^  o 


PA 

PB        sin.  a 
PC  ^  sin,/ 

PD        sin.  e 
PE  ^  sin,  k 

Fa        sin.  t  • 


PB 

PC 
Pp 

PE 


sin.  d 

sin.  c 
sin.  h 

smTJ 


at  PA  .PB.  PC.  PD  .PE=PB.  PC  .PD.  PE .  PA; 

is,  the  product  of  the  numerators=product  of  the  denomi- 
TS,  in  the  first  members  of  these  equations  ;  hence,  this 
g  true  in  the  second  members  also,  sin.  b  sin.  J  sin.  /  sin. 
1.  i=:sin.  a  sin.  c  sin.  e  sin.  g  sin.  t. 


PROBLEM  ni. 


iven  AB»  and  the  angles  a,  b,  c,  d,  to  find  ^ 
\d  thence  CD. 
It  BCD+ADC=6+c=2« 
BCD— ADC=  ...    2x 

d  BCD  =  s+x,  ADC  =  5— a:;  also,  sin. 

{ =  sin.    (6+c+d),  and    sin.    ACB  =  sin. 

b+c)\  hence,  by  Lemma,  (I)  we  have 

irin  c  sin.  0+c+d)  sin.  (s+a?)=sin.  b  sin.  d  sin.  (a+&+c) 

(f^-«),  orsin.  a  sin.  csin.  (6+c+d)  |sin.  s  cos.  x+cos.  s 

t\  =  sin.  b  sin.  d  sin.  (a+b+c)   {sin.  s  cos.  x— coi.   s 

hen,  diriding  by  cos.  s  cos.  x,  we  have 
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sin.  a  sin.  c  sin.  {h+c+d)   (tan.  s+tan.  a:)'=8in.  b  sin.  d  sin. 
{a+h+c)  (tan.  s — tan.  x), 

sin.fe  sin.  rf8in.(a+54-c)~sin.fl  sin.c  sin.(5-f  c+rf) 
.-.  tan.  «=8in.6fin.</8in.(a+6+c)+sm-a8ui.c8in.(6-Hc+</)^^*' 

Dividing  numerator  and  denominator  by  sin.  a  sin.  c  sin. 
^-       .  _        ,  sin.  ^sin.  d  sin.  (a+i+c)  ^     . 

{h+c+d).  and  putting  3^.  ^  ,i^. ,  si^,  (ft+c+d)  =  ^-  ^  «^^ 

1  =  tan.  45'' ;  then 

tan.  P  —  tan.  45^  sin.  (^  —  45°) 

tan.  X  =  ; oTZ TTo  ^an.  s  =  -: — .^   ,    ^^o\  ^^^' 

tan.  p  +  tan.  45**  sin.  (,5  +  45°) 

hence  x,  s+x,  j— x  are  all  known,  and  thence  CD  is  known. 

^      CD         sin.  d  _,  BD  ain.  h  ^      ^ 

For  Dr;=  -: — /    ,    V  and  xd  =  ~= — zn — Tjx  ?  therefore, 
BD      sin.  {s+x)  AB       sm.  {b+c+d) 

CD=AB  sin.  b  sin.  d  cosec  {s+x)  cosec  (b+c+d). 

Cor,  When  CD  is  given,  and  the  same  angles,  to  find  AB,  we 
have 
AB=CD  sin.  (b+c+d)  sin.  (s+x)  coaec  h  cosec  A 

EZAMPLB. 

Given  AB=600  yards,  a-ST,  6=58**  20',  c=53°  a(y,i= 
45°  15',  to  find  CD. 
Here,  tan.  i3= cosec,  a  sin.  b  cosec.  c  sin.  rf  sin.  (a+Hf) 

cpsec  (6+C+4 
log.  cosec.  a 

=  log.  cosec.    37° =  10.2205370 

log.  sin.  b 

=  log.  sin.        58°  20'  ...  =     9.9299891     9.9299891 
log.  cosec.  c 

=  log.  cosec.     53   30  ...  =  10.0948213 
log.  sin.  d 

=  log.  sin.  45    15  ...  =     9.8518717    9.8518717 

log.  sin.  (a+b+c) 

=  Jog.  sin.        148   50  ...  =     9.7189349 
log.  cosec.  (b+c+d) 

=  log.  cosec.    157     6  .  .  .  =  10.4096181  10.4096131 

log.  tan.  0 

=  log.  tan.        58°  56'  39"  =  10.2202671 

log.  sin.  (^  —  45°) 

=  log.  sin.     13  56  39  =  9.3819742 
log.  cosec.  (i3+45°) 

=  log.  cosec.  103  56  39  =  10.0129906 
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log.  tan.  s 

=x  log.  tan.  55   55  ...  =  10.1696508 

log.  tan.  X 

=  log.  tan.         20     9     8   ==     9.5646156 

log.  cosec.  {9+x) 

=»  log.  cosec     76     4     S   ^ 10.0139687 

log.  AB. 

=  log.  100 == 2.7781513 

.-.  CD  .  .  .  ==      959.608 .  .  .  =» 2.9820939 


PftOBLVM  ly. 

The  distance  of  itoo  objects  at  B  being  known^  Ifind^  by  ob- 
KHHUion,  the  angles  ACD  ADB  BDC,  and  BCA,  taken  at  the 
ttations  D,  C,  required  the  distances  DC,  AD,  BD,  BC,  and 
CA,  both  by  construction  and  calculation. 

Assume  dc  at  pleasure, 
and  make  the  angles  adb^ 
Uc  and  bcoj  respectively 
eooal  to  the  angles  ADB 
BDC  and  BC  A ;  join  a,  6, 
tod  abed  will  be  similar 
to  ABCD,  and  if  ab  re- 
present the  side  AB,  then  will  dc  repersent  DC.    &c 

By  analysis^ 

In  the  triangle  adc^  all  the  andes  and  the  assumed  side,  dc 
^  given  to  find  ad  and  ac.    Then  in  the  triangle  bcd^  all  the 
ingles   and  the  assumed  side  (2c,  are  given  to  find  ftc,  bd. 
Lastly,  in  the  triangle  cLdb^  we  have  the  sides  aef,  db^  and  the 
tngle  adb^  to  find  the  side  ab.    Then  we  have, 

ab  :  AB  iidci  DC  iiadx  AD  : :  &c  :  BC  : :  ac  :  AC  : :  hd 
:  BD,  whence  we  have  the  distances,  DC,  AD,  BC,  AC  mad 
BD, 


11 


118         ANALYTICAL  PLANE  TRIGONOMETRY, 


PEOBLEM   V. 


Oiven  AB,  a,  b,  and  the  angles  c,  d,  taken  at  wome  point  P  in 
tike  same  plane  ABC,  tojind  x  ;  and  thence  PA,  PB,  PC. 

PutPAC+PBC=180**— (a+J+c+d)=2«    a 
PAC— PBC= =2ar;    " 

Then,  PAC=5+x,  VBC=:s—x,  and,  by 
lemma  1,  sin.  a  sin.  c  sin  (t — wr)=sin.  b  sin.  d 
nn.  (s+x) 

sin,  b  sin,  d  __  sin,  {s — x)  __  tan,  s — tan,  x 

* '  sin.  a  sin.  c  ""  sin.  (s+x)  ""  tan.  s+tan.  x 

_  _       sin.  b  sin.  d 

Put  tan  p  =  -: r —  =  cosec  a  sin  ft 

sm.  a  sin  c 

cotec  c  sin.  d ;  then  we  have 

JBJLs — tan.  X  ^  tan.  x_  1 —  tan.  jS    tan.  45^ —  tan.  j8 

tan.  j+tan.  «  ~^*^-  ^  •''  tan.  «""  1 +tan.  i^  ~ tan.  45**+ tan.  B ' 


tan.  z= 


tan.  45^— tan.  jS  _  sin.  (45^— ff) 

tan.  45**+tan.  jS         *""  sin.  (45*» +i8) 


/8 
tan.  s. 


Hence  x  is  known,  and  thence  s+x  and  j-— x  are  known. 

sin.  6        , 

,;  hence 


PC  _  sin,  (s+x)  AC  _ 
^'^^^  AC .""      sin.  c     '.  AB  ~"  sin.  {a+by 


PC  =  AB  cosec.  (a+b)  sin.  ft  coscc.  c  sin.  (s+x). 


PEOBLEM   VI. 


When  the  paints  P  and  C  are  on  opposite  sides  of  AB. 

Put  PAB+PBA=180^— (c+d)=2* 

PAB— PBA= =2x ; 

then,  PAB=j+«,  PBA  =  «  —  « ;  and,    by  a 
lemma  1,  sin.  a  sin.  c  sin.  {s — x)  =sin.  ft 
iiii.  d  sin.  (s+x) ; 

hence,  as  in  the  last  problem,  we  have 

_  sin.  (45^— ff) 

^^*"  sin.  (45^+ii^)  *™-'' 

where  tan.  /3  =  cosec.  a  sin.  ft  cosec.  c  sin.  d ;  and  2# 

=  18(y*_(c+rf)- 
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PART  II. 

Many  curious  and  highly  useful  problems  in  trigonometrical 
larveying,  may  be  elegantly  solved  through  the  properties  of 
he  circle^  by  geometrical  construction,  and  by  analyzing  this 
ODstruction  by  trigonometrical  analysis ;  a  few  of  which  we 
rill  give  in  the  continuation  of  this  chapter. 

PROPOSITION    IL    LBMMA« 

ftwo  points  be  assumed  in  the  circumference  of  a  circle^  they 
will  subtend  the  same  angle  from  any  point  %Dhatet>er  of  the 
circumference  on  the  same  side  of  the  chord  joining  these  two 
pointSf  which  will  be  half  the  angle  at  the  centre  when  the 
centre  is  on  the  same  side  of  that  chord  as  the  point  of  obser^ 
valion^  and  will  be  equal  to  half  its  complement  to  360°  when 
on  the  opposite  side. 

This  proposition  is  evident  from  Prop.  XIX.  Cors.  1  and  3, 
{.  III.  El  Geom. 

Hence,  if  F,G  are  two  points  assumed 
1  the  circumference  ABFG,  then  will 
\  G  appear  under  the  same  angle  from 
Dy  pomts  A  and  B  situated  in  the  cir-  Bj 
umterence,  and  on  the  same  side  of  the 
herd  F6 ;  which  will  be  half  the  angle 
!  at  the  centre ;  and  the  points  F,  G  will 
Iso  appear  under  equal  angles  at  every 
oint  D,  E  on  the  side  DB  of  the  chord 
G,  which  virill  be  equal  to  the  angle  mea- 
ired  by  half  the  arc  FBAG  equal  the  complement  of  the  angle 
CG  as  enunciated. 

Cor.  1.  Hence,  any  two  objects  in  the  circumference  of  a 
rcle  will  alwavs  appear  under  the  same  angle,  in  any  point 
*  the  arc  of  either  segment,  and  in  no  other  point  situated  out 
'  that  circumference,  on  the  same  side  of  the  objects,  will  the 
igle  be  the  same. 

Cor.  2.  If  the  angle  under  which  any  two  objects  appear 
;  less  than  90  degrees,  the  place  of  observation  will  be  some 
here  in  the  arc  of  the  fi^reater  segment ;  and  if  the  angle  be 
reater  than  90  degrees,  the  place  of  observation  must  be  some 
here  in  the  arc  of  a  segment  less  than  a  semicircle,  and  the 
igles  under  which  the  objects  appear,  will  be  the  same  in 
ly  point  whatever  of  those  arcs. 


130  ANALYTICAL  PLANE  TRIGONOHBTRT. 

SckoliMM.  Hence,  having  the  angles  aubtesded  by  any  two 
objecia  from  any  two  given  positions,  not  all  in  the  same  cir- 
cumference, the  positions  of  the  objects  may  be  determined  b; 
the  intersections  of  the  circumferences  of  two  circles,  ench  of 
which  is  so  described  as  to  pass  through  the  two  objects  ud 
one  of  the  giren  positions. 

rxoiLBH  vu. 
'I%ree  points  in  the  tame  plane  being  gioen  inpoMition,to 
determine  the  position  of  any  other  point  or  place  of  obsena- 
tion  in  reference  to  Ike  given  points. 

This  problem  admits  of  six  cases. 

The  three  given  points  may  be  the  TCrticea  of  a  trian^, 
and  the  required  point,  or  station,  may  be  without  the  triangle, 
and  opposite  one  of  its  sides  ;  it  may  &1I  in  the  same  right 
line  with  two  of  the  given  points,  it  may  fall  directly  between 
two  of  them,  it  may  fall  within  the  triangle  or  it  maybll 
without  the  triangle  but  opposite  one  of  the  angles  ;  and  lastl]r, 
the  given  points  may  be  all  in  the  same  strai^t  line. 

Case  1. 
Wken  the  given  points  are  the  Mrtices  of  a  give»  triangle,  d 

the  station  regarded,  falls  without  the  triangle  and  oppeaU 

ont  of  its  sides. 

Let  A,  B,  C,  be  the  given  points  ^ 

whose  positions  in  reference  to  each 
other  are  known,  and  let  S  be  the 
point  required.  Havine  taken  the 
angles  ASC,  ASB,  describe  on  AC  the 
segment  of  a  circle  that  shall  rontain 
an  angle  equal  the  observed  angle  ASC; 
and  on  CB  describe  a  segment   that 

shall  contain  an  angle  equal  to  the  angle  CSB,  and  the  point 
of  intersection  of  the  arcs  of  those  segments  will  detennine 
the  position  S. 
Or, 

Make  the  angle  EBA  =  the  observed  B 

angle  ASC,  and  the  angle  BAE  =  the 
an^e  BSE;  through  A.  B,  and  the  in- 
tersection at  £,  describe  the  circle  ^f\ 
AEBS ;  through  E  and  C  draw  EC. 
which  produce  to  meet  the  circumfer- 
ence at  S.  Join  AS,  BS,  and  the  dis- 
Unces  AS,  CS,  BS  will  be  the  required 
distances  of  the  station  S,  from  th« 
points  A,  B,  and  C. 
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By  trigonometrical  analysis. 

In  the  triangle  ABC,  the  three  sides  are  given  to  find  the 
angle  B AC.  And  in  the  triangle  AEB,  we  have  angle  £AB 
=  angle  BSE,  angle  ABE  =  angle  ASE,  and  therefore  the 
mgle  AEB,  with  the  side  AB,  to  iind  AE  and  BE.  Also  in 
Jie  triangle  AEC,  we  have  the  sides  AC,  AE,  and  the  included 
ingle  to  find  the  angle  A  EC.  Whence  the  sum  of  the  angles 
iES,  and  the  observed  angles  ASE,  subtracted  from  180° 
^ves  the  angle  SAE.  Then  in  the  triangle  AES,  we  have 
lU  the  angles  and  the  side  AE,  to  find  the  side  AS.  And  the 
ingle  ACS  =  180**— an^fe  SAC  — an^fe  ASC  ;  then  in  the 
riangle  ACS  we  have  all  the  angles  and  the  side  AC  to  find 
Z^.  Angle  AEB  —  angle  AEu  =  angle  BES,  whence  we 
lave  the  side  BE  of  the  triangle  BES,  and  the  angles  E  and 
S,  to  find  BS ;  then  AS,  CS,  and  BS  are  the  station  distances 
required. 

Scholium.  1st  If  the  an^le  BSC,  be  less  than  CAB,  the 
point  E  will  be  below  the  pomt  C. 

2.  When  the  points  E  and  C  fall  so  near  each  other  that  the 
production  of  EC  toward  S  is  attended  with  uncertainty,  the 
former  method  of  construction  is  preferred. 

Case  2. 

Let  it  be  required  to  determine  the  position  of  an  observer  at  S 
in  reference  to  the  three  objects  ABC^  when  SAC  are  in  the 
same  right  line. 

Having  taken  the  angle  at  S,  and  cal- 
culated the  angle  CAB  from  the  sides  of  8 
the  triangle  ABC  which  are  known  by 
hypothesis,  we  have  the  angle  ABS=^ ang. 
CAB—ang.   ASB.    Then   at  B  with  the  ^XjJb 

side  BA,  construct  the  ande  ABS.  produce  the  side,  BS  till  it 
meets  the  production  of  CA  in  S,  and  SA,  SC,  SB  will  be 
the  several  distances  of  S  from  the  points  A,  C,B,  whence  hav- 
ing the  angles  S,  C  and  B  and  the  side  BC,  the  sides  SB,  SC 
and  S  A  may  be  obtained. 

By  trigonometrical  analysis. 

Angle  SAB  =  180°— BAC,  angle  SBA  =  CAB— ASB. 
Hence  in  the  triangle  SAB,  we  have  all  the  angles  and  the 
side  AB  to  find  the  distances  AS,  BS,  &c. 

Case  3. 
To  determine  the  position  of  S  in  reference  to  three  given  ofc- 
jects  ABC,  where  the  required  point  is  directly  between  A 
and  B. 

U* 
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Having  constructed  the  triangle  ABC 
which  18  given  by  hypothesis,  and  hav- 
ing observed  the  ancle  BSC,  construct 
from  any  point  A  on  the  line  AB  an  angle 
BAE=the  observed  angle  and  draw  CS 
parallel  to  EA,  and  S  is  the  required  sta- 
tion. 


By  Analysis. 

In  the  triangle  ABC  all  the  sides  being  known,  let  the  an- 
gle A,  B  be  obtained.  Then  in  the  triangle  BCS  having  the 
angle  S  and  B,  and  the  side  CB  we  may  proceed  to  find  the 
distances  BS,  CS.    Then  we  shall  find  AS= AB— SB. 

Case  4. 

To  determine  the  position  of  a  station  S  in  reference  to  three 
given  objects  when  the  required  station  falls  within  the  <n- 
angle  formed  by  connecting  those  given  objects. 

Let  the^ven  objects  be  three 
towns  A,B  and  C  which  are  all 
visible  from  a  station  S,  which  is 
included  in  the  triangle  formed 
by  lines  drawn  from  A  to  B,  from 
B  to  C,  and  from  C  to  A. 


First  take  the  angles  ASB,  BSC,  CSA,  then  on'either  side 
AC  describe  an  arc  ASC,  which  shall  contain  the  observed 
angle  ASC,  and  one  either  of  the  other  sides  AB,  describe 
an  arc  which  will  contain  the  angle  ASB,  and  the  point  of  in- 
tersection of  those  arcs  is  the  station  S,  all  of  which  is  evident 
from  Lemma  II. 

Otherwise^    on  AB  make    an  c 
angle  ABE = the  supplement  of 
the   angle   ASC;  and  make  an 
angle  BAE  equal  to  the  supple- 
ment of  the  angle  BSC,  then  will 
ABE=ASE  and  BAE  =  BSE, 
since  ASE  and  BSE  are  respec- 
tively the  supplements  of  the  an- 
gles ASC  and  BSC,  through  the 
points   A,  B,  and  E  describe  a 

circle,  join  EC  cutting  the  circum-  

ference  in  the  point  S  which  is  the  station  required. 
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nalysis. 

In  the  triangle  AEB  the  angles  6  and  A  being  the  sup- 
nts  of  the  observed  angles  CSA,  CSB,  are  therefore 
1,  and  consequently  the  angle  E  and  the  side  AB,  to  find 
les  AE,  BE. 

In  the  triangle  EGA  we  have  the  sides  EA,  AC  and 
Qcluded  angle  EAC=BAE+CAB,  to  find  the  angle  AEC. 

And  the  triangle  CEB  the  sides  CB,  BE,  and  the  in« 
i  angle  CBE  are  ^ven  to  find  the  angle  CEB. 
.  Therefore  in  the  triangle  SAB  the  angle  A,  being 
the  angle  E,  since  they  are  andes  in  the  same  segment, 
»  known  and  also  the  angle  ASB,  hence  we  have  all  the 
I  and  the  side  AB  to  find  the  sides  AS,  BS  which  are 
»f  the  station  distances  required. 

.  If  from  the  ande  CAB  we  take  the  angle  SAB,  we 
have  the  angle  CAS.  Therefore  in  the  triangle  ACS 
tve  all  the  angles  with  the  sides  AC  and  AS  to  find  the 
station  distance  CS« 

5. 

he  required  to  find  the  distance  of  any  station  Sfrom  each 
hree  objects  A^  B,  C,  when  one  of  the  angles  C  of  the  tri" 
rle  formed  by  connecting  the  three  objects  falls  toward  the 
lion  S. 

ke  the  angle  DAB=the  observed 
CSB  and  the  angle  DBA,  equal  to 
•bserved  ande  C%A.  On  AB  de- 
I  a  circle  that  shall  contain  in  its 
iT  segment  the  observed  angle  ASB, 
gh  D  and  C  draw  the  line  DC,  till  it 
ects  the  circle  at  S,  which  intersec- 
[etermines  the  position  S. 

nalysis. 

.  In  the  triangle  DAB,  all  the  angles  and  side  AB  are 
n  to  find  AD,  DB. 

In  the  triangle  ADC  are  given  the  sides  AD,  AC  and 
ncluded  angle,  to  find  the  angle  ACD. 

The  angle  CAB=ACD— ASD,  since  ACD,  the  out- 
angle  is  equal  to  the  sum  of  two  inward  opposite  angles 
,  CAS.  Therefore  in  the  triangle  ACS  we  nave  all  the 
s  and  the  side  AC  to  find  the  distances  SA,  SC. 
Mtly,  in  the  triangle  BSC  the  sides  GB  CS,  and  the  angle 
are  given  to  find  the  distance  CB. 
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Case  6. 

To  determine  the  position  of  any  ttation  S  in  reference  to  thru 
objecti  ABC  ail  in  iJu  same  straight  Une. 

On  AB  describe  an  arc  of  a  seg- 
ment to  contaio  ao  angle  equal 
to  the  angle  ASB,  and  on  EC  de- 
scribe an  arc  containing  an  angle 
CSB'^the  observed  angle,  subtend- 
ed by  BC,  and  the  point  of  inter- 
section of  those  area  wilt  determine 
the  position  of  S  ;  whence  if  v/e 
draw  the  lines  SA,  SB,  SC,  those  lines  will  tbe  several  dii- 
tances  of  S  from  the  objects  A,BtC. 

For  (Lemma  II)  the  points  A,  B  appear  under  the  same  angle 
in  every  point  in  the  arc  BS  A,  and  in  no  point  out  of  that  arc, 
and  B,  C,  appears  under  the  same  angle  in  every  part  of  the 
arc  CSB  and  no  point  out  of  the  arc.  Hence  the  point  of  in- 
tersection of  those  arcs  is  the  only  point  where  both  of  ibose 
conditions  are  united,  or  where  both  of  tbe  objects  appeal 
under  the  observed  angles. 

Otherwise,  at  A  and  on  the  line  AB 
make  BAE=the  observed  angle  CSB 
and  at  C  &n  angle=the  observed  ancle 
ASB ;  on  AC  describe  a  circle  that 
shall  contain  an  angle=the  sum  of  tbe 
observed  angles  at  S  or  which  is  the 
same,  describe  a  circle  which  shall  pass 
through  the  three  angles  A,  E  ana  C, 
from  E  through  the  point  B,  drawn  EBS 
to  cut  the  circle  in  S,  and  SA,  SB,  SC  s 

determine  the  relative  position  of  the  station  Sin  reference  (o 
the  three  A,  B  and  C. 

By  Trigonometrictd  analysis. 

1st  In  the  triangle  CAE  all  the  angles  are  given  and  tbe 
aide  AC  to  find  AE. 

3d.  In  the  triangle  AEB  the  sides  AE,  AB,  and  their  in- 
cluded angle  are  given  to  find  the  angles  AEB  and  ABE. 

8rd.  In  the  triangle  BSC  we  have  the  angle  CSB  anil 
tbe  angle  SBC=AB£,and  the  angle  SCB=BDgle  AEB  siaet 
they  are  both  angles  in  the  same  segment  ACS,  hence  all  the 
angles  and  the  sides  BC  are  giveit  to  find  tbe  side,  SC,  SE 
andSA. 
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PRORLEM    VIII. 


Tie  distances  of  three  objects  A,  B  and  C  being  given  and  con- 
seq^ttntly  the  angles  which  they  form  with  each  other.     There 
also  two  stations  D,  E,  such 


are 


that  at  D  the  objects  A,  C  and  E  may 
he  seen  but  not  d  ;  at  E  the  object^  B, 
C  and  D  may  he  seen  but  not  A. 
Hence  the  anglesCDE  ADC  BED 
BEC  and  consequently  the  angles 
CD  A  aiu^CEB  are  given  or  known 
from  observation  to  find  the  dis* 
tances  DA,  DC,  DE,  EC,  and  EB. 


Draw  cdni  pleasure,  and  at  d  make 
1  angle  cde=ihe  ffiven  an^le  CDE 
lake  also  the  angle  {fec=DEC,  the 
igle  eeb=CEBy  and  cda  =  CDA 
rodaced  od,  bc^  till  they  meet  in  #, 
ad  draw  sc. 


^  Analysis. 

Assume  any  value  for  de  ;  then  in  the  triangle  cde  all  the 

s^es  are  given  and  the  side  de,  to  find  the  sides  cef,  ce,  the 

agle  eds=  180° — ade  and  the  angle  des=  180° — 6crf  ;  hence 

'e  have  in  the  triangle  dse  all  the  angles  and  side  (&,  to  find 

r,  and  es.    In  the  triangle  cds  the  angle  cds= 180° — adr,  hence 

e  have  two  sides  cdds,  and  their  mcluded  angle  to  find  the 

[igle  dsc^csa  and  side  cSy  then  from  the  angle  dsc  take  the 

ogle  dsc  and  we  have  the  angle  cse=csb. 

c 


Then  with  the  angles  csa, 
^  and  the  triangle  ABC,  as 
ata,  make  the  following  con- 
traction by  case  first  Prop. 
H,  and  find  the  station  dis- 
mces,  SA,  SB,  SC.  Then 
^  shall  have 


IM 
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cj  :  CS  :  :  <fc  DE  :  :  &  :  DC :  :  «  :  EC  : :  rff  :  DS  : :  « :  SE 
from  SA  take  SD  aod  there  remains  DA.  also  from  SB  take 
SE  and  there  remains  BE,  hence  DA,  DC,  DE,  EC  andEfi 
are  found. 

Scholium. 

When  AD  and  BE  are  pa- 
rallel, the  foregoing  method  of 
■olutioD  fails.  In  which  case, 
on  AC  describe  a  segment  to 
contain  an  angle  equal  to  the 
observed  ang^  ODE,  and  on 
CB  a  segment  to  contain  an 
angle  equal  to  CEB,  draw 
the  chord  CF  to  cut  off  the  segment  CADP  eootaining  the  in-. 
gle  CDE,  and  another  chord  CG  cutting  off  a  segment  CBEG, 
containing  the  angle  CED,  the  points  F  and  G  will  be  in  the 
same  right  line  with  D  and  E,  join  GF  -which  produce  both 
ways  till  it  cuts  the  circumference  in  D  and  E,  and  the  poinli 
D  and  £  will  be  the  stations  required. 

FBOBLEM  n. 

J^e  relation  of  the  four  poirda  B,C,D,P,  to  each  other  are  hunsK, 
or  the  four  sides  of  a  quadrilateral  figure  and  itt  angla  an 
known,  there  are  abo  two  stations  A,  E,  such  that  at  A  oify 
B,  C,  E,  are  visible  and  at  E  only  the  points  D.  F,  A,  M 
that  the  angles  BAC,  BAE,  ABD  and  DEF  and  conseinuii^ 
AEF  maybe  known,  required  the  distances  AB,  AC,  ED,  EF, 
EC,  and  AD. 

Ist  On   BC   describe  a  c 

segment  to  contain  the  angle 
BAC,  and  draw  the  chord 
Cm  that  shall  cut  off  an  an- 
gle BCm  =  the  suppfement 
of  the  angle  BAE. 

3nd.  On  DF  describe  a 
segment  that  shall  contain 
an  angle  DEF,  and  draw 
the  chord  Dn,  that  shall  cut 
off  an  angle  FDn  =  the  sup* 
iJemcnt  of  the  angle  AEF,  and  the  intersectiona  n  and  ii«3 
be  in  the  sanrte  right  line  with  the  stations  A  and  E. 

3d.  Through  the  points  of  intersection  m  and  »,  draw  th* 
line  mn  which  produce  to  E  at  its  intersectioo  with  the  arc<tf 
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the  segment  and  the  points  of  intersection,  A  and  E  will  be  the 
points  of  station. 
The  analysis  of  this  niay  be  supplied  by  the  student 

PROBLEM   X. 

riven  the  base  AB^  the  perpendicular  FD,  nnd  vertical  angle 
ADB  of  a  triangle  tojind  the  sides  AD^  DB. 

On  the  base  AB  describe  an  isosceles  triangle  ACB  whose 
ertical  angle  C  shall  be  double  the  given  angle  ADB,  if  that 
nj^le  is  less  than  00^,  but  double  its  supplement  if  the  angle 
lDB  is  greater  than  90^,  and  from  this  vertice  as  a  centre, 
rith  the  radius  CA  or  CB  describe  a 
ircle»  and  the  vertice  D  of  the  triangle 
rill  be  found  somewhere  in  the  circum- 
sience  (Lemma  II.)  At  a  distance  FD 
qaal  to  the  altitude  of  the  given  triangle, 
braw  a  right  line  IL  parallel  to  AB,  and 
he  point  where  this  line  cuts  the  circum- 
erence  will  determine  the  position  of 
be  vertical  angle  ;  hence  the  sides  DA 
lod  DB  may  to  dravni. 

1^  Analysis. 

Draw  the  diameter  DCP,  and  from  C  draw  CH  perpen- 
licolar  to  AB.    Hence  having  the  angle  ACB  we  have  also 

lie  angles  CAB  and  ABC  each  equal  to 1  there- 

6re  in  the  triangle  ABC  having  all  the  angles  and  the  side  AB, 
be  two  equal  sides  AC,  BC,  become  known  also.    And  in  the 

igfat-angled  triangle  AHC,  CH=  x/AC AH\ 

And   in   the  similar  triangles  DFN,  GHN  we  have  DP : 
)N  : :  CH  :  CN 

nd  by  composition  : :  DF+CH  :  DN+CN 
r  DF+CH :  DC  : ;  DF  ;  DN 
Uso  HN=  x/CN»~CH" ; 
nd  BN=i  AB— HN 

^=  \/DN'— DP 
od  BF=BN— NP 

(Thence  we  have  the  right-angled  triangled  BFD  with  the 
ides  BF  and  DF  including  the  right  angle,  to  determine  the 
lird  side  BD  which  also  becomes  known,  and  consequently  ti^ 
ide  AD  as  required. 
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raOBLKM   zi. 

At  the  dittance  ABfrum  the  hottom  of  a  tower  is  on  object 
whose  kngth  ii  BD,  how  far  rmut  I  ascend  the  tower  that 
the  otfject  may  appear  under  any  angk  Tt 

Draw  the  line  AB=the  given  dis- 
tance, and  produce  it  to  D,  then  will 
BD  repreient  the  object ;  draw  the  in- 
definite line  AE  perpendicular  to  AB, 
which  will  represent  the  side  of  the 
tower.  Then  on  DB  make  an  angle 
BCD=2T,  and  from  the  vertex  C  as  a 
centre,  describe  an  arc  of  a  circle  pass- 
ing through  the  points  D  and  B,  cutting  •. 
the  tower  in  F,  and  AF  will  be  the  dis- 
tance required. 

For  since  DCB  is  an  angle  in  the  centre  of  a  circle,  and 
AFB  is  an  angle  in  the  circumference  luhtendinff  the  same 
arc,  hence  (Prop.  II.)  the  angk  DFB=1  angle  DCB=T. 

Cor.  Since  by  continuing  the  arc  of  the  circle  the  perpendi- 
cular is  cut  also  in  G ;  this  point  also  answers  the  condition  of 
the  question,  for  angle  DuB  is  evidently=the  mtgk  DFB, 
bence,  the  question  admits  of  two  answers.* 
By  AnalyitB. 

First,  in  the  isosceles  triangle  CBD  we  have  the  side  BD 
and  the  angle  C  by  construction,  and  since  the  triangle  is 
isosecles,  the  angles  B  and  D  are  each  =  (180°  —  3T)-i-S 
=90° — T.  Hence,  having  all  the  angles  and  one  side,  the 
sides  CB  or  CD  are  also  known. 

Second,  in  the  triangle  ABC  we  have  the  sides  AB  and  BC, 
and  the  angle  B=CBD+^  angle  BCD=90'>+T,  to  6Dd  the 
side  AC  and  the  angle  CAB.  which  thereby  become  known. 

Third,  in  the  triangle  ACF  we  have  the  sides  AC  and  FC, 
and  the  angle  CAF=90°  — CAB,  to  find  the  side  A.F,  the 
height  required.  But  since  the  same  data  given  to  determine 
this  triangle,  apply  also  to  the  triangle  AC(^  the  point  maj  be 
also  in  G ;  hence,  the  problem  is  ambiguous  both  bv  constnie- 
tion  and  analysis,  as  explained  in  case  4th,  chap.  ViL 

*  Ttda  elagant  eoratraaiiM  wm  twthwd  rrom  Mn  Jwifli  GbBb,  of  KwwM, 
C  oonecticut,  whoM  milbenuticlJ  Uleot  ii  ■duwwledgwl  to  b»  «f  s  U(k  ■cdsa 
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Scholium.  If  the  circumference  'which  passes  through  fhe 
points  D,  B  should  not  cut  the  edge  of  the  tower  or  perpendi- 
cular AE,  but  only  touch  it,  it  would  admit  of  only  one  solution, 
and  that  point  which  would  answer  the  conditions  would  be 
the  point  of  contact ;  but  if  the  circle  should  not  reach  the  per- 
pendicular, the  question  would  be  impossible. 

EXAMPLES  FOR  PRACTICE. 

Ex.  1.  Given  the  angles  of  elevation  of  any  distant  object, 
taken  at  three  places  on  a  level  plane,  no  two  of  which  are  in 
the  same  vertical  plane  with  the  object ;  to  find  the  height  of 
the  object,  and  its  distance  from  either  station. 

Let  A,  B,  C,  be  the  three  stations,  K  the  ob- 
ject, and  KH  perpendicular  to  the  plane  of  the 
triangle  ABC. 

Put  BC=a,  AC=:6,  AB=c,  HAK=a, 

HBK=iS,  HCK=7,  and  HK=x ;  then  the 
angles  AHK,  BHK,  CHK  being  right  andes, 
we  have  AH=a:  cot  a,  BH=x  cot  ftCH==x 
cot  7 ;  whereby  from  the  given  data  the  required  may  be 
founa. 

Ex.  2.  Given  a=30**  40',  /8=40**  3^,  y=50**  28' ;  find  x, 
when  the  three  stations  are  in  the  same  straight  line,  AB  be- 
iofirsso^"  and  BC=60  yards.  And.  77.7175  yards. 

Ex.  3.  Demonstrate  that  sin.  18*=cos.  72**  is  =}  e  ( — 1  + 
v^5),  and  sin.  54**=cos.  36**  i8=}  a  (1  +  ^/5). 

Ex.  4.  Demonstrate  that  the  sum  of  the  sines  of  two  arcs 
which  together  make  60^,  is  equal  to  the  sine  of  an  arc  which 
is  greater  than  60**,  by  either  of  the  two  arcs :  Ex.  gr.  sin. 
d'+sin.  59**  57'  =sin.  60**  30";  and  thus  that  the  Ubles  may 
be  continued  by  addition  only. 

Ex.  5.  Show  the  truth  of  the  following  proportion :  As  the 
sine  of  half  the  difierence  of  two  arcs,  which  together  make 
60**,  or  90**,  respectively,  is  to  the  difierence  of  their  sines ;  so 
is  1  to  v^2,  or  y/2,  respectively. 

\^  Ex.  6.  Demonstrate  that  the  sum  of  the  square  of  the  sine 
and  versed  sine  of  an  arc,  is  equal  to  the  square  of  double  the 
sine  of  half  the  arc. 

Ex.  7.  Demonstrate  that  the  sine  of  an  arc  is  a  mean  pro- 

Eortional  between  half  the  radius  and  the  versed  sine  of  dou. 
le  the  arc. 

Ex.  8.  Show  that  the  secant  of  an  arc  is  equal  to  the  sum 
of  the  tangent  and  the  tangent  of  half  its  complement 

Ex.  9.  rrove  that,  in  any  plane  triangle,  the  base  is  to  the 
difference  of  the  other  two  sides,  as  the  sine  of  half  the  sum  of 

13 
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the  angles  at  the  base,  to  the  sine  of  half  their  difference :  als 
that  the  base  is  to  the  sum  of  the  other  two  sides  as  the  cosii 
of  half  the  sum  of  the  angles  at  the  base*  to  the  cosine  ofhs 
their  difference. 

Ex.  10.  How  must  three  trees,  A,  B,  C,  be  planted,  so  th: 
the  angle  at  A  may  double  the  angle  at  B,  the  angle  at  B  doi 
ble  that  at  C ;  and  so  that  a  line  of  400  yards  may  just  { 
round  them  ? 

Ex.  IL  In  a  certain  triangle,  the  sines  of  the  three  aDgl< 
are  as  the  numbers  17,  15,  and  8,  and  the  perimeter  is  16< 
What  are  the  sides  and  angles  ? 

Ex.  12.  The  logarithms  of  two  sides  of  a  triangle  a] 
2.2407293  and  2.5378191,  and  the  included  angle,  is  ST2i 
It  is  required  to  determine  the  other  angles,  without  first  fiD( 
ing  any  of  the  sides  ? 

Ex.  13.  The  sides  of  a  triangle  are  to  each  other  as  tl 
fractions  i,  j,  i :  what  are  the  angles  7 

Ex.  14.  Show  that  the  secant  of  60^,  is  double  the  tangei 
of  45°,  and  that  the  secant  of  45^  is  a  mean  proportional  b 
tween  the  tangent  of  45°  and  the  secant  of  60®. 

Ex.  15.  Demonstrfite  that  four  times  the  rectangle  of  tl 
sines  of  two  arcs,  is  equal  to  the  difierence  of  the  squares  * 
the  chords  of  the  sum  and  difference  of  those  arcs. 

Ex.  16.  Convert  formulae  ^,  Chap.  Ill,  into  their  cquiv 
lent  logarithmic  expressions  ;  and  by  means  of  them  and  fo 
mulse  p.  Chap.  Ill,  find  the  angles  of  a  triangle  whose  sidi 
are  5,  6,  and  7. 

Ex.  17.  Being  on  a  horizontal  plane,  and  wanting  to  ascc 
tain  the  height  of  a  tower,  standing  on  the  top  of  an  inacce 
sible  hill,  there  were  measured,  the  angle  of  elevation  of  tl 
top  of  the  hill  40°,  and  the  top  of  the  tower  51®:  then  measu 
ing  in  a  direct  line  180  feet  farther  from  the  hill,  the  an^e  • 
elevation  of  the  top  of  the  tower  was  33°  45' :  required  tl 
height  of  the  tower.  Ans.  83.9983  feet 

Ex.  18.  From  a  station  P  there  can  be  seen  three  object 
A,  B,  and  C,  whose  distance  from  each  other  are  known,  vi 
AB=800,  AC=600,  and  BC=400  yards.  There  are  tli 
measured  the  horizontal  angles  APC=S3°  45',  BPC=22°M 
It  is  required,  from  these  data,  to  determine  the  three  dii 
tances  PA,  PC,  and  PB. 

Ans.  PA=710.193,PC=1042.522,  PB=934.191  yard* 


SPHERICAL  TRIGONOMETRY. 


Having  demonstrated  in  the  treatise  on  Spherical  Geome- 
try, several  important  properties  of  the  circle  of  the  sphere, 
and  of  spherical  triangles,  we  shall  now  proceed  to  deduce 
various  relations  wbicn  exist  between  the  several  parts  of  a 

J^herical  triangle.  These  constitute  what  is  called  Spherical 
'rigonometry ;  and  enables  us,  when  a  certain  number  of  the 
parts  are  given,  to  determine  the  rest.  The  first  formula 
which  we  snail  establish,  serves  as  a  key  to  the  rest,  and  is  to 
spherical  trigonometry  what  the  expression  for  the  sine  of  the 
lom  of  two  angles  is  to  plane  trigonometry. 


CHAPTER  L 


1.  To  express  the  cosine  of  an  angle  of  a  spherical  triangle 
in  terms  of  tie  sines  and  cosines  of  the  sides. 

Let  ABO  be  a  spherical  triangle,  O 
the  centre  of  the  sphere. 

Let  the  singles  of  the  triangles  be  de- 
noted by  the  large  letters  A,  B,  C,  and 
the  sides  opposite  to  them  by  the  corres- 
ponding small  letters,  a,  b,  c. 

At  the  point  A,  draw  AT  a  tangent 
to  the  arc  AB^  and  A^  a  tangent  to  the  arc  AC. 

Then  the  spherical  angle  A  is  equal  to  the  angle  TAt  be- 
tween the  tangents,  (Spher.  Geom.  rrop.  VII.) 

Join  OB,  and  produce  it  to  meet  AT  in  T. 

Join  OC,  and  produce  it  to  meet  At  in  t 

Join  T,  t ; 
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Then, 

T^=scc.  AB=fec.  c. 
Ot 

Ty;,=8CC.  AC=8ec  6 

AT 

^=tan.  AB=tan.  c 

Q^  =tan.  AC=taiL  b 

Then  in  triangle  T0£ 

Te  =0T*+0^— 20T  .  a  coi,  TOr 
Tf     OT*    Of     ^    OT    O^  ^^ 

OC""OC^"^OC"""^  •  oc  •  OC 

=scc-*  c+scc*  6 — -2  sec  c  sec  6  coi.  a,  •  (1) 

Again,  in  triangle  TA^ 

Te  =  AT'+Af  -  2AT  .  At  cml  TAt 
Tl«_AT*    AT       ^    AT    A< 

OC^""OC^+OC"~    •  OC  •  OC  ^^  ^^ 

=tan.*  c+tan.*  &— 2  tan.  c  tan.  &  cos.  A.  •  -  (3) 

Equating  (1)  and  (2) 

tan.*  c+tan.*  b  —  2  tan.  c  tan.  6  cos.  A 

=«ec.*  c+sec.*6  —  2  sec  e  sec  6  cos.  a 

=  l+tan.*  c+l+tan.*  6  —  2  sec  c  see.  Jcoifl 

.'.  —  2  tan.  c  tan.  6  cos.  A=2  —  2  sec  c  sec  6  cos.  a 

_       sin.  c    sin.  6  ^^.   a  —  i         ^  1 

or,  — . COS.  A  =  1  — . _  COS.  a 

I  COS.  c    COS.  6  COS.  c    COS.  b 

^^-   A— COS.  a — COS.  &  COS. O 

COS.  A= : — : 

Sin.  a  sin.  c 


Similariy  we  shall  have, 

cos»B= 


COS.  C= 


COS.  b  —  COS.  a  COS.  c 
sin.  a  sin.  c 

COS.  c — COS.  a  COS.  6 
sin.  a  sin.  b 


A«) 


2.  To  express  the  cosine  of  a  side  of  a  spherical  triangk  ^ 
terms  of  the  sines  and  cosines  of  the  angles. 

Let  A,  B,  C,  a,  6,  c,  be  the  angles  and  sides  of  a  sphericv 
triangle ;  A',  B',  C,  a',  6',  c',  the  corresponding  qualities  in  tte 
Polar  triangle. 

Then  by  (a), 
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Its 


coa.  A'= 


COS.  tf'— COS.  V  COS.  d 


sin.  V  sin.  d. 

But  (Spherical  Geometry.  Prop.  X.),  A'=(180*— a'). 
=(180*  — A),  6'=(180**— B),c'=(180*-C), 

n80<»-  x_cos.(180^^A)-cos.(180^— B)cos.(180^ 
•^  ^'  sin.  (180^  —  B)  sin.  (180** --C) 


tX)S 


-C) 


»  . 


Similarly, 


cos.  a= 


COS.&- 


cos.  A+cos.  B  COS.  C^ 
sin.  B  sin.  C 

COS.  B+cos.  A  COS.  C 


COS.  c= 


sin.  A  sin.  C 

COS.  C+cos.  A  COS.  B 
sin.  A  sin.  B 


ViP-) 


I  To  express  the  sine  of  an  angle  of  a  spherical  triangle^  in  ^ 
terms  of  the  sines  of  the  sides  of  the  triangle. 

By  (o)  we  haTe. 

COS.  a— -COS.  bj  COS.  c 
COS.  A  =  — 


.1+cos.  A  = 


sin.  b  sin.  c 
cos,  fl— COS.  b  COS.  c+sin.  b  sin,  c 

sin.  b  sin..c 
COS.  a — (cos,  b  COS.  c — sin,  h  sin,  c) 

sin.  b  sin.  c 
COS.  g— COS.  (b+c) 

sin.  b  sin.  c 
^   .    a+b+c .    b+C'-a 
2  sin.— ^— 8in. — g— (Plane  Trig.  Ch.  II.) 


sin.  6  sin.  c 


Let  s  = 


a+h+c 


h+ 


s — 6= 


2 

a+c — h 

* 

2 

a+h-^c 


^2  sm.  s  SID.  («--iz) 

I  +  COS.  A= : — r— s 

sm.  b  sm.  c 


(1.) 


12* 
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Again,  resuming  the  expression  for  cos.  A, 

-      cos.  ^cos.  c+sin.  6  sin.  ^-^os. 
1— cos.  A  = — — 


sin.  b  sin.  c 
COS.  (6— c)— cos.  a 

sin.  b  sin.  c 

_   .    a+b — c  .    a+c-^ 
2  sin. — r — sin. — 


sin.  b  sin.  c 
2  iin,(f — c)ain.(j»— 6) 


sin.  b  sin.  c 
Multiplying  equations  (1)  and  (2) 


.    .    -    .    (2.) 


,  ,  .     4  sin.  5  sin.(« — a)sin.(< — 6)  8in.(^*c) 

1— "COS.  A=  ■  ■  1  ,  ■  ■  . ■    . 

sin.*  ^  Sin.*  c. 


.*.  sin.  A=-r 


Vsin.  <  sin.  (« — a)  sin.(«-fr)siii.(5-c)' 


sin.fr  sin.c 
Similarly, 

.  B_-  _* %/sin.  ^  sin.  (i— a)sin.(f-fr)iin.(9-«) 

sin.a  sin.c 


sm. 


>fr. 


i^  C=  .^— ?-^  T/sin.  *  sin  (t— fl)sin.{*.fr)»in.(r-c) 
Bin.a  sm.fr 


Now,  by  equation  (1)  we  have, 

2  sin.  8  sin.(« — a) 
1+cos.  A  =  — ^^ ^ 


or 


sin.  fr  sin.  c 


^A     2  sin,  s  sin.  (^ — a) 
^^5"  "2  ~       sin.  fr  sin.c 


A  .    /sin.  5  sin.  (t — a)'' 

.'.  COS.  — \/  — : — ,    . 

2  ^       sm.  fr  sin.  c 


Similarly, 


B       /sin.  5  sin.  (* — fr) 


B      /sin. . 

COS.—  V/  : 

•/      ▼  ai 


sm.  a  sm.  c 


Xy-2) 


C      /sin.  5  sin.  (« — c) 


sin.  a  sin.  fr 


Next,  by  equation  (2), 

_2  sin.  («— ^)sin.  (« — c) 

1-— COS.  A : — .■  . 


sin.fr  sin.  c 
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■W 


.    A 
.*.  sin.— 

4W 


irly. 


2  msk.(9»^^)m^s — c) 

^  /sin.  (5— 6)8in.  (*— ^)  I 
^  sin.  b  sin.  c 


.   B 

sin.-^ 


=v^ 


«in.  (5 — a)sin.(« — c) 


sin.  a  sin.  c 


>(r.  s) 


2""  ▼  sin.  a  sin.  6        ^ 

y,  dlTiding  the  expressions  (y.  3  by  those  y.  2),  we  obtain, 

2       ▼        sin. «  sin.(# — a) 


lan.|  =y/^:^)^^  U  4) 
2       ^       sm.  <  sm.(»— ^}        ^' 


{s-b) 


t      ^       8in.«sin.(5 — c)    ^ 


To  express  the  sine  of  a  side  of  a  spherical  triangle  in 
of  the  sines  and  cosines  of  the  angks. 

(fi)  we  haye, 

COS.  A+cos,Bcos.  C 
^^^= sin.  B  sin.  C 


.'.  l+cos.  a= 


COS.  A+cos.  B  COS.  C+sin.  B  sin.  C 


sin.  B  sin.  C 
Co8>  A+oos.  (B— C) 

""    sin.  B  sin.  C 

A+B-C      A+C-B 

2C0S. 7Z COS. — 


2       (PlaneTrig.Ch.II.) 


nn*  B  sin.  C 
A+B+C        ,     .     B+C— A    ,    ^    A+C— B 


-C= 


A+B— C 


*     ii 
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Hence» 

2C08.  (J^— C)C08.(J^— B)  ,. 

1+cos.  a= ^-5 — 5~ — ^ ' (1.) 

sin.  B  81A.  G  ^  ^ 

Resuming  expression  for  cos.  a; 

COS.  B  COS.  C  —  sin.  B  sin.  C+cos.  A 


1 — COS.  a  =  — 


sin.  B  sin  C 
COS.  (B+C)+cos.  A 
sin.  B  sin.  C 
A+B+C        B+C  — A 

2  COS. COB. :: 


sin.  B  sin.  C 
_      2  COS.  s'  COS.  {s' —  A) 

'"'  sin.  B  sin.  C 


(2-) 


Multiplying  Equations  (1.)  and  (2.). 
.            ,    _      4  COS.  s'  COS.  (<* — ^A)  cog.  (5' — ^B)  COS.  (s' — C) 
I  — COS.  a sin.'  B  sin.'  C 

2 

. .     Sin.  o  — "         t^    •     /^ 

sin.  B  sin.  C 

X  y/ COS.  S'  COS.  («' A)  COS.  {s* B)  COS.  (5' — C)^ 

Similarly, 

2 


sin.  6  =  -r 


sin.  A  sin.  C . 

X  %/-  COS.  *'  COS.  (5'— A)  COS.  («'— B)  cos.  («'— C)  {^     '^ 

sm.  c  —  A  -•—  n 

sin.  A  sin.  15 

X  >/ — COS.  *'  cos.  (s' — A)  COS.  («'— B)  cos.  (s' — C)^ 

By  Equation  (1)  we  have, 

2  COS.  (i^—  B)  cos.  (/— C) 

^+^^^  ^  = sin.  B.  sin.  C 

a       2  COS.  (s' —  B)  COS.  {s^ —  C) 
.-.  2  COS.*  J  =  sin.  B  sin.  C 


a_  _     /cos.  {s'—B)  COS.  (g^— T)^ 
'•    2  "^  ^  sin.  B  sin.  C  | 

COS.  —  =\/    — -. .      .       ^ 

2       ^  sm.  A  sm.  C 

c      ^  /cos,  (f^—  A)  COS.  js' —  B) 

COS.    r-  =  V/  — : 7 — : n 

2       ^  sm.  A  sm.  B 


a  /COS.  (r — Jp;  cos,  ^g^ — u;  i 

.-.    COS.    2  -V  sin.  B  sin.  C  I 

Similarly, 1 

h      ^  /cos.  (*'— A)  COS.  (s'—C)  y  {6.  2.) 

COS.   ~r    =XX      i : : —   ■  ^  ' 
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By  eqnation  (2.) 

suk  B  Sin.  C 
2  cos>  $*  COS.  {$' — A) 
sin.  ft  sin.  C 


m 


.-.  2  sin.*  ~  —  — 


(6.  8.) 


.-.  sin.-|=  4y— co»-^co8.  (5^— A)  ^ 
*  ^      sin.  B  sin.  C 

«n.  I  =  y/Ei^^  coM>' -  B)     ^ 
-*         ^  Sin.  A  sin.  C  ■ 

sin.  4  =  ^-cos.5-cos.(y-C) 
-^        ^  sin.  A  sin.  B 

mjljf  dividing  the  expressions  (^.  S.),  by  the  expressions  (J.  2.) 

tan.-^=  ^—  COS.  t^  cos;  ($'—  A) 
2        ^  COS.  (f'— B)cos.  (s'— C) 


2        ^   COS.  (i'— A)  COS.  («'— C) 
tan.-=  ^-cos.i^cos.(i^-C) 

2         ^    CM.  ri'—A^  ens.  r*'— 1 


>    (i.4.) 


cos.  (t' — A)  COS.  (t' — B)^ 


It  is  to  be  remarked  that  although  the  expressions  (i.  1.) 
S.X  (i'  4.),  appear  under  an  impossible  form,  they  are  in  re- 
y  always  possible. 

ror  by  Frop.  XVIII.  of  Spherical  Geometry,  the  sum  of  the 
^les  of  a  spherical  triangle,  is  always  greater  than  two 
bt  angles,  and  less  than  six  right  angles. 


.-.  A+B+C 

A+B+C 


>  180*  and  <  540^ 


or  •  >     90*  and  <  270** 

nee,  cosine  «^  is  always  negative,  and  .*•  —  cos.  m'  is  always 
itive. 


_  un,  if  a',  h^f  e\  be  the  three  sides  of  the  polar  triangle, 
oe  the  sum  of  any  two  sides  of  a  spherical  triangle  is 
»ter  than  the  third  side : 


V  +  c'>a' 
180"*  — B+ISO"— C  >  180» 
B+ C    — A<180'' 
B+  C    —A  ^    ,^ 

a <  w 


—A 


4 
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.-.  COS.  (s' —  A)  is  always  positive,  and  in  like  manner,  cos. 
(«'  —  B),  COS.  (s'  —  C),  are  always  positive  ;  hence  the  above 
expressions  are  in  every  case  possible. 

5.  The  sines  of  the  angles  of  a  spherical  triangle  art  to  each 
other  as  sines  of  the  two  sides  opposite  to  them. 

Taking  the  expressions  (7.  1.)  and  calling  the  common  ra- 
dical quantity  N  for  the  sake  of  brevity : 

.      .  2N 

sin*  A  = 


sin.  B  = 


sin.  b  sin.  c 

2N 


sm.  a  sin.  c 
Dividing  the  first  of  these  by  the  second : 

sin.  A        sin.  a  sin.  c 


Similarly, 


sin.  B 

sin.  b  sin. 

c 

sin.  A 

sm*  a  sm. 

b 

sin.  C 

isin.  c  sin. 

b 

sin.  B 

= 

sin.  b  sin. 

a 

sin.  C 

sm.  c  sm. 

a 

sm.  a 
sin.  b 


sm.  a 
sin.  c 

sin,  b 
sin.  c 


MO 


6.  To  expi^ess  the  tangent  of  the  sum  and  difference  of  ftr" 
angles  of  a  spherical  triangle^  in  terms  of  the  sides  oppdH^^ 
these  angks,  and  the  third  angk  of  the  triangle. 

By  (a)  we  have, 

cos.  a  —  cos.  b  cos.  c  n\ 


COS.  A  = 
And, 
COS.  C  = 


sin.  b  sin.  c 
COS.  c  —  COS.  a  COS.  b 


sin.  a  sin.  b 
.*.   COS.  c  =  COS.  a  COS.  b  +  sin.  a  sin.  b  cos.  C     .    -    •  (^ 

Substituting  this  value  of  cos.  c  in  Equation  (1.) : 

COS.  a  —  COS.  a  cos.*  b — cos.  b  sin.  a  sin.  h  cos.^ 
COS.  A  = 


sm.  0  sm.  c 
COS.  a  (1  —  COS.*  b)  —  COS.  6  sin.  a  sin,  ft  c^ 

sin.  b  sin.  c 
COS.  a  sin.  b  —  cos.  b  sin.  a  cos.  G 


-    .   (8J 


sm.  0 
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ike  mannert  substituting  the  value  of  cos.  c  in  Equation  (2), 
!ie  expression  for  cos.  B,  we  shall  find, 

^       COS.  h  VOL  a  —  cos.  a  sin.  h  cos.  C 

sm.  c  y*'' 

dding  equations  (3)  and  (4)  : 

>s.  A  +  COS.  Bj 

in.  a  COS.  ft+sin.  h  cos.,a— ^sin.  a  cos.  ft+sin.  h  cos.  a)  cos.  C 

sin.  c 

__  sin,  {a+h)  —  sin,  {a+h)  cos.  C 

*^  sin.  e 

sin,  {a+h)  (1  —  cos.  C) 

Sin.  c 


(5.) 


Lgain,  by  Equation  (a)  we  hare, 
sin.  A  ^  sin,  a 

sin.  B  *~  sin.  ^ 

sin.  A+sin.  B    _  sin.  a+sin.  6 
sin.  B  '"        sin.  6 

.  sin.  A=bsin.  B    =  (sin.  a  ±  sin.  h)   .  '  _ 

^  '  sm.  h 

ski.  C 
=  (sin.  a  ±  sin.  i)  -r- —      ...    (6.) 
^  ^  SUL  c  ^    ' 

)ividing  Equation  (6)  by  Equation  (5)»  and  taking  first  the 
litive  sign : 

lin.  A+sin.  B  ^  m.  a+sin.  h        sin.  C 

Kw.  A+cos.  B  ~     sin.  (a+6)      1  —  cos.  C 

.  .   A+B         A— B        ^   .     a+h        a  —  h 

l  sin. — —  cos.  — ^ —        2  sm.  cos.  — —  p 

A+B         A=B  "^        .     a+fr         r+X^^^-  "2 
COS.  — g—  cos.  — ^ —        2  sm.     ^    cos.  —g — 

a  — 6 
A+B         cos-  -y-        ^  C 

COS.  — r — 


Lgain,  dividing  Equation  (6)  by  Equation  (5)  and  taking 
negative  sign. 

sin.  A — sin.  B  sin,  a  —  sin,  b        sin.  C 

COS.  A+cos.  B     ""        sin.  (a+h)       1  —  cos.  C 
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„   .     A— B         A+B 
2  sm.  — 5 —  co».  — 2 — 

5^=1         A+B 

S  COS. r —  COS.  —t: — 


A  — B 

•,    tan. 


.     a— 6         a+6 
2  sua.  — 2-  cof.  -g- 

r~r     a  +b         a+h 
2  «in.  —^  COS.  -^ 


«n.( 


sm. 


COS. 


a—b 

~2"  C 

—1-  cot  — 
a  +  6  2 


We  have  thus  obtained  the  required  expression,  viz. 


tan. 


A+B 


a  —  b 

COS.— g-  c 

—  cot  - 

a  +  h  2 


COS. 


tan. 


A—B 


2 

a—b 

— 2^  C 

XT    ^^^  2" 


sin. 


sm. 


Similarly, 


tan. 


B+C 


COS. 


2 

5  — c 


tan. 


COS. 

sin. 


tan. 


A+C 


sm. 


COS. 


_1—    cot  ^ 
6  +  c  2 

2 

5  — c 

-o-  A 

— 1—    cot  — 

6+  e  2 

2 

a  —  c 


^(s:) 


2 


tan. 


A-<; 


COS. 


sm. 


sm. 


B 

.  cot  -^ 

a  +  c  2 

2 
a  —  c 

~2^  B 

.  cot  — 

a  +  e  2 
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.  To  express  the  tangent  of  the  sum  and  difference  of  two 
sofa  spherical  triangle^  in  terms  of  the  angles  opposite  to 
I  and  the  third  side  of  the  triangle. 

let  A,  B,  C,  a,  h^  c,  be  the  sides  and  angles  of  a  spherical 
Qgle,  A',  B',  C,  a' 9  V9  C,  the  corresponding  parts  oX  the  po- 
triangle  then  by  expression  (^, 

tan.  -^^—^rjijr  ^"^^ 

cos.-^ 

therefore, 

(18Q°— A)— (18(y— B) 

ISO'-a+lSO'-ft    "*'•  8  ,  (I80»-c) 

2  (180»-A)+(180»-B)  a 

COS.  ^ 

/     A— B\ 
, ,     COS.! — I 

CO8.II0O g— I 

A  — B 
«+^-!!!LllItan  -^ 
COS.-2- 
.     a'  —  V 

A  — P f COL-^ 

2      ~      .    a'+6'  2 

sm.  — ;: — 


tan. 


Therefore,  „ 

.    (180°— A)— <180°— B) 

(180»-a)-(180»-ft)"'°-  8  .»t  <^^°-^> 

"■  2  ^.    (180''-A)+(180''-B)      '        « 

sm. J 

.    A— B 

.    sin.  — 5 —  /. 

sm. — 7i — 


13 
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We  shall  thus  obtain  another  group  of  foHnuIs  analog 
to  the  last 


A  — B 


tan. 


a+b 


COS. 


tan. 


a — b 


A  +  B 

cos.-^ 

.    A-B 

sin.- 


tan.  2 


.     A  +  B 
B— C 


^      tan.-:r 
2 


J 


tan. 


b+c 


cos. 


tan.-2 


COS. 


B  +  c 


tan. 


b-c 


.    B  — C 

sin.- 


.    B+C 
•in.  — ;; — 


tan.^ 


tan. 


a+c 


A— C 
COS.  — 5~.        J 

Z tan.- 

A  +  C         2 


COS. 


tan. 


a- 


2 

A  — C 

^  tan.| 

.     A+C  2 

sin.  — r — 


sm. 


MD 


8.  To  express  the  cotangent  of  an  angle  of  a  spherical  U 
gle^  in  terms  of  the  sick  opposie  one  of  the  other  sides  am 
angle  contained  between  these  two  sides. 


By  (a) 

COS.  A= 
and, 
cos.C= 


COS.  a  —  COS.  b  COS.  c 
sin.  b  sin.  c 

COS.  c  —  COS.  a  COS.  b 

• 

sin.  a  sin.  b 
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Hence, 

COS.  c=cos.  5+ sin.  a  sin.  h  cos.  C. 

Substituting  this  value  of  cos.  c  in  equation  (1),  it  becomes 
.      cos.  a — cos.  a  cos.*  b — sin.  a  sin.  h  cos.  b  cos.  C 

COS.  A  = : r— ; 

sm.  0  sin.  c 
__cos.  a  (1 — cos."  b) — sin.  a  sin.  b  cos.  b  cos.  C 
^  sin.  b  sin.  c 

COS.  a  (1 — COS.*  b) —  sin.  a  sin.  b  cos.  6  cos.  C 

.*.  COS.  A^  *""  1     . 

Sin.  b  sin.  c 
.*.  cos.  A  sin.  c=cos.  a  sin.  b  —  sin.  a  cos.  b  cos.  C 
But, 

sin.  C    ,         i_     /  X 

^^'  ^"^  smTA  ^^^'  ^'    '^  ^^' 

.'.    COS.  A  -T — -r  sm.  a=cos.  a  sm.  b — sm.  a  cos.  b  cos  C 
sin.  A 

cot.  A=cot.  a  sin.  b  cosec.  C— cos.  J  cot.  C. 

In  which  the  cotangent  of  A  is  expressed  in  the  required 

manner. 

If  in  Equation  (1),  instead  of  substituting  for  cos.  c,  we  had 
substituted  for  cos.  6,  the  value  derived  from  tlie  Equation. 

_,      COS.  b  —  cos.  a  cos.  c 

COS.  B= : : » 

sm.  a  sm.  c 
we  should  have  found  a  value  for  cot.  A  in  terms  of  a,  c,  B,  or 
cot.  A=cot.  a  sin.  c  cosec.  B  —  cos.  c  cot.  B. 

Proceeding  in  like  manner  for  the  other  angles,  we  shall  ob- 
tain similar  results,  and  presenting  them  at  one  view,  we  have 

cot.  A=cot.  a  sin.  b  cosec.  C  —  cos.  b  cot.  C 
=cot.  a  sin.  c  cosec.  B  —  cos.  c  cot.  B 

cot.  B=cot.  b  sin.  a  cosec.  C  —  cos.  a  cot.  C 
=cot.  b  sin.  c  cosec.  A  —  cos.  c  cot.  A 

cot  C=cot.  c  sin.  a  cosec.  B  —  cos.  a  cot.  B 
=cot.  c  sin.  b  cosec  A  —  cos.  b  cot  A 

9.  To  express  the  cotangent  of  a  side  of  a  spherical  triangle^ 
in  terms  of  the  opposite  angle^  one  of  the  other  angles^  and  the 
side  interjacent  to  those  two  angles. 


Let  A,  B,  C,  a,  5,  c,  be  the  angles  and  sides  of  a  spherical  triangle, 
and  A',  B',  C,  a',  y,  c*,  the  corresponding  parts  in  the  polar 
triangle. 
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Then  by  (>i) 

cot.  A'=cot.  a'  sin.  V  coaec  C  —  cos.  V  cot  C' 
.-.  cot.  (180°— a)=cot(180**— A)  sin.  (180^— B)cosec.(180°-<) 

—  cos,  (18(y'~B)  cot  (i80*»— c) 
—cot  a=  —  cot  A  sin.  B  cosec.  c — cos.  B  cot  c 
.*.  cot  a=cot  A  sin.  B  cosec.  c+cos.  B  cot  c. 

Applying  the  same  process  to  each  of  the  eiqpressions  in  («]), 
we  shall  obtain  analogous  results,  and  thus  have  a  new  set 
of  formulas : 


cot  a=cot.  A  sin.  B  cosec.  c+cos.  B  cot  c 
=cot  A  sin.  C  cosec.  ft+cos,  C  cot  6 

cot.  6= cot  B  sin.  A  cosec.  c+cos.  A  cot  c 
=cot  B  sin.  C  cosec.  a+cos.  C  cot  a 

cot  c=cot  C  sin.  A  cosec.  J+cos.  A  cot  h 
=cot  C  sin.  B  cosec.  a+cos.  B  cot  a 


w 


M*) 


iJ 


By^aid  of  the  nine  groups  of  formuI«e  marked,  (a),  (^,  (7)1 
(^»  (8).  (Of  (?')>  (*»)>  (^)>  we  shall  be  enabled  to  solve  ail  the  cases 
of  spherical  triangles,  whether  right-angled,  or  oblique-angled; 
and  we  shall  proceed  in  the  next  chapter  to  apply  them. 

CHAPTER  II. 

ON  THE  SOLUTION  OF  RIGHT-ANGLED  SPHERICAL  TRIANGLES. 

Spherical  triangles,  that  have  one  right  angle  only,  are  the 
subject  of  the  investigation  of  this  chapter ;  those  that  have 
two  or  three  right  angles  are  excluded. 

A  spherical  triangle  consists  of  6  parts,  the  8  sides  and  3 

angles,  and  any  3  of  these  being  given»  the  rest  may  be  found. 

In  the  present  case,  one  of  the  angles  is  by  suppositioa  a  right 

angle ;  if  any  other  two  parts  be  given,  the  other  three  may 

be  determined.    Now  the  combination  of  5  quantities  taken, 

5.  4.  3 
3  and  3=  '    *     =10;  therefore  ten  difierent  cases  present 

themselves  in  the  solution  of  right-angled  triangles. 

The  manner  in  which  each  case  may  be  solved  individual- 
ly, by  applying  the  formulae  already  deduced,  will  be  pointed 
out  at  the  conclusion  of  this  chapter ;  but  we  shall  in  the  first 
place  explain  two  rules,  by  aid  of  which  the  computist  is  en- 
abled  to  solve  every  case  of  right-angled  triangles.  These  are 
known  by  the  name  of  Napier^ s  Rules  for  Circular  Paris; 
and  it  has  been  well  observed  by  the  late  Professor  Wood- 
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10(186,  that,  in  the  whole  compass  of  mathematical  science, 
here  cannot  be  found  rules  which  more  completely  attain  that 
rhich  is  the  proper  object  of  all  rules,  namely,  facility  and 
^▼ity  of  computation. 

The  rsles  and  their  descriptions  are  as  follow : 

Description  of  the  Circular  parts. 

The  right  ande  is  thrown  altogether  out  of  consideration, 
'he  two  sides,  ue  complements  of  the  two  angles,  and  the 
>mpleraent  of  the  hypothenuse,  are  called  the  circular  parts. 
nd  one  of  these  circular  parts  may  be  called  a  middle  part 
f),  and  then  the  two  circular  parts  immediately  adjacent  to 
te  right  and  left  of  M  are  called  adjacent  parts ;  the  other 
ro  remaining  circular  parts,  each  separated  from  M  the 
liddle  part  by  an  adjacent  part,  are  called  cppesite  parts^  or 
^posile  extremes. 

This  being  premised,  we  now  give 

Napier^s  Rules. 

1.  The  product  of  sin.  M  and  tabular  radius=^product  of  the 
agents  of  the  adjacent  parts. 

2.  The  product  of  sin.  M  and  tabular  radius=product  of  the 
isines  of  the  opposite  parts. 

These  rules  will  be  clearly  understood  if  we  show  the  man- 
^  in  which  they  are  applied  in  various  cases. 
Let  A,  B,  C,  be  a  spherical  triangle,  right  angle  at  C. 
Let  a  be  assumed  as  the  middle  part 
Then  (90^ —  B)  and  b  are  the  adjacent  parts. 
And  (00^ —  c)  and  (90^ — ^A)  are  the  opposite  parts. 
Then  by  rule  (1) 

Rxsin.  a=tan.  (90''  —  B)  tan.  b 

=cotBtan.  6 (1) 

By  Rule  (2) 

R.  sm.  a=cos.  (90^ — A)  cos.  (90*  —  c) 

=sin.  A  sin.  c,     .---.-.-    (2) 

S.  Let  6  be  the  middle  part, 
Then  (90**— A)  and  a  are  adjacent  parts, 
Then  (90**— c)and  (90**  —  B)  are  opposite  parts. 

Then  bv  Rule  I, 
.*.    K.  sin.  &=tan.  (90"*— A)  tan.  a 

=cot  A  tan.  a (8) 

12* 
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And  Rule  11, 

and  R.  sin.  6= cos.  (90*^  —  B)  cos.  (90**  —  c) 

=sin.  B  sin.  c      --.----.( 

3.  Let  (90°  —  c)  be  the  middle  part. 

Then  (90°  — A),  and  (90**  — B)  are  adjacent  parU, 
And  b  and  a  are  opposite  parts. 
Then, 
R  sin.  (90°  — c)=tan.  (90°— A)  tan.  (90^  — B) 

R,  COS.  ci=cot.  A  cot.  B • 

And, 

R.  sin.  (90° — c)=cos.  a  cos,  h. 

R.  cos.  c=^cos.  a  cos.  ft-    ------- 

4.  Let  (90°  —  A)  be  the  middle  part. 
Then  (90°  —  c)  and  b  are  adjacent  parts, 
And  (90°  —  B)  and  a  are  opposite  parts. 

Then  Rule  L 

R.  sin.  (90°— A)=tan.  (90°  — c)  tan.  b. 

R.  COS.  A = cot.  c  tan.  ft 

And  Rule  IL 

R.  sin.  (90°— A) = COS.  (90°— B)  cos.  a, 

R.  cos.  A=sin.  B  cos.  a i 


. . 


5.  Let  (90°—  B)  be  the  middle  part 

Then  (90° —  c)  and  a  are  the  adjacent  parts. 
And  (90° —  A)  and  ft  are  the  opposite  parts. 
Then  Rule  L 

cos.  B=tan.  (90° — c)  tan.  a, 

=tan.  a  cot  c      --------    i 

cos.  B=cos.  (90° — A)  COS.  6, 

=sin.  A  COS.  b ( 

Collecting  the  above  results,  and  making  R=  1,  we  shall  hi 
sin.  a=cot.  B  tan.  b ----- 

sin.  a=sin.  A  sin.  c -...- 

sin.  ft=cot  A  tan.  a----- 

sin.  ft=sin.  B  sin.  c 

COS.  c=cot.  A  cot.  B      --.--.... 

COS.  c=cos.  a  COS.  ft ----- 

COS.  A = tan.  ft  cot  c       

COS.  A=sin.  B  cos.  a 

cos.  B=tan.  a  cot  c < 

COS.  B=sin.  A  cos.  ft (1 
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now  remains  for  us  to  show  that  these  conclusions  are 
irate,  and  in  accordance  with  the  formulae  already  deduced. 

ow  by  (a), 

COS.  c  —  COS.  a  cos.  h 

cos.  0=^ : : 7 

sm.  a  sm.  o 

But  when  G=»0^  then  cos.  C=0. 

__  COS.  c  —  COS.  a  COS.  h 

sm.  a  sm.  o 
IDS.  c=cos.  a  COS.  &,  which  is  formula  (6)  in  the  above  table. 

.gain  by  (s) 

sin.  a    sin.  A 

sin.  c""sin.  C 

But  when  C=90**  sin.  C=l 
sin.  a=sin.  A  sin.  c,  which  is  formula  (2)  above, 
imilarly, 

sin.  h      sin.  B 

sin.  c  ""  sin.  C 

sin.  h  =  sin.  B  sin.  c,  which  is  formula  (4). 

Text  since  by  (a) 

COS.  a — COS.  6  COS.  c    ,.,.,,/.  .,       ,     .    .^. 

A= -. — r— ^ >  substitute  for  cos.  c  its  value  m  (6). 

sm.  0  sm.  c  ^  ' 

cos.  a— COS.  a  cos.  '6 

~         sin.  h  sin.  c 

COS.  a  sin.  & 


"» 


sm.  c 
COS.  a  sin.  6 
=       sin.  a 


substitute  for  sin.  c,  its  value  as  found  in  (2.) 


sin.  A 
0.5= cot.  A  tan.  a,  which  is  formula  (3.) 

un, 

cos.  a — cos.  h  cos.  c     ,  ^.    ^  ^  .        i     •   /« \ 

.  A= : — r- ^ substitute  for  cos.  a,  its  value  m  (6.) 

sin.  o  sin.  c 

cos.  c  , 

r —  COS.  0  COS.  c 

=cos.  6 


sin.  h  sin.  c 
__cos.  c  sin.  h 
"  sin.  c  COS.  b 
=tan.  6  cot  c,  which  is  formula  (7.) 
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Again  by  (a.)   cos.  B 

COS.  6-^-008.  a  COS.  c 

= ,.     ^   .^ substitute  for  cos.  c  its  vakie  from  (6) 

sin.  a  sm.  c  ^  ' 

COS.  h  —  COS.  b  COS.*  m 

~~  sin.  a  sin.  c 

COS.  h  sin.  a 

-  substitute  for  sin.  c,  its  value  from  (4.) 


sm.  c 
COS.  b  sin.  a 
=      sin.  6 


sin.  B 
Sin.  a=cot  B  tan.  ft,  \irhich  is  formula  (L) 

Again,  cos.  B 

cos.  b  —  COS.  a  cos.  c 
= cm  />  «;»  ^ '  substitute  for  cos.  J,  its  value  in  (6.) 

COS.  C 

COS.  a  COS.  c 

COS.  a 


sin.  a  suL  c 
COS.  c  sin.  a 


sin.  c  COS.  a 
=tan.  a  cot  c,  which  is  formula  (9.) 

Next  by  (/3.) 

cos.  A+cos.  B  COS.  C 

COS.  a= : 5 — : y^ 

Sin.  B  sm.  C 
But  C=90'' .-.  COS.  C=0,  and  sin.  C=l. 
COS.  A 

.'.  COS.  a=-: — 13 

sm.  B 
.*.  COS.  A=sin.  B  cos.  a,  which  is  formula  (8.) 

Again, 

,    COS.  B+cos.  A  cos.  C      ,     .      ^    ^^ 

COS.  ft= : — T — ; — js and  when  C=lMr. 

sm.  A  sin.  C 

__C08.  B 

""sin.  A 
.*.  COS.  B=sin.  A  cos.  ft,  which  is  formula  (10.) 

Lastly, 

COS.  C+cos.  A  COS.  B      .  .     - , 

COS.  c= : — T — : — 5 and  m  this  case, 

SUL  A.  sm.  B 
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_coi.  A  cot>  B 

"sin.  A  sin.  B 

=cot  A  cot  B,  which  is  formula  (5.) 

We  have  thus  proved  the  truth  of  the  results  derived  from 
the  application  of  Napier's  rules,  and  may  therefore  appl v  these 
roles  without  scruple  to  the  solution  of  various  cases  of  right- 
angled  triangles. 

Let  us  then  take  each  combination  of  the  two  data,  and  de- 
teraiine  in  each  case  the  other  three  quantities,  adapting  our 
formulae  to  computation  by  tables. 

1.  Given  A,  B,  required  a,  6,  c 

R  COS.  A=sin.  B  cos,  a  •*.  cos.  a=R  .   '  p     -     -    t[l) 

sm.  D 

R  COS.  B=sin.  A  cos.  ft  .*.  cos.  ft=R    .  *  .      .     -    (2) 

sm.  A  ^  ' 

R  COS.  c  =cot.  A  cot  B (3) 

2.  Given  a,  ft»  required  A,  B,  c, 

R  sin.  a  =cot  B  tan.  ft  .*•  cot  B=R  sin.  a  cot  ft  -  (4) 
R  sin.  ft  =cot  A  tan.  a  .*.  cot  A=R  sin.  ft  cot  a  -  (5) 
R  COS.  c  =:cos«  a  cos.  &•-•.....    .(6) 

3.  Given  a,  £,  required  A,  B,  ft 

R  sin.  a  =sin.  A  sin.  c  .*.  sin.  A=R  .        '    '    '    H) 

cos  c 

R  cos.  c  =cos.  a  cos.  ft  .\  cos.  ft=R  — ^  -    •    -    (S) 

COS.  a  ^  ' 

R  COS.  B=tan.  a  cot  c     -•-----•-(9) 

4.  Given  ft,  r,  required  A,  B,  a. 

•     » 

R  sin.  ft  ==sin.  B  sin.  c  ••.   sin.  B=R  -r-^ —   -    -    (10) 

sm.  c  ^    ' 

-.  COS.  c 

R  COS.  c  =  COS.  a  COS.  ft  .'.  cos.  a  =  R 7     -    -    (11) 

cps.  ft  ^    ' 

Rcos.  A=tan.ftcot  e     ---.-.--.    (12) 

^*  Given  A,  c,  required  B,  a,  ft. 

R  COS.  A=tan.  ft  cot  c  .*.  tan.  ft=R  cos.  a  tan.  c    -  (13) 

R  COS.  c  =cot  A  cot  B  .*.  cot  B=R  tan.  A  cos.  c   -  {14} 

R  sin.  a  =sin.  A  sin.  c (15) 

^.  Given  B,  c,  required  A,  a,  ft. 

R  COS.  B=cot  c  tan.  a  .*•  tan.  a=R  cos.  B  tan.  c  -  (16) 
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R  COS.  c  =cot  A  cot.  B  .*.  cot  A=R  tan.  B  cos.  c  -  (17) 
R  sin.  b  =sin.  B  sin.  c      ----*----  (18) 

7.  Given  A,  b,  required  B,  c,  a. 

R  COS.  A=cot  c  tan.  b  .•.  cot  r=R  cos.  A  cot  b  -  (19) 
R  sin.  b  =cot  A  tan.  a  .*.  tan.  a=R  tan.  A  sin.  b  -  (20) 
R  cos.  B=sin.  A  cos.  b (21) 

8.  Given  B,  a,  required  A,  c,  b. 

R  cos.  B=cot  c  tan.  a  .\  cot  c=R  cos.  B  cot  a  -  (22) 
R  sin.  a  =cot  B  tan.  b  •*.  tan.  ^=R  tan.  B  sin.  a  -  (23) 
R  COS.  A = sin.  B  cos.  a      .--. (24) 

9.  Given  A,  a,  required  B,  6,  c. 

f*os    A 

R  COS.  A=sin.  B  cos.  a  /.  sin.  B=R  — - —    -    -     (25) 

COS.  a  ^    ^ 

« 

R  sin.  a  =sin.  A  sin.  c  .*.  sin.  c  =R    .  *  ,   ...  (26) 

sin.  A 

R  sin.  6  =  cot  A  tan.  a (27) 

10.  Given  B,  i,  required  A,  a,  c. 

cos.  B 
R  cos.  B=sin.  Acos.  i  ••.  sin.  A=R  — ^-     -     -  (28) 

cos.  b 

R  sin.  b  =sin.  B  sin.  c  .*.  sin.  c  ==R   .  'p  -    -    -  (29) 

sin.  B  ^    ' 

R  sin.  a  =  cot  B  tan.  J     - -  (30) 

CHAPTER  III. 

ON  THE  SOLUTION  OF  OBLiaUE-ANGLBD  SPHERICAL  TRIANGLEa. 

The  diiTerent  cases  which  present  themselves  are  contained 
in  the  following  enumerations. 

1.  When  two  sides  and  the  included  angle  are  given. 

2.  When  two  andes  and  the  side  between  them  are  given. 

3.  When  two  sides  and  the  angle  opposite  to  one  oi  them 
are  given. 

4.  When  two  angles  and  the  side  opposite  to  one  of  them 
are  given. 

6.  When  three  sides  are  given. 
6.  When  three  angles  are  given. ' 
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I.  When  two  sides  and  the  included  angle  are  given. 
The  remaining  angles  may  be  determined  from  the  for- 
mula {<f.) 

Thus,  let  a,  6,  G,  be  given,  A,  B,  c,  required. 

a—b 

,      A+B      ^"^IJ-     .    C 

cos.-^ 

.     a—b 

A-B-      '"•  ~2~     .    C 
tan. = r^^^'TT 

siir.  — - — 
2 

Whence  and  — r—  are  known  from  the  tables. 

Let  -^=^ 

A—B 

=9 

2 

A  and  B  being  known,  c  may  be  obtained  from  (e.) 

_.  sin.  c      sin.  C 

Fop  -:: =  - — 7 

sin.  a      sm.  A 

sin.  C 

sin.  c=sm.  a  -, — r 

sin.  A 

And,  in  like  manner,  if  any  two  other  sides  and  the  included 

angle  be  given,  the  remaining  parts  may  be  determined. 

« 

II.  When  two  angles  and  the  side  between  them  are  given. 
The  remainmg  sides  may  be  determined  from  the  formuTa(^'.) 

Thus,  let  A,  B,  c,  be  given ;  a,  h,  C,  required. 

A-B 

a  +  b      '^''  ~2-,       c 
tan.-2-= A+B*^"'^ 


cos. 


2 

A-B 


a-b        '"°-   ~2~,„„  ± 
sm.-2- 

Whence  -7^-  and  -^—  are  known  from  the  tables. 
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,  a+b 

Let  -^=6' 

a—b 

a  and  b  being  known,  C  may  be  obtained  by  (s.) 

_.  sin.  C      sin.  c 

For  -: — T  =  -: 

8UL  A      8in.  a 

^      •     .    sin*  c 
sin.  C=sin.  A  -: — 

sin.  a 

And,  in  like  manner,  if  any  two  other  angles  and  the 

eluded  side  are  given,  the  remaining  parts  may  be  determii 

III.  When  two  sides  and  the  angle  opposite  to  one  of  tfa 
are  ffiven. 

The  angle  opposite  to  the  other  side  may  be  found  fr 
formula  (e.) 

Thus,  let  a,  6,  A  be  given,  B,  C,  c,  required. 

sin.  B  __  sin.  b 

sin.  A  ~~~  sin.  a 

.     _^  .  sin.  b 

am.  B=sm.  A  — 


sin.  a 


The  angle  B  being  determined,  the  remaining  angle  C  v 
be  found  trom  (<r.) 

a-b 

A+B      ^'"     2  C 

For        tan.-^  = i+^^^  a" 

cos.-^ 

a+b 
C       ^^^'    2    ,      A+B 

^^^2-==— ai:b^^-"2~ 

cos.-^ 

The  angle  C  being  determined,  the  remaining  side  c  will  I 
found  from  (s.) 

_,  sin.  c      sin.  C 

For  —. =  -: — r 

sin.  a     sin.  A 

sin.  C 
sm.  c=sin.  a  -, — r 

sin.  A 

or  c  may  be  found  from  (^'.) 

And,  in  like  manner,  if  any  other  two  sides  and  the  asg 

opposite  to  one  of  them  be  given,  the  remaining  parts  may  e 

determined. 
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rV.  When  two  angles  and  the  side  opposite  to  one  of  them 
re  given. 

The  side  opposite  to  the  other  angle  may  be  found  from  for- 
lula  (f.) 

Thus,  let  A,  B,  a,  be  given ;  b,  c,  C,  required. 

sin,  b  ^  sin.  B 

sin.  a  ~"  sin.  A 

sin.  B 
sm.  h  =  sm.  a  -, — r 

sin.  A 

The  side  b  being  determined,  the  remaining  side  c  will  be 
md  from  (^0 

A-B 

For  tan.-±-=-^tan.- 

COS. 


cos. 


2 
A+B 


• . 


c  2     ^       a+b 

COS.-2- 

The  side  c  being  determined,  the  remaining  angle  C  will  be 
and  from  (e.) 

„  sin.  C      sin.  c 

tor  -, — r  = -: 

SID.  A      sm.  a 

sm.  C=sm.  A  -: 

sm.  a 

c  may  be  found  from  (tf.) 

And,  in  like  manner,  any  other  two  sides  being  given  and 

» angle  opposite  to  one  of  them,  the  remaining  parts  may  be 

termined. 

v.  When  tliree  sides  are  given. 

The  three  angles  may  be  immediately  determined  from  any 

5  of  the  formulae  (y  1,)  (y2,)  (y  3,)  (y4.) 

The  choice  of  the  formula,  which  it  will  be  advantageous  to 

ploy  in  practice,  will  depend  upon  the  consideration  already 

iced  in  the  solution  of  the  analogous  case  in  plane  trigo- 

netry. 

l^L  When  three  angles  are  given. 

The  three  sides  may  be  immediately  determined  from  any 

iie  groups  of  formulae  {S 1,)  {S  2,)  {S  3,)  {S  4.) 


14 
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CHAPTER  IV. 

Olf   THK   USB   OF  BUBSIDIAftT   AVGUES. 

We  have  already  explained  in  plane  Trigonometry,  the 
meaning  of  Subsidiary  Angles,  and  the  purpose  for  which  they 
are  introduced ;  we  shall  now  proceed  to  point  out  under  what 
circumstances  they  may  be  employed  with  advantage,  in 
Spherical  Trigonometry. 

In  the  solution  of  case  I.,  where  two  sides  and  the  included 
angle  were  given,  we  first  determined  the  two  remaining  an* 
gles,  and  having  found  these,  we  were  enabled  to  find  the  side 
also.  It  frequently  happens,  however,  that  the  side  alone  is 
the  object  of  our  investigations,  and  it  is  therefore  convenient 
to  have  a  method  of  determining  it,  independently  of  the  angle. 

Thus,  for  example,  let  6,  c,  A  oe  given,  and  let  it  be  required 
to  determine  a,  independently  of  the  angles  By  c» 

By  (a,)  we  have 

.     cos.  a— COS.  b  cos.  c 

COS.  A= : r— : 

sm.  b  sm.  c 
Whence    cos.  a  =cos.  A  sin.  h  sui.  c+cot.  b  cos.  c 
From  which  eauation  a  is  determined,  but  the  expression  is 
not  in  a  form  adapted  to  the  logarithmic  condpatation ;  ve 
can,  however,  efiect  the  necessary  transformation  by  the  intro- 
duction of  a  subsidiary  angle. 

Add  and  subtract  sin.  b  sin.  c  on  the  right  hand  side  of  tbe 
equation. 
Then  cos.  a 
=cos.  A  sin.  h  inn.  c+cos.  b  cos.  c+sin.  b  sin.  e— sin.  ftstnc 
=cos.  b  cos.  c+sin.  b  sin.  c+sin.  b sin.  c cos.  A-^mLbasic 
=cos.  (6  —  c) —  sin.  b  sin.  c  vers.  A 
1 —  cos.  a=l — cos.  (6  —  e)+sin.  b  sin.  c  vers.  A 
vers.  a=vers.  (6 — c)+sin.  b  sin.  c  vers.  A 

X  $  ,  .  sin.  b  sin.  c  vets.  A 

=vers.  (b — c)  J  1  +  ^ jr r — 

^  (  vers,  {b  —  c) 

»  ,  .     sin.  b  sin.  c  vers.  A 

Let  tan.    6= ■• rr — r 

vers,  (o— c) 
.'.   vers.  a= vers.  (5— c)  { 1  +tan.*  ^| 
=vers.  (ft— e)  sec*  i 
from  which  a  may  be  determined  by  the  liibles,  i  being  known 
from  the  equation 

,  ^    sin.  b  sin.  c  vers.  A 

tan.     0  = yr r 

vers.  (6— c) 
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In  like  manner  in  ease  II»  where  two  angles  and  the  in- 
cluded side  were  given,  we  first  determined  the  remaining 
sides,  and  then  we  were  enabled  to  find  the  remaining  angle. 
Now,  let  us  suppose  that  A,  B,  c,  ^re  given,  and  that  we  are 
required  to  find  C  independently  of  a  and  6. 

«        .^  COS.  C+cos.  A  COS.  B 

From  OS)    cos.  c= : — r — \ — 5 

^  '  sm.  A  sin.  B 

COS.  C=cos.  c  sin.  A  sin.  B— cos.  A  cos.  B 

••.  1 — COS.  C=l — sin.  A  sin.  B  (1— vers.  c)+cos.  A  cos.  B. 

=l+cos.  (A+B)+sin.  A  sin.  B  vers.  c. 

«        •        •    C         **  •  A  +  B  .  A        •  T> 

or    2  sm."  -^=2  cot."  — ^ — hsm.  A  sip.  B  vers,  c 

A+B  (  ,  .  sin.  A  sin.  B  vers,  c 


2^cos.' 


.   ,C  .A+B      ,. 

.%  sm."  -^  =  COS."— ^; — sec."  ^ 

If  we  assume 

,  ^    sin.  A  sin,  B  vers,  c 

^^= ~A+B 

2  cos"  —^ 

In  case  III»  where  two  sides  and  the  angle  opposite  to  one 
of  them  were  given,  we  first  determined  the  angle  opposite  to 
tbie  other  side,  and  then  the  remaining  angles  and  the  remain* 
ing  side  in  succession.  Now,  let  us  suppose  the  side  c,  indcK 
pendently  of  the  angle  B  and  of  each  otheri  under  a  form 
adapted  fi>r  logarithmic  computation* 

To  find  C,  we  have  («}.) 

cot  A=cot.  a  gin.  h  cosec.  C  —  cos.  h  cot  C 
or    cot  A  sin.  C= cot  a  sin.  6— cos.  h  cos.  C 
or         sin.  C=cot.  a  sin.  h  tan.  A  —  cos.  h  cos.  C  tan.  A 
.'.  sin.  C+cos.  G  cos.  h  tan.  A=cot  a  sin.  h  tan.  A. 

Let  COS.  6  tan.  A=tan.  ^= — '—. 

COS.  t 

sm.  CH T  cos,  C=cot  a  sin.  h  tan.  A 

COS.  t 

.*.  sin.  C  COS.  ^+co8.  C  sin.  ^=cot  a  sin.  h  tan.  A  cos.  t 

_,    ^-  .     _  -       sin.  ^ 

sm.  (C+ft=cot  a  sm.  0  tan.  A .  .  ^  i 

^       '  COS.  0  tan.  A 

=cot.  a  tan.  h  sin.  t 

whence  C  is  known,  ^  being  previously  determined  from  equa- 
tion 
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tan.  ^=cof.  h  tan.  A. 

To  find  c,  we  have  from  (a.) 

-     COS.  fl— COS.  b  COS.  c 

COS.  A= : — r~: 

sin.  o  sin.  c 

sin.  c  sin.  h  cos.  A=cos.  a  —  cos.  b  cos.  c 

COS.  a 

sin.  c  tan.  b  cos.  A= j— cos.  c 

COS.  6 

COS.  c 

sin.  c  tan.  b  cos.  A= 1  —  cos.  c 

COS.  6 

Let  tan.  b  cos.  A=tan.  1=  ?!?! — 

^  cos.  6 

.        sin.  ^  ,  ^^.  ^    COS.  a 
sm.  c +COS.  c=. 

COS.  ^  COS.  6 

^^«  /^      ii\— COS.  a  COS.  ^ 
COS.  (c  —  fl)= 

COS.  b 
whence  c  may  be  found,  i  being  previously  determined  from 
the  equation 

tan.  d=tan.  b  cos.  A. 


In  like  manner,  in  case  IV,  when  two  angles  and  the  si 
opposite  to  one  of  them  were  given,  we  first  determined 
the  side  opposite  to  the  other  angle,  then  the  remaining  side 
and  the  remaining  angle  in  succession.  Now,  let  A,  B,  a,  be 
given,  and  let  it  be  required  to  determine  c  and  C,  independ- 
ently of  i  and  of  each  other,  and  under  a  form  adapted  to  lo- 
garithmic computations.    If  we  take  the  formula  (^.) 

cot.  a=cot  A  sin.  B  cosec.  c+  cos.  B  cot  e 
or     cot  a  sin.  c==cot  A  sin.  B+cos.  B  cos.  c 
or  sin.  c=cot.  A  sin.  B  tan.  a+cos.  B  cos.c  tan.fl 

.*.  sin.  c  —  cos.  c  cos.  B  tan.  a=cot.  A  sin.  B  tan.  a* 

Let    COS.  B  tan.  a=tan.  6= 51!Ili 

COS.  4 

Sin.  o  A    A    >     T>  ^ 

sm.  c— COS.  c=cot  A  sm.  B  tan.  a 

COS.  A 

sin.  (c — ^)=cot  A  sin.  B  tan.  a  cos.  6 

=cot  A  sin.  B  tan.  a        *'°' 


COS.  B  tan.  a 
=cot  A  tan.  B  sin.  i 
whence  c  may  be  determined,  A  being  previously  known  from 
equation  tan.  4= cos.  B  tan.  a. 
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To  find  C,  we  have  from  (/S) 

^^-  ^—  COS.  A+cos.  B  COS.  C 
COS.  a=  : — ^—, — ^ 

sin.  B  Sin.  C. 
sin.  B  sin.  C  cos.  a=cos«  A+cos.  B  cos.  C 

sin.  C  tan.  B  cos.  a=^^^'.--+cos.  C 

cos.  B 

/.  sin.  C  tan.  B  cos.  a— cos.  C=???i^ 

COS.  B 

sin.  4 


•  • 


Let  tan.  B  cos.  a=stan.  4  = 

.-     pw*'*^'  ^      «^-  |n,_cos.  A 
sin.  ox -—COS.  u= 


COS.  4 


COS.  B  COS.  B 

^    //^  I  A\    COS.  A  COS.  ^ 
—  COS.  (C+^)= = — 

COS.  B 
whence  C  may  be  found,  6  being  known  from  equation 

tan.  4=tan.  B  cos.  a. 
In  the  fifth  and  sixth  cases,  any  one  of  the  angles  or  sides 
required,  may  be  found  independently  of  the  rest  by  the  for« 
mde  referred  to. 

EXAMPLES  IN  SPHERICAL  TRIGONOMETRY. 

Ex.  1.  In  the  right-angled  spherical  triangle  ABC,  the  hy- 
pothenuse  AB  is  65^  5',  and  the  angle  A  is  48^  12' ;  find  the 
tides  AC,  CB,  and  the  angle  B. 

Ans.  AC=55^   T  82" 
BC=42  32  19 
an^leB=r64  46  14 
Ex.  2.  In  the  oblique-angled  spherical  triangle  ABC,  given 
AB=76^  20^,  BC=119*»  17',  and  angle  B=52**  6' ;  to  find  AC 
and  the  angles  A  and  C. 

Ans.  AC=66*^   6'  W 
angle  A=  131  10  42 
angle  C=  56  58  58 
Ex.  3.  In  an  oblique  spherical  triangle  the  three  sides  are 
a=81«  17',  6=  114**  y,c=59*'  12'; 
x^oired  the  angles  A,  B,  C. 

Ans.  A=  62*'89'42'' 
B=124  50  50 
C=  50  84  49. 
14* 


APPLICATION  OF  ALGEBRA  TO  GEOMETRY. 


ON  THE  GEOBIETRICAL  OONVnUCTION  OF  ALGIB&AICAL  aUANTmBi. 

As  lines,  surfaces,  and  solids  are  quantities  which  admit  of 
increase  and  decrease,  like  other  quantities,  they  may,  like 
others,  be  made  the  subjects  of  algebraical  operations,  either 
by  their  numerical  representatives,  or  bv  symbols  expi-essing 
such  quantities.  It  is  only  necessaryfor  this  purpose,  that  their 
representatives  should  possess  values  in  relation  to  each  other 
corresponding  to  the  magnitudes  of  the  quantities  which  they 
represent ;  and  that  those  values  should  be  expressed  aecord- 
ins  to  the  properties  or  relations  of  the  lines,  surfaces,  or 
solids,  to  each  otherj;  subject  to  geometrical  constructioQ  and 
algebraical  notation. 

We  are  enabled,  also,  to  express  by  lines,  surfaces,  and  so- 
lids, the  solutions  furnished  by  Algebra.  This  is  founded  on 
the  known  properties  of  geometrical  figures,  corresponding  to 
similar  properties  of  the  quantities  algebraically  expressed. 
In  this  view  of  the  subject,  all  quantities  under  algebraic  ex- 
pressions,  may  be  conceived  to  be  susceptible  of  some  kind  of 
geometrical  construction. 

2.  We  will  proceed  to  explain  the  manner  of  constructing 
those  expressions,  and  representing,  under  a  ^^ometrical  fomif 
the  conditions  of  an  equation.  This  is  called  constructing  ihe 
mlffebraic  quantities. 

£x.  1.  Let  it  be  proposed  to  construct  such  a  quantity  as 

ab 
the  following :  —  the  value  of  the  letters  composing  thequan- 

tity  being  known. 

From  any  point  A  draw  two  indefinite  lines 
AM,  AN,  making  any  an^le  with  each  other  ; 
upon  one  of  these  lines  AM  take  AB=c,  and 
AD=sa ;  then  upon  the  line  AN  take  AC=6. 
Having  drawn  the  line  BC,  draw  also  DE  par- 
allel to  BC,  this  will  determine  AE  as  the  va- 

ab 
lue  of .  For  the  parallels  DE,  BC,  give  this 

proportion  AB  :  AD  : :  AC  :  AE,  (Prop.  XIV. 
Cor.  2  B.  lY.  EL  Geom.)  or  c  :  a::b:  AE* 
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ab 

Therefore,  AE= — i 

c 

Hence,  the  line  AE  being  the  fourth  proportional  to  the 

three  lines  represented  by  c,  a,  b^  it  may  be  used  for  the  con- 

ab 
struction  of  the  quantity — . 

2d.  Hence,  also  if  it  were  proposed  to  construct  the  quan- 

tity  —  it  may  evidently  be  done  in  a  similar  manner,  since  in 

n*  nh 

this  case  the  lines  I  and  a  would  be  equal,  for  if  —  =  — 

c  c 

then  a=&. 

ah+bd 
dd.  If  it  were  proposed  to  construct  — ^ — ;  it  may  be  ob- 
served that  the  quantity  may  be  resolved  into  the  expression 
' —     ,  -  hence  representing  a+d  by  m,  and  c+d  by  n,  we 

tnb 
shall  have  —  to  be  constructed,  which  may  be  referred  to  the 

ji 

fermer  case. 
4th.  Let  the  quantity  to  be  constructed  be ;    it  may 

c* 

be  observed  that  ii'«*-6'is  equivalent  to  (a+h)x{a-—l)\  hence, 
t=l  ^y  be  reprcented  under  the  form  ^^^(^1^., 

C  C 

and  we  have  only  to  find  the  fourth  proportional  to  e,  a+^ 
a  —  b, 

5th.  If  the  quantity  to  be  constructed  be  -^-r-f  it  may  be  put 

^         ab        c  ab 

imder  the  form  -j-  H —  and  having  constructed  -^  in  the 

manner  just  explained,  we  call  the  line  given  by  this  con- 

ab        c  tnc 

struction,  m ;  then  -r  H becomes which  may  also  be 

d        e  e  ^ 

constructed  as  above  shown. 

6th.  It  will  be  presumed,  therefore,  that  in  order  to  con- 

«'^  .  t.  .       ^        u    r  «'         6 

itruct  -J-  It  may  be  represented  under  the  form  —  +  — ; 

c»  c  c 

whence  if  we  construct  —  and  represent  its  value  by  m,  we 
may  proceed  to  construct  — 
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Thus  the  whole  art  consists  in  decomposinff  the  quantity 
into  portions,  each  of  which  retains  the  form  —  or  —  ;  and 

although  this  process  may  appear  sometimes  difficult,  yet  we 
may  easily  arrive  at  the  object  proposed  by  employing*  trans- 
formations. 

7th.  If,  for  etample,  ,     ,  is  to  be  constructed,  we  may  take 

h*=a*mf  and  c'=an  ;  then,    .  ,    .  becomes  —j-, which  may 

-      a"+am      (a+m)a 
be  reduced  to  — — —  or  — — — ,  a  quantity  easy  to  be  con- 
structed after  what  has  been  said,  when  m  and  n  are  known. 
Now  to  determine  m  and  n,  the  equations  li^=sa^  (^^an^ 

give,  m=^—T  and  n=3 — which  may  be   c<m8tn]cted   by  the 

methods  already  explained. 

Thus,  while  the  quantity  is  rational,  that  is,  without  radical 
expressions,  if  the  dimensions  of  the  numerator  do  not  exo^d 
those  of  the  denominator  except  by  unity,  we  may  always  re- 
duce the  construction  to  the  finding  of  a  fourth  proportional  to 
three  given  lines. 

It  sometimes  happens,  that  quantities  present  themselves 
under  a  form,  that  renders  recourse  to  transformations  of  no 
use  ;  this  is  when  the  quantity  is  not  homogeneous,  that  is,  when 
each  of  the  terms  of  the  numerator  and  denominator  is  not 
composed  of  the  same  number  of  factors ;  when  the  quantity, 

•  c  -T  a 

But  it  should  be  observed,  that  we  never  arrive  at  a  result 

of  this  kind,  except  when,  in  the  course  of  an  investigation, 

we  suppose,  with  a  view  of  simplifying  the  calculation,  some 

one  of  the  quantities  equal  to  unity.    If,  for  example,  in 

a*  -{-  b^c  -  ,       ,  ,    „  ,         a*  +  e     ^ 

,  ,     ,,  we  suppose  b  equal  to  1,  we  shall  have    ,       ,.   Bat, 

as  we  never  undertake  to  construct  a  quantity  without  know- 
ing the  elements  which  we  are  to  use  for  this  construction,  we 
always  know  in  each  case  what  is  the  quantity  which  is  sup- 
posed equal  to  unity.  We  can  always  therefore  restore  it, 
and  the  above  difficulty  cannot  occur ;  because,  as  the  number 
of  dimensions  must  be  the  same  in  each  term  of  the  numera- 
tor, and  also  of  the  denominator,  although  the  number  of  terms 
may  be  different  in  the  one  from  what  it  is  in  the  other,  we 
restore  in  each  term  a  power  of  the  line,  which  is  taken  for 
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unity,  sufficiently  raised  to  complete  the  number  of  dimen- 

sions ;  thus,  if  we  construct -j--^ — ;  d  being  supposed  to 

be  the  line  which  is  taken  for  unity,  we  may  write  formula 

,      ,, f  which  may  be  constructed  by  making  l^=^dm^ 

(^^dn,  and  a*  =  d^Pf  which  will  change  it  into 

d^p  +  bd*  +  d^n 

ad  +  dm 

dp  +  bd  +  dn        (p  +  b  +  n)d  ^.^         ., 

or  —^ r ,  or  -^ r —^  a  quantity  easily  con- 

a-rWi  fl-rwi  •  *  * 

structed,  when  we  have  constructed  the  value  of  m,  n,  and  p  ; 

6"  c*  a* 

namely,  ^  =  T>  ^  =  T>  /*  ==  ^»  which  is  readily  done  after 

what  has  been  said. 

Hitherto  we  have  supposed  that  the  number  of  factors,  or 
the  dimensions  of  each  term  of  the  numerator  exceeds  the 
number  of  factors,  or  the  dimensions  of  the  denominator  only 
by  unity.  It  may  exceed  that  number  by  two  or  even  three, 
but  never  by  more  than  three,  unless  some  line  has  been  sup- 
posed equal  to  unity,  or  some  of  the  factors  do  not  represent 
numbers. 

8.  When  the  dimensions  of  the  numerator  of  the  pro- 
posed quantity  exceed  by  two  the  dimensions  of  the  deno- 
minator, the  quantity  expressed  is  a  surface,  the  construction 
of  which  can  always  be  referred  to  that  of  a  rhomboid,  and 
ocmsequently  to  that  of  a  square.  If,  for  example,  the  quan- 
tity to  be  constructed  be ; 

u  -J      J  ^*  +  ^ *     XT       a  +  ab  .        ., 

It  may  be  considered  as  a  x ; — .    Now ; —  is  easily 

^  a  +  c  a  +  c  '' 

oonstracted,  after  what  has  been  laid  down,  by  considering  it 
as  a  X       ,    .    Let  us  suppose  therefore  that  m  is  the  value 

of  the  line  thus  obtained  ;  then  a  X  — ; will  become 

a  +  c 

ax  m.  Now  if  we  make  a  the  altitude  and  m  the  base  of  a 
Aomboid,  we  shall  have  a  x  m  for  the  surface  of  this  rhom- 
boid,   (Prop.  VI,  B.  IV,  EL  Geom.)  therefore,  reciprocally, 

this  surface  will  represent  a  X  m,  or  — ^ — • 

a*  +  ft  c*  +  (? 
In  like  manner,  the  quantity -^ may  be  reduced  to 
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a  tiinilar  coBstniction  by  making  6  c  =  a  m,  and  <f*  =  a  a ;  for 

.„    ,        .  a^  +  amc+and  /(f  +  mc  +  nd\ 

It  will  then  beeome : —  or  a  I . 

a  +  c  \        a  +  c       1 

Now  the  factor — refers  itself  to  the  preceding 

constructions,  as  also  the  values  of  m,  n.  Having  found  the 
value  of  this  factor,  if  we  represent  it  bvp,  we  have  only  to 
construct  a  X  />»  that  is,  to  make  a  rhomboid  whose  altitude  is 
a  and  base  p, 

4.  Lastly,  if  the  dimensions  of  the  numerator  exceed  the 

dimensions  of  the  denominator  bv  three,  the  quantity  expresses 

a  solid,  the  construction  of  which  may  always  be  reduced  to 

a   parallelopiped.      If,  for  example,  we  were   to  construct 

of  *  +  a*  A* 

• -r- ,  we  might  consider  this  quantity  as  the  same  as 

a*  +  ah         ..      .  ^a^  +  ah ,     , 

a  ft  X ; —  ;  and,  havmg  constructed : —  m  the  mzn? 

a  'ir  c  ^  a  'T  c 

ner  already  explained,  if  we  represent  by  m,  the  line  given  by 

this  construction,  the  question  will  be  reduced  to  this,  namelft 

to  construct  ab  Xm.    Now  a b  represents,  as  we  have  seen* 

a  rhomboid  ;  if,  therefore,  we  coneeive  a  parallelopiped,  having 

for  its  base  this  rhomboid,  and  for  its  altitude  the  line  ai,  tbi 

solidity  of  this  parallelepiped  vriU  represent  ah  xm^  that  is, 

a'b  +  a'b^ 

a  +  c 

5.  What  has  been  said  will  suffice  for  oonstructing  any 
rational  quantity ;  we  proceed  now  to  rational  quantities  of  the 
second  degree. 

1st.  In  order  to  construct  v^aft,  let  us  draw 
an  indefinite  line  AB,  upon  which  we  may  take 
the  part  CA,  equal  to  a,  and  the  part  BC,  equal 
to  b  ;  upon  the  whole  AB  as  a  diameter,  describe 
a  semicircle,  cutting  in  D,  the  perpendicular  CU, 
raised  upon  AB  at  the  point  C  ;  then  CD  will  be  the  value  of 
Va  b ;  ^hat  is,  the  value  of  y/^f,  is  obtained  by  finding  a  mean 

.  proportional  between  the  two  quantities  represented  by  ^  ^ 
Indeed,  we  have 

AC:CD::CD:CB, 

or  a  :  CD  :  :  CD  :  fcj. 

whence  CD'  =ai,  or  CD  =v/aft 

2nd.  If  we  were  to  construct  VSab  +  b\  or  which  is  the 
same  thing,  ^/(3  a  +  b)  b,  we  should  find  a  mean  proportional 
between  3  a  +  b  and  b. 
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M.  In  like  manner,  if  the  quantity  to  be  constructed  were 

we  might  consider  this  the  same  as  y/(a+h){a — A)  ;  and  then 
find  a  mean  proportional  between  a  +  h  and  a  —  Ik  If  the 
quantity  were  \/a*  +  h  c,  and  we  make  he  =  dm,  then  we  shall 

have  v'o"  +  cm^  or  %/(«  +  »i)  «,  whidh  is  constructed  by  find- 
ing a  mean  proportional  between  a  +  m  and  a  after  having 

he 
oonstructed  the  Value  of  m  ==  —  by  the  rules  already  given. 

4ih.  To  construct  ^/a'  +  ft',  we  can  in  like  miinner  make 

1^  ^  am^  and  construct  \^d*  +  am,  in  the  tnanner  just  explained. 
But  the  property  of  a  right  angled  triande  furnishes  a  more 
simple  construction.      If  we  draw  the  fine  AB,      c 
equal  to  a,  and  at  its  extremity  A  ^rect  a  perpen- 
dicular AC,  equal  to  ft,  joining  BC,  we  shall  have 
BO  =  AB*  +  AC*  =  a^  +  t?,  and,  consequenUy, 

BC  =  v^a«  +  V. 
5th.  We  can  also,  by  meimi)  of  a  right  angled 

triangle,  construct  v^a*  —  ft*  in  a  manner  different 

firom  that  above  ffiven ;  draw  a  line,  AB,  equal   c>'''***'*N. 

to  ih  Mid  having  deiseribed  upon  AB,  as  a  diam-   /P*"^^^^^  \ 

eter,  the  semicircle  ACB,  draw  from  the  point  A  O — ^^ 

a  chord  AC,  equal  to  ft ;  then,  if  we  draw  BC,  ^  ^ 

tins  line  will  be  the  value  of  Va*  —  ft* ;  for  the  triangle  ABC 
being  right  angled,  we  shall  have  AB*  =  AC*  +  BC* ;  con- 
sequenUy. BC*  =  AB*  —  AC*  =  a*  — ft*;  therefore  BC  = 

•a«  -  6*.  

Bth.  Hence,  als<^  %/a*  +  be  admits  of  a  different  construe- 

don  from  the  above.  Make  be  =  m\  and  construct  v^a*  +  m*, 
u  just  shown,  first  finding  for  m  a  mean  proportional  between 
6  and  e,  as  indicated  by  the  equation  be  =  m\  which  gives 

m  ^Vbt' 

7th.  If  there  are  more  than  two  terms  under  the  radical 
iign,the  construction  is  to  be  reduced  to  one  of  the  preceding 
aethods  by  means  of  transformations.    If,  for  example,  we 

have  Vtt*  +  hc  +  ef  V9e  may  make  be  =  am^  ef  ^an,  and  we 

tote  ^/tf■  +  am  +  arit  or  V{a  +  m  +  n)  a,  which  may  be 
constructed  by  finding  a  mean  proportional  between  a  and 
s  +  m  +  n,  after  having  constructed  the  values  of  m  and  n, 

aamely,  m  =  — ,  n  =  ~.    We  might,  moreover,  make 
^  u  a 

he  =  m^tcf^  n«, 
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and  then  we  should  have  to  construct  Va'  +  m«  +  n«.    Now, 
when  there  are  several  positive  squares  contained  under  the 

radical  sign,  as  ^/o*  +m»  +n*+p*+  4^.  we  may  make 

%/AM-n«  =  f,  y^i'  +p^  =  *,  and  so  on ;  and,  as  each  of  the 
quantities  is  determined  by  the  preceding,  the  last  will  give  the 

value  of  y/a*  +m*  +n*  +p'  +  ^  In  order  to  construct  these 
quantities  in  the  most  simple  manner,  each  hypothenuse  is  to 
be  regarded  successively  as  a  side  ;  having,  for  example,  taken 
AB  =  a,  and  raised  the  perpendicular  AC  JB 

=  c,  we  may  join  BC,  which  will  be  A ;  ^ 

then  at  the  point  C  if  we  raise  upon  BC  the 

Esrpendicular  CD  =  n  ;  and  having  drawn 
D,  which  will  be  t,  at  the  extremity  D, 
we  may  raise  upon  BD  the  perpendicular 
DE  =  j?,  and  BE  will  be  A,  and  equal  to 

y/a^  +m'+n^  +p^ . 

If  some  of  the  squares  are  ne^tive,  we 
may  combine  the  method  just  given  vrith 

that  for  constructing  Va*  —  ^* 
8th.  Lastly,  if  the  quantity  to  be  constructed  be  of  this  form 

y/b  +  c 

^d  +  e  

multiplying  by  %/d+7,  wiU  change  it  into  a  ^<^+^)(^+^)> 
then,  by  finding  a  mean  proportional  between  h  +  c  zudd+e^ 
and  calling  it  m,  we  have  .  ,    .  which  is  easily  ccMistroctecL 

The  construction  often  becomes  much  more  simple  by  8e^ 
ting  out  always  from  the  same  principles ;  but  these  simplifr 
cations  are  derived  from  certain  considerations  which  are  pe- 
culiar to  each  question,  and  consequently  can  be  made  known 
only  as  the  occasion  presents  itself.  We  will  merely  remaifc, 
in  concluding,  that  although  the  construction  of  the  radical 
quantities,  which  we  have  been  considering,  reduces  itself  to 
finding  fourth  proportionals,  mean  proportionals,  and  con- 
structing right-angled  triangles,  still  we  can  arrive  at  con- 
structions more  or  less  simple  or  elegant  bv  the  method  em- 
ployed for  finding  these  mean  proportionals ;  we  shall  now, 
therefore,  introduce  two  other  methods  of  finding  a  mean  pro- 
portional between  two  given  lines. 

The  first  consists  in  describing  upon  the  greater  AB  (tee 
8d  diagram  to  Art  5)  of  two  given  Unes  a  semicircle  ACft 
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and)  having  taken  a  part  AD  equal  to  the  lefls,  raising  a  per- 
pendicQlarT>C  and  drawing  the  chord  AC,  which  will  be  a 
mean  proportional  between  AB  and  AD  ;  for,  by  drawing  CB, 
the  triangle  ACB  is  right  angled,  (Prop.  XIX,  Cor.  2,  B.  Ill 
EL  Oeom.)  and  consequently  AC  is  a  mean  m-oportional  be- 
tween the  hypothenuse  AB  and  the  segment  AD.  (Prop.  XVII, 
Cor.  6,  B.  I Y,  EL  Geom.) 

The  second  method  consists  in  draw- 
ing a  line  AB,  equal  to  the  greater  given 
line,  and  having  taken  a  part  AC  equal 
to  the  less,  describing  upon  the  remain-  ^ 
der  BC  a  semicircle  CDB,  to  which  if 
we  draw  the  tangent  AD ;  this  tangent  is  a  mean  proportional 
between  AB  and  AC.     (Prop.  XXVII,  B.  IV,  EL  Geom.) 

It  is  evident,  therefore,  that  rational  quantities  may  always 
be  constructed  by  means  of  straight  lines,  and  radical  quantir 
ties  of  the  seccxia  degree  may  be  constructed  by  means  of  the 
circle  and  straight  line  united. 

As  to  radical  quantities  of  higher  degrees,  their  construc- 
tion depends  upon  the  combination  of  difierent  curved  linesi 

We  will  now  proceed  to  the  consideration  of  questions,  the 
solution  of  which  depends  either  upon  ratkmal  quantities  or 
radical  quantities  of  the  second  degree* 

Geometrical  questions^  and  modes  of  forming  equations  there^ 
from^  and  their  solutions. 

6.  The  precepts  usually  given  in  algebra  for  putting  questions 
into  equations,  are  equally  applicable  to  questions  in  geometry. 
Here,  also,  the  thing  sought  is  to  be  represented  by  some  sym- 
bol ;  and  the  equation  is  to  be  constructed  in  such  manner,  as 
to  express  the  relations  of  the  quantity  represented  by  such 
symbol,  in  quantities  that  are  known,  or  in  tnose  whose  values 
are  attainable ;  and  the  reasoning  is  to  be  conducted  by  the 
aid  of  this  symbol,  and  of  those  which  represent  the  other 
quantities,  algebraically,  as  if  the  whole  were  known,  and  we 
were  proceeding  to  verify  it ;  this  method  of  proceeding  is 
called  analysis. 

Although  in  expressing  geometrical  questions  by  algebraic 
equations,  we  have  more  resources  and  more  facilities  aocord- 
ing  as  we  are  acquainted  with  a  greater  number  of  the  pro- 
perties of  lines,  surfaces,  &c.,  still,  as  algebra  itself  fumishei 
the  means  of  discovering  these  properties,  the  number  of  pro- 
j)ositions  really  necessary  is  very  limited.  The  two  proposi- 
tions that  similar  triangles  have  their  homologous  sides  propoT' 
Honal;  and,  that,  in  a  right  anghd  triangle  the  sfuare  of  (ks 
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hypothenuse  is  eauivaknt  to  the  sum  of  the  squares  of  tkeUoo 
other  sideSf  are  tne  fundamental  propositions  and  the  baas  of 
the  application  of  algebra  to  geometry. 

But  there  are  many  ways  of  making  use  of  these  propoii- 
tions,  according  to  the  nature  of  the  question,  and  there  is  al- 
ways a  discretion  to  be  exercised  in  die  choice  of  the  meanS} 
and  manner  of  applying  them ;  and  this  discerticm  can  only 
be  acquired  by  practice. 

When  a  geometrical  question  is  to  be  resolved  alcebraictllyf 
it  will  be  necessary  to  construct  a  figure  that  shall  represent 
the  several  parts  or  conditions  of  the  problem  under  ccmsiden- 
tion»  and,  if  possible,  get  such  expressions  for  the  unknown 

Juantities  in  terms  of  those  that  are  known,  as  may  easily  be 
etermined,  according  to  the  known  properties  of  the  figure. 
But  if  it  so  happens,  that  the  required  quantity  can  have  no  ex- 
pression which  will  render  it  available  under  the  present  con- 
itruction,  we  may,  frequently,  by  drawing  lines  having  certain 
relations  to  the  known  parts  of  the  figure  and  also  to  the  on- 
known,  so  connect  the  known  to  those  that  are  required,  as  to 
get  available  expressions  for  their  values.  Having  pcoposed 
a  figure  as  above,  we  may,  by  means  of  the  proper  geometri- 
cal theorems,  proceed  to  make  out  as  many  independent  equa- 
tions as  there  are  unknown  quantities ;  and  the  resolutioos  of 
these  will  give  the  solution. 

PROBLEM  I. 

The  base  BC,  and  the  sum  of  the  hypothenuse  AB  and  perpen- 
dicular AC,  of  a  right  angled  triangk  being  giveUf  to  determine 
the  triangle. 

Let  BC  =  5,  and  AC  =  «,  and  if  AB  +  AC 
be  represented  by  «,  then  will  the  hypothenuse 
AB  be  represented  by  ^  — «. 

Therefore,  by  the  properties  of  the  riffht  angled 
triangle  (Prop.  XXI V,  B.  IV,  El.  Geom^  we  have 

AC«  +  BC«  =  AB« 
Or,  a:»  +  ft»  =  s^—2  «;  +  «•, 

omitting  x*  which  is  common  to  both  sides  of  the  eqoatioOf 
and  transposing  the  other  numbers  we  have, 

2sx-s'  —  V 
Or,  z  =  s»— y 

2s 
which  is  the  value  of  the  perpendicular  AC ;  where  «  and  i 

may  be  any  numbers  whatever,  provided  s  be  greater  than  ^ 
(Fh>p.  X,  B.  II,  EL  Geam.) 
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s  quantity  is  to  be  constructed,  it  may  be  tesoWed 
Ex.  4»)  into  the  form 

* 2s 

fltructed  as  follows.    From  any  point  C,  draw  an  in- 
line, CM,  and  perpendicular  thereto  another  indefinite 

k  on  CM,  CB  =  2f ,  and  N 

o  CE  =  one  of  the  factors 
lOmerator,  as  s+b^  and  take 
he  other  factor,  viz :  s — ft, 
)F  and  also  EH  parallel 
and  CH  will  be  the  value 
[uired. 

e  manner,  if  the  base  and 
.*rence  of  the  hypothenuse  M 
rpendicular  be  ffiven,  we 
ve  by  putting  d  for  the  difference  and  the  other  letters 
as  before ;  d+z  for  the  hypothenuse. 

)  we  have, 

x^V—d^ 


may  be  constructed  as  before 


a? 


raoBUDi  II. 

To  desribe  a  square  in  a  given  triangle. 

:  ^ven  triangle  is  understood  a  triangle  in  which  the 
stion  is  known,  viz :  one  whose  sides,  angles,  altitude, 
)  known.) 

1  be  perceived  that  this  question  resolves  itself  into  the 
nation  of  some  point,  6,  in  the  altitude  EF,  throuffh 
line  AB,  drawn  parallel  to  HI,  shall  be  e<|ual  to  6F ; 
,  therefore,  determine  in  algebraic  expression,  for  AB, 
»  for  GF,  and  put  them  equal  to  each  other  and  we 
ive  a  solution. 

E 
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Let  us  therefore  designate  the  known  altitude  EF  by  a, 
the  known  base  HI  by  b,  and  the  unknown  line,  GF  by  z ; 
then  will  EG  =  a  —  x. 

Since  AB  is  parallel  to  HI,  we  shall  have 
EF  :  EG  ; :  FI :  GB  : :  EI :  EB  : :  HI :  AB 
consequently,  EF  :  EG  : :  HI :  AB 

Or,  a  :  a  —  z  :  :  b  :  AB, 

ab  —  bx 

whence  AB  = 

a 

But,  AB  =  GF  =  «, 

,        /.  ob  —  bx 

therefore, =  x 

a 

and  ab  —  hx  =^  ax 

Or,  at  =  crz  +  &r  =  (a  +  i)  «, 

.  a  +  h 

hence,  x  =  — i— 

ab 

In  order  to  construct  this  quantity,  it  is  necessary  to  find  a 
fourth  proportional  to  a+fr,  6,  and  a  (Art  2,)  which  may  be 
done  as  follows : 

From  F  to  O  apply  a  Kne  FO  =  a+h,  that  is,  =  EF  +  HI, 
and  join  EG ;  then,  havmg  taken  FM  =  HI  =  6,  draw  MG 
parallel  to  EG,  which,  by  its  meeting  with  EF,  gives  the  de- 
termination of  GF,  or  the  value  of  c ;  for  the  similar  triangles 
EFO,  GFM,  give  FO  :  FM  : :  FE  :  FG 


or. 

a  +  lilxiaiYGt 

therefore. 

a  +  A 

PROBLEM  lU. 

Given  the  base  BC,  and  the  angles  B  and  C  of  the  triangk 
ABC,  to  determine  the  altitude  AD. 

(Ancles  are  made  to  enter  into  an  algebraic  expression  by 
l)ie  aiaof  lines  employed  in  trigonometry,  vis,  sines,  tangents, 
&e.  Thus  when  it  is  said  that  an  angle  is  given,  it  may  be 
understood  that  the  value  of  its  sine  or  tangent  is  c^ven.) 

If  we  designate  BC  by  a,  and  AB  by  y,  we  shall  have  CD : 
AD  : :  radius  :  tan.  ACD,  (Trigonometry)  or  if  we  desimate 
the  radius  by  r,  and  the  tangent  of  the  angle  C  by  I,  we  nave, 

CD  ly ::r  :t 
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whence  CD  =  -3- 

V 

In  like  manner  designating  the  tangent 
of  the  angle  B  by  ^  we  shall  have, 

Buiy  i:r:f 

whence  BD  =  ^ 

But,     CD  +  BD  =  BC  =  a 
therefore,  -7^  +  ^  =  « 

V  V 

whence  by  changing  the  construction  we  may  present 

_    attf 

^  ^  rV  +  rt 

This  expression  is  susceptible  of  greater  simplicity,  by  in* 
troducing,  instead  of  the  tangents  of  the  angles  C,  B,  their  co- 
tangents ;  which,  let  us  designate  by  q  and  q' ;  observing  that 
the  tangent  is  to  radius,  as  radius  to  the  cotangent,  (Trigono- 
metry) and  we  shall  have 

iiriirqy  and  V  ir  :ir  iq'  \ 

r*  f  =  r" 

whence  <  =  — ,  and  — ; — 

q  ^ 

lobstituting  these  values  for  i  and  f  in  the  former  equations 
we  have, 

an*  -^  q(f       _  at*  g^ ar 

^'^TTlptTT^'^  qq!  ^jr'  +  j'r*  "*}+?' 

From  the  above  it  may  be  perceived  that  when  among 
quantities  that  are  ffiven  those  employed  do  not  lead  to  results 
10  simple  as  may  oe  desired,  it  is  not  always  necessary  to 
commence  the  work  anew  in  order  to  arrive  at  a  more  simple 
retah ;  but  it  may  be  sufficient  to  express,  by  equations,  the 
ntios  of  the  quantities  first  employed  to  those  which  we 
would  introduce,  as  we  have  expressed  t  and  t  by  the  equa- 

tioQs  <  =  —  and  <'  =s  -7  by  which  a  solution  dependent  upon 

i  and  ^  is  obtained. 


AD,  DC,,^irmerf 
the  perpendicular 


PROBLEM   IV. 

z  triangk  ABC,  to  find  the  tegwunis 


16* 
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LetBD  =  y,CD  =  x,BC  =  a,AB«  »,AC  =  c,thei 
or  AC  — CD  =  c  —  x. 
Hence,  we  have 

x*  +  y"  =  «•,  and  c"  —  2  ca:  +  «■  +  y*  =  *• 
Let  the  second  equation  be  sub-  ^ 

tracted  from  the  first,  and  we  have 

2  ex  —  c*  =  a*  —  V\ 
whence,  we  have 

a*  — ft*  +  c-       a^—V  .    ,        

which  may  be  resolved  into 

By  reference  to  article  2  it  will  be  perceived  that  to  < 
the  value  of  «,  we  have  to  find  a  fourth  proportional  to  c 
and  a — 6,  to  take  one  half  of  this  and  add  it  to  ^,  or  on 
the  side  AC. 
Scholiwn. 

Several  important   conclusions  may  be  drawn  firoB 
solution,  some  of  which  we  will  notice ;  showing  at 
different  modes  of  putting  geometrical  questions  into  eqoi 
and  how,  by  varying  the  propositions  of  these  eqaaticMU 
propositions  may  be  discovered. 

1st  The  equation  2  ex — c*  =  a*  — 6*  is  resolveabfa 
c  (2«  — c)  =  (a  +  6)  (a— 6). 

Now  since  uie  product  of  the  first  two  factors  is  equal 
product  of  the  last  two,  we  may  consider  the  first  two  i 
extremes,  and  the  last  two  as  the  means  of  a  proportion ;  i 
we  have 

c  :  a+  5  :  :  a  —  6  :  2a: — c,  or  x — (c  —  «); 

or,      AC  :  BC  +  AB: :  BC  — AB  :  CD  — AD 

2nd.  If  from  the  point  C  as  a  centre,  and  with  a  radia 

we  describe  the  arc  BO,  and  draw  the  chord  BO  we  hav 

BD«  +  DO»  =  B0«  ; 

now  DO  =  CO  — CD  =  BC  — CD  =  a—*, 

therefore  BO*  =y*  +a«  —  2ax  +  «'; 

but  we  have  found  above    y*  +  «•  =  a*  ; 

consequently        BO*  =2  a*  —  2ac=:2a  (a  — x). 

a«  —  6*  +  c« 
Putting  for  « its  value 5- , 

since  2  ac  —  a*  —  c«  =  —  (a*  —  2  ac  +  c«)  =5  —  (c  -  «] 
we  shall  have 

B0«=8«(a+ 27— )='«( IT- 
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=  £(*._(,_«).). 

Now,  by  considering  c  —  a  as  a  single  quantity*  we  find 

j«-  {c  —  ay^  {h  +  c—a)  {h—c  +  a), 
hence 

B0"=  -(>  +  c  — a)  {h  —  c  +  a), 

which  may  be  put  under  this  form, 

BO"  =  -  (a  +  6  +  e  —  2a){a  +  h  +  c---2c). 

If^  therefore,  we  designate  the  sum  of  the  three  sides  by  2«, 
we  shall  have 

BO*  =  —  (2*  — 2  a)  (2*— 2  c)  =  4- (*  —  «)(*  — c). 

Letting  fall  firom  the  point  C  upon  OB  the  perpendicular  CI, 
we  obtain  from  the  nght  angled  triansle  CIO  this  proportion, 

CO  :  01 : :  R  :  sm.  OCI,     (Trigonometry,) 
that  is,  a  :  i  BO  : :  R  :  sin.  OCI, 

^„    J  BO  =  i^!^,  0,  BO  =  ii^-2« , 

.o^^^uy     BO- = * "  "g;  '^' 


these  two  valves  of  BO"  equal  to  each  other  we  have 

4  a*  (sin,  OCI)"     Aa  , 

^Ri ==  —  («— «)  («  — 0» 

or,  dividing  by  4  a,  and  making  the  denominators  to  disappear, 

a  e  (sin.  OCI)«  =  R"(i  — a)  (s  —  c)  : 
that  is,  dividing  by  oc,  puttmg  R  equal  to  1,  and  extracting  the 
square  root, 

which  agrees  with  a  formula,  in  Trig. 

8d.  We  may,  from  the  equation  y*  +  a:*  =  a*,  deduce  the 
following:  y*  =  «•  — x*  =  (a  +  x)  {a — x),  putting  for  x  its 
value,  as  found  in  the  problem  we  have 

-  /8«»c  +  a'  +  c*  — y\  /8ac— a*  — c'  +  y\ 


_  /(«  +  <')'•- '^  /fc«  — (c~a)*\ 
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_  /{a  +  c  +  b)  (a  +  c  —  b)\  /b  +  c  —  a){b  —  c  +  a)\ 

consequently, 
4  c'y^  =  (fl  +  c  +  6)  (a  +  e  —  6)  (b  +  c — a)  (b—e  +  a) 

=  {a  +  b  +  c)  (a  +  6  +c—  2b)  (a+b+c  —  2a  {a+b+e  —  2c) ; 

or,  designating  the  sum  of  the  three  sides  a  +  b  +  chy  2t, 
4  c«y«=2  s  {2  s  — 2  b)  {2  s  ^2  a)  {2  s  —  2  c) 
=  16  J  {s  —  b)  {s  —  c)  {s  —  a), 
or,  dividing  by  16  and  taking  the  square  root, 

cy  

"o"  ~  ^^  «  (*  —  b)  {s  —  c)  s  —  a) 

But  -~,  or is  the  surface  of  the  triangle  ABC. 

m 

Hence,  to  find  the  surface  of  a  triangle  by  means  qf  the  thrte 
sides  J  we  must  subtract  each  side  successivdy  from  the  half  sum, 
multiply  the  half  sum  and  the  three  remainders  continually  to- 
gether,  and  take  the  square  root  qf  this  product;  which  agrta 
with  Prop.  XL,  B.  IV,  El.  Geom. 

4th.  The  equations  2cz — c*  =  a*  —  6*  may  be  resolved 
as  follows, 

b*  :*:  «•  +€*  —  2ex 
but  if  the  perpendicular  fall  without  the  tri-  ^ 
angle  as  in  the  present  diagram,  AD  will 
then  be  c  +  a?  instead  of  c  —  x,  hence,  desig- 
nating the  sides  as  before,  we  have  y*  +  x^ 
=  a',  and  y*  +  c»  +  2  ca:+«*=s^,  the  first 
subtracted  from  the  second  gives  c*  +  2cu 
=  b»  — a«,  or  c  (c  +  2x)  =  (6  +  a)  (6 — a) ; 
whence,        c  :b  +  a  ::b  —  ai  c  +  29 
Now,        c  +  2x,0Tx  +  c  +  x=z  CD  +  AD ; 
consequently,   AC  :  AB  +  BC  : :  AB  — BC  :  CD  +  AD 
6th.  The  same  equation  c«  +  2  ex  =  6*  — -  «•,  may  also  be 
put  under  the  following  form 

6a  =  a«  +  c>  +  2  car,  which  answers  to  the  last  figure, 
comparing  this  with  the  equation, 

6*  =  a*  +  *c  — 2  cr,  which  answers  to  the  former  fig^ 
ure,  we  observe  that  6*  the  square  of  the  side  AB  opposite  to 
the  acute  an^le  C,  is  less  than  the  sum  of  the  squares  of  the 
other  two  sides  a'  +c*  by  2  car ;  on  the  contrary,  the  square 
of  the  side  AB  opposite  the  obtuse  angle,  (see  last  figure,)  is 
equal  to  a*  +  c«  +2  cx^  that  is,  greater  than  the  sum  of  the 
squares  of  the  other  two  sides,  by  2cx,  which  agrees  with 
propositions  XXVI  and  XXVII,  B.  IV,  EL  Geom ;  by  these 
propositions  we  may  determine  when  the  ai^fles  of  a  triangle 
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ire  to  be  calculated  by  means  of  the  sides,  whether  the  angle 
lought,  be  acute,  or  obtuse. 

6th.  The  two  equations    6«  =  a*  +  c*  —  2  ex 
ind  ft«  =  a«  +  c«  +  2  ca? 

X)nfinn8  the  theory  of  positive  and  negative  quantities,  for  it 
s  plain  that  the  segment  CD  takes  diiTerent  directions,  accord- 
Dg  as  the  perpendicular  BD  falls  within  the  triangle  or  with- 
>ut  it  In  these  two  equations  the  term  2  ex  has,  m  fact,  con- 
rary  signs.  Hence,  whatever  result  we  obtain  with  regard 
0  one  of  these  triangles,  we  obtain  that  which  belongs  to  the 
oalogous  case  of  the  other  by  merely  changing  its  sign  of 
iiat  part  which  takes  a  different  direction  on  the  same  line. 
Now,  since  in  the  above  theorem,  respecting  the  surface  of 
triangle  the  segment  CD  does  not  come  into  consideration  ; 
iierefore,  the  proposition  is  equally  applicable  to  all  kinds  of 
lane  triangles. 

PROBLEM,   v. 

laving  the  lengths  of  the  three  perpendiculars^  EF,  EI,  EH, 
drawn  from  a  eertain  point  E,  within  an  equilateral  triaai^ 
gle  ABC,  to  its  three  stdes^  to  determine  the  sides. 

Draw  the  perpendicular  AD,  and  having 
joined  EA,  EB,  and  EC,  put  EF:r=a  EI=^ 
EH-e,  and  BD  (which  is  iBC)=a;. 

Then,  since  AB,  BC,  or  CA,  are  each=2:i:, 
«B  shall  have,  Prop.  XXIV.  B.  IV.  EL  Geom. 

AD=  V(AB*— JBD0=  x/Ciar*  —  ar«)=  V^x" 
=*v^3.  

And  because  the  area  of  any  plane  triangle  b  d  f       c 

is  equal  to  half  the  rectangle  of  its  base  and  perpendicular,  it 
foQows  that 

triangle  ABC=iBCxAD=xXa?x/8=a:*V^3, 

BEC=}BCxEF=a:Xa      =ax, 

AEC=iACxEI=xx6        =te, 

AEB=JABxEH=xXc      =cx. 

But  the  last  three  triangles  BEC,  AEC,  AEB,  are  together, 

equal  to  the  whole  triangle  ABC,  whence 

x^  ^B=ax+bx+cx. 
And,  consequently,  if  each  side  of  this  equation  be  divided 
by  Xt  we  shall  have 

Xx/8=a+J+c,  or 
a+b+c 
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Which  it  therefore,  half  the  length  of  either  of  the  three 
equal  sides  of  the  triangle. 

Car.  Since,  from  what  is  above  shown,  AD  is=x v^3,  it  fol- 
lows, that  the  sum  of  all  the  perpendicular!,  drawn  from  any 
point  in  an  equilateral  triangle  to  each  of  the  sides,  is  equal  to 
the  whole  perpendicular  of  the  triangle. 

From  a  given  point  A,  without  a  cirek  BDC,  to  dwmw  a  straight 
Kne  AE  in  such  a  manner  that  the  part  DEi,  intercepted  in 
the  circle^  $haU  be  equal  to  a  given  Hne, 

Since  the  circle  BDEC 
is  given,  its  diameter  is 
supposed  to  be  known ; 
aiuC  since  the  point  A  is  ^| 

S'ven,  we  draw  through 
e  centre  O  the  straignt 
lmeAOC,thelineABis 
to  be  considered  as  known,  and  consequently  the  line  AC.  In 
order  to  know  how  the  line  AE  b  to  be  drawn,  we  have  only 
to  determine  what  ought  to  be  the  magnitude  of  AD,  that, 
when  produced,  the  part  DE  should  be  equal  to  the  given  line. 
We  will  designate  AD  by  x,  AB  by  a,  AC  by  6,  and  die  given 
line,  to  which  DE  is  to  be  made  equal,  by  c. 

Since  the  figure  BDEC  is  a  circle,  the  secants  AC,  AE, 
must  be  reciprocally  proportional  to  the  parts  without  the  cir- 
cle ;  that  is, 

AC  :  AE  : :  AD  :  AB  (Prop.XXXVL  B.  IV. 
EL  €reom.)f  or     b  :  x+c  : :   «   :    a ; 
whence  a?  +  ex  =  aft, 

an  equation  of  the  second  degree,  which,  beiQg  resolved,  gives 

a:=  —  J  cdb  V\  (^+ab. 

of  which  the  first  value  only, — ic-f  v^  J  €"+06,  satisfies  the 
question  under  consideration. 

In  order  to  finish  the  solution,  it  is  necessary  to  construct 
this  quantity,  which  can  be  done  without  emjdoying  the  trans- 
formations made  known,  art  ^.  For  this  purpose,  we  draw 
from  the  point  A  the  tangent  AT,  which,  beinff  a  mean  jnro- 
portional  between  AB  and  AC,  gives  AT*s=a6^;  the  value  of 
X  therefore  becomes 

a:=-ic+\/|?+AT\ 
The  radius  TO  being  drawn,  becomes  a  perpendicular  at  AT; 
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if  then  we  take  TI  equal  to  |  c,  by  drawing  AI,  we  shall  have 
AI=\/J  c*+AT';  therefore,  in  order  to  obtain  x,  we  have 
only  to  apply  TI  from  I  to  R,  and  to  describe  from  the  point 
A.  as  a  centre*  and  with  the  radius  AR,  the  arc  RD,  which 

will  determine  D,  the  point  sought ;  for 

AD,  or  AR=AI  — IR=AI  — TI=v^J  c«+AT«- >  c=a? 
In  order  now  to  know  what  the  second  value  oi  x  signifies, 

namely^  

x=— J  c— \/ J  c*+a6, 
it  must  be  observed  that,  as  it  is  wholly  negative,  it  can  only 
fall  in  the  direction  opposite  to  that  toward  which  AD  tends. 
Let  OS  see,  then,  if  there  be  a  question  depending  upon  the 
same^juantities  and  the  same  reasoniug,  which  fulSs  this  con- 
dition. If  now  we  suppose  a  and  h  negative,  the  equation 
s^+cx^db,  undergoes  no  change ;  since,  therefore,  when  the 
circle  BDEC  becomes  B'D'E'C'',  situated  toward  the  left  in 
the  same  manner  that  BDEC  is  toward  the  right,  it  follows 
that  the  solution  of  this  case  is  contained  in  the  same  equation ; 

the  second  value  of  x,  or — i  c—  \/^  c*  +  a6»  belongs  to  the 
same  case,  and  satisfies  the  same  conditions ;  if,  therefore,  in 
the  preceding  construction,  we  apply  IT  from  I  to  R'  on  AI 
produced,  and  from  the  point  A,  as  a  centre,  and  with  a  ra- 
diui  equal  to  AR',  we  describe  an  arc  cutting  the  circumfer- 
eoce  Bl^E'C'  in  E',  the  pomt  E'  will  be  such  that  the  part 
mtercepted,  E'lV,  will  be  equal  to  c.    Indeed, 

AE'=AR'=AI+IR'==\/j  c»+AT*+i  c, 
that  iSf  AE'  is  equal  to  the  second  value  of  x,  the  signs  being 
dumged.    Now,  since  we  apply  this  quantity  in  a  direction 
opposite  to  that  in  which  x  extends,  it  follows  that  AE'  is  in 
reality  the  second  value  of  x. 

Hence,  as  the  two  circles  are  equal  and  situated  in  the  same 
manner,  the  two  solutions  may  both  belong  to  the  same  circle, 
so  that  if  we  describe  from  the  point  A,  as  a  centre,  and  with 
a  radius  AR',  the  arc  R'E,  the  line  AE  will  also  resolve  the 
auestion ;  indeed,  it  is  evident  that  the  point  E,  determined  in 
tnis  manner,  is  in  the  line  AD,  (obtained  by  the  first  construc- 
tioiit)  produced.  But  of  the  two  solutions,  furnished  by  alm- 
bn,  toe  first  &\\m  on  the  right  of  the  point  A,  and  appertams 
to  the  point  D  of  the  convex  circumference,  while  the  second 
ftUa  oo  the  left,  and  appertains  to  the  point  E'  of  the  concave 
part  of  the  drcumference. 
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PROBLEM  m. 

Let  it  be  required  to  find  the  direction  of  a  given  line  AB  from 
a  point  C,  mch^  that  its  distance  from  the  point  A.  shall  be  a 
mean  proportional  between  its  distance  from  the  paint  B  and 
the  whole  line. 

Let  the  given  line  AB  be 
designated  by  a,  and  the  dis- 
tance  AC   required  by  z; 

then  BC  will  be  a—x ;  and,  

since  the  proportion  required  a 
is  AB :  AC  : :  AC  :  CB, 

or  a  :    X  : :    X    :    a^x^ 

we  shall  have 

a^=a^ — ax,  or  x*+ax=^a*, 
an  equation  of  the  second  degree,  which,  being  resolved,  gives 

In  order  to  construct  the  first  value  of  ae,  we  must,  accord- 
ing to  what  has  been  said,  (Art.  5,)  nose  the  point  B  the  per- 
pendicular BD=i  a ;  and,  having  dravm  AD,  we  shall  have 

AD=  %/BDM-AB*=  \/i  a'+a* ; 
we  have  then  only  to  subtract  from  this  line  the  quantity  I  a, 
which  is  done  by  applying  BD  from  D  to  O ;  then  we  shall 

have  A0=>^|  a^+a^-^i  a,  that  is,  it  will  be  equal  to  x.    We 
then  apply  AO  from  A  to  G  toward  B,  and  C  will  be  the  point 
sought. 
As  to  the  second  value  of*,  namely, 

ar=  —  i  €1— >/j  a*  +a\ 
if  we  apply  BD  from  D  to  C  on  AD  produced,  then  we  shall 
have  

AO=i  a+Vja'+if; 
and,  as  the  value  of  x  is  this  quantity  taken  negatively,  we  ap- 
ply AC  from  A  to  C  on  AB  produced  in  a  direction  opposite 
to  that  toward  which  x  is  supposed  in  the  solution  to  extend ; 
and  we  shall  have  a  seecmd  FK>int  C,  which  will  also  be  six^ 
that  its  distance  from  the  point  A,  will  be  a  mean  proportional 
between  its  distance  from  the  point  B  and  the  whole  line  ABL 

Scholium.  1.  We  may  obaenre  that  this  questicm  ooatains 
that  of  dividing  a  line  in  extreme  and  wman  raiimf  abo  the 
construction  which  we  have  obtained,  is  the  same  as  that 
given  in  the  Elements  of  Geometry^  (Prop.  IV.  B.  IV.)  But 
It  will  be  perceived,  that  we  are  made  acquainted  with  this 
construction  bv  algebra,  whereas  in  the  Elements  of  Oeameiry 
we  supposed  the  construction,  and  only  demonstrated  its  truth. 
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2.  With  a  little  attention  to  the  course  pursued  in  the  pre* 
Kiiiig  questions,  it  will  be  evident  that  we  have  always  taken 
r  the  unknown  quantity  a  line,  which  being  once  known, 
nreSy  by  observing  the  conditions  of  the  question,  to  deter- 
ine  all  the  others.  This  is  the  course  to  be  pursued  in  all 
LseSy  but  there  is  a  choice  with  regard  to  the  line  to  be  used ; 
ere  are  often  several,  each  of  which  has  the  property  of  de- 
rmining  all  the  others,  if  once  known.  Among  these  some 
oold  lead  to  more  simple  equations  than  others.  The  follow- 
g  rule  is  given  to  aid  in  such  cases. 

8.  If  among  the  lines  or  quantities^  which  would,  when  taken 
ich/or  the  unknown  quantity,  serve  to  determine  all  the  other 
tantities,  there  are  two  which  would  in  the  same  way  answer 
.is  purpose,  and  it  would  be  foreseen  that  such  would  lead  to  the 
ime  equation,  {the  signs  +  and  —  excepted)  ;  then  we  ought  to 
nphy  neither  of  these^  but  take  for  the  unknown  quantity  one 
hick  depends  equally  on  both ;  that  is,  their  half  sum,  or  their 
adf  diflierence,  or  a  mean  proportional  between  them,  or  &c., 
ad  we  shall  always  arrive  at  an  equation  more  simple  than 
f  eniploying  either  the  one  or  the  other. 
4.  The  question  we  have  resolved,  (Prob.  VI,)  may  be  used 
» illustrate  what  is  here  said.  In  this  question  there  is  no 
tason  for  taking  AD  rather  than  AE,  for  the  unknown  quanti- 
r ;  by  taking  AD  for  the  unknown  quantity  x,  we  have  x+c 
r  AE  ;  and,  by  taking  AE  for  the  unknown  quantity  x,  we 
loaldhavex — c  for  AD;  and,  as  to  the  rest,  the  mode  of 
"oceeding  is  the  same  for  each  case ;  so  that  the  equations 
Set  only  in  the  signs.  If,  therefore,  instead  of  takin^^  either 
T  the  unknown  quantity,  we  take  their  half  sum,  and  desig- 
ite  it  by  a:,  since  their  half  difference  DE=c  is  given,  we 
lall  have 

AE=a:+}  c,  and  kD=X'-\  ex, 
rbence,  according  to  the  proposition  adopted  in  the  first  so- 

ItiOD, 

{x+\  c)  (x— ic)=aft 

I  more  sioiple  equation  than  the  former,  and  which  gives 

x=v'j  c*+ab\ 
ind,  since  AE=a:+i  c,  we  have  immediately 

lod  AD=  —  i  c+  ^ J  c'+oft, 

II  before  found. 
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PROBLEM    Vlllr 

Ltt  it  he  required  to  draw  a  right  line  BPE/rom  one  of  the  an- 
gles Bof  a  given  square  BC,  so  that  the  part  FE  interested 
by  DE  and  DC,  shall  he  of  a  given  length. 

Draw  EG  perpendicular  A d         K 

to  BE  to  meet  fiC  produced 
in  6,  and  from  the  angle  E 
draw  EH  perpendicular  to 
EG. 

LetBCor  DC=a,FE=6, 
BF=y,  and  CG=x. 

Since  the  triangle  EHG 
is  similar  to  the  triangle  BCF 
and  the  side  EH = the  side  BC,  hence  the  hypothenuse  £0=^= 
the  hypothenuse  BF. 

But  BE'+EG*=*BG^ 

or  2y*+26y+6'=a*+2a«+x* 

and  because  the  triangle  BCF  and  BEG  are  similar, 

BF :  BC  : :  BG  :  BE 
or  y  :    a  ::  a+x  :  y+b 

hence,  j/*+bv=a*+€Uc 

multiplying  this  equation  by  2,  we  have 

2y*+2hy=2a*+2ax. 

Subtracting  the  last  from  the  former  equation,  we  have 

or  y+g«=x% 

hence,  «=  Vb*+a* 

having  the  value  of  x,  y  may  be  found  in  the  equation 

y*+hy=o^+ax 
completing  the  square  y^+by+lhs=a*+ax+{h 

hence  y=  Va*+az^r\h^^b 

Let  DE=2, 

then  y  :  a:  :h  :  x 

and  yx^db 

hence,  xas — 

y 

Scholium.  This  problem  is  susceptible  of  soTeral  modes  of 
solution,  but  perhaps  none  more  simple  than  the  one  here 
given,  for  most  of  the  modes  of  which  it  is  susceptible,  iaTolve 
powers  and  equations  higher  than  quadratics. 
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BXAMP1.B8    FOX   PEACTrOE. 

Ex.  1.  To  find  the  side  of  a  iquare,  inscribed  in  a  given 

lemicirclei  whose  diameter  k  d,  «        1  , 

Ans.  -zdi/b 

Ex.  2.  To  find  the  side  of  an  equilateral  triangle  inscribed 
Q  a  circle  whose  diameter  is  (f ;  and  that  of  another  circum- 
cribed  about  the  same  circle.  Ans.  id^/S^  and  d^S 

Ex.  3.  To  find  the  sides  of  a  rectangle,  the  perimeter  of 
irhich  shall  be  equal  to  that  of  a  square,  whose  side  is  a,  and 
is  area  half  that  of  a  square.     Ans.  a+\a^2  and  a  —  ia^2 

Ex.  4.  Having  given  the  perimeter  (12)  of  a  rhombus,  and 
he  sum  (8)  of  its  two  diagonals,  to  find  the  diagonals. 

Ans.  iv/2  +  v/5  4+x/2  and  4 — ^2 

Ex,  5.  Required  the  area  of  a  right  angled  triangle,  whose 
ypothenuse  is  x^*  and  the  base  and  perpendicular  x"  and  ai* , 

Ans.  1.029085 

Ex.  6.  Having  given  the  two  contiguous  sides  (a,  b)  of  a  pa- 
sdlelogram,  and  one  of  its  diagonals  ((f),  to  find  the  other  di- 
gonal.  Ans.  -v/(2a'+26* — iP) 

Ex.  7.  Given  the  t)ase  (194)  of  a  plane  triangle,  the  line 
lat  bisects  the  vertical  angle  (66),  and  the  diameter  (200)  of 
le  circumscribing  circle,  to  find  the  other  two  sides. 

Ans.  81.86587  and  157,  43865 

Ex.  8.  The  lengths  of  two  lines  that  bisect  the  acute  angles 
f  a  right  angled  plane  triangle,  being  40  and  50  respectively, 

18  required  to  determine  the  three  sides  of  the  triangle. 

Ans.  35.80737,  47.40728,  and  59.41143 

Ex.  9.  Given  the  hypothenuse  (10)  of  a  right  angled  trian- 
le,  and  the  difierence  of  two  lines  drawn  from  its  extremities 

>  the  centre  of  the  inscribed  circle  (2),  to  determine  the  base 
nd  perpendicular.  Ans.  8.08004  and  5.87447 

Ex.  10.  Having  given  the  lengths  {a,  b)  of  two  chords,  cut- 

ng  each  other  at  right  angles,  in  a  circle,  and  the  distance  (c) 

f  their  point  of  intersection  from  the  centre,  to  determine  the 

iameter  of  a  circle.  .       ,      (  w  « ,  rt\  .  «  •  ? 

Ans.  Itx/  I  i(a'+y)+2c*  > 

Ex.  11.  Two  trees,  standing  on  a  horizontal  plane,  are  120 
set  asunder ;  the  height  of  the  highest  of  which  is  100  feet, 
nd  that  of  the  shortest  80 ;  where  in  the  plane  must  a  per- 
90  plaee  himself,  so  that  his  distance  from  the  top  of  each 
nee,  and  the  distance  of  the  tops  themselves,  shall  be  all  equal 

>  eaeb  «ther  ? 

Ans.  20^^21  feet  from  the  bottom  of  the  shortest 
and  40  v^  3  feet  from  the  bottom  of  the  other 
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Ex.  12.  Having  given  the  sides  of  a  trapezium,  inscribed  in 
a  circle,  equal  to  6,  4,  5,  and  3,  respectively,  to  determine  the 
diameter  of  the  circle.  Ans.  jW{l^OX  133)  or  6.574572 

Ex.  13.  Supposing  the  town  a  to  be  30  miles  from  b,  b  25 
miles  from  c,  and  c  20  miles  from  a  ;  where  must  a  house  be 
erected  that  it  shall  be  at  an  equal  distance  from  each  of  them  ? 

Ans.  15.118578  miles  from  each,  viz: 
in  the  centre  of  a  circle  whose  circumference  passes  through 
each  of  the  three  towns. 

Ex.  14.  In  a  plane  triangle,  having  given  the  perpendicular 
(  o),  and  the  radii  (r  e)  of  its  inscribed  and  circumscribing  cir- 
cles, to  determine  the  trjangle. 

Ans.  The  base  ^''^i^P-^r.-^) 

DETERMINATION  OF  ALGEBRAICAL  EXPRESSIONS   FOR  SUR. 

FACES  AND  SOUDS. 

7.  We  have  seen  in  the  Elements  of  Geometry ^  that  surfaces 
depend  upon  the  product  of  two  dimensions,  and  solids  upon 
the  product  of  tnree  dimensions ;  so  that,  if  the  several  di- 
mensions of  one  or  two  solids,  or  two  surfaces,  which  we 
would  compare,  have  to  the  several  dimensions  of  the  other, 
each  the  same  ratio,  the  two  surfaces  will  be  to  each  other  as 
the  squares,  and  the  two  solids  as  the  cubes,  of  the  homolo- 
gous dimensions  ;  and  more  generally  still,  if  any  two  quanti- 
ties of  the  same  nature  are  expressed  each  bv  the  same  num- 
ber of  factors,  and  if  the  several  factors  of  the  one  have  to 
the  several  factors  of  the  other,  each  the  same  ratio,  the  two 
quantities  will  be  to  each  other  as  their  homologous  factors, 
raised  to  a  power  whose  exponent  is  equal  to  the  number  of 
factors.  If,  for  example,  the  two  quantities  were  ah  c  d^  a^  V 
d  d\  and  we  had 

a  :  a'  :  :  6  :  i'  :  :  c  :  c'  :  :  rf  :  cf , 
then  we  should  have 

a'  h  a*  c  a'  d 

a  a  a 

and  consequently, 

i:^*  h  e  i 

ah  c  di  a*  h^  c'  d!  I  I  a  b  c  d  i = — , 

a 

a'' 
a* 
::     a*         :  a'  \ 
What  is  here  said  is  true  not  only  of  simple  quantities ;  the 
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ame  may  be  shown  with  respect  to  compound  quantities.    Let 
le  quantities  whose  dimensions  are  proportional  be 

ab  +cd,a'  b'  +  d  d'; 
nee,  by  supposition^ 

a  :  a'  :  :  6  :  6'  :  :  c  :  c'  :  :  rf  :  (f , 
re  shall  have 

(f  b    ^       a'  c  a!  d 

a  a  a 

ad  consequently 

a'*  b        a'*  cd 

a  b  +  c  d  :  a^  b'  +  d  d!  ::  ab  +  c  d  : +    — r— 

a  a 

-   .       ,    a'^  ah  +  a^  cd 
: :  a  J  +  c  rf  : ; 

I  \  a^  {ab  +  c  d)  I  a'*  {ab  +  c d)^ 


:  :  a*  :  a'*. 


It  follows,  from  what  is  here  proved,  that  the  surfaces  of 
nilar  fimires  are  as  the  squares  of  their  homologous  dimen- 
niSt  and  that  the  solidities  of  similar  solids  are  as  the  cubes 

their  homologous  dimensions  ;  for,  whatever  these  figures 
d  these  solids  may  be,  the  former  may  always  be  considered 

composed  of  similar  triangles,  havmg  their  altitudes  and 
les  proportional,  (Prop.  XaIIL  B.  IV.  EL  Oeom.f)  and  the 
ter  as  composed  of  similar  pyramids,  having  their  three  di- 
nsions  also  proportional.  (Prop.  XXXII,  Cor.  5,  B.  II,  EL 
L  Geam.) 

b  will  hence  be  perceived,  that  quantities  may  be  readily 
tnpared,  when  they  are  expressed  algebraically  ;  and  this 
ij  be  don3,  whether  the  quantities  be  of.  the  same  or  of  a 
ferent  species,  as  a  cone  and  a  sphere,  a  prism  and  a  cylin- 
r,  provided  only  that  they  are  of  the  same  nature,  that  is, 
th  solids,  or  both  surfaces. 

tit  be  requited  to  investigate  the  properties  of  a  pyramid  and 
and  also  of  a  frustum  of  a  pyramid. 

Let  h  =  the  altitude,  s  =s  the  greater  base  and  s'  the  smaller 
se,  and  h'  =  the  altitude  of  the  vertical  pyramid  taken  from 
t  top  of  the  frustum, 

then  we  shall  have  y/s'  :  v/s : :  A'  :  A  +  A'  or  the  altitude  of 
e  whole  pyramid,  and  consequently, 

(*  +  h')  -/«'  =  A'  ^5  =  A  -/«'  +  A'  x/^ 
4  h'^/s — A'  ^s*  ^  h  y/s' 

dividing  by  y/s  —  -•*' 


16* 
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we  have  A'  =  —; — . 

whence  h!  becomes  known. 

Let  now  A  +  A'  be  represented  by  A,  and  we  may  have 

from  the  first  equation  =  k 

then  we  shall  have  for  the  solidity  of  the  whole  pyTamid-^(l) 

the  soHdity  of  the  small  pyramid  -^ 

substituting  for  k  its  value,  we  have  for  the  solidity  of  the 
whole  pyramid  , 

hence  the  solidity  of  the  frustum  will  be   ^     , ^ 

putting  for  A'  its  value  found  above  we  have, 

which  being  reduced  gives, 

3  («  +  %/ii'  +  y) (S) 

that  is,  the  solidity  of  the  frustum  is  equal  to  the  sum  of  the 
greater  base,  the  smaller  base,  and  a  mean  proportional  be- 
tween the  two  bases,  multiplied  by  the  altitude  of  the  frustum ; 
which  agrees  with  the  proposition  in  geometry. 

And  if  the  two  bases  are  equal,  viz :  if  5  =  t'  then  the  so- 
lid becomes  a  prism,  and  the  expression  will  become 

A  1 

yC*  +  5  +  5)  or  -  A  (8*)  =  A*  .    -     .    (4) 

that  is,  the  solidity  of  the  prism  is  equal  to  ita  base  multiplied 
by  its  altitude. 

Let  the  lateral  surface  of  the  pyramid  be  used  aa  an  ele- 
ment in  its  investigation. 

To  find  the  lateral  surface  of  a  frustum  of  a  regular  pyra- 
mid, having  the  two  bases  and  slant  height  given,  aa  well  aa 
the  radius  of  the  circle  inscribed  in  the  larger  baae. 

Let  the  larger  base  be  called  «,  the  smaller  $*,  the  dant  height 
A,  and  the  radius  of  the  circle  inscribed  in  the  larger  baae,  r. 

The  perimeter  of  the  larger  baae  will  be  7-  and    the  pm- 
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meter  of  the  smaller  base  may  be  found  from  the  following   ] 

y/s  :  y/9^  •  •  T~  •  i — T  ^^^  perimeter  of  the  smaller 

1 7"  I  h  =  the  lateral  surface. 

r        r  ^5/ 

Or  we  may  investigate  the  surface  of  the  frustum  in  con- 
aection  with  the  whole  pyramid  of  which  it  is  a  part 

Thus  J-  :  J — —  ::  h  I  -— -  the  slant  height  of  the 

whole  pyramid,  which  make  »  A,  and  the  vertical  pyramid  cut 
from  the  frustum  will  be  A  —  h. 

Hence,  we  have  r  :  k: :  s  :  —  the  lateral  surface  of 

r 

the  whole  pyramid.    - (5) 

And  since  the  lateral  surfaces  of  similar  pyramids  are  pro- 

sk    s'k 
portional  to  their  bases,  we  may  make  s  :  s* : :  —  :  — the  sur- 

&ce  of  the  vertical  pyramid  cut  from  the  frustum* 

«                          »*      «'*  .^ 

Hence  (fj) 

or  (i  —  a*)  the  difference  of  the  two  bases,  multiplied  by  ~  the 

ratio  of  the  slant  height  of  the  pyramid  to  the  radius  of  the 
bue,  is  equal  to  the  lateral  surface  of  the  frustum. 

It  may  be  observed  that  the  ratio  -  is  constant  whether  ap- 
plied to  the  whole  pyramid,  to  the  pyramid  cut  off,  or  to  the 
frustum  ;  and  is  such  as  would  be  represented  by  the  sine  of 
the  angle  formed  by  its  slant  side  with  the  plane  of  the  base. 

Cor.  Whence  we  have  for  the  lateral  surface  of  the  frustum 
of  a  pyramid,  this  rule  : 

MuUiply  the  difference  of  the  hoses  by  the  sine  of  the  angle 
the  slant  side  makes  with  the  base^  or  by  the  ratio  of  the 
whok  slant  height  of  a  perfect  pyramid  on  the  same  base  to  the 
radius  of  the  base^  which  will  give  the  lateral  surface. 

8.  If  r  represent  the  ratio  of  the  circumference  of  a  circle 
to  the  diameter,  a  ratio  which  is  known  with  sufficient  accu- 
racy for  practical  purposes  (Prop.  XIX.  B.  V.  EL  6eom.j)  the 
circumference  of  any  circle  whose  radius  is  r,  will  be2«r-  (1,) 

and  its  surface  ^rt^ (2.) 

Hence  it  is  evident  that  the  areas  of  circles  increase  as  the 
squares  of  their  radii,  r  bein^  always  of  the  same  value,  the 
quantity  «t^  depends  on,  and  is  proportional  to  r*       -        (3.) 
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If  A  be  the  altitude  of  a  cylinder  the,  radius  of  whose  base 
is  r,  for  its  convex  surface  we  shall  have  ^rh     -         -        (4) 

for  its  solidity  *r^h (5) 

and  for  the  same  reason  we  shall  have  ^r^h*  for  the 
solidity  of  another  cylinder,  whose  altidude  is  k\  and 
the  radius  of  whose  base  is  i*',  hence  the  solidities  of  the  two 
cylinders  are  to  each  other  as  the  altitudes  multiplied  by  the 
squares  of  the  radii  of  the  bases.  If  their  altitudes  and  radii 
of  their  bases  are  proportional,  in  which  case  the  cylinders 
will  be  similar,  we  shall  have 

A  :  A'  : :  r  :  r' 

consequently     =A' — 

and  the  ratio        r*  h  :  r'^h 

becomes  — 

r 

or  multiplying  by  r  and  dividing  by  A,  r*  :  r"   -        -         (6,) 

that  is  the  solidities  are  as  the  cubes  of  the  radii^of  their  bases, 

as  before  shown  in  geometry. 

Also  if  the  altitude  of  a  cone  is  A,  and  r  the  radius  of  the 

base,  its  convex  surface  may  be  expressed  by 

2r^  

v^r*  +  A-J<-2-  =  '^v'r*  X  A*        -        -        -         CO 

Or  let  k  =  the  slant  height  of  the  cone,  then  will  its  lateral 
surface  be 

rir  X  k  =  rh (8) 

which  result  will  be  also  obtained  if  we  take  cr*  the  area  of 
the  base,  and  increase  it  in  the  ratio  of  r :  A,  viz. : 

r  :  A  : :  AT* :  —  or  rhf 

r 

The  solidity  of  the  cone  will  be 
A      cr»A 

^^  ^    3  ==-^ <^> 

or  if  we  multiply  the  convex  surface  of  the  cone  by  one-third 

of  its  distance  from  the  centre  of  the  base,  (Prop.  IX.  B.  III. 

EL  S,  Oeom.)  we  shall  obtain  the  same  result. 

The  distance  from  the  centre  of  the  base  to  the  surface  may 

rh 
be  expressed  A :  A  : :  r  :«^tbe  distance,        -        •        (10.) 

hence  the  solidity  will  also  be 
_      rh     ^r^h 

ai  =  "3""as  before. 

If  A'  =  the  altitude  of  a  frustum  of  the  ccmey  then  may  the 

A'A 
slant  height  of  the  frustum  be  A  :  A  :  A' : j-^   the  slant  heifibt 
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required,  which  call  V  ;  let  the  radius  of  the  smaller  base  of 

2ni'+2r'4r 
:he  frustum  be  r',  then  will  the  lateral  surface  be XA' 

=  r*'«'+r'AV (11) 

iT*  =  the  greater  base,  and  cr'*  =  the  smaller  base  (Prop.  X, 
B.  III.  El.  S.  Geom.)  the  solidity =a  h'(^^+i^r''+  v/;?^-(12) 

And  since  — ^—  and  — r—  each  expresses  the  solidity  of  a 

:one  on  one  or  the  other  of  the  bases,  and  whose  altitude  is 

^lual  to  that  of  the  frustum,  hence  if  one  of  those  expressions 

s  taken  from  that  of  the  frustum,  the  remainder  will  express  a 

::onesected  frustum. 

ier*h  

rhus  i  h  («'r'+irr'*+ v'.^ilvi)— y-  =iA(*r'*+ ^ij?^  -(13) 

Brhich  is  a  conesected  frustum,  having  a  conical  cavity  on  its 
arger  base  and  j  A  (*r*+  ^/^ITV^  -  .  -  -  (14) 
expresses  a  conesected  frustum  the  cavity  of  which  is  formed 
)]i  the  smaller  base. 

Or  if  we  multiply  the  convex  surface  by  \  its  distance  from 
he  centre  of  either  base,  we  shall  have  the  solidity  of  a  cone- 
lected  frustum,  whose  cavity  is  taken  from  the  opposite  base 
Prop.  XI,  Cor.  B.  Ill,  El  Sol.  Geom.) 

Thus  rht  +  r'V*^  formula  (11)  the  expression  of  the  lateral 

rh 
nirface,  multiplied-r-  formula  (10,)  the  distance  of  the  surface 

jom  the  centre  of  the  larger  base  gives 

—*— <*^> 

When  the  two  bases  of  the  frustum  are  equal,  the  coinsected 
frustum  becomes  a  conesected  cylinder,  and  r  and  r',  k  and  h! 
tiecomes  identical.    Hence  the  expression  becomes 

=  2i'»fcr (16) 

irbere  k  represents  the  altitude. 

9.  Applymg  the  same  notation  to  express  the  sphere,  we  have 
for  the  surface  of  any  sphere  whose  radius  is  r,  Atr^ ;  and 
Icr'xir^tfl'r*,  will  be  its  solidity,  (Prop.  XXI.  B.  III.  El 
Hoi  Geom) (1) 

If  the  surface  of  a  spherical  zone  is  required,  it  may  be  ex- 
pressed by  the  product  of  the  altitude  of  the  zone  multiplied 
by  the  circumference  of  the  sphere;  let  A=^the  altitude,  and 
we  have  2*rh  for  the  spherical  surface  of  the  zone,  -    -     (2.) 

The  solidity  of  the  sector  of  which  this  is  the  spherical  base, 
if  2rrAxir=|«'r*A, (3.) 

Now,  since  the  sector  CBAD  (see  the  diagram  to  the  Prob- 
lem   on   the    187  page,)  may   be    considered   to  be    made 
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up  of  a  cone  CBD  and  a  segment  BDA ;  in  order  to  expresf 
these  portions,  it  will  be  necessary  to  find  the  area  of  the  cir- 
cular section  BD;  for  this  purpose,  since  CP=CA — AP 
=r— A,  and  CB=r,  we  have  in  the  right  angled-triangle  BPC, 

BP=  %/CB'  —  PC*=  %/r» — 9^+2Hk^:i^=^  V2rh  —  h\  -  (4.) 
The  radius  of  the  circular  section  BPD,  hence  the  area  of 

the  circle  will  be  2«'rA  —  cA% (5.) 

And  the.  solidity  of  the  cone  will  be 

,  (2«rA — -rA') — ^ —  = .  (e.) 

Hence  the  soliditv  of  the  segment  will  be 

,      .      2^r'A+3crA'-^A'         .,       ...  ,^. 

Which  may  'be  resolved  into  cA*(r  —  A,)      ....    (8.) 

Hence,  the  solidity  of  the  segment  is  equal  to  the  product  ^ 
a  circle^  whose  radius  is  the  altitude  of  the  segment  multiplvd 
by  the  radius  of  the  sphere^  minus  a  third  of  this  altitude. 

10.  Let  r'  be  the  radius  of  a  sphere  inscribed  in  a  vertical 
polyedroid,  and  r  the  radius  ot  the  circumscribed  sphere. 
Then  (Prop.  XVIII.  B.  Ill,  El.  Sol.  Geom.)  the  surface  of  the 
polyedroid  will  be  2r'cX2r=4f  rr, (1.) 

And  since  the  surface  of  the  circumscribed  sphere  is=4i^» 
formula  (1,  Art  9,)  it  follows  that  the  surface  of  the  polyedroid 
and  that  of  its  circumscribed  sphere,  are  to  each  other  as  r' :  fi 
since  those  are  the  only  variable  quantities  which  enter  into 
their  expressions. 

If  A  be  the  height  of  any  zone  of  the  sphere,  its  sorfrce, 
formula  (2,  Art  9 ,)  will  be  2r'rxAs=2r*r,    ....    (2) 

The  surface  of  the  corresponding  xone  of  the  polyedroid, 
will  be  2r'*x  A=2r'A<,  (P.  XVIIL  Cor.  B.  HI.  EL  &  6.)    -  (a.) 

And  hence  the  surface  of  any  zone  or  segments  of  the  po- 
lyedroid and  sphere  made  by  the  same  perpendicular  lo  thieir 
common  axis,  will  be  in  the  ratio  of  their  whole  surface,  viz. 

r'  :  r.  or—. - -     .    (4.) 

The  base  of  any  segment  of  the  polyedroid  madc'by  aplaoe 
passing  through  a  circle  common  to  the  polyedroid  andspoere, 
may  be  found  from  formula  (5,  Art  9.) 

Let  2«rA  —  *h\  be  the  .base  of  acommon  segment  of  the 
sphere  and  polyedroid,  and  A  the  common  altitude  of  the 
polyedroidal  and  spherical  sector. 

The  solidity  of  tne  polyedroidal  sector  will  be 

2r'Acx  Y  =  |r^A* (5.) 

And  since  the  corresponding  spherical  sector  is  Ir'Ac,  for- 
mula (8,  Art.  9)  it  follows  that  tm  solidities  of  the  oorrespwdiDg 
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sector  of  these  solids  are  as  the  ratio  of  r :  r',  as  has  been  shown 
with  regard  to  the  convex  surface.  The  cone  whose  base  is 
the  base  of  the  segment^  and  whose  vertice  is  the  centre  of 
the  polyedroid  or  sphere,formula  (6,  Art  9,)  may  be  expressed 

J hence  the  segment  will  be 

Ir^Ar — i«r*A+rrA»— cA' 

=*A(|r'*+|r»+rA  — A*)       ...     -     (6,) 

If  the  polyedroidal  segments  consists  only  of  a  vertical  cone, 

its  solidity  will  be  2^rh—^h^Xih—*rh^  —  i*h\  subtract  this 

from  the  spherical  segment  on  the  same  baser  formula  (7,  Art  9,) 

■r**  —  |«'A',  and  we  nave  JrrA*. (7.) 

which  is  the  value  of  that  portion  of  the  segment  of  the  sphere 
not  included  in  that  of  the  inscribed  polyedroid,  which  is 
mch  a  portion  of  the  sphere  as  would  be  generated  by  the  re- 
volations  of  a  circular  segment  as  BD,  about  the  axis 
DC9  passing  through  the  centre  of  curvature,  and  per-  «/ 
peodicular  to  the  arc  of  the  segment  at  the  point  of 
contact  D. 

lHOBLUft 

R  is  required  to  find  when  the  spherical  segment  and  the  cane 
composing  a  spherical  sector  are  equal  to  each  other. 

Let  ABED  represent  a  sphere  gene- 
rated by  the  revolution  of  a  semicircle 
ABE  about  its  diameter  AE.  The  sec- 
tor ABC,  by  this  revolution,  generates 
a  spherical  sector,  which  is  composed 
of  a  spherical  segment  generated  by  the 
revoloticm  of  a  semisegment  ABP,  and 
of  a  cone  generated  by  the  revolution 
of  the  right-angled  triangle  BPC. 

The  solidity  of  the  sector,  formula  (8,  Art  9.)  will  be  Uet^h. 

rA*' 

The  sdidity  of  the  cone,  |«r*A — •^h*+— ,  formula  (6.) 

Now,  in  order  that  the  cone  may  be  equal  to  the  segment, 
the  sector,  which  is  the  sum  of  both,  must  be  double  the  cone : 
hence,  fir»A=|«r»A=2«'rA*+frA«, 
dividing  by  2,  transposing,  dzic., 
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dividing  by  *A  rA=ir*+iA* 

transposing  |A*— rA= |r* 

from  which  we  obtain  

A=|r=fc>/fr*  _ 

Of  these  two  solutions  it  is  evident  that  only  A=|r  —  Vjr* 

can  satisfy  the   conditions  of  the  question,  since  ir-\'>/\r^ 
is  more  than  2r,  or  more  than  the  diameter  of  the  sphere. 

EXAMPLES  FOR  EXERCI8B. 

1.  What  is  the  solidity  of  the  spherical  segments  of  which 
the  frigid  zones  are  the  convex  surfaces,  the  altitude  of  each 
segment  being  827  miles,  and  the  radius  of  the  base  1575,28 
mOes  7  Ans.  1282921583  solid  miles  nearly. 

2.  What  is  the  solidity  of  the  spherical  segments  of  which 
the  temperate  zones  are  the  convex  surface,  toe  radius  of  the 
superior  base  being  1575,28  miles,  that  of  the  inferior  3628,86 
miles,  and  the  altitude  2053,7  miles  7 

Ans.  55021192817  solid  miles  nearlv. 
8.  What  is  the  solidity  of  the  spherical  segment  of  which 
the  torrid  zone  is  the  convex  surface,  the  radii  of  the  bases  be* 
ing  3628,86  miles,  and  the  altitude  3150,0  7 

Ans.  146715018499  solid  miles  nearly. 

4.  Having  two  vats  or  two  tubs  in  the  form  of  conical 
frusta,  whose  dimensions  are  as  follows,  viz. :  the  first  has  a 
base  whose  diameter  is  3  feet,  its  altitude  is  3^  feet,  and  the  slant 
height  of  its  side  is  4  feet :  the  diameter  of  the  base  of  the  le* 
cond  is  3^  feet,  its  altitude  is  5  feet,  and  the  curve  surface  it 
60  square  feet,  what  must  be  the  dimensions  of  one  capable 
of  containing  as  much  as  the  other  two,  if  the  diameter  of  the 
bottom  and  top,  and  the  altitude  are  in  the  proportion  of 
2  2^  and  3. 

5.  What  is  the  difierenoe  in  surface  of  a  vertical  hexedroid 
circumscribing  a  sphere  whose  diameter  is  10,  and  the  whole 
surface  of  a  conesected  frustum  of  a  cone  inscribed  in  the 
same  sphere,  and  whose  wanting  base  is  6,  and  perfect  base  4? 
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There  are  three  curves,  whose  properties  are  extensively 
pplied  in  mathematical  investigations,  which,  being  the  sec- 
ons  of  a  cone  made  by  a  plane  in  diflferent  positions,  as  will 
s  shown  in  another  place,  are  called  the  Conic  SectUms* 
bese  are, 

1.  The  Parabola.    2.  The  Ellipse.    3.  The  Hyperbola. 

PARABOLA. 


DBnNITIONS. 

1.  A  Parabola  is  a  plane  curve,  such,  that  if  from  any  point 
the  curve  two  straight  lines  be  drawn ;  one  to  a  given  fixed 
unt,  the  other  perpendicular  to  a  straight  line  given  in  po- 
tion :  these  two  straight  lines  will  always  be  equal  to  one 
lother. 

2.  The  given  fixed  point  is  called  the  focus  of  the  parabola. 

3.  The  straight  line  given  in  position,  is  called  the  direci$nx 
'  the  parabola* 

Thus*  let  QAf  be  a  parabola,  S  the  fo- 
m,  tin  the  directrix  ; 
Tteke  any  number  of  points,[^P|,  P,,  P,, 
•  ••  in  the  curve ; 

Join  S,  P,  ;  S,  P. ;  S,  P3  ; . . .  and  draw 
I  N,,  P,  N,t  P3  N3, ....  perpendicular 
the  directrix ;  then 
SP,=P,  N„    SP.=P.N,.    SP,= 
.N„ 

4.  A  straight  line  drawn  perpendicular  to  the  directrix,  and 
uttin^  the  curve,  is  called  a  diameter;  and  the  point  in  which 

cuts  the  curve  is  called  the  vertex  of  the  diameter. 

5.  The  diameter  which  passes  through  the  focus  is  called 

he  oxti,  and  the  point  in  which  it  cuts  the  curve  is  called  the 

^txncipal  vertex. 

17 
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Thiw:  draw  N,P,W„  N.P.W,.  n 
N,P, W.,  KASX,  through  the  points  S, 
P,,  P,,  Pj,  S,  perpendicular  to  the  di- 
rectrix ;  each  of  these  lines  is  a  dia- 
meter; P,,  P,,  P3,  A,  are  the  ver- 
tices of  these  diameters ;  ASX  is  the 
axis  of  the  parabola,  A  the  principal 
vertex. 

6.  A  straight  line  which  meets  the 
curve  in  any  point,  but  which,  when  produced  both  ways, 
does  not  cut  it,  is  called  a  tangent  to  the  curve  at  that  point 

7.  A  straight  line  drawn  from  any  point  in  the  curve,  par- 
allel to  the  tangent  at  the  vertex  of  any  diameter,  and  termi- 
nated both  ways  by  the  curve,  is  called  an  ordinale  to  that 
diameter. 

8.  The  ordinate  which  passes  through  the  focus,  is  called 
the  parameter  of  that  diameter. 

9.  The  part  of  a  diameter  intercepted  between  its  vertex  and 
the  point  in  which  it  is  intersected  by  one  of  its  own  ordinates, 
is  called  the  abscissa  of  the  diameter. 

10.  The  part  of  a  diameter  intercepted  between  one  of  its 
own  ordinatcs  and  its  intersection  with  a  tangent,  at  the  extre- 
mity of  the  ordinate,  is  called  the  sub-tangent  of  the  diameter. 

Thus :  let  TPt  be  the  tangent  at  ^ 

P,  the  vertex  of  the  diameter  PW. 

From  any  point  Q  in  the  curve, 
draw  Qq  parallel  to  T^  and  cutting 
PW  in  V.  Through  S  draw  RSr 
parallel  to  T^ 

Let  QZ,  a  tangent  at  Q,  cut  WP, 
produced  in  Z. 

Then  Qa  is  an  ordinate  to  the  di- 
ameter PW  ;  Rr  is  the  parameter  of  PW. 

Po  is  the  abscissa  of  P W,  corresponding  to  the  point  Qp 

vZ  is  the  sub- tangent  of  PW,  corresponding  to  the  point  Q. 

11.  A  strightline  drawn  from  any  point  in  the  curve,  per- 
pendicular to  the  axis,  and  terminated  both  ways  by  the  curve, 
18  called  an  ordinate  to  the  axis. 

12.  The  ordinate  to  the  axis  which  passes  through  the  focus 
'!s  called  the  principal  parameter^  or  lotus  rectum  of  the  para- 

bola,    .  . 

..13.  The  part  of  the  axis  intercepted  between  its  vertex  and 
the  point  in  which  it  is  intersected  by  one  of  its  ordinates,  is 
called  the  abscissa  of  the  axis. 
14.  The  part  of  the  axis  intercepted  between  one  of  its  owu 
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»,  and  its  intersecticm  with  a  tangent  at  the  extremity 
rdinate,  is  called  the  sub-tangent  of  the  axis. 
:   from  any  point  P  in   the 
raw  ¥p  perpendicular  to  AX 
;ting  AX  in  M.    Through  S 
S/  perpendicular  to  AX. 
PT,  a  tangent  at  P,  cut  XA  T- 
jd  in  T. 

,  Tfp  is  an  ordinate  to  the  axis ; 
e  latus  rectum  of  the  curve, 
s  the  abscissa  of  the  axis  cor- 
ing to  the  point  P. 

is  the  subtangent  of  the  axis  corresponding  to  the 
t 

I  -be  proved  in  Prop.  Ill,  that  the  tangent  at  the  princi- 
ix  is  perpendicular  to  the  axis ;  hence,  the  four  last 
>ns  are  in  reality  included  in  the  four  which  immedi- 
'ecede  them. 

It  is  manifest  from  Def.  1,  that  the  parts  of  the  curve 
1  side  of  the  axis  are  similar  and  equal,  and  that  every 
i  Vp  is  bisected  by  the  axis. 

f  a  tangent  be  drawn  at  any  point,  and  a  straight  line 
m  from  the  point  of  contact  perpendicular  to  it,  and 
ted  by  the  curve,  that  straight  line  is  called  a  normoL 
The  part  of  the  axis  intercepted  between  the  intersec- 
the  normal  and  the  ordinate,  is  called  the  sub-normal. 
:  Let  TP  be  a  tangent  at  any 
• 

I  P  draw  P6  perpendicular  to 
gent,  and  PM  perpendicular  to 

I  PG  is  the  normal  correspond- 
[ie  .'point  P ;  MG  is  the  sttb-ner- 
responding  to  the  point  P. 


m 
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PBoroeinoif  i.  tbbosbm* 


The  distance  of  the  focus  from  any  point  in  the  curvCj  is  equal 
to  the  sum  of  the  abscissa  of  the  axis  corresponding  to  UuU 
points  and  the  distance  from  the  focus  to  the  vertex. 


That  18, 
For 


SP=PN 


SP=AM+AS. 


N 


by  Def.  (1,) 
=KM  *.'  NM  is  a  parallelogram.  ^ 

=AM+AK  ^ 

=AM+AS  V  AK=AS,byDef.(l.) 


PROPOSmON   II.   THEOBBM. 


The  latus  rectum  is  equal  to  four  times  the  distance  from  the 

focus  to  the  vertex. 


That  is 
For, 


L/=4  AS. 


L/=2  LS,  Def.  (14.)  cor 
=2LN 
=2SK 
=4  AS  V  AS=AK. 


PROPOSmON   III.    PROBLEM. 

To  draw  a  tangent  to  the  parabola  at  any  point 

Let  P  be  the  given  point. 

Join  S,  P ;  draw  PN  perpendicular  to 
the  directrix. 

Bisect  the  angle  SPN  by  the  straight   ^ 
line  Tt. 

Tt  is  a  tangent  at  the  point  P. 

For  if  Tt  be  riot  a  tangent,  let  Tt  cut 
the  curve  in  some  other  point  p. 

Join  S,  p ;  draw  pn  perpendicular  to 
the  directrix ;  join  S,  N. 
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Since  SP=PN,  PC  common  to  the  triangles  SPG,  NPO, 
ind  angle  SPO= angle  NPO  by  construction, 

.-.  SO=NO,  and  angle  SOP= angle  NOP. 
Again,  since  SO=NO,  Op  common  to  the  triangles  SQp, 
NQp,  and  angle  SQp=angle  NOp. 

.\  Sp=Np. 
But  since  p  is  a  point  in  the  curve,  and/>7i  is  drawn  perpen* 
dicular  to  the  directrix, 

Sp=pn 

That  is,  the  hypothenuse  of  a  right-angled  triangle  equal  to 
one  of  the  sides,  which  is  impossible,  .\  p  is  not  a  point  in  the 
curve ;  and  in  the  same  manner  it  may  t>e  proved  that  no 
point  in  the  straight  line  Tt  can  be  in  the  curve,  except  P. 

/.  Tt  is  a  tangent  to  the  curve  at  P. 

Cor.  1.  A  tangent  at  the  vertex  A,  is  a  perpendicular  to  the 
axis. 

Car.  fL  SP=ST, 

For,  since  NW  is  parallel  to  TX 
.-.  angle  STP=    angle    NPT 

=    angle    SPT  by  construction» 
SP=ST 

Car.  3.  Let  Q^  be  an  ordinate  to  the  diameter  P W,  cutting 
SPinai; 
Then,  Pa:=P©  <  ^ 

For,  since  Q^  is  parallel  to  T^ 
.'.  angle  Pxv= angle  xPT  ff        p 

=         NPT  by  construe-  ^ 

tion, 

=         PttT  interior  oppo-  T' 
lite  angle, 

Vx=T?v 

Cor.  4.  Draw  the  normal  PG,  (see  diagram  Prop.  V.) 

Then,  SP=SG, 

For  since  angle  GPT  is  a  right  angle, 

angle  6PT=PGT+PTG=PGT+SPT 
Take  away  the  common  angle  SPT  and  there  remaiai 
ingle  SPG=:angle  SOP 

.-.      SP==SG. 

17* 


194 


PARABOLA. 


PBOPOSITION   IV.    THEOREM. 


The  subtangent  to  the  axis  it  equal  to  twice  the  abscissa. 


That  is, 


MT=2  AM 


For,  MT=MS+ST 

=MS+SP.  Prop.  III.  cor.  2.^ 
=MS+SA+AM.  Prop.  I.  ^ 
=2  AM. 

Cor.  MT  is  bisected  in  A. 


PROPOSITION    V.      THEOREM. 


The  subnormal  is  equal  to  one  half  of  the  lotus  rectum.  That  is, 


MG  =  ~  if  we  denote  the  latus  rectum  by  L. 

For,  MG  =  SG  —  SM 

=  SP— SM.  Prop.  Ill  cor.  4. 
=  AS  +  AM  — SM.   Prop.  I. 
=  AS  +  AS  +  SM  -  SM 
=  2  AS 

=  ~  Prop.  II. 


PROPOSITION    VI.      THEOREM. 

If  a  straight  line  be  drawn  from  the  focus  perpendicular  to 
the  tangent  at  any  point,  it  will  be  a  mean  proportional  between 
Vie  distance  from  the  focus  to  that  point,  and  tlie  distance  from 
the  focus  to  the  vertex. 

That  is,  if  SY  be  a  perpendicular  let  fall  from  S  upon  T/ 
the  tangent  at  any  point  P 

SP  :  SY  : :  SY  :  SA. 
Join  A,  Y.  ^^^ 

Since  SP=ST,  and  SP  is  drawn  per- 
pendicular to  the  line  PT, 

.'.  TY=YP. 
Also  by  Prop.  IV.,         '  t- 

TA=AM 
.'.  Since  AY  cuts  the  sides  of  a  tri- 
angle TPM  proportionally ;  AY  is  paral- 
lel to  MP, 
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.•,  AY  is  perpendicular  to  AM. 
Hence  the  triangles  SYA,  SYT,  are  similar, 
.-.     ST  :  SY  : :  SY  :  SA 

or,  SP  :  S Y  : :  SY  :  SA  /.  SP=ST  by  Prop.  Ill,  cor.  2. 
Cor.  1.  MtikipAying  extremes  and  means, 

SY«=SP  .  SA. 
Cor.  2.  SP  :  SA  :  :  SP  :  SY* 
Cor.  3.  By  Cor.  1, 

SY* 

^^  ^  SA  • 
And  since  SA  is  constant  for  the  same  parabola, 

SP  proportional  to  SY*. 
Cor.  4.  By  Cor.  1., 

SY*  =  AS  .  SP 
.-.  4  SV  =  4  AS  .  SP 

=  L  .  SP.     Prop.  II. 

PROPOSITION    VII.      THEOREM. 

The  square  of  any  semi-ordinate  to  ike  axis  is  equdl  to  the 
rectangle  under  the  lotus  rectum  and  the  abscissa. 

That  is,  if  P  be  any  point  in  the  curve 

PM*  =  L  .  AM. 
For, 
PM*  =  SP  — SM*  (Prop.  XXIV.  B.  IV.  El 
Gtom.) 

=  (AM=AS)*— (AM  — AS)* 
.•.SP=AM+AS(Prop.  1,)  &  SM=AM-AS  . 
=  4  AS  .  AM.  (Prop.  X.  and  XI,  B.  IV.  ^ 
ELGeom.) 

=  L  .  AM.  Prop.  I. 

Cor.  1.  Since  L  is  constant  for  the  same 
parabola  PM*  proportional  to  AM, 

That  is,  The  ahscissce  are  propotional  to  the 
squares  of  the  ordinates. 

PROPOSITION    VIII.      THEOREM. 

If  Qq  be  an  ordinate  to  the  dianu 
iter  Pw  OTid  Pv,  the  corresponding 
abscissa^  tlicn^ 

Qt)*  =  4SP  X  Pt>. 

Draw  PM  an  ordinate  to  the  axis,  t 
Join  S,  Q ;  and  through  Q  draw 
DQN  perpendicular  to  the  axis. 
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From  S  let  fall  SY  perpendicular 
on  the  tangent  at  P. 

The  triangles  SPY,  QDo,  are  similar. 
Qo* :  QD* : :  SP  :  SY* 

: :  SP  :  SA,  Prop,  VL  Cor.  8. 

The  triangles  PTM,  QDo,  are  also  similar ; 


QD  :  Do 


:PM 

:PM' 

:  4 AS. AM 

:4AS 


MT 
PM.MT 
2PM.  AM 
2PM 


But, 


2PM  .  QD  =  4AS  .  Dv 


PM*  —  q,W=  4 AS  .  AM —4 AS .  AN=4AS(AM- AN) 
=  4AS .  MN 
And,  PM'—  QN'=  PM+QN)  (PM-QN) 

=  (PM+QN) .  QD 
.-.  (PM+QN)  .  QD  =  4AS  .  MN  =  4AS  .  DP 
But,       2  PM  .  QD  =  4AS  .  Do 
.-.  (PM— QN) .  QD  =  4AS  .  Po 
Or,         QD*  =  4AS  .  Po 

Q«*  :  4AS  .  Po  j  :  SP  :8A. 
Qo*  =  4SP  .  Po. 

Cor.  1.  In  like  manner  it  may  be  proved,  that 

q»*  =  4SP  X  Po. 
Hence,  Qo  =  70 ;  and  since  the  same  oiay  be  proved  fi>r  tay 
ordinate,  it  follows,  that 

A  diameter  bisects  all  its  owH  erdmaU*. 

Cor.  2.  Let  Rr  be  the  parameter  to 
the  diameter  PW. 
Then,  by  Prop.  III.  Cor.  3. 

Px  =  Po. 
.-.    PS  =  PV 
Now,  by  the  Proposition, 

RV'=    4SP.PV 

=    4SP 

.-.  4RV*  or  Rr*  =  16SP 

Rr=    4SP. 
Hence  the  proposition  may  be  thus  enunciated : 

The  square  of  the  semi-ordinate  to  any  diameter  it  equal  t» 
the  rectangle  under  the  parameter  and  abscissa 

It  will  be  seen,  that  Prop.  VII.  is  a  particular  case  of  tbe 
present  proposition. 


ELLIPSE. 


DSFIlflTIONS. 

1.  An  SLUP8B  18  a  plane  cuive,  such  that,  if  from  any  point 
in  the  curve  two  straight  lines  be  drawn  to  two  given  fixed 
points,  the  sum  of  these  straight  lines  will  always  be  ihesasfie. 

2.  The  two  given  fixed  points  are  called  the /act. 
Thus,  let  ABa  be  an  ellipse,  S  and 

H  the  focL 

Take  any  number  of  points  in  the 
curve  P„  P.,  P., 

Jom   SJP„  H,P,.;    SJ„  H,P,  ; 

S.P„  H,P, ; then, 

SP,  +  HP,  =  SP,  +  HP,  =  SP^ 
+  HP,  = 

3.  If  a  straight  line  be  drawn  join- 
in?  the  foci  BXkd  bisected,  the  point 
of  bisection  is  called  Xhe<entre. 

4.  The  distance  from  the  centreio  either  focus  is  called  the 
eccentricity. 

5.  Any  straight  line  drawn  through  the  centre,  and  termi« 
Dated  both  ways  t>y  the  curve,  is  called  a  diameter, 

6.  The  points  in  which  any  diameter  meets  the  curve  are 
called  the  vertices  of  that  diameter. 

7.  The  diameter  which  passes  through  the  foci  is  called  the 
am  maior^  and  the  points  in  which  it  meets  the  curve  are 
called  the  principal  vertices. 

8.  The  diameter  at  right  angles  to  the  axis  major  is  called 
the  axis  tninnr. 

Thus,  let  ABa  be  an  ellipse,  SJand 
H  the  foci. 

Join  S,H ;  bisect  the  straight  line 
8H  in  C,  and  produce  it  to  meet  at 
the  curve  in  A  and  a. 

Through  C  draw  any  straight  line 
Vp,  terminated  by  the  curve  in  the 
points  P,/». 

Through  C  drawBfr  at  right  angles 
to  Aa. 

Then,  C  is  the  centre,  CS  or  CH  the  eccentricity,  J?p  is  a 
diameter,  P  and  j9  its  vertices,  Aa  is  the  major  axis,  BZ^  is  the 

minor  ATifl. 
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.9.  'A  straight  line  which  meets  the  curve  in  any  point,  but 
which,  being  produced  both  ways,  doeaootcut  it,  is  called  a 
tangent  to  the  curve  at  that  point 

10.  A  diameter  drawn  (nrallel  to  the  tangent  at  the  vertex 
of  any  diameter,  iacaWedlhe conjugate  diameter. to  the  latter, 
and  the  two  diameteis  are  caUed  a  pair  of  conjugate  diameten. 

11.  Any  straight  line  drawn  parallel  to  the  langcnt  at  the 
vertex  of  any  diameter  «nd  terminated  both  ways  by  the  curre. 
is  called  an  ordinate  to  that  diameter. 

12.  The  segments  into  which  any  diameter  is  divided  by 
one  of  its  own  ordinates  are  called  theoinn'sns  of  the  dia- 
meter. 

13.  The  ordinate  to  any  diameter,  which  passes  through 
the  focus,  is  called  the  parmaeter  of  that  diameter. 

Thus,  let  ^  be  any^iameler,  and  T 

T(  a  tangent  at-P. 

Draw  the  diameter  DJ  parallel  to 
Tt 

Take  any  point  Q  m  the  curve, 
draw  Qq  parallel  to  It,  cutting  Fp 
in  o. 

Through  S  draw  Br  parallel  to 
Tl. 

Then,  Dd  is  the  conjugate  diameter  to  Pp. 

Qy  is  the  ordtnate-tc  the  diameter  fp,  corresponding  to  the 
point  Q. 

Pr.  vp  are  the  abscisste  of  the  diameter  Vp,  correspondijig 
to  the  point  Q. 

Er  is  the  parameter  of  the  diameter  Pjr. 

14.  Any  straight  line  drawn  .at  .tight  angles  -to  the  major 
axis,  and '  terminated  both  ways  by  the  curve,  is  called  u 
ordinate  to  the  ami. 

15.  The  segments  into  which  the  major  axis  ta.divided  by 
one  of  its  own  ordinates  nro  called  the  aiuciata  to  the  aiit. 

10.  The  ordinate  to  the  axis  which  passes  througli  either 
focus  is  called  the  lotas  rectum. 

(It  will  be  proved  in  Prop.  IV.,- that  the  Ungents  atthcprio- 
cipal  vertices  are  perpendicular  to  the  major  axis  ;  hence,  de- 
finitions 14,  16, 16,  are  in  reality  included  in  the  three  which 
immediately  precede,  them.) 

17.  If  a  tangentbedrawn  atthe  extremity  of  the  latusrec- 
tum  and  produced  to  meet  the  major  axis,  and  if  a  straight 
line  be  drawn  through  the  point  of  intersection  at  right  angl« 
to  the  major  axis,  -  the- tangent  is  called  Xha  focal  tangetU,  sjn 
.the  straight  liae  the  directrix^ 


EtLIPSE. 
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Thus,  from  P  any  point  in  the  ^  ^ 

curve,  draw   PMp    TOrpendicuIar 
to  A<7»  cutting.  Aa  in  M. 

Through  Sdraw  L/ perpendicu-  jk 
lar  to  Ao. 

Let  LT",  a  tangent  at  L,  cut  ka 
produced  in  T. 

Through  T  draw  Nn  perpendicular  to  Aa. 

Then,  rp  is  the  ordinate  to  the  axis,  corresponding  to  the 
point  P. 

AM,  Ma  are  the  absoisss  of  the  axis,  corresponding  to  the 
point  P. 

L/  is  the  Fatus  rectum. 

LT  is  the  focal  tangent 

Nn  is  the  directrix. 

18.  A  straight  line  drawn  at  right  angles  to  a  tangent  from 
the  point  of  contact,  and  terminated  by  the  major  axis,  is  called 
a  narmaL 

The  part  of  the  major  axis  intercepted  between  the  inter- 
sections of  the  normal  and  the  ordinate,  is  called  the  subnor* 
maL 

Let  T<  be  a  tangent  at  any  point  '^ 

P. 

From  P  draw  PG  perpendicular 
to  T(  meeting  Aa  in  6. 

From  P  draw  PM  perpendicular     | 
to  Aa. 

Then  PG  is  the  normal   corres- 
ponding to  the  point  P* 

MG  is  the  subnormal  correspond- 
ing to  the  point  P. 

PEOPOSITION    I.      THBORBll. 

The  sum  of  two  straight  lines  drawn  from  the  fad  to  any  point 
in  thecurve  is  equal  to  the  mftjor  axis.  That  is,  if  P  be  any 
point  in  the  curve. 

SP  +  HP  =  Ao. 

For, 
SP  -J-  HP  =  AS  +  AH-^  ^ 

=  AS  +  SH, 

And,                             V^  Def.  1. 
SP  +  HP  =  aS  +  aH    ,               ^  .       ^       . 
=  2  aH  +  SH,  J  ►  t i fr 

.-.  2  (SP+HP)  =  2  (AS  +  SH 
+  Ha) 
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OK 
SP  +  HP  ==  Aa. 

Cor.  The  centre  bisects  the  axis  major,  for 
2  AS  +  SH  =  2  a  H  +  SH  .-.  AS  =  a  H 
And,  SC  =  CH  by  definition  3.     .••  AC  =  aC. 
Cor.  2.  SP  +  HP  =  2  AC  .-.  SP  = 


2  AC— HP 


HP=  2AC  — SP 
hence  SP  —  HP  =  2  AC  -  2  HP. 


PROPOSITION    II.    THBOBEM. 

The  centre  bisects  all  diameters. 

Take  any  point  P  in  the  curve. 

Join  S,P  ;  H.P  ;  S,H  ; 

Complete  the   parallelogram  SPHp 

JoinC^;CP; 

Tlien^  since  the  opposite  sides  of 
a  parallelogram  arc  equal, 

SP  =  lfi> ,  HP  =  Sp  .-.  SP  +  PH 
r=  Sp  +  />H 

.%  /?  is  a  point  in  the  curve. 

Again,  since  the  diagonals  of  paral- 
lelogram bisect  each  other,  and  since 
SH  is  bisected  in  C, 

•*.  Vp  is  a  straight  line,  and  a  diameter,  and  is  bisected  inC 
And  in  like  manner,  it  may  be  proved  that  every  other  di- 
ameter is  bisected  in  C. 


PROPOSITION    III.       TBEORBM. 

The  distance  of  either  focus  from  the  extremity  of  the  axis  sn* 
nor  is  equal  to  the  semi-axis  major. 

That  is, 

SB  or  HB  =  AC. 
Since  SC  =  HC,  ard  CB  is  com- 
mon to  the  two  right-angle  triangles 
SCB,  HCB, 

.-.  SB  =  HB. 
But, 
SB  +  HB  =  2  AC.  Prop.  I. 
/.  SB  =  HB  ==  AC.  A 

Cor.  1.  BC*  =  AS..  Sa. 
For, 
BC'  =  SB'  —  SC* 
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=  AB«— SC 

=  (AC  +  SC).  (AS  — SC) 
=  AS  .  Sa. 

Car.  2.  The  square  of  the  eccentricity  is  equal  to  the  differ- 
nce  of  the  squares  of  the  semi-axes  ; 
For,  SC  =  SB'  -  BC" 

=  AC  —  BC\ 


PROPOSITION    IV.    PROBLEM. 


To  draw  a  tangent  to  the  ellipse  at  any  point. 

Let  P  be  the  given  point 

Join  S,P  ;  H,r  produce  SP. 

Bisect  the  exterior  angle   HPK 

'  the  straight  line  Tt. 

Tt  is  a  tangent  to  the  curve  at  P. 

For,  if  Tt  be  not  a  tangent,  let 

:  cut   the   curve  in   some   other 

mip. 

JoinS,^;  U,p;  makePK=PH, 

n  />,  K ;  H,K  cutting  Tt  in  Z. 

Since  HP=PK,  PZ  common  to  the  triangles  HPZ,  KPZ, 

d  the  angle  HPZ=angle  KPZ  by  construction, 

.-.  HZ=KZ,  and  the  angle  HZP=angle  KZP. 
Again,  since  HZ=KZ,  Z/>  common  to  the  triangles  HZp, 
Zp,  and  angle  HZ/) = angle  KZ/>, 

.-.  pK  =  pR. 
But,  since  any  two  sides  of  a  triangle  are  greater  than  the 
rd  side, 

Sp  +pK  >  SK 

>  SP  +  PK 

>  SP  +  PH  •••  PK=PH  by  construction^ 

>  Sp  +  />H,  by  definition  1, 
.'.  pK  >  /?H. 

But  wc  have  just  proved  that  ^K=/?H,  which  is  absurd, 
p  is  not  a  point  in  the  curve,  and  in  the  same  manner  it  may 
proved  that  no  point  in  the  straight  line  T^  can  be  in  the 
rve  except  P. 

.-.  Tt  is  a  tangent  to  the  curve  at  P. 

Cor.  1.  Hence,  tangents  at  A  and  a,  are  perpendicular  to 

)  major  axis,  and  tangents  at  B  and  b  are  perixindicular  tQ 

.'  minor  axis, 

18 
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Cor.  2.  SP  and  HP  make  equal  angles  with  every  tangent 

Cor.  3.  Since  HP K,  the  exterior  angle  of  the  triangle  SPH, 
18  bisected  by  the  straight  line  T<,  cutting  the  base  SH  pro- 
duced m  T 

.-.  ST  :  HT  :  :  SP  :  HP. 

I  K 


PROPOSITION    V.       THEOREM. 


Tangents  drawn  at  the  vertices  of  any  diameter  are  parallel. 

Let  Ttf  Ww,  be  tangents  at  P,p,  the  vertices  of  the  diame- 
ter PC;?. 

JoinS,P;  P,H;  S,p;  p,U; 

Then,  by  Prop.  II,  SH  is  a  paral- 
lelogram, and  since  the  opposite 
angles  of  parallelograms  are  equal, 

.'.  ang.  SPH=  angle  SpH 
supplement  of  ang.  SPH  =  supple- 
ment of  ang.  SpH 

or, 
ang.  SPT+ang.HP/=ang.  SpW+ 
ang.  11  pw 

But  ang.  SPT=ang.  HP<  )  j,    p         jy  c^^  ^ 
And  ang.  SpW=ang.  Hpw  )    '^         '^ 
Hence,  these  four  angles  are  all  equal, 

.-.  ang.  SrT=ang.  Hpw. 
And  since  SP  is  parallel  to  Hp, 

ang.  SPp  =  ang.  PpH, 
.*.  whole  ang.  TPp  =  whole  ang.  irpP,and  they  are  alternate 
wgles, 

.•.  T^  is  parallel  to  Ww. 
Cor.  Hence,  if  tangents  be  drawn  at  the  vertices  of  any 
:wo  diameters,  they  will  form  a  parallelogram  circumscribing 
lie  ellipse. 


ELLIPSE. 
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PROPOSITION   VI.      THEOREM. 

If  straight  lines  be  dravm  from  the  foci  to  a  vertex  of  any  di 
ameter^  the  distance  from  the  vertex  to  the  insertion  of  the  con* 
jugate  diameter,  with  either  focal  distance,  is  equal  to  the  semi 
axis,  major. 

That  is,  if  Dd  be  a  diameter  conjugate  to  Fp,  cutting  SP 
in  E,  and  HP  in  e, 

PE  or  Pe  =  AC. 

Draw  PF  perpendicular  to  Drf, 
and  HI  parallel  to  Dd  or  Tt,  cutting 
PF  in  O, 

Then,  since  the  angles  at  0  are 
right  angles,  the  ang.  IPO=ang.HPO,  M 
and  PO  common  to  the  two  triangles 
HPO,  IPO, 

.-.  IP  =  HP. 
Also,  since  SC  =  HC,  and  CE  is 
parallel  HI,  the  base  of  a  triangle  SHI, 

.-.  SE  =  EL 
Hence,      i 

2  PE  =  2  EI  +  2  IP 

=  SE  +  EI  +  IP  +  HP 
=  SP  +  HP 
=  2  AC 
.•.PE=  AC. 
Also,  ang.  FEe  =  ang.  PeE.        .'.  PE  =  Pc,  and 

Pe  =  AC. 


PROPOSmON   VII.   THEOREM. 


J^erpendiculars,  from  the  foci  upon  the  tangent  at  any  poin^ 
intersect  the  tangent  in  the  circumference  of  a  circle,  whose 
diameter  is  the  major  axis. 

From  S  let  fall  SY  perpendicular  on 
t/  a  tangent. 

Join  S,  P;  H,  P;  produce  HP  to  meet 
SY  produced  in  K. 

Join  C  Y ; 

Then,  since  angle  SPY= angle  KPY 
(Prop.  IV.)  and  the  angles  at  Y  are 
right  angles,  and  PY  common  to  the  a| 
two  triangles,  SPY,  KPY. 

.-.  SP=PK 
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And  SY=YK. 
And,  since  SY=YK,  and  HC=CS,CY  cuU  the  sidesof 
the  triangle  HSK  proportionally, 

.-.  CY  is  parallel  to  HK. 
Also,  since  CY  is  parallel  to  HK,  SY=YK,  HC=CS, 

.-.  CY=i  HK 

=i  (HP+PK) 
=i  (HP+SP) 
=i  Aa 
=AC 

Hence,  a  circle  inscribed  with  Centre  C  and  radius  CA  will 
pass  through  Y. 

And  in  like  manner,  if  HZ  be  drawn  perpendicular  to  T/,it 
may  be  proved  that  the  same  circle  will  pass  through  Z  also. 


PROPOSITION    VIII.    THEOKEM. 

The  rectangle,  contained  by  the  perpendiculars,  from  the  foci 
upon  tfie  tangent  at  any  point,  is  equal  to  the  square  of  the 
semi-axis,  minor. 

That  is,  SY  .  HZ=BC'. 

Let  Tt  be  a  tangent  at  an^  point  P. 

On  Aa  describe  a  circle  cutting  T^    *" 
in  Y  and  Z. 

Joins,  Y;  H,  Z; 

Then,  by  the  last  Prop.,  S Y,  HZ  are 
perpendicular  to  T^  . 

Produce  YS  to  meet  the  circumfer-  I 
ence  in  y. 

Join  C,  y  ;  C,  Z  ; 

Since  y  YZ  is  a  right  angle,  the  seg-  , ^ 

ment  in  which  it  lies  is  a  semicircle,  and  Z,  y,  arc  ihc  ex- 
tremities of  a  diameter. 

.'.     yCZ  is  a  straight  line  and  a  diameter. 

Hence  the  triangles  CSy,  HCZ,  are  in  every  respect  equal. 

.-.     Sy=HZ 

.'.  SY  .  HZ= YS  .  Sy=AS  .  SA=BC"  Prop.  Ill,  Cor.  I. 


ELLIPSE. 


PROPOSITION   IX.   THEOREM. 

I*erpendiculars  let  fall  from  the  foci  upon  the  tangent  at  any 
point  are  to  each  other  as  the  focal  distance  of  the  point  of 
contact. 

That  is,  SY  2  HZ  : :  SP  :  HP. 

For  the  triangles  SPY,  HPZ,  are  T  Y 

I.  anifestiy  similar, 

.-.  SY  :  HZ  :  :  SP  :  HP. 

Cor.  Hence, 

SP 
SY=HZ  . 


HP 


SP 


Sx'=SY  .  HZ  .  »jp 

SP 
=BC*.  jTb  last  Prop. 


HP 


=BC' . 

So  also, 
HZ'=BC* . 

=BC*. 


SP 


2AC  — SP* 

HP 
SP 

HP 
2  AC -HP' 


PKOPOBITION    X.   THEOREM. 


^'  a  tangent  he  applied  at  any  point,  and  from  the  tame  point 
<n  ordinate  to  the  axis  be  drawn,  the  semi-axis  major  is  a 
mean  proportional  between  the  distance  from  the  centre  to  the 
intersection  of  the  ordinate  with  the  axis,  and  the  distance 
tfom  the  centre  to  the  intersection  of  the  tangent  with  the  axis. 


''at  ii,  CT  :  CA  : :  CA :  CM. 


^ince  the  exterior  angle  HPK  is  bisected  by  Tt,  Prop.  IV. 
••    ST  :  HT  :  :  SP  :  HP.  (B.  IV.  Prop.  XVI.  EU  Geom.) 
ST+HT  :  ST-HT  :  :  SP+HP :  SP-HP 

19* 
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or, 


2  CT     :       SH        :  :     2  AC     :  SP-HP 

2CT     :     2AC         ::         SH     :SP-HP    -    .    (1) 

But  since  PM  is  drawn  from  the  vertex  of  the  triangle  SPH 
perpendicular  on  base  SH, 

.-.  SM+HM  :  SP-HP  :  :  SP+HP  :  SM-HM 
or,      SH         :  SP-HP  :  :     2  AC       :    2  CM   -     -    -    (2.) 

Comparing  this  with  the  proportion  marked  (1,)  we  have, 

2  CT  :  2  AC  :  :  2  AC  :  2  CM 
or,  CT  :       AC  :  :      CA  :     CM. 


PROPOSITION    XI.    THEOREM. 


If  a  circle  he  described  on  the  major  axis  of  an  ellipse,  and  if 
any  ordinate  to  this  axis  he  produced  to  meet  the  circle,  tan- 
gents drawn  to  the  ellipse  and  circle,  at  points  in  which  then 
are  intersected  hy  the  ordinate,  will  cut  the  major  axis  in  the 
same  point. 

Let  AQa,  be  a  circle  described  ^^ --,,(1^ 

on  Aa. 

Take  any  point  P  in  the  ellipse, 
draw  PM  perpendicular  to  Aa, 
and  produce  MP  to  meet  the  cir- 
cle in  Q,  join  C,  Q. 

Draw  FT  a  tangent  to  the  el- 
lipse at  P  cutting  CA  produced  in  T. 

Join  TQ. 

Then  QT  is  a  tangent  to  the  circle  at  Q. 

For  if  TQ  be  not  a  tangent,  draw  QT'  a  tangent  to  Q  cut- 
ting CA  in  T'. 

Then  CQT'  is  a  right  angle. 

.-.  Since  QM  is  drawn  from  the  right  angle  CQT'  perpen- 
dicular on  the  hypothenusc. 

.-.  CT'  :  CQ  :  :  CQ  :  CM.  (Prop.  XVII, Cor.  2.B.  lY.RG) 

or,  CT' :  CA  :  :  CA  :  CM,  •.•  CQ=CA. 

But,  by  the  last  proposition, 

CT  ;  CA  :  :  CA  :  CM, 
CT=CT', 
which  is  absurd,  therefore  QT'  is  not  a  tangent  at  Q;  in  the 
same  manner  it  may  be  proved  that  no  line  but  QT  can  be  a 
tangent  at  Q,      .*.  &c. 
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Cor,  1.  Describe   a   circle   on 
16  minor  axis. 

Draw  Vm  an  ordinate  to  the  mi- 
or  axis  cutting  the  circle  in  q.      _ 

Let  a  tangent  at  P  cut  the  mi- 
or  axis  produced  in  ^ 

Then,  since  Vm  is  parallel  to  AC, 

nd  PM  to  BC, 

;^:C/;i::CT   :  M T 

:  :  CT«  :  QT« 

:  :  C^"    :  Cm'  .•.  the  triangles  CQT,  Cmq  are  similar. 
:  :  BC   :  Cm\  .-.  C<  :  CB  :  :  CB  :  CM. 
Which  is  analogous  to  the  property  proved  in  the  last  pro- 
)08ition  for  the  major  axis. 

Cor.  2.  Join  tq. 

We  can  prove  as  above,  that  tq  is  a  tangent  to  the  circle  Bg6. 

PROPOSITION    XII.    THEOREM. 

The  square  of  any  semi  ordinate  to  the  aaris,  is  to  the  rectangle 
under  the  abscisses^  as  the  square  of  the  semi-axis  minor  is  to 
the  square  of  the  semi-axis  major. 

That  is,  if  F  be  any  point  in  the  curve, 

PM« :  AM  .  Ma  :  :  BC*  :  AC 
Describe  a  circle  on  Aa, 
and  produce  MP  to  meet  it 

At  the  point  P  and  Q  draw 
the  tangent  PT,  QT,  which  « 
^ill  intersect  the  axis  in  the 
^ame  point  T,  (Prop.  XI.) 

Let  the  tangent  to  the  el- 
ipse  intersect  the  circle  inY,Z. 

Join  S,  Y ;  H,  Z ;  SY  and  HZ  are  perpendicular  to  T^ 
CProp.  VIL) 

Hence  the  triangles  PMT,  SYT,  HZT,  are  similar  to  each 
:>lher. 

.-.  PM  :    SY      :  :    MT     :    TY 
and  PM   :     HZ     :  :    MT    :    TZ 

.-.  PM*:SY.HZ::    MT»   :TY.TZ 
or   PM' :    BC      :  :    MT»  :    TQ*   (Prop.  XI,  and  Prop. 
XVI.  B.  IV.  EL  Geom.) 

: :   QM*  :    CQ»  •.•  MQT,  MQC  are  si- 
milar  triangles. 
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:  :AM.Ma:AC* 
.-.  PM'iAM.Ma::    BC    :    AC". 

Cor.  1 

Let  P  jM  ,  PjMg, ...  be  ordinates 
to  the  axis  from  any  points  P ,» P^  • .  • 
Then  by  Prop. 


P.M.' 


2»    F. 


P,M,' 


AM,  .  M.a : :      BC*        :    AC 
AM,  .  M,a  :  :      BC»        :    AC* 
P,M,*      : :  AM,  .M,a:  AM,  .  M,a. 
That  is,  the  square  of  the  ordinates  to  the  axis  are  to  each 
other  as  the  rectangles  of  their  abscissa:. 


.-.  P'.M, 


Cor.  2.  By  the  fifth  proportion  in  Prop. 

PM  :  QM  :  :  BC  :  AC. 

Cor.  3.  By  Prop.  PM« :  AM  .  Ma  : :  BC' :  AC*. 
But  AM=AC+CM,  Ma=AC-CM, 

.-.  PM' ;  (AC+CM)  (AC  — CM)  : :  BC* :  AC* 
PM' :  AC*  —  CM*  :  :  BC* :  AC*. 


Cor.  4.  Describe  a  circle  on 
B6,  draw  Pm,  an  ordinate  to  the 
minor  axis  cutting  the  circle  in  q. 

Then,  Pot=CM  ,  PM=Cm. 
Then  by  Cor.  3. 


AC*— PiM':    AC    ::  Cm* 

Pot'         :    AC    ::  BC*— Cm* 

::(BC+Cin)(BC— Cm) 
:  :  Bm  .  mb 

or,     Pm*        :Bm.m^::  AC* 

Which  is  analogous  to  the  property  proved  in  the  proposition 
for  the  major  axis. 


BC« 
BC« 
BO 
BC 
BC 


Cor.  6. 


Pm  :  ^  : :  AC :  BC. 
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PROPOSITION  XIII.   THEOREM. 


Fhe  lotus  rectum  is  a  third  proportional  to  the  axis  major 

and  minor. 


'hat  is,  Aa:Bbi:Bb:  LI 

lince  LS  is  a  semi-ordinate  to  the 

'  •.  BC« : :  AS  .  Sa :  LS%  Prop.  IIL 

::     BC     :  LS',  Prop.  m.    a 
7or.  I. 
.C  :  BC  :  :  BC      :  LS 

I. 

laiBb  :  :Bb       :  LZ. 


PROPOSmON   XIV.   THEOREM. 

'■  area  of  all  the  parallelograms^  circumscribing  an  ellipse^ 
irmed  by  drawing  tangents  at  the  extremities  of  two  conju- 
ate  diameters,  is  constant,  each  being  equal  to  the  rectangle 
nder  the  axes. 

«et  Pp,  D(f,  be  any  two 
jugate  diameters,  SROX 
irallelogram  circumscrib- 
the    ellipse  formed    by 
wing  tangents  at  P,  D,/>,  r 
hen  Pp,Drf, divide  the  par- 
lograms  SROX  into  four 
al  parallelograms. 
)raw  PM,  rfm,  ordinates  to  the  axis ;  PF   perpendicular 
\.d. 

Voduce  CA  to  meet  PX  in  T  and  Srf  in  t. 
Then,  CT  :  CA  :  :  CA  :  CM 


And,  C^ 
.-.      CT 
But,  CT 
.-.      MT 


CA  :  :  CA  :  Cm 
Ct    :  :  Cm   :  CM 

Ct    :  :  TM  :  Cm,  by  similar  triangles. 
Cm  :  :  Cm    :  CM, 
.-.  CM  .  MT==Cm' (L) 

Again,  CM  :  CA  :  :  CA  :  CT 

MA :  AT,  dividendo. 
MA :  MT,  componendo. 


CM:  CA 
Or,     CM  :  Ma  : 


/•  AM  .  Ma;=CM  .  MT=Cm' 


(2.) 


But,  AC* :  BC :  :  AM .  Ma  (Cm")  :  PM\  Prop.  XIL 
.-.       AC  :  BC    :  :  Cm  :  PM 
iimilarly,  AC  :  BC   :  :  CM :  dm 
Or,    BC  :  dm   :  :  CA  :  CM 
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But,    CT  :  CA 

.-.      CT  :  CA 

But,    PF   :  CT 


CA  :  CM 

BC  :  dm 
dm  :  Cd, 


for  the  triangle  CiT=i  the  parallelogram  CPXd, 

.-.       PF   :  CA  :  :  BC  :  Cd. 

.-.  rectangle  PF  .  C(i= rectangle  AC  .  BC 
or,  parallelogram  CX=rectangie  AC  .  BC 
.-.  parallelogram  SR0X=4  AC  .  BC 

=Aa  .  Bb. 

Cor.  By  (2)  Cm«=AM  .  Ma 

=(CA+CM)\  (CA— CM) 
=CA'-CM« 
.-.  CA'=CM'+C»i' 
And  similarly.  CB'=PM"+cfoi'. 

PROPOSmOM    ZV.      THEOREM. 

The  sum  of  the  squares  of  any  two  conjugate  diameters^  is  equal 
to  the  same  constant  quantity^  namely  f  the  sum  of  the  squares 
of  the  two  axis. 


That  is. 

If  Pp,  Drf,  be  any  two  conjugate 
diameters, 

Pp'  +  D(f  =  Aa«  +  Bb\ 

Draw   PM,   Dm,    ordinates    the 
axis. 

Then,  by  Cor.  to  Prop.  XIV, 

AC    +   BC"   =  CM*    +  Cm"  + 
PM«  +  Dm" 

=  CP*  4-  CD' 
.-.  4AC"+4BC"=4CP+4CD" 
Or,Aa«+Bi"=Pp"  +D<?. 


B 


PROPOSITION   XVI.      THEOREM. 

The  rectangle  under  the  focal  distances  of  any  point  is  equal  to 
the  square  of  the  semi-conjugate. 

That  is,  if  CD   be   conjugate   to 
CP 

SP  .  HP  =  CD\ 

Draw  SY.  HZ,  perpendiculars  to 
the  tangent  at  P,  PF  perpend. cu-    a 
lar  on  CD. 

Then   by  similar  triangles  SPY, 
PEF. 
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SP  :  SY  : :  PE  :  PF 
Or,  SP  :'  SY  : :'  AC  i  PF  /.  PE=AC,  by  Prop.  VI 
Similarly,  HP  :  HZ  :  :  AC  :  PF, 

.-.  SP  .  HP  :  SY  .  HZ  : :  AC  :PP, 

:  :  CD*  :  BC»,  Prop.  XIV. 
But  SY  .  HZ  =  BC«,  by  Prop.  VIIL 
.-.  SP  .  HP  =  CD\ 


PROPOSmON    XVII.   THEOREM. 

If  two  tangents  he  drawn,  one  at  the  principal  vertex,  the  other 
at  the  vertex  of  any  other  diameter,  each  meeting  the  other 
diameter  produced,  the  two  tangential  triangles  thus  formed^ 
will  be  equal. 

That  is, 

trian.  CPT  =  trian.  CAK. 

Draw  the  ordinate  PM,  then, 
CM  :  C A  :  :  CP  :  CK,  by  simi- 
lar  triandes. 
But,  CM  :  CA  : :  C A  :  CT,  Prop.  X. 

.-.  CA  :  CT  :  :  CP  :  CK. 

The  triangles  CPT,  CAK,  have 
thus  the  angle  C  common,  and  the 
sides  about  the  angle  reciprocally 
proportional ;  these  triangles  are 
therefore  equal. 

Cor.  1.  From  each  of  the  equal  triangles  CPT,  CAK,  take 
the  common  space  CAOP ;  there  remains, 

triangle  OAT  =  triangle  OKP. 

Cor.  2.  Also  from  the  equal  triangles  CPT,  CAK,  take  the 
common  triangle  CPM;  there  remains, 

triangle  MPT  =  trapez.  AKPM. 

PROPOSITION    XVIII.    THEOREM. 

T^e  same  being  supposed,  as  in  last  proposition,  then  any 
straight  lines,  QG,  QE,  drawn  parallel  to  the  two  tangents 
shall  cut  off  eqtuil  spaces. 

That  is,  ^ 

triangle  GQE  =  trapez.  AKXG 
triangle   rqE  =  trapez.  AKRr 
Draw  the  ordinate  PM. 
The  three   similar  triangles  a 

CAK,  CMP,  CGX, 
arc  to  each  other  as  CA%    CM',  CG", 
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.-.  trap.  AKPM  :  trap.  :  AKX6 :  :  CA«  —CM"  : 
CA«— CG%  dividendo, 


CA«— CM' 
PM* 
PM* 


CA«-CG', 
QG% 


But,  PM' :  QG 

.-.  trap.  AKPM  :  trap.  AKXG 
But  trian.     MPT  :  trian.    GQE 
.*.  the  triangles  are  similar. 
.-.  trap.  AKPM  :  trian.  MPT  : :  trap.  AKXG  :  triaa.  GQE. 
But,  by  Prop.  XVII.  Cor.  2, 

trap.  AKPM  =  triangle  MPT 
.-.  trap.  AKXG  =  triangle  GQE 
And  similarly,       trap.  AKRr    =  triangle  rqE 

Cor.  1.  the  three   spaces  AKXG,  TPXG,  GQE,  are  all 
equal. 

Cor,  2.  From  the  equals  AKXG,  EQG,  take  the  equals 
AKRr,  E^?-  ;  there  remains, 

RrXG  =  r(?QG. 

Cor.  3.  From  the  equals  RrXG,  r^G,  take  the  common 
space  r<^XG  there  remains, 

triangle  vQX  =  triangle  vqR. 

Cor.  4.  From  the  equals  EQG,  TPXG,  take  the  common 
space  EvXG  ;  there  remains, 

TPuE  =  triangle  uQX. 

Cor.  5.  If  we  take  the  particular  case  in  which  QG  coin- 
cides with  the  minor  axis. 

The  triangle  EQG  becomes  the  tri- 
angle IBC. 

The  figure  AKXG  becomes  the  trian- 
gle AKC, 

.'.  triangle  IBC  =  triangle  AKC 

=  triangle  OPT. 

PROPOSITION    XIX.      THEOREM. 

Ani/  diameter  bisects  allits  own  ordinates. 

That  is, 
If  Q^  be  any  ordinate  to  a  diameter  CP, 

Qu  =  vq 
Draw  QX,  qx^  at  right  angles  to  the  major    a[ 
axis  ; 

Then  triangle  vQX  =  triangle  vqx\  Prop. 
XVIII.,  Cor.  3. 

But  these  triangles  arc  also  equiangular  ; 

.'.  Qu  =  vq* 

Cor.  Hence,  any  diameter  divides  the  ellipse  into  two  equal 
parts. 
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PROPOSITION   XX.      THEOREM. 

he  square  of  the  semi-ordinate  to  any  diameter^  is  to  the  rectan- 
gle under  the  abscissas,  as  the  square  of  the  semi-conjugate  to 
the  square  of  the  semi-diameter. 

That  is, 

If  Q?  be  an  ordinate  to  any  diameter  CP, 

Qo'  iPv.vpi:  CD"  :  CP 
Produce  Q<2  to  meet  the  major  axis 
E; 

Draw  QX,  DW,  perpendicular  to 
e  major  axis,  and  meeting  PC  in  X 
idW. 

Then,  since  triangles  CPT,  CoE,  are 
inilar, 

trian.  CPT  :  trian.  Ct?E  :  :  CP*  :  Cv* 
•,  trian.  CPT  :  trap.  TPvE : :  CP« :  CP*-Ct)' 
Again,  since  the  triangles  CDW,  rQX,  are  similar, 

triangle  CDW  :  trangle  rQX  ::  CD'  :  vQ* 
triangle  CD  W  =  triangle  CPT  ; 


ut 
or.  5, 
.nd 
'or.  3. 


triangle     vQX  =  trapez.  TPt?E 


Prop,  xvm., 

Prop.   XVIIL, 


CP    :     CD'  :  :  CF-^Cu*  :  t>Q- 

:  CP" 


Or,  Qu»   iVvvp  :  :        CD' 
Cor.  1.  The  squares  of  the  ordinates  to  any  diameter,  are 
0  each  other  as  the  rectangles  under   their  respective  ab- 

Cor.  2.  The  above  proposition  is  merely  an  extension  of  the 
foperty  already  proved  in  Prop.  XII,  with  regard  to  the  re^ 
tion  between  ordinates  to  the  axis  and  their  abscissae. 

PROPOSITION    XXI.    THEOREM. 

he  equal  conjugate  diameters  of  all  ellipses  described  on  the 
same  axis  major,  all  terminate  in  the  same  right  lines. 

Let  any  number  of  ellipses 
J,  FG  be  described  on  the  same 
tis  major,  AB,  and  the  right  co- 
Minates  to  that  axis  drawn  from 
^^  extremities  of  the  equal  con- 
"gate  diameters,  will  all  coincide  j^ 
^  the  same  lines  KL,  MN,  or  the 
vertices  of  all  their  equal  diame- 
^rs  will  all  be  found  in  those 
ines. 

Describe  on  the  same  axis  as  a 
iiameter,  the  circle  AEBD,  bi- 
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sect  the  arcs  EB  in  K  and  AE  in  M,  from  which  points  through 
the  centre,  C,  draw  the  conjugate  diameters  KN,  ML ;  join 
KL,  MN  ;  draw  also  the  chords  BE,  BF,  BH,  also  the  diam- 
eters/n,  hi,  and  gt^  sr. 

The  triangles  ECB,  KPC,  being  similar,  their  sides  are  pro- 
portional ;  and  since  KG  =  BC,  and  KP  =  BR,  the  triangle 
KPC  =  the  triangle  BRC  =  i  the  triangle  ECB. 
Hence,  CP  +  PK'  =  J  CB*  +  i  CE' 

and  KC»  =  ^EB'  =  EC*  +  CB', 

or,  KC  +  CL«  =  CB*  +  CE' 

Hence  AB»  +  ED*  =  KN*  +  ML' 

And  since  the  semi-ordinate  KP  :  f  P  :  :  EC  :  FC  the  tri- 
angles FCB,  fPC,  are  similar,  and/PC  +  ^  FCB  and/C*  = 
J  FB*  =  i  FC*  +  ^  CB* 
Hence,  fC*  -h  Cf  =  FC'  +  BC 

Therefore,  fn'  +  qf  =  FG*  +  AB'  agreeably  to  Prop. 

XV. 

Also  in  the  triangles  HCB,  APC,  being  for  the  same  reason 
as  before  shown,  similar,  APC  =  i  HCB,  and  hC*  =  i  HB'  = 
jj  HC*  +  i  cB\  and  HC  +  rC*  =  HC  +  CB' 

Therefore,  hP  +  sr*  =  HP  +  AB*  agreeably  to  the  pro- 
perty of  the  ellipse. 

Cor.  1.  CP*  =  J  CB 

and  Vr  =  i  CP 

or,  Pa*  =  j  CH* 

Cor.  2.  If  AB,  instead  of  bein^  the  axis  major,  should  be 
the  minor  axis  of  a  series  of  ellipses,  the  vertices  of  their 

aual  conjugate  diameters  would  still  all  be  found  in  the  lines 
N,  KL,  produced. 
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DEFINITIONS. 


1.  An  Hyperbola  is  a  plane  curve,  such  that,  if  from  any 
point  in  the  curve  two  straight  lines  be  drawn  to  two  given 
fixed  points,  the  excess  of  the  straight  line  drawn  to  one  of  the 
points  above  the  other  will  always  be  the  same. 

2.  The  two  given  fixed  points  are  called  the  foci. 

Thus,  let  QA^  be  an  hyperbola,  S  and  H  the  foci. 
Take  any  number  of  points  in  the  curve,  P,f  P^*  Pat .  •  • 
Join  S,P„  H,P,,  S,P„  H,P„  g;P3,  H,P3 ; then. 

HP,  —  SP,   =  HPg  —  SPj   ^  HP3  —  SP3  =  .  . ,  . 


If  HP,  —  SP,  and  SF,  -  HP', be  always  equal  to 

^e  same  constant  quantity,  the  points  P,  P,  P3  .  . .  and  P\, 
^'i>  P'at  will  lie  in  two  opposite  and  similar  hyperbolas  QA^, 
^'aq'y  which  in  this  case  are  called  opposite  hyperbolas. 

3.  If  a  straight  line  be  drawn  joining  the  foci,  and  bisected^ 
the  point  of  bisection  is  called  the  centre. 

4.  The  distance  from  the  centre  to  either  focus  is  called  the 
tccentricity. 

5.  Any  straight  line  drawn  through  the  centre,  and  termina- 
ted by  two  opposite  hyperbolas,  is  called  a  diameter. 

6.  The  points  in  which  any  diameter  meets  the  hyperbolas 
are  called  the  vertices  of  that  diameter. 

7.  The  diameter  which  passes  through  the  foci  is  called  the 
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nxis  major^  and  the  points  in  Mrhich  it  meets  the  curves  the 
principal  vertices. 

8.  if  a  straight  line  be  drawn  through  the  centre  at  right 
angles  to  the  major  axis,  and  with  a  principal  vertex  as  centre, 
and  radius  equal  to  the  eccentricity,  a  circle  be  described,  cut- 
ting the  straight  line  in  two  points,  the  distance  between  these 
points  is  called  the  aocis  minor. 

Thus,  let  Qg,  Q'g'  be  two  opposite  q- 
hyperbolas,  S  and  H  the  foci,  join 
S,H; 

Bisect  SH  in  C,  and  let  SH  cut  the 
curves  in  A,a. 

Through  C  draw  any  straight  line 
P/>,  terminated  by  the  curves  in  the 
points  P,/?. 

Through  C  draw  any  straight  line 
at  right  angles  to  Aa,  and  with  cen- 
tre A  and  radius  =  CS  describe  a  circle  cutting  the  straight 
line  in  the  points  B,  b. 

Then  C  is  the  centre,  CS  or  CH  the  eccentricity,  Pp,  is  a 
diameter,  P  and  p  its  vertices^  Aa  is  the  major  axis,  Bb  is  the 
minor  axis. 


The  hpyerbolas  Xx,  X'x',  whose 
major  axis  is  B6,  and  whose  minor 
axis  is  An,  are  called  the  conjugate 
hyperbolas  to  Qg,  Q'?'. 


0.  A  straight  line,  which  meets  the  curve  in  any  point,  but 
which,  being  produced  both  ways,  does  not  cut  it,  is  called  a 
tangent  to  the  curve  at  that  point. 

10.  A  straight  line,  drawn  through  the  centre,  parallel  to  the 
tangent,  at  the  vertex  of  any  diameter,  is  called  the  conjugate 
diameter  to  the  latter,  and  the  two  diameters  are  called  a  pair 
of  conjugate  diameters. 

The  vertices  of  the  conjugate  diameter  are  its  intersections 
with  the  conjugate  hyperbolas. 

11.  Any  straight  line  drawn  parallel  to  the  tangent  at  the 
vertex  of  any  diameter,  and  terminated  both  ways  by  the 
curve,  is  called  an  ordinate  to  that  diameter. 

12.  The  segments  into  which  any  diameter  produced  is  di- 
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ded  by  one  of  iU  own  ordinates  and  its  rertices,  are  called 
e  abicissa  of  the  diameter. 

13.  The  ordinate  to  any  diameter,  which  passes  through 
e  focus,  is  called  the  parameUr  of  that  diameter. 

Thus,  let  Pp  be  any  diameter, 

id  Tt  a  Ungent  at  P  ; 

Draw  the  diameter  Dd  parallel 

T(; 

Take  any  point  Q  in  the  curve, 

aw  Qf  parallel  to  Tt  and  cutting 

p  produced  in  v  ; 

Through  S  draw  Rr  parallel  to 

(; 

Then  Xid  is  the  conjugate  diame- 

r  to  Pp. 

Qf  is  the  ordinate  to  the  diameter  P/>  corresponding  to  the 

tint  Q. 

Fv,  vp,  are  the  abscissa  of  the  diameter  Pp  corresponding 

the  point  Q. 

Rr  is  the  parameter  of  the  diameter  Pp. 

14.  Any  straight  line  drawn  from  any  point  in  the  curve  at 
ght  angles  to  the  major  axis  produced,  and  terminated  both 
ays  by  the  curve,  is  called  an  ordinate  to  the  axU. 

15.  The  segments  into  which  the  major  axis  produced  la  di- 
ided  by  one  of  its  own  ordinates  and  its  vertices,  are  called 
le  abscissa  of  the  axis. 

16.  The  ordinate  to  the  axis  which  passes  through  the  fo- 
ils, is  called  the  principal  parameter  or  latus  rectum. 

(It  will  be  proved  in  Prop.  IV,  that  the  tangents  at  the  prin- 
ipal  vertices  are  perpendicular  to  the  major  axis ;  hence  de- 
nitions  14,  15,  16,  are  in  reality  included  in  the  three  which 
nmediately  precede  them.) 

17.  If  a  tangent  be  drawn  at  the  extremity  of  the  latus  rec- 
im,  and  produced  to  meet  the  major  axis  ;  and  if  a  straight 
ne  be  drawn  through  the  point  of  intersection,  at  right  angles 
)  the  major  axis;  the  tangent  is  called  the /oca/  tangent,  and 
le  straight  line  the  directrix. 

Thus,  form  P,  any  point  in  the 
urve,  draw  PMp  perpendicular  to  Aa, 
utting  Ad  in  M ; 

Through  S  draw  L/  perpendicular 
I  Aa; 

I^t  LT,  a  tangent  at  L,  cut  Aa  in  T ; 

Through  T  draw  Nn  perpendicular 
>  Aa : 

Then,  Pp  is  the  ordinate  to  the  axis 
orresponding  to  the  point  P. 

19" 


218  CONIC  SECTIONS. 

AM,  Ma,  are  the  abscissae  of  the  axis  correapoodiDg  to  the 
point  P, 

L/  is  the  latus  rectum, 
LT  is  the  focal  tangent, 
Nn  is  the  directrix. 

18.  An  asymptote  is  a  diameter  which  approaches  the  curre 
continually  as  they  are  both  produced,  but  which,  though  ever 
so  far  produced,  never  meets  it. 

19.  If  the  asymptotes  of  four  opposite  hyperbolas  cross 
each  other  at  right  angles,  the  hyperbolas  are  called  right 
angled  or  equilaterial  hyperbolas. 

PROPOSITION    I.    THEOREM. 

Tfie  difference  of  two  straight  lines  drawn  from  the  foci  to  any 
point  in  the  curve,  is  equal  to  the  major  axis. 

That  is,  if  P  be  any  point  in  the  curve, 
HP  — SP=  Aa; 

For, 
HP-SP=AH-AS=Aa+aH.AS 

And,  ^Def.  1.  -s 

HP-SP=aS-ciH=Aa-aH+AS 

Or, 
2(HP— SP)  =  2Aa 

HP  — SP=Aa 

Cor,  1.  The  centre  bisects  the  major  axis  ;  for,  since 

AH  — AS  =  aS-«H 
Or,  SH  -  2 AS  =  SH  —  2aH 

AS  =  aH 
And  OS  =  CH,  by  def.  3. 

AC  =  ai:. 
Cor.  2. 

HP  —  SP  =  2AC 

HP  =  2AC  +  SP 
SP  =    HP  —  2  AC 
HP  +  SP  =  2AC  +  2SP. 

PROPOSITION    II.      THEOREM. 

The  centre  bisects  all  diameters. 

Take  any  point  P  in  the   curve; 
Joins,  P;H,P;S,H; 
Complete  the  parallelogram  SPH/? ; 
join  C,p  ;  C,  P  ; 

Then,  since  the  opposite  sides  of  pa-      ^ 
rallelograms  are  equal, 

HP  =  So,    S?  =  Up; 
.-.HP— SP  =  Sp- H/?; 
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.*.  />  is  a  point  in  the  opposite  hyperbola  by  definition  2. 

Again,  since  the  diagonals  of  a  parallelogram  bisect  each 
other,  and  since  SH  is  bisected  in  C,  (def.  3,) 

.'.  Pp  is  a  straight  line  and  a  diameter,  and  is  bisected  in  C. 

In  like  manner,  it  may  be  proved  that  any  other  diameter  is 
bisected  in  C. 

PROPOSITION    III.    THEOREM. 

The  rectangle  under  the  segments  of  the  mayor  axis  produced^ 
made  by  the  focus  and  its  vertices,  is  equal  to  the  square  of 
the  semi-axis^  minor. 


That  is, 

AS  .  Sa  =  BC* 

For, 

BO  =  AB«  —  AC« 

=  SC«  —  AC',  by  def.  8, 
=  (SC  —  AC)  (CS+AC) 
=  AS.Sa 

Cor.  The  square  ef  the  eccentricity  is 
equal  to  the  sum  of  the  squares  of  the 
semi-axes. 

For,    SO  =  AB*,  def.  8, 
=  AC*  +  BC*. 


PROPOSITION    IV.       PROBLEM. 

To  draw  a  tangent  to  the  hyperbola  at  any  point. 

Let  P  be  the  given  point ; 

Join  S,  P  ;  H,  P  ; 

Bisect  the  angle  SPH  by  the 
straight  line  T^ 

lit  is  a  tangent  to  the  curve  at  P. 

For  if  Tt  be  not  a  tangent,  let  Tt 
cut  the  curve  in  some  other  point  p. 
' •  Join  S,  J9  ;  H,  p  ;  draw  S lO  per- 
pendicular to  T/,  meeting  HP  in  O  ; 
joinp,  O. 

Since  the  angles  at  Y  are  right  angles,  and  angle  SPY 
^  angle  OPY  by  construction,  and  side  YP  common  to  the 
two  triangles  SYP,  OYP. 

SY  =  OY 
And    SP   =  OP. 

Again,  since  SY  =  OY,  and  Yp  common  to  the  two  trian- 
gles SYp,  OYp,  and  the  angles  at  Y  equal ; 

Sp  =  Qp, 


•  • 
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.'.  Up — Op=  Up — Sp 
=  HP— SP 
=  HP— OP 
=  HO 
Up  =  HO  +  Qp 
that  is,  one  side  of  the  triangle  HQp  is  equal  to  the  other  two, 
which  is  absurd  ; 

.'.  p  is  not  a  point  in  the  curve  :  and  in  the  same  manner,  it 
may  be  proved  that  no  point  in  the  straight  line  Tt  can  be  in 
the  curve,  except  P  ; 

.*.  Tt  is  a  tangent  to  the  curve  at  P. 

Cor.  1.  Hence  tangents  at  A  and  a,  are  perpendicular  to 

the  major  axis. 

Cor.  2.  SP  and  HP  make  equal  angles  with  every  tangent 
Cor.  3.  Since  SPH,  the  vertical  angle  of  the  trian.  SPH,  is 

bisected  by  the  straight  line  PT,  which  cuts  the  base  in  T, 

.-.  HT  :  TS  :  :  HP  :  SP. 


PROPOSITION    V.       THEOREM. 

Tangents  drawn  at  the  vertices  of  a  diameter  are  paralkL 

Let  Tt,  Ww,  be  tangents  at  P,  p, 
the  vertices  of  the  diameter  PCB. 

JoinS,P  ;H,  P;S,p;  U, p  : 

Then,  by  Prop.  II,  8H  is  a  paral- 
lelogram, and  since  the  opposite  an- 
gles of  parallelograms  are  equal, 
.-.  angle  SrH  =  anele  SpH. 

But  the  tangents  T^  Wtu;  bisect 
the   angles  SPH,  SpH,  respectively. 

.-.  angle  WpS  =  angle  HPT 


site  angle  to  WpS. 


=  angle  PTS,  which  is  the  exterior  oppo- 


.-.  Ww  is  parallel  to  T^ 


Cor.  If  Dd  be  a  diameter  conjugate 
to  Pp,  and  terminated  by  the  conju- 
gate hyperbolas,  tangents  drawn  at  D 
and  d  will  be  parallel. 

Hence  tangents  drawn  at  the  extre- 
mities of  conjugate  diameters  form  a 
parallelogram. 
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PROPOSITION    Vl.      THEOREM. 

traight  lines  be  drawn  from  the  foci  to  a  vertex  of  a  diame' 
r,  the  distance  from  the  vertex  to  the  intersection  of  the  con- 
tgate  diameter  with  either  focal  distance^  is  equal  to  the 
mi-axis  major. 

hat  is,  if  Dd  be  a  diameter  to  conju- 
to  Pp,  cutting  SP  produced  in  E, 
HP  in  e, 

PE  or  Ve  =  AC. 
raw  HI  parallel  to  Drf,  meeting  SP 
luced  in  I. 

'be   angle   PHI  =   alternate   angle 
T 

=   angle  TPS 
=    angle  HIP 
•  HI  is  parallel  to  Dd  or  T^ 
.-.  IP  =  HP. 

Use,  since  SC  =  HC,  and  CE  is  parallel  to  HI,  the  base  of 
trian.  SHI, 

.  SE  =  EI.  Henoe,  •.•  PE  =  PI— EI  =  HP— SE=HP 
^PE 

.2PE=  HP— SP  =2  AC 

PE  =  AC. 
^Iso  angle  PEe  =  angle  PeE, .-.  Pc  =  PE  and 

Pe  =  AC. 


PROPOSITION    VII.       THEOREM. 

fendiculars  from  the  foci  upon  the  tangent  at  any  pointy  in- 
Tsect  the  tangent  in  the  circumference  of  a  circle  whose  dia- 
ieier  is  the  major  axis. 

rem  S  let  fall  SY  perpendicular  on 
I  tangent  at  P. 

m  S,  P  ;  H,  P  ;  let  HP  meet  SY 
I ;  join  C.  Y  ; 

hen,   since   angle   SPY   =   angle 
Jf,  and  the  angles  at  Y  are  right 
eg,  and  the  side  P  Y  common  to  the 
triangles  SPY,  KPY, 
.-.  SY  =  KY 
and  KP  =  SP. 
gain,  since  SY  =  YK,  and  SC  =  CH,  CY  cuts  the  sides 
he  trian.  HSK  proportionally, 

.-.  C  Y  is  parallel  to  HP. 
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Also,  since  C Y  is  parallel  to  HP,  SY  =  KY,  and  SC  =  CH, 
.-.  CY  =  ^  HK  =  i  (HP-KP)  =  j  (HP— SP)  =  J  ka 
=  AC. 

Hence,  a  circle  described  with  centre  C  and  radius  =  CA, 
will  pass  through  Y,  and  in  like  manner,  if  HZ  be  drawn  per- 
pendicular to  T^,  it  may  be  proved  that  the  same  circle  will 
pass  through  Z  also. 

PROPOSmON   VIII.      THEOREM. 

The  rectangle  contained  by  perpendiculars  from  the  foci  upon 
the  tangent  at  any  pointy  is  equal  to  the  square  of  the  semi- 
axis,  minor. 

That  is, 

SY  .  HZ  =  BC».  * 

Let  Tt  be  a  tangent  at  any  point  P ; 

On  Aa  describe  a  circle  cutting  Tt  in 
Y  and  Z;  join  S,Y;H,Z. 

Then,  by   last  Prop.   SY,  HZ  are 
perpendicular  to  Tt, 

Let  HZ  meet  the  circumference  in  z ; 

Join  C,  2  ;  C,  Y  ; 

Since  zZY  is  a  right  angle,  the  seg-  ^ 
ment  in  which  it  lies  is  a  semicircle, ' 
and  z,  Y,  are  the  extremities  of  a  diameter; 

.'.  zCY  is  a  straight  line  and  a  diameter. 

Hence  the  triangles  CYS,  CzH  are  in  every  respect  equal 

.-.  SY  =  Hz 


.-.  SY  .  HZ  =  Hz 

=  HA 
=  BO 


HZ 

Ha. 
Prop.  III. 

PROPOSITION    IX.      THEOREIC 


Perpendiculars  let  fall  from  the  foci  upon  the  tangent  at  flujf 
point,  are  to  eacn  as  the  focal  distance  of  the  point  of  cot- 
tact. 

That  is, 

SY  :  HZ  :  :  SP  :  HP. 
For  the  triangles   SPY,  HPZ,  are 
manifestly  similar  ; 

.-.  SY  :  HZ  :  :  SP  :  HP. 
Cor.  Hence, 

SP 

SY  =  HZ 


HP 


SP 


.*.  SY'  =  SY  .HZ.Tjp 

SP 
=  BC».gp  last  Prop. 


k 
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=  BC». 


SP 


So  also, 

Tip 


2  AC  +  SP 
HP 


HP  —  2  AC 


PROPOSITION    X.      THEOREM. 

z  tangent  be  applied  at  any  point,  and  from  the  same  point  an 
rrdinate  to  the  axis  be  dravm,  the  semi-axis  major  is  a  mean 
proportional  between  the  distance  from  the  centre,  to  the  or* 
iinate  with  the  axis,  and  the  distance  from  the  centre  to  the 
intersection  of  the  tangent  with  the  axis. 

That  is, 

CT  :  CA  :  :  CA  :  CM. 
Since  the  angle  SPH  is  bisected  by 
r,  which   cuts  HS,  the  base  of  the 
angle  HPS,  in  T,    .-. 

HT       :ST  ::HP       :SP 

HT— ST:HT+ST::HP  — SP: 
P+SP 

,     2CT    :SH  ::2AC     :  HP 

SP 

2CT    :2AC        : :  SH     :  HP+SP     -    -    -    .     (1) 
But  since  PM  is  drawn  from  the  vertex  of  triangle  HPS 
rpendicular  to  HS  produced, 
HM~SM :  HP+SP : :  HP— SP :  HM+SM 
,     SH        :  HP+SP::     2  AC    :    2CM    ....     (2) 
Comparing  this  with  the  proportion  marked  (1),  we  have 

2CT     :     2  AC     ::     2  AC     :     2  CM 
.      CT     :        CA     ::        CA     :       CM. 

PROPOSITION    Xl.      THEOREM. 

i  AQa  be  a  circle  described  on  the  major  axis,  from  the  point 
T,  draw  TQ  perpendicular  to  Aa,  meeting  tne  circle  in  Q, 
join  QM. 

Then  QM  is  a  tangent  to  the  circle 

Q 

Join  C,  Q. 

For  if  QM  be  not  a  tangent,  draw 

Id'  a  tangent  at  Q,  cutting  AC  in 

Then  CQM'  is  a  right  angle. 
/.  Since  QT   is    drawn  from  the 
[ht  angle  CQM'  perpendicular  to 
e  hypothenuscy 
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.-.  CM'  :  CQ  ::  CQ  :  CT. 

or,  CM'  :  CA  : :    CA  :  CT, .'.  CQ  =  CA. 

But  by  the  last  Prop.. 

CM  :  CA  : :  CA  :  CT 
.-.  CM  -  CM', 
which  is  absurd  ;   .*.  QM  is  not  a  tangent  at  Q  ;    and  in  the 
same  manner  it  may  be  proved  that  no  line  but  QM'  can  be  a 
tangent  at  Q. 

PROPOSITION    XII.      THEOREM. 


The  square  of  any  semi-ordinate  to  the  axis^  is  to  the  rectangle 
under  the  abscissas,  as  the  square  of  the  semi^axis  miTun;  is 
to  the  square  of  the  semi-axis  major. 

That  is,  if  P  be  any  point  in  the 
curve, 

PM'  :  AM  .  Mfl  :  :  BC« :  AC". 

Describe  a  circle  on  Aa,  and  draw 
PT  a  tangent  to  the  hyperbola  at  P, 
intersecting  the  circle  in  the  points 
Y,  Z,  and  the  major  axis  in  T. 

Draw  TQ  perpendicular  to  Aa, 
meeting  the  circle  inQ ;  join  QM 

Then  QM  is  a  tangent  to  the  circle  at  Q  by  Prop.  II  ,  and 
.*.  the  angle  CQM  is  a  richt  angle. 

Join  S,  Y;  ,  Z  ;  HSi  and  HZ  are   perpendicular  to  T^ 
Prop.  VII. 

Hence  the  triangles  PMT,  SYT,  PZT,  are  similar  to  each 
other. 

.-.   PM  :       SY        :  :     MT     :     TY 

and,PM    :     HZ      : :    MT     :     TZ 
.-.PM'.SY.HZ::    Mr   :    TY .  TZ, 

or,PM':     BC        ::     MT»    :     TQ^ 
Prop.  VII. 

:     QM«  :     CQ% 
•••  MQT.  MCQ  are  similar  triangles. 

::AM.M(i:  A(?, 

vPM'iAM.Ma::    BC*      :    AC 

Cor.  I. 

Let  P,  M],  P,  M3, be  ordinates  to  the  axis  from  aoy 

point  P,  P  , 

Then  by  P.  <  p. 

P,  M,'  :  AM,  .  M,a  :  :         BC* 


P,  M  •  :  AM,  .M.a: 
.-.  P;  M,"  ;      P,  M/        : 


BC* 
AM,  •  UiU 


AC 
AC? 
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That  is,  the  square  of  the  ordieates  to  the  axis  &re  to  each 
her  as  the  rectangles  of  their  abscise. 
Cor.  2.  By  Prop. 

PM-  :     AM  .  Mo     : :  BC"  :  AC" 
at  AM  =  CM-CA.  Ma  =  CM+CA, 

.-.  PM'  :  CM-— CA-    : :  EC-  ;  AC 


Cor.  3.  Since  by  the  propositioD 
PM"  :  AM  :  M»  ;  :  BC'  :  AC, 
we  have  in  the  conjugate  hyberbolas 
CR- :  CA" ;  CR'+C<i" :  df, 
•nee  df  =  CD'. 


^m 


rSOPOSITION    XIII.      THEOBEM. 


"he  iatus  rectum  is  a  third  proportional  to  the  axis  major  and 
minor. 


That  is, 

Aa  : 
Since  LS  is 
lii. 

AC  :  BC  : 
rop.  XI  I. 

rop.  III. 
.•.AC:BC  : 
sr,  Aa-.Bb    : 


Bb  :  :  Bb  :  LI.     ' 

a  scmiordinate  to  the 


V 


AS.f 
BC- 


BC 
B6 


<i :  LS-, 
:LS', 
:  LS 

:l;. 


'v 


PBOFOSITION    XIV.      THEOKBH. 


"Ae  area  of  all  paraUeh^ams,  formed  by  drawing  tangents  at 
the  extremities  of  two  conjugate  diameters,  is  constant,  each 
being  equal  to  the  rectangle  under  the  axes. 

Let  Pp,  Drf,  be  any  two  conjugate 
amciers,  WujXx,  a  parallelogram 
scribed  between  the  opposite  and 
'Djugalc    hyperbolas    by   drawing 
ngents  at  r,p,  D,  d  ;  tlien  P»,  Dd, 
vide     the     parallelogram    WxXw 
to  four  equal  parallelograms. 
Draw  I'm.   dm,  ordinates  to   the 
;is  J  PF  perpendicular  to  Drf. 
Let  CA  meet  PX  in  T  and  Wx  in  ( ; 
Then  CT  :  CA  L :  CA  :  CM 
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Ct     :  CA  :  :  CA  :  Cm,  Prop  XI. 
.-.  CT  :  Ct    ::  Cm  :  CM 
But,  CT  :  Ct    :  :  MT  :  Cm,  by  similar  triangles. 
.-.  MT  :  Cm::  Cm  :  CM 
.-.  CM  .  MT  =  C/ii' (1) 


Again,      CM  :  CA  : :  CA  :  CT 

.-.  CM  :  CA  :  :  MA  :  AT,dividendo  : 
Or,    CM  :  Mrt  :  :  MA  :  MT,  componendo : 
.-.  AM  .  Ma  =  CM  .  MT  =  Cm'      ... 


But,  AC 

Or,    AC  :  BC  :  :  Cm" 
AC  :  BC   :  :  Cm 


BC^:  AM:  Ma:  PM' 

PM« 
PM 


Similarly,     AC 
Or,    BC 
But, 


But, 


CT 
CT 
PF  :  CT  : 


dm  :  :  CA 
CA::  CA 


BC  :  :  CM  :  dm 

CM 
CM 
CA  :  :  BC    :  dm 
dm    :  Cd 
PF  :  CA  :  :  BC    :  Cd 


.-.  Rectangle  PF  .  CD 
or.  Parallelogram  CX 
.'.  Parallelogram  Wi^^Xz 
Cor.    By  (2), 

Cm' 


CA' 

And  similarlv,  CB' 


('•i) 


rectangle  AC  .  BC 
rectangle  AC  .  BC^ 
4  AC  .  BC=Aa  .  Bft 

IIM  .  Ma 

(CM-CA)  (CM+CA). 

CM'— CA' 

CM'— Cm' 

dm'—VM\ 


PROPOSITION    XV.      THEOREM. 


The  difference  of  the  squares  of  any  two  conjugate  diameters^  is 
equal  to  the  same  constant  quantity,  namely,  the  difference  of 
the  squares  of  the  two  axes. 

That  is,  if  Pp.  Drf,  be  any  two  con- 
jugate diameters, 

Pp'-Dd'  =  Aa'  — B6'. 
Draw   PM   dm,  ordinates   to  the 
axis. 

Then,  by  Cor.  to  last  Prop. 
AC— BC'=CM'+PM'-(Cm'+(rm) 

=CP— CeT 
.-.Aa'— B6'  =iy-Drf«. 
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PROPOSITION    XVL   THEOREM. 


angle  under  the  focal  distance  of  any  pointy  is  equal  to 
the  square  of  the  semi'conjugate. 

is,  if  CD  be  conjugate  to  CP, 

SP  .  HP  =  CD\ 
'  SY,  HZ,  perpendiculars  to 
yent  at  P,  and  PF  perpendicu- 
JD; 

by  similar  trian.   SPY,  PEF 
SP      :     SY    :  :  PE    :  PF 

SP     :     SY     :  :  DC     :  PF 

'.•  PE  =  AC,  by  Prop.  VI. 
y,  HP    :     HZ     :  :  AC    :  PF 
JP.HP:SY.HZ::  AC':  PF> 

:  :  CD' :  CB*,  by  Prop.  XIV. 
t  SY  .  HZ  =  CB' ,  by  Prop.  VIII. 

.-.  SP  .  HP  =  CD'. 


PROPOSITION   XVII.    THEOREM. 


mgents  be  drawn,  one  at  the  principal  vertex^  the  other 
vertex  of  any  other  diameter,  each  meeting  the  others 
*ier  produced^  the  two  tangential  triangles  thus  formed 
e  equal 


IS, 

rle  CPT  =  triangle  C AK. 

'  the  ordinate  PSI  ;  then 

!  :  CA  :  :  CP  :  CK,  by  similar 

[':  CA  :  :  CA  :  CT 
L  :  CT :  :  CP  :  CK. 

wo  triangles  CPTjCAK,  have 
B  angle  C  common  and  the 
)OUt  that  angle  reciprocally 
onal ;  these  triangles  are  .*.  equal. 

1.  Take  each  of  the  equal  triangle  CPT,  CAK,  from 
mon  space  CAOP  ;  there  remains 

triangle  OAT  =  OKP. 

2.  Also  take  the  equal  triangles  CPT,  CAK,  from  the 
1  triangle  CPM  ;  there  remains 

triangle  MPT  =  trapez.  AKPM. 
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PROPOSITION   XVIII.     THEOREM. 


The  same  being  supposed^  as  in  last  proposition^  then  anjl 
straight  lines  QG»  QE»  drawn  parallel  to  the  two  tangents 
shall  cut  off  equal  spaces. 

That  is,  Jy^  X 

triangle  GQE  =  trapez.  AKXG 
triangle  rq^E    =  trajpez,  AKRr  .  -^^^ 

Draw  the  ordinate  PM. 
The  three  similar  triangles  OAK, 
CMP,  CGX,  are   to  each  other  as  c 
CA*    CM'    CG* 

.-.  AKPM:  trap.  AKXG  :  :  CM'— CA* :  CG'— CA%'dividendo. 
But,  PM':  QG»   :  :  CM'— CA»  :  CG'-CA', 

.-.  trap.  AKPM  :  trap.  AKXG:  :        PM'      :    QG* 
But,  trian.   MPT    :  trian.  GQF  :  :         PM*      :     QG^ 
'.•  the  triangles  are  similar. 
.-.  trap.  AKPM :  trian.  MPT:  :  trap.  AKXG :  trian.  GQE. 
But,  by  Prop.  XVII,  Cor.  2. 

trap.  AKPM  =  triangle  MPT  ; 
.-.  trap.  AKXG  =  triangle  GQE. 
And  similarly, trap.  AKRr    =  triangle  ryE. 

Cor.  1.  The  three  spaces  AKXG,  TPXG,  GQE,  are  all 
equal. 

Cor,  2.  From  the  equals,  AKXG,  EQG,   take  the  equals 
AKRr,  Ytqr  ;  there  remains, 

RrXG,  =  rjQG. 

Cor.  3.  From  the  equals  RrXG,  r^QG,  take  the  common 
space  ryuXG  ;  there  remains. 

triangle  vQX  =  triangle  vjR. 

Cor.  4.  From  the  equals  EQG,  TPXG,  take  the  common 
space  EyXG  ;  there  remains, 

TPrE  =  triangle  rQX. 

Cor,  5.  If  we  take  the  particular 
case  in  which  QG  coincides  with  the 
minor  axis. 

The  triangle  EQG  becomes  the  tri- 
angle IBC, 

The  figure  AKXG  becomes  the  tri- 
angle AKC, 

.'.  triangle  IBC  =  triangle  AKC 

=  triangle  CPT. 
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PROPOSITION   XIX.      THEOREM. 

Any  diameter  bisects  all  its  own  ordinates. 

That  is, 

^q  be  any  ordinate  to  a  dia- 

rCP, 

Qp  =  vq 
N  QX,  qx,  at  right  angles  to 
nnajor  axis  ; 

hen  triangle  rQX  =  trian- 
09X  ;  Prop.  XVIIL,  Cor.  3. 
at  these   triangles  are   also 
angular  ; 

.*.  Qu  =  vq,  ' 

or.  Hence,  any  diameter  divides  the  hyperbola  into  two 
il  parts. 

PROPOSITION    XX.      THEOREM. 

square  of  the  semi-ordinate  to  any  diameter^  is  to  the  rec- 
ngle  under  the  abscisscB,  as  the  square  of  the  semi-conjugate 
the  square  of  the  semi-diameter. 

That  is, 

Q^  be  an  ordinate  to  any  dia- 
;rCP, 

Q««  :  Pt?  .  ty  :  :  CD'  :  CP. 
et  Qq  meet  the  major  axis  in  E  ; 
raw  QX,  DW,  perpendicular  to 
Tiajor  axis,  and  meeting  PC  in 
fid  W. 

hen,  since  the  triangles  CPT, 
1,  are  similar, 

ian.  CPT:  trian.  CrE  ::  CP''  Cv^ 
rian.CPT :  trap.  TPvE  : :  CF: 
^CP' 

gain,  since  the  triangles  CDW,  vQX,  are  similar, 
triangle  CDW  :  triangle  rQX  :  :  CD'    :  vQ' ; 
•  triangle  CDW  =  triangle  CPT  ;  Prop.  XVIII,  Cor.  5, 
I  triangle  t-QX  =  trapcz.  TPi;E  ;  Prop.  XVIII.,  Cor.  3. 
.-.  CP'  :    CD'    :  :  Cu'— CP  :  tQ* 
Or,  Qt)'  iVo.vp::        CD'     :  CP. 

jor.  1.  The  squares  of  the  ordinates  to  any  diameter,  are 
iach  other  as  the  rectangles  under  their  respective  abscissa;. 

jor.  2.  The  above  proposition  is  merely  an  extension  of 
property  already  proved  in  Prop.  XII,  with  regard  to  the 
ition  between  ordinates  to  the  axis  and  their  abscissae. 


CONIC  SECTIONS. 


FROPOBinOK    XZI.      THEOKEM. 

If  tangejits  be  drawn  at  the  vertices  of  the  axes,  the  ifti^iuili 
of  the  rectangle  so  formed  are  asymptotes  to  the  four  wiO' 

Let  MP  meet  CE  in  Q  ; 

Then,  MQ' :  CM" : :  AE'  :  AC*  ,-' 

::BG'  :  AC 
::MP':CM*— CA'. 

Now,  as  CM  increases,  the  ratio  of  CM* 
to  CM" — CA'  continualiy  approaches  to  a 
ratio  of  equality  ;  but  CM"  —  CA'  can  never 
become  actually  equal  to  CM",  however 
much  CM  may  be  increased.  Hence,  MP 
is  always  less  than  MQ.'.but  approaches  coa- 
tinually  nearer  to  an  equality  with  it. 

In  the  same  manner  it  may  be  proved,  that  CQis  anasjinp- 
tote  to  the  conjugate  hyperbola  BP'. 

Cor.  1.  The  two  asymptotes  make  equal  angles  mth  ll* 
axis  major  and  with  the  axis  minor.  . 

Cor.  2.  The  line  AB  joining  the  ver^ces  of  the  conjuettt 
axes  is  bisected  by  one  asymptote  and  is  parallel  to  the  oia- 

Cor.  3.  All  lines  perpendicular  to  either  axis  and  is  teio^ 
natcd  by  the  asymptotes  are  bisected  by  the  axis. 

PROPOSITION    XXII.   THEOREM. 

If  a  line  be  drawn  through  any  point  of  the  curves,  paraSiiHi 
either  of  the  axes,  and  terminated  at  the  asymptota,  ^ 
rectangle  of  its  segments,  measured  from  thai  point,  a^  ^ 
equal  to  the  square  of  the  semi-axis  to  which  it  isparoM- 


That  is. 
the  rect  HEK  or  HcK  =  CA', 
and  recL  hE,k  or  )iek  ==  CA*. 


For,  draw  AL  parallel  to  Ca,  and  oL  to  CA.     Then 
by  the  parallels.  CA'  :  C/.'  or  AL* : ;  CD' :  DH* ; 
and  bv  Prop.  XII,  CA*  :  C«*   ; :  CD'-CA* :  DE" ; 
.-.  by'subtr.CA* :  Co' :  :  CA'  :  DH*-DE'  or  HEK. 
But  the  antecedents  CA',  CA*  are  equal, 


HYPERBOLA.  231 

herefore,  the  consequents  Ca%  HEK  must  also  be  equal. 

In  like  manner  it  is  again, 
nhe  parallels,  CA* :  Ca"  or  AL*  :  :  CD*  :  DH«; 

CA« :  Ca  : :  CD^+CA*  :  Be' ; 
by  subtr.  CA*  :Ca'::  CA^  :  Dc'— DH'  or  HeK. 
the  antecedents  CA',  CA'  arc  the  same, 
le  conscq.  Ca^  HeK  must  be  equal, 
ke  manner,  by  changing  the  axes,  is  hEk  or  hek  =  CA*. 

or.  1.  Because  the  rectangle  IIEK  =  the  rectangle  HeK, 

.-.  EH :  eH  :  :  eK  :  EK 
And  consequently  HE  :  is  always  greater  than  He. 

or.  2.  The  rectangle  AEK  =  the  rectangle  HE*. 
For,  by  similar  triangles  Eh  :  EH  : :  £&  :  EK. 

Solium.  It  is  evident  that  this  proposition  is  general  for 
line  oblique  to  the  axis  also,  namely,  that  the  rectangle  of 
legment  of  any  line,  cut  by  the  curve,  and  terminated  by 
isymptotcs,  is  equal  to  the  square  of  the  semi-diameter  to 
;h  the  line  is  parallel — since  the  demonstration  is  ^drawn 
properties  that  are  common  to  all  diameters. 

ir.  3.  Hence  it  is  evident  that  all  the  rectangles  arc  equal 
h  arc  made  of  the  segments  of  any  parallel  lines,  cut  by 
urves,  and  limited  by  the  asymptotes  ;  and  therefore,  that 
rectangle  of  any  two  lines  drawn  from  any  point  in  the 
e,  parallel  to  two  given  lines,  and  limited  by  the  asymp- 
» is  a  constant  quantity. 

GENERAL    REMARK. 

iving  thus  discussed  at  length,  the  properties  of  the  para- 
ellipse  and  hyperbola,  in  the  relations  of  their  local  and 
liar  constructions,  it  may  be  observed,  that  there  are  many 
3rties  common  to  each  — especially  in  the  ellipse  and 
rbola.  These  curves  have  many  striking  similarities  in 
determinations,  although  there  is  but  little  similarity  in 
construction  ;  for  the  axes,  of  the  hyperbola  are  thrown 
3Ut  the  curve,  while  in  the  ellipse  they  are  within ;  hence  it 
d  not  be  surprising,  that  the  same  or  corresponding 
tities,  thus  differently  associated,  should  propagate  by  a 
what  similar  condition  of  their  mutations,  curves  so  ap- 
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^  parcntly  dissimilar  in  their  developments.  The  ellipse  is  a 
curve  of  limited  extent  returning  into  itself  as  the  circle,  but 
the  hyperbola  is  unlimited  in  its  construction,  or  its  determin- 
ation, for  its  branches  may  be  extended  indefinite!  v  ;  the  same 
may  be  observed  in  relation  to  the  parabola,  which  may  be 
indefinitely  extended,  and  the  branches  of  the  curve  become 
at  length  parallel  to  its  axis  ;  this,  however,  is  only  in  their  in- 
finite extension.  But  the  hyperbolic  curve  never  approaches 
toward  or  even  to  a  parallelism  with  the  axis,  but  approaches 
infinitely  toward  its  asymptotes ;  but  without  ever  touching 
them,  except  in  their  infinite  extension.  The  manner  in 
which  these  curves  are  derived  from  the  sections  of  a  cone,  as 
their  name  indicates,  their  origin  will  be  shown  in  another 
volume,  and  their  quadratures,  and  some  other  properties  in 
relation  to  them,  will  be  there  discussed. 
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p&sr  ACS. 


VTSG,  in  the  former  parts  of  this  series,  treated  of  the 
Qts  of  geometry,  trigonometry,  conic  sections,  &c.,  it 
emains  for  us,  in  accordance  with  our  original  design, 
ke  such  application  of  the  former  principles,  as  to  elicit 
other  truths  or  principles  as  depend  on  their  various 
nations,  and  to  investigate  the  relations  of  such  subjects 
-tain  to  the  higher  geometry.  And,  without  attempting 
e  a  full  and  perfect  treatise  on  the  subject,  which  would 
e  volumes,  we  shall  endeavor  to  present  some  portions  * 
3  ancient  subject  in  a  new  dress ;  hoping,  thereby,  to 
r  its  beauties  more  plainly  visible,  and  its  oracles  more 
giblc. 

ne  new  solids  are  introduced  into  this  volume,  the  most 
tant  of  which  is  a  class  termed  revoloids ;  which,  from 
organization,  seem  to  serve  as  a  connecting  link  between 
near  and  curvelinear  solids.  The  properties  of  those 
are  discussed,  and  their  surfaces  and  solidities  are  de- 
led.  Some  new  curves  are  also  introduced  and  inves- 
d,  among  which  is  the  revoloidalcurve^  whose  quadrature 
srmined ;  and,  from  its  relation  to  the  circle,  and  also  to 
inear  figures,  we  are  enabled  to  approximate  to  the  cir- 
(uadrature  to  an  indefinite  extent  During  the  investiga- 
f  this  subject,  other  important  properties  of  the  circle  ' 
)e  developed,  by  which  the  area  of  the  segment  of  1/ 
whose  arc  and  sine  are  known,  may  be  computed  with 
tie  labor  as  that  of  the  area  of  a  triangle  whose  base 
)erpendicular  are  given. 
i  have  also  introduced  into  this  work  a  mode  of  con- 
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structioD  for  variable  quantities,  or  such  magnitudes  as  dep^^ 
on  variable  factors  ;  and  have  adapted  a  notation,  embraci^'i 
some  of  the  principles  of  the  calculus,  by  which  variab-'^ 
magnitudes  may  be  algebraically  discussed,  and  their  condi' 
tions  rendered  intelligible.     By  this  notation,  some  of  the  more 
difficult  geometrical  subjects  are  susceptible  of  the  most  ele* 
gant  solution;   and  we  are  also  enabled   to  get  a  definite 
algebraic  expression  for  the  circle's  quadrature,  in  terms  of 
the  diameter.     The  mensuration  of  such  superficies  and  solids 
as  depend  on  the  higher  geometry,  follows  at  the  close  (^ 
the  work. 

From  the  hasty  manner  with  which  a  considerable  portioD 
of  this  work  has  been  prepared,  it  can  hardly  be  presumed 
to  be  entirely  free  from  errors  ;  but  it  is  believed  that  if  any 
errors  exist,  they  are  such  as  involve  no  important  principle 

The  author,  with  these  remarks,  submits  the  work  to  tbe 
consideration  of  an  intelligent  public. 
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PART  II.— BOOK  I. 


a*ECIES  AND  QUADRATURE  OF  SUPERFICIAL  SECTIONS  OF 

ELEMENTARY  SOUDS. 


DEFINITIONS. 

1.  Superficial  sections  are  surfaces  formed  when  solids  are 
cut  by  plane  or  curved  surfaces. 

2.  If  the  cutting  surface  is  a  plane^  the  section  is  z,  plane 
section. 

8.  Superficial  sections  of  solids  take  different  names,  ac- 
cording to  the  form  of  the  solid  in  the  plane  of  the  section. 

4.  From  the  cylinder,  we  have  the  rectangle^  the  circle^ 
and,  as  will  be  shown,  (Prop.  VIII.  Cor.)  the  ellipse. 

6.  From  the  cone,  we  have  five  diflTerent  figures,  viz :  a  tri- 

Sle,  a  circle,  and,  as  will  be  shown  in  Propositions  I.,  II., 
IIL,  a  parabola^  an  ellipse,  and  a  hyperbola. 

6.  From  the  sphere,  we  have  only  the  circle. 

Scholium.     The  parabola,   ellipse^  and  hyperbola,  will  be 
more  specially  the  subjects  of  this  book. 
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PROPOSITION    1 


TBEOKEH. 


If  a  right  cone  BEG  be  cut  by  a  plane  Ap  o,  which  i 

to  a  plane  touching  tlte  cone  along  the  slant  sifie  B£),  the  tec- 
tion  A  po  is  a  parabola- 
Let  BEG  be  that  position  ol'  the 
generating  triangle  which  is  perpen- 
dicular to  the  cutting  plane  A^  o ; 
An  their  common  section,  which  is 
parallel   tu   BE.     Then,   since   the 
plane  BEG  passes  through  the  axis, 
it  is  perpendicular  to  the  base  EoG, 
and  to  every  circular  section  CPD 
parallel  to  the  base;  it  is  also  per- 
pendicular  to   Apo.      Hence,   the 
common  section  PO  of  the  planes   , 
A  jj  o,  CPD,  is  perpendicular  to  BEG 
and  therefore  to  An  and  CD.  •> 

But,  AN  :  ND  :  :  BE  :  EG,  which  is  a  constant  ratio ; 
therefore,  by  the  properties  of  the  circle,  AN  :  ND  :  :  CNX 
ND  :  NO',  since  CN  is  equal  and  parallel  to  En,  and  constant 
Hence  the  curve  is  a  parabola  whose  axis  is  An. 

Cor.  If  L  be  the  latus  rectum  of  the  parabola  »Ao,  LxAN 
=NP=CNxND. 


PROPOSITION    11.       THEOREM. 

If  a  cone  BEG  he  cut  by  a  plane  E  AP  through  both  slant  sides 
tite  section  is  an  ellipse. 
Let  BEG  be  that  position  of  the  » 

generating  triangle  which  is  perpen- 
dicular to  the  cutting  plane :  CPD 
any  circular  section.  Draw  AHK 
parallel  to  EG,  and  therefore  bisect- 
ed by  the  axis  BO. 


Then  EN  :  CN  :  :  EA  :  AK 

NA:ND::EA:EG; 

.-.     ENxNAtCNxNDCNP") 

::EA':EGxAK 
which  is  the  property  of  an  ellipse, 
one  of  whose  axes  is  EA  and  the 
other  a  mean  proportional  between  EG  and  AK.     (Come  Sec- 
ttODS,  Ellipse,  Prop.  XII.) 
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PROPOSITION   III.      THEOREM. 

a  r^Al  cone  BED  be  cut  through  one  side  BE  by  a  phne 
VLAr  which  being  produced  backwards^  cuts  the  other  side 
DB  produced^  the  section  is  an  hyperbola. 


T 

Let  D6EH  be  any  circular  section,  BGH  a  triangular  sec- 
Hk  through  the  vertex  B  of  the  cone  parallel  to  the  plane 
AP. 

Then,  AN  :  EN  : :  BF :  EF 
NM  :  ND  : :  BF  :  FD 
ANxNM  :  ENxND  (NP) : :  BP  :  EFxFD  (FH*) 

liich  is  the  property  of  an  hyperbola,  whose  axis  major  is 
kly  and  whose  conjugate  axis  is  to  AM  as  FH  to  BF. 

Cor.  If  GT,  HT,  be  tangents  to  the  circle  at  G,  H  ;  and 
ines  passing  through  GT,  UT,  respectively,  touch  the  cone 
Hig  the  lines  BG,  BH ;  also,  if  TB,  the  common  section  of 
i  planes,  meet  AM  in  C,  then  the  common  section  CO,  CQ, 
the  plane  RAP,  extended  to  meet  the  tangent  planes,  are 
3  asymptotes  of  the  hyperbola. 

Draw  BL  parallel  to  D£,  meeting  AM  in  L :  then  the  axes 
the  hyperbola  being  in  the  proportion  of  BF  to  FH,  the  an- 
t  GBH,  or  the  equal  angle  OCQ  is  the  angle  between  the 
)rmptotes. 

Now,  by  similar  triangles  ALB,  BFE,  and  CLB,  BFT ; 
L  :  CL  : :  TF  :  FE,  and  therefore  AC  :  CL  :  :  TE  :  FE.  In 
e  manner,  by  similar  triangles  MLB,  BFD,  and  CLB,  BFT ; 
L  :  CL  :  :  TF  :  DF,  and  therefore  CM  :  CL  :  :  TD  :  DF. 
tt,  by  the  property  of  the  circle,  TE  :  FE  :  :  TD :  DF. 

2 


1 

\ 

1 

\ 

B>/ 
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Therefore,  CA=CM.  Hence  C  is  the  centre  of  the  hyperbola, 
and  CO,  CQ,  are  the  asymptotes.  (Conic  Sectioni,  Hyperbo- 
la, Proposition  XU.) 

SehoUum  1.  Let  EHF  represent  an  A'    a    a 

hyperbola,  and  AC,  AD  the  asympto- 
tes ;  let  the  two  branches  HE  and  HF 
be  brought  into  the  position  He  and 
H/,  so  that  the  asymptotes  become 
A'e  and  A.'f,  or  till  they  beceftne  parallel 
to  each  other,  and  the  curve  becomes 
<  parabola ;  the  parabola  then,  may  be 
regarded  as  an  hyperbola,  whose  a- 
symptotes  are  parallel,  and  infinitely 
extended  in  each  direction.  If  the  extremities  f,/ of  the  cum 
are  brought  into  the  positions  n,  t,  so  as  to  incline  toward  the 
axis  AB,  so  that  the  curve  may  again  return  into  itself  as  its 
axis  is  extended,  it  then  becomes  an  ellipse  or  portion  of  an 
dlipse.  These  different  figures  are  the  result  of  the  positicn 
of  the  plane  forming  the  section  through  the  cone. 

Scholium  2.  A  section  of  a  polyedroid  by  a  plane  oblique  to 
its  axis  may  assume  a  combination  of  one,  two,  or  three,  of 
the  varieties  of  surfaces.  Thus,  a  section  through  a  regular 
vertical  quadredroid  by  a  plane,  parallel  to  a  plane  touchiitt 
one  of  its  sides,  making  an  angle  of  45°  with  the  axis,  towaiS 
the  vertex,  will  consist  of  two  parabolas  on  oppoate 
sides  of  the  same  base,  these  will  evidently  be 
parabolas  of  equal  type  or  similar  parabolas, 
when  the  section  passes  through  the  centre 
of  the  solid,  and  as  it  approaches  toward  one 
of  its  sides,  the  parabolas  become  dissimilar. 

But  if  the  plane  cuts  the  solid  90  as  to  make  angles  of  more 
than  45°  with  the  axis,  the  section  will  consist  of  the  segments 
of  two  ellipses  on  opposite  sides  of  the  same  ordinate,  ^vhich 
ordinate  is  the  line  formed  by  the  intersection  of  the  cutting 
plane,  with  the  plane  through  the  centre  of  the  solid  perpendi- 
cular to  its  axis  ;  and  if  the  cutting  plane  passes  through  the 
centre  of  the  solid  the  two  segments  will  be  of  similar  type, 
bat  they  will  vary  as  the  section  recedes  from  the  ceotn 
toward  either  side. 

If  the  plane  should  be  passed  through  so  as  to  make  aa 
angle  witn  the  axis  less  than  45°,  then  we  should  have  bypei^ 
boms  on  the  same  base,  these  would  be  similar  byperoolaa 
when  the  plane  should  pass  through  the  centre,  but  would  be- 
eome  diiiimilar  as  it  recedes  from  the  centre. 
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In  like  manner,  ifa  plane  should  be  passed  ° 

iroDgh  the  pentadroid  AB  parallel  to  one  of 
i  (idea  AD,  the  section  would  consist  of  two 
pedei,  viz.,  that  part  which  passes  through 
K  ^rtioD  ABD  would  be  a  parabola,  that 
uuDg  through  the  part  ABEC  would  be  a 
lenient  of  aneihpse.  But  if  the  section  should  *-  ^ 
t  pissed  so  near  to  BE  as  to  cut  the  base  of  the  solid,  the 
Ktion  would  consist  of  a  parabola,  and  a  middle  segment  of 
B  ellipse,  and  would  have  a  rectilinear  base.  If  the  plane 
bould  be  parallel  to  the  side  £B,  then  the  section  through  the 
nrer  part  of  the  solid  would  be  a  parabola,  or  a  segment  of  a 
irabola,  and  the  section  through  the  upper  part  an  hyper- 
(da,  and  in  fine,  if  the  plane  should  make  an  angle  with  the 
III  less  than  that  of  the  side  EB,  then  the  section  throu^ 
Mh  parts  of  the  solid  would  consist  of  the  dissimilar  hyperbo- 
i  or  segments  of  hyperbolas. 

Let  a  plane  be  passed  through  a  polyedroid  of  a  greater 
Hnber  of  sides  oblique  to  the  axis,  and  the  section  may  be  so 
tdo  as  to  consist  of  Begments  of  all  the  varieties  of  the  conic 
ctioDS,  and  may  also,  under  certain  conditions,  have  one, 
fo,  three,  and  at  most  four  rectilinear  sides,  but  it  can  have 
iDiore  than  two  rectilinear  sides,  except  where  thesecti<ai 
parallel  to  the  axis. 

PXOFOSITIO]^  IV.    LEMMA. 

hai  a  rectangular  prism  there  may  be  taken  two  pyramids  of 
sfito/  base  and  allUude  with  the  prism ;  tchen  there  will  re- 
Ann  two  other  pyramids,  each  equal  to  half  one  of  the  lateral 
>ide$  as  a  base,  multiplied  by  one  third  of  the  distance  of  suck 
\ue  to  the  opposite  side. 

Fn  let  the   rectangular   prism  AH  be 

rided  into  two  parts,    by    passing    the  j 

met  EGDB  through  the  opposite  edges, 

id  the   portion  ABDCGE    will  consist 

tba  pyramid,  whose  base  is  ABDC,  and 

ttez    E,  plus  the    triangular    pyramid, 

Inae  base  may  be  taken  as  GEC  and  ver- 

iD,  or  DCG  may  be  regarded  as  the 

■e,  and  E  the  vertex.     And  since  the  a  b 

ber  portion  of  the  prism  is  similar  to  this  it  can  be  divided  m 

■inilar  manner.     Hence  the  whole  prism  consists  of  two 

Oil  pyramids  erected  on  the  upper  and  lower  bases  of  the 

inn  4-  two  other  pyramids  erected  on  the  lateral  sides  as 
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baaesy  and  whose  vertices  will  be  in  an  angle  formed  by  the 
intersection  of  its  opposite  side  with  one  of  the  bases.  Hence 
as  in  the  proposition. 

Cot.  1.  If  a  prism  have  a  square  base  and  a  section  be 
made  through  the  prism  parallel  to  the  base,  the  sections  through 
the  pyramids  erected  on  the  upper  and  lower  bases  will  be 
squares,  and  the  sections  through  the  pyramids,  whose  bases 
are  the  lateral  faces  of  the  prism,  will  be  rectangles  whose 
factors  are  the  sides  of  the  squares  composing  the  secticns 
through  the  former  pyramids. 

That  the  sections  through  the  pyramids,  erected  on  the 
square  bases  will  be  squares,  is  sufficiently  manifest ;  and 
since  each  of  the  other  pyramids  coincides  with  one  of  these 
along  one  of  its  slant  sides,  and  with  the  other  along  another 
of  its  sides,  it  follows  that  the  measure  of  its  section  throurii 
any  parallel  portion  of  the  solid  will  be  the  rectangle  of  the 
edges  of  the  section  formed  by  the  same  plane  through  the  two 
former  pyramids.  And  since,  if  the  section  is  taken  in  the 
middle,  equidistant  between  the  two  bases,  the  sides  of  the 
sections  through  the  pyramids  with  square  bases  are= half  the 
sides  of  their  bases,  the  sections  at  such  place  will  each  be=|  the 
section  of  the  whole  prism  ;  the  sections  of  the  two  quadran- 
gular pyramids  will  be  2  squares=2  quarters  of  the  whde 
section ;  hence  the  sections  through  the  two  triangular  pyra- 
mids are  squares = to  the  former,  and  equal  to  each  other,  since 
the  four  pyramids  fill  the  space,  and  constitute  the  whde 
prism. 

Cor^  2.  Hence,  also  any  section  of  a  prism  with  a  sqaare 
base,  made  by  a  plane  parallel  to  such  base  may  be  expressed 
by  the  square  of  a  binomial,  whose  terms  are  composea  of  the 
sides  of  the  sections  through  the  quadrangular  pyramids. 
Let  At  or  As,  the  side  of  the  square  forming  a  section 
through  the  pyramid  erected  on  the  lower  base,  be  represented 
by  a  ;  and  let  fd  or  Jn,  the  side  of  the  square  forming  a  sec- 
tion tbrouffh  the  pyramid  erected  on  the  upper  base,  be  re- 
presented oy  h\  then  will  a+6=the  line  Ao,  the  side  of  the 
whole  section  hodcy  and  a*  will  represent  the  section  through 
the  pyramid  ABDCE,  6'  will  represent  the  section  through 
the  pyramid  EFHGD,  and  ah  will  represent  a  section  throogh 
each  of  the  other  pyramids,  hence  2a&  will  represent  the  sec- 
tions through  both,  and  a'+2a6+^'  will  represent  the  whofe 
section  in  whatever  parallel  the  section  is  taken,  always  ob- 
serving that  the  values  of  a  and  h  vary  according  to  the  ndes 
of  the  respective  sections,  which  they  represent 
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Cpt.  8.  If  there  be  a  series  of  numbers  in  arithmetical  pro- 
penion,  whose  first  term  is  0  and  last  term  z,  and  if  the  num- 
wr  of  terms  is  infinite  between  these  extremes,  then  the  sum  of 
lie  squares  of  the  series  of  numbers  will  be  equal  to  one 
Uii  of  the  square  of  the  last  term  drawn  into  the  series. 
Rorif  an  infinite  number  of  planes  be  passed  through  the  py- 
imid,  parallel  to  its  base,  and  equidistant  from  each  other 
Inough  the  sides  of  the  sections  made  by  those  planes,  they 
riD  be  a  series  of  numbersin  arithmetical  progression,  whose 
kit  term  is  0,  and  the  last  term  may  be  called  2.  Now  the 
m  of  the  sections  drawn  into  their  distance  will  represent 
ke  solidity  of  the  pyramid,  but  the  solidity  of  the  pyramid  is 
qoal  to  one  third  of  an  e(|ual  series  of  z,  the  last  term  or 
Mse  of  the  pyramid  drawn  into  the  distance  or  ratio  ;  or= 
0  one  third  z  drawn  into  the  series. 

fCoTm  4.  If  there  be  a  series  of  numbers  in  arithmetical  pro- 

K'on  increasing  from  0  up  to  z,  drawn  into  a  similar  series, 
ftsing  from  z  down  to  0,  then  will  the  sum  of  their  pro- 
inets  be  equal  to  half  the  «um  of  the  squares  of  one  of  the 
■ries.  For  the  sections  through  the  pyramid  HDGE,  as  we 
hiTe  seen,  represent  the  rectangles  of  the  sides  of  the  corre- 
fponding  sections  through  the  two  pyramids,  formed  on  the 
two  bases,  and  the  sides  of  these  sections  are  evidently,  in  each 

Gmid,  a  series  in  arithmetical  progression  ;  one  increasing 
0  to  z,  while  the  other  decreases  from  x  to  0.  Moreover, 
k  sections  throuffh  the  pyramid  CDGE  represent  the  solidity 
tf  that  body,  as  the  corresponding  sections  through  Che  pyra- 
nid  ABDCE,  represents  the  solidity  of  that  body.  But  the 
■oiklity  of  the  pyramid  CDGE,  is  equal  to  half  the  pjnramid 
&BDCE,  whicn  as  we  have  shown,  may  be  represented  by 
the  sum  of  the  squares  of  a  series  of  arithmeticals,  &c. 

Car.  5.  If  in  the  expression  a'+2a&+6',  a  be  made  to  pass 
neeessivel^  through  all  the  values  from  0  up  tr>  z  ;  and  b  at 
the  same  time  pass  through  aH  the  changes  from  z  to  0 ;  then 
le  sum  of  all  the  a'  will  be  equal  to  the  sum  of  all  the  2a5,  = 
le  sum  of  all  the  ^. 

Car.  8.  If  ^  in  the  expression  above,  be  made  to  increase 
horn  k  successively  to  x,  and  at  the  same  time  b  be  made  to 
ftm  through  ail  the  values  from  z  to  A,  then  the  series  repre- 
Med  by  2a&,  will  be  a  mean  proportional  between  those  re- 
jnaeat&i  by  a*  and  b\  since  m  this  condition  the  two  pvra- 
liids  represented  by  the  series  of  a*  and  6',  would  be  such  as 
IMiin  to  pvramids  inscribed  in  a  frustum  of  a  pyramid,  and 
fleeted  on  the  two  bases,  and  the  portions  represented  by  the 
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series  of  2ab^  would  be  such  as  pertain  to  the  pyrainids  eiecttd 
on  the  lateral  sides  as  bases,  and  since  the  sum  of  these  pyn- 
mids  is  equal  to  either  of  the  others,  when  the  two  bases 
are  equal,  and  because  ah  is  a  mean  proportional  between  ^ 
and  6",  it  follows  that  the  series  represented  by  2ab  is  a  mean 
proportional  between  those  represented  by  a"  and  h\  which 
agrees  with  the  property  of  the  frustum  of  a  pyramid  feand 
in  the  Elements  of  Geometry. 


Cor.  7.  Let  any  plane  KIHL  be 
passed  through  a  prism  parallel  to  its 
oase,  cutting  the  pyramids  ABDCE,  ^ 
EFNGD,  DCGE,  and  EFBD  in  the  sec- 
tions  Hnot  Krop,  Ipot,  and  Lron.  Then  ^ 
since  It  is  equal  to  Ln  or  ro,  and  Hn=on, 
it  follows  that  as  the  section  Hnot :  Ipot : : 
Ipot :  Krop  : :  Hnot :  Lnor.  a 

And  by  addition  : :  {Knot+lpot)=H1pn  :  KLiip. 
Hence  Hnot :  Hlpn  : :  Hlpn  :  KIHL. 

Cor.  8.  Hence,  of  two  quantities,  the  square  of  the  first  is  lo 
the  rectangle  of  the  first  and  second,  as  the  rectangle  of  the 
first  and  second  to  the  square  of  the  second,  and  as  the  sum 
of  the  first  and  second  X  by  the  first,  is  to  the  sum  of  the  first  and 
second  X  by  the  second.  Also  as  the  square  of  the  first  is  to 
to  the  sum  of  the  first  and  second,  X  by  the  first,  so  is  the  sum 
of  the  first  and  second  X  by  the  first,  to  the  first  and  second  X 
by  the  first  and  second.  Thus  let  a  and  b  be  two  giren  quan- 
tities, then  will  a*  :  cA  ::ab  :  b\  :  :  a*+ab  :  ab+b\ 
and  a* :  a^+ab  :  :  a^^ab  :  a^+2ab+b\ 

Scholium.  It  has  been  shown  (Prop.  XXXIY.  B  11.  JEL  SoL 
Geom.)  that  the  solidity  of  a  prismoid  is  equal  to  the  product  of 
the  sum  of  the  areas  of  the  two  ends+4  times  AD  and  £H  a  mid- 
dle sectiou,  equidistant  between  them  X^  of  the  altitude;  we  may 
easily  infer  that  this  is  also  true  of  all  prisms  and  pyramiiu 
and  pyramidal  frusta.  Then  since  the  prism  AH  is  equal  to 
the  sum  of  the  areas  of  the  two  bases+4  times  the  middle 
section  hodc  x  ^  of  the  altitude  AE,  it  follows  that  whatefer 
jMurts  make  up  this  product  are  equal  to  the  whole  prism. 

First,  then  let  us  take  the  pyramid  ABDCE  =  (the  bast 
ABDC+4  higSf  a  middle  section)  XiAE»  and  also  the  pyramid 


^~™-% 
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I6D=(the  baae  EFHG+4^dn)  X  } 
;  if  from  the  ezpresBron  for  the  whole 
n  ve  take  the  expressions  for  the  two 
imids  erected  od  the  bases  we  have, 
ieXiAE+4iopgX}AE,  that  is  the  two 
liDlng  portions,  are  equal  to  four  times 
'  middle  sections,  multiplied  by  }  of 
■  altitude.  Hence  we  may  infer  that  if  y 
portions  of  either  of  the  pyramids  into  *  '^ 
;h  the  prism  has  been  conceived  to  be 
led,  be  cut  off  by  a  plane,  or  planes  parallel  to  the  fa_ 
portions  80  cut  off  will  be  equai  to  the  product  of  the  s 
Kir  two  bases,  +  four  times  a  middle  section  between 
ii  X  by  ^  of  the  altitude  of  such  portions.  It  may  be  ob- 
ed  that  since  a  regular  pyramid  has  but  one  base,  its  soli- 
ii  hence  equal  to  the  sum  of  this  base  +  four  times  a  sec- 
midway  between  the  base  and  verticex  f  the  altitude;  and 
in  the  two  pyramids,  whose  bases  are  on  the  lateral  sides 
le  prism,  since  they  have  no  bases  parallel  to  the  middle 
on,  their  solidities  for  that  reason  are  equal  to   four  times 

middle  sections  X  j  of  their  height.  It  may  be  further 
rved   that  each  portion  tgne,  GE  mto  which  these  pyra- 

are  divided  by  the  plane  hodc  is  a  wedge,  whose  base  is 
ection  forming  the  division. 

PROFOaiTtON    V.      THBOKBH. 

am  the  exiraaity  of  an  ordinate  to  the  axis  of  a  parabola 
d  perpendicular  thereto,  a  line  be  drawn  meeting  another 
le,  drawn  from  the  vertex  perpendicular  to  the  axis,  form- 
J  with  the  ordinate  and  abscissa  a  rectangle  ABCD,  and 
a  diagonal  be  drawn  from  the  vertex  A  to  the  extremity  of 
!  orittnate,  forming  a  right  angled  triangle  ABC  of  toe 
m»  bate  BC  and  altitude  AB,  then  any  line  or  ordinate 
nnt  from  the  axis  across  the  triangle,  the  parabolic  area, 
d  the  rectangle,  parallel  to  the  ordinate,  will  be  cut  in  eot^ 
med  propoi-tion  by  the  tides  of  thote_figuret. 

i&t  is,  EF  :  EG : ;  EG :  EH. 
mF,  EG,  £H  are  in  continued 


T  by  (Prop.  VII.  Cor.  of  Parabola) 
J:AE::B'" 


3  :  AE  :  :  BC*  :  EG'. 

idfince  AB:AE::BC:EF 

0  EF  :  BC  :  :  EG'  :  BC. 

SF:EH:!EG':EH\ 

ifere  (Prop.  XXIV.  B.  I.  El  Oetm.)  EF,  EG,  EH> 

fOportionals,  or  EF  :  EG :  :  EG  :  EH. 


a- 
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Cor.  Let  any  number  of  ordinates  Glbedrawnacrottthe 
exterior  parabolic  space  parallel  to  the  axis,  and  aiiioe 
EG" :  BC*: :  AE  :  AB,  by  equality  we  have  AP:  AD": :  IG :  DC, 
and  since  this  is  true  from  whatever  position  on  the  line  AD, 
the  line  IG  may  be  drawn,  it  follows  that  any  line  IG  drawn 
across  the  exterior  parabolic  space  is  proportional  to  the  square 
of  the  distance  of  such  line  from  the  vertice  A. 


PROPosrriON  vi.    theorem. 

If  a  paraUelogram  be  circumscribed  about  aparabolOf  the  ana 
of  the  space  exterior  to  the  parabola  mill  be  equal  to  one 
third  of  the  parallelogram^  and  the  interior  space  will  be  tmo 
thirds  of  the  parallelogram. 

Let  ABCD  be  a  parallelogram  cir- 
cumscribed about  the  parabola 
AEB,  and  the  space  ECB,  EDA  ex- 
terior to  the  curve  will  be  =  i  the 
parallelogram  ABCD,  and  the  s|>ace 
AEBA  within  the  curve  will  be  =  } 
ABCD. 

From  the  vertice  E  draw  EF  the  axis  of  the  parabola, 
which  will  divide  the  parabola  and  rectangle  into  two  equal 
parts ;  it  is  to  be  proved  that  the  exterior  space  ECB  is  = 
i  EFBC. 

Draw  the  diagonal  EB,  and  let  an  indefinite  number  of 
equidistant  ordinates  Kk  be  drawn  across  the  triangle  EBC, 
and  exterior  parabolic  space  EIBC,  and  those  ordinates 
will  represent  their  respective  surfaces  in  the  relation  of  their 
magnitudes  respectively.  Then  since  the  distances  of  those 
ordmates  on  the  line  BC,  estimated  from  the  vertice  B,  are  a 
series  of  numbers  in  arithmetical  progression,  the  ordinates 
Kk  drawn  across  the  triangle,  are  also  a  series  in  arithmeti- 
cal progression,  for  Kk  is  proportional  to  BK  in  whatever 
position  the  ordinate  Kk  is  drawn  ;  and  since  it  has  been 
shown  (Prop.  Y.  Cor.,)  that  any  ordinate  IK  drawn  across  the 
exterior  parabolic  space  is  proportional  to  the  square  of  its 
distance  BK  from  the  vertex  B,  it  follows  that  the  ordinate  is 
proportional  also  to  the  square  of  KA,  the  corresponding 
ordmate  drawn  across  the  triande.  But  the  ordinate  ESC  or 
base  of  the  triangle  is  equal  ana  identical  with  the  base  of  the 
parabolic  exterior  space  ;  hence  each  of  the  ordinates  IK  ter- 
mipated  by  the  parabolic  curve  is  equal  to  the  square  of  Kk 
the  corresponding  ordinate  drawn  across  the  triangle. 


SECTIONS  OF  ELEMENTARY  SOLIDS.  17 

Hence  all  the  ordinates  Kk  may  be  represented  by  a 
of  numbers  in  arithmetical  progression,  whose  first  term 
kginni^ff  at  B,  is  infinitely  small  or  0,  and  last  term  EC,  and 
an  the  IK  will  be  a  similar  series  of  squares  of  those  arithme- 
ticals  ;  but  (Prop.  lY.  Cor.  3,)  the  sum  of  an  infinite  series  of 
the  squares  of  a  series  of  numbers  in  arithmetical  progression^ 
whose  first  term  is  0,  and  last  term  z,  or  EC,  is  equal  to  i 
ECxCB,  which  is  i  of  the  rectangle  EFBC. 

Cor.  1.  Hence  the  parabolic  segment  EIBE,  cut  ofifby  the 
dagonal,  is  equal  to  |of  the  rectangle,  =  J  of  the  interior  pa- 
nbolic  space  EIBF,  =  |  the  extenor  parabolic  space  EIBC. 

Scholium.  It  has  been  shown  in  the  argument  above  that 
the  ordinates  drawn  across  the  exterior  parabolic  space  are 
■eyerally  =  the  squares  of  the  same  ordinates  drawn  across 
the  trianele  EBC,  this  is  true  where  EC=1,  and  for  all  other 
^oes  of  £C»  they  are  in  the  same  proportion. 

PROPOSITION   VII.      THEOREM. 

3k  area  of  the  exterior  parabolic  space  included  in  its  cir* 
citmscrimng  rectangle  is  equal  to  the  sum  of  its  base  +four 
times  the  line  or  ordinate  drawn  parallel  to  the  base^  and  equi* 
Ustani  from  the  base  to  the  vertex^  multiplied  by  }  of  the  aU 
tihtde. 

^Miihe  area  of  the  interior  mace  of  a  parabola  is  equal  to  the 
sian  of  its  oasef  +  four  times  the  ordinate  equidistant  from 
tkif  bioLse  to  the  vertex^  multiplied  by  one  sixth  of  the  altitude. 

Let  ABDC  be  a  rectangle  circumscribing 
dieiemi-parabola  AcDB,  and  let  Lc  be  an 
oniinate  drawn  cross  the  exterior  space 
ACDcA  equidistant  from  A  to  C,  and  let  M 
be  an  ordmate    drawn   across  the  interior 

rse  AcDB  in  a  similar  manner,  then  will 
area  ACDcA  =  (CD+4Lc)  \  AC.  And 
4e  area  AcDB  =  (AB+4cM)  i  BD.  For  ^ 
^w  the  diagonal  AD,  then,  since  we  have  a 
jjjjwn  in  the  aimiment  to  Prop.  VI,  that  Lc=LA',  when  CD= 
CD",  and  since  £A=i  CD :  then  if  we  call  LA,  a^  and  CD,  2a, 
Jc  shall  have  Lc  =  a",  and  CD  =  4a»  that  is  Lc  =  J  CD  or 
CD=4Lc. 

Hence  CD+4Lc=2CD,  then  by  the  proposition  2CDxiAC 
^  CDx  i  AC  =  the  surface  AcCDA,  as  was  also  found  in 
Pn^tionVL 
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Agaimince  LM  =  CD  or  AB.and  Lc  =J  CD,  <rM=  }  AB. 
Then  by  the  proposition  (4cM+AB)  X  iBD=4ABxiBD= 
}  (ABxBD)=the  area,  as  found  in  the  preceding  proposition. 

Cor.  I.  Hence  the  parabolic  segment  ADcA  is  equal  to 
ibur  times  the  middle  ordinate  ch  X  i  the  altitude  AB.  For 
aince  LA  =  i  LM,  cA^Lc  =  J  AB,  and  J  ABx4=:AB,  and 
ABx  j^  BD  =  the  surface  which  agrees  with  Cor.  I  Prop.  VL 

Cor.  2.  Also  if  another  similar  parabolic  curve  DeA  bede- 
•cribed  on  the  opposite  side  of  the  diagonal,  the  space  between 
the  two  curves  would  in  like  manner  be  found,  =:  4  times  the 
ordinate  ce  x  ^  of  the  altitude  BD. 

Cor.  3.  The  same  may  be  shown  in  reference  to  the  area  of 
the  triangles  ACD,and  also  of  the  rectangle  ABDC,  viz.,  Ihdi 
areas  are  equal  to  the  sum  of  their  upper  and  lower  bases,  + 
4  times  a  middle  ordinate,  X  j  of  their  respective  altitudes.  .: 

Scholium.  Let  there  be  a  rectangle  CB,  and  a  prism  BE  of 
the  same  altitude,  and  let  the  base  of  the  prism  be  a  square,  one 
of  whose  sides  is  =  AB  the  base  of  the  rectangle. 

Let  the  prism  be  divided  " 

into  the  pyramids  BEGFD, 
DIKHG,  DHFG,  EGID,  as 
in  Prop.  IV.     Also  let  the 


J  y  J  io. 

f^y^ 
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parabolic  curves  AcD  AeD 
and  the  diagonal  AD  be 
drawn  as  in  the  proposition  l  _< 
above.  Then  it  a  plane 
MnOF  be  passed  through 
the  prism  parallel  to  its 
base,  and  if  an  ordinate  LM 
be  made  to  pass  through  the  rectangle  in  the  same  plane,  the 
plane  will  cut  the  pyramidal  portions  of  the  prism  in  the  laina 
relation,  as  the  ordinate  cuts  the  parabolic  portions  of  the  lect* 
angle  ;  viz.,  the  section  Mfjta  through  the  pyramid  BEGCD 
will  be  to  the  section  MnOf  through  the  prism,  as  the  ordinals 
eM  through  the  exterior  parabolic  space  ABDeA,  to  the  ordi- 
Date  LM  through  the  rectangle  ABDC  ;  and  the  section  s«0( 
through  the  pyramid  DIKHG  is  to,  the  whole  section  through 
the  prism,  as  the  ordinate  I^  through  the  exterior  apaoa 
ACDcA,  to  the  whole  ordinate  LM  through  the  rectangle,  and 
so  for  the  sections  through  the  other  pyramids,  and  ordinala 
through  the  interior  parabolic  segments,  and  this  ia  tine  ia 
whatever  parallel  position  the  plane  forming  the  sectioo  and 
ordinate  is  drawn. 

For  it  has  been  shown  (Prop.  VI.  Sch.)  that  the  ordinits 
sM  is  equal  to  AM' ;  the  section  lAftq  is  evidently=:the  iquai* 
of  M/";  butM/  is  =  AM,  hence  Hftq  =AM' ;  therefon  H^ 
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rill  be  expressed  by  the  same  numbers  as  eM,  and  this  is  true 
I  whatever  parallel  position  the  plane  is  passed. 
The  same  may  also  be  shown  in  reference  to  the  sections 
sOl  through  the  pyramid  DIKHG,  and  the  ordinates  Lc  and 
kf  Tic,  the  section  «tO<=0<*=/n*  =LA*  and  Lc=LA*.  And 
noe  every  ordinate  LM  through  the  rectangle,  has  the  same 
dation  to  the  rectangle,  as  every  section  through  the  prism, 
IS  to  the  prism,  and  each  section  Mfsq,  svOt^  has  the  same 
dation  to  the  solid  as  each  ordinate  Lc,  cM,  has  to  the  surface ; 
t  follows  that  the  remaining  sections,  fnvs,  siPq,  have  the 
ime  relations  to  their  respective  figures,  and  since  the  sec- 
ions  Mfsq  9vOt  are  expressed  by  the  same  powers  of  the 
■me  factors  as  the  ordinates  Lc  and  eM  are  expressed,  ch  and 
ie  must  also  be  expressed  by  the  same  terms  as  the  sections 
aw,  stfcff  viz.,  Ae=LAxAM,  ch  also=LAxAM,  and  ce= 
I  (UxAM.)  Hence  if  LA  =  a  and  AM=6  then  will  Lc^o", 
t=sZab  and  cM=h\  and  the  whole  ordinate  may  also  be  ex- 
vened  by  (f+2ab+b\  which  is  the  square  of  a  binomial,  the 
ime  as  has  been  shown,  (Prop.  IV.  Cor.  2)  in  reference  to 
he  pyramids  composing  a  prism,  and  the  expression  is  true 
A  whatever  .parallel  position  the  ordinate  is  drawn.  It  fol- 
0WI  therefore  that  the  ordinates  drawn  across  any  of  the  pa- 
ibolic  portions  of  the  rectangle,  have  the  same  power  of  de- 
cnnining  the  area  of  the  exterior  or  interior  paracolic  spaces, 
sthe  corresponding  sections  throufi;h  the  pyramidal  portions 
f  the  prism  nave,  in  determining  the  solidities  of  those  pyra- 
mids. But  we  have  shown  (Prop.  lY.  Sch.)  that  each 
Qrti(m  of  the  prism  divided  as  above,  however  selected  or 
ofepounded,  is  equal  to  the  sum  of  its  two  bases +4  times  a 
ttdale  section  X  j  of  the  altitude  ;  hence  also  the  area  of  any 
•rtbolic  portion  or  portions  of  the  rectangle  is  equal  to  the 
Bm  of  its  bases  +  4  times  a  middle  ordinate  X  i  the  altitude. 

Cor.  4.  The  parabolic  area  included  between  two  parallel 
rtinates  is=the  product  of  the  sum  of  the  two  ordinates  +  4 
Qes  an  ordinate  equidistant  between  them  X  |  of  the  altitude 
Tthe  parabolic  segment  For  let  ABMc  be  a  segment  of 
le  parabola  included  between  the  ordinates  cM,  AB,  the  axis 
D  and  the  curve  Ac  ;  drawcS  perpendicular  to  AB,  and  the 
babolic  segment  ScA  will  be  equal  to  (AS  +  4  um)  Xi  Sc, 
id  the  rectangle  SBMc  is  evidently =(S6+cM+4mp)  i  c8  ; 
ace  the  whole  space  ABMc=(As+SB+cM+4ttm+4mp,) 
iSc=(AB+cM+4iip)  i  Sc. 

Car.  5.  In  like  manner  it  may  be  shown  that  the  space 
fBA  i8=(AB+0M+4iop)  iMB,  and  hence  also  that  any  para- 
lie  portion  AucAmA  or  itchm  may  be  determined  in  the  same 
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Cor.  6.  Hence  generally,  if  a  space  be  terminated  by  a 
parabolic  curve  on  one  side,  and  either  a  parabolic  curve  or 
a  right  line  on  the  other,  the  space  included   between  two 

Earallel  lines,  drawn  across  the  figure  cutting  those  sides,  will 
e=to  the  product  of  the  sum  of  those  Iines+4  tioies  another 
line  drawn  across  equidistant  between  the  two  multiplied  by^ 
the  perpendicular  distance  of  the  two  parallel  lines. 

PROPOSITIOIf  Vin.      THEOREM. 

If  a  circle  be  cut  by  a  plane  through  its  axis,  and  perpendicW' 
lars  be  drawn  from  every  point  in  the  circumference  to  the 

Slane^  the  orthographic  projection  of  the  circle  so  drawn  will 
3  an  ellipse. 

Let  the  circle  ARML  be  inclined  to  the  plane  of  this  paper 
in  such  a  manner,  that  the  semicircle  AftM  may  be  above 
the  paper,  and  the  semicircle  ALM  below  it,  and  let  A3f  be 
the  common    intersection 

of  the  two   planes.    Let  ^ * 

the  semicircle  ARM  be 
projected  downwards  up- 
on the  plane  of  the  paper, 
by  drawing  perpendiculars 
QP,  KB,  from  each  point 
of  the  circle,  and  let  the 
semicircle      ALM      be 

5  rejected  upwards,  by 
rawing  the  perpendicu- 
lars qp,  LO,  &c. ;  then  the 
curve  ABMO,  marked  out 
by  this  projection,  will  be 
an  ellipse.  For  draw  QN,  RC,  at  right  angles  to  AM»  and 
join  PN,  BC  ;  then  the  angles  QNP,  KCB,  will  fneasore  the 
mclinationof  the  planes,  and  PN,  BC  will  be  perpendicular  to 
their  common  intersection  AM.  Now  QN :  :  PN  :  rod.  :  coSi 
QNP,  and  RC  :  BC  : :  rod.  i  cos.  (RCB  =:  q^NF) ; 
/.  QN  :  PN  : :  RC  or  AC  :  BC.  which  agree  with  the  pro- 
perties of  the  ellipse  (Prop.  XII.  Cor.  Conic  Sec.)  In  a  similar 
manner  it  may  oe  shown  that  the  semicircle  ALM  is  pro* 
jected  into  a  semi-ellipse  AOM  ;  and  thus  the  wh<de  circle 
ARML  is  projected  into  an  ellipse  ABMO,  whose  major  axis 
is  AM. 


Scholium.  This  proposition  is  manifestly  true,  when  the 
{Jane  of  the  projection  does  not  cut  the  circle,  or  cuts  it 
equally. 
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Cor.  Hence  any  section  of  a  cylinder  by  a  plane  not  per- 
cndicular  or  parallel  to  its  axis,  is  an  ellipse,  or  portion  oi  an 
flipie. 

raoFoamoN  iz.    THcoBeH. 

fon  Vu  major  axis  of  att  eS^ae  a  circle  be  deterged,  the  area 
sjf  Ok  ellip$e  will  be  to  that  of  the  drcle,  at  the  minor  axit  of 
ue  eBg>te  to  the  major  axu.j 

Let  ACBD  be  a  circle  described  on  the  major  axis  AB  of 
he  ellipse  AEBP,  then  will  the  area  of  the  ellipse  be  to  that 
ifthe  circle  as  EF  to  EB. 

For  it  has  been  shown 
Trop.  XIL  Cor.  Conic 
Bk.)  that  any  ordinate  IL 
if  the  aus  AB  of  the  ellipse 
■  to  the  corresponding 
Kdinate  GH  of  the  circle, 
iiEFtoCDorAB,asthe 
utor  axis  to  the  major 
nil.  And  sicce  this  is 
>ne  in  whatever  position 
Ibe  ordinates  to  this  axis  are 
hnra;  and  because  if  we 
Rqipose  an  indefinite  oum- 
wof  equidistant  ordinates 
lobe  drami  across  the  ellipse  and  circlet  the  sum  of  the  ordi* 
Wes  in  each  will  represent  those  figures  in  the  relation  of  their 
■Kaiithe  sum  of  the  ordinates  in  the  ellipse  will  be  to  the  sum 
or  lliose  in  the  circle,  as  EF  to  CD,  and  hence  the  area  of  the 
dipse  will  be  to  that  of  the  circle  in  the  same  ratio. 

Sduttium,  As  the  area  of  the  ellipse  bears  this  given  ratio  to 
■U  of  its  circumscribing  circle,  tne  quadrature  of  the  ellipse 
BM  therefore  depend  on  the  quadrature  of  the  circle.  If 
'X(AO.  AO,orCO,)  or*AO'=thearea  of  the  circle,  then 
'•  AO  .  EO=  the  area  of  the  ellipse.  Hence  the  area  of  the 
i^Me  is  found  by  multiplying  the  rectangle  under  its  semi- 
>lii  by  the  constant  number  *,  the  ratio  of  the  diameter  to 
Be  circumference  of  a  circle,  which  in  the  Elements  of  Geo- 
tijwe  have  found,  developed  to  a  certain  order  of  decimals 
>o  be  8,1416926.  But  3,1416  may  be  regarded  as  the 
■ibe  of  T  which  is  a  convenient  number  to  use,  and  is  suffi- 
Seot  where  extreme  accuracy  is  not  required. 

Fhwi  this  it  also  appears,  that  the  area  of  an  ellipse  ii 
^fai  to  the  area  of  a  circle  whose  radius  ia  a  mean  proper^ 
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tional  between  its  semi-axis ;  for  the  area  of  that  circle  is 
fc  R*=«'Xthe  square  of  v'AOxEO  =  <  .  AO  .  EO. 


• 
Cor.  1.  The  area  of  an  ellipse  has  the  same  ratio  to  the 
area  of  its  circumscribed  parallogram  as  the  area  of  a  circle 
has  to  its  circumscribed  square.  For  the  area  of  the  parallelo- 
gram circumscribing  the  ellipse  is  =  4  AOxEO  ;  nencethe 
area  of  the  ellipse  :  area  of  the  parallelogram  :  :  «r .  AO .  EO : 
4A0  .  EO  :  :  3,1416  :  4  :  :  7854  :  1. 


Cor.  2.  If  a  circle  be  described  on  the  minor  axis  EF  of  the 
ellipse,  then  any  ordinate  PQ  of  the  circle  will  be  to  the  cor- 
responding ordinate  le  of  the  ellipse  as  EF  to  AB.  Hence 
also  the  area  of  the  ellipse  is  to  that  of  the  circle  described  od 
its  minor  axis,  as  the  major^  axis  of  the  ellipse  to  its  minor 
axis. 


Cor.  3.  Hence  any  segment  of  the  ellipse  cut  off  by  ordi- 
nates,  cither  of  the  major  or  minor  axis  is  to  a  similar  s^ 
ment  of  the  circle,  described  on  such  axis,  as  its  conjugate  u 
to  such  axis.  Thus  the  segment  lAL  of  the  ellipse  AEBF  ii 
to  the  segment  6AH  of  the  circle  described  on  the  axis  AB^ 
as  the  ordmate  IL  is  to  the  ordinate  GH  or  as  the  minor  axs 
EF  of  the  ellipse  is  to  the  axis  CD  of  the  circle,  or  to  AB  the 
transverse  axis  of  the  ellipse.  And  the  segment  leE  is  to  the 
segment  PQE  as  the  axis  AB  as  conjugate  to  EF  of  the  ellipse, 
to  the  axis  RS  of  the  inscribed  circle,  or  EF  of  the  ellipse. 

Cor.  4.  Since  the  area  of  a  circle  BESF  is  equal  to  its*cir- 
cumference  multiplied  by  half  the  radius  EO,  and  siuce  the 
area  of  the  ellipse  AEBF  is  =  to  that  product  increased  in  the 
ratio  of  EO  to  AO  or  CO,  it  follows  that  the  area  of  the 
ellipse  is  equal  to  the  circumference  of  its  inscribed  circle  mol- 
tiplied  by  |  the  radius  of  its  circumscribed  circle,  and  that  it 
is  also  equal  to  the  circumference  of  the  circumscribed  cirdb 
multiplied  by  ^  the  radius  of  the  inscribed  circle. 

Cor.  5.  As  a  circle  is  to  the  square  of  its  diameter  ao  is 
any  ellipse  to  the  rectangle  of  its  two  axes,  or  the  rectangle 
of  any  two  conjugate  diameters  drawn  into  the  sine  of  their 
included  angle.  Any  two  like  segments  or  zones  of  the  circle 
and  ellipse,  are  also^m  the  same  proportion. 


SECTIONS  OF  ELEMENTARY  SOLffiS. 


Cor.  6.  Hence  we  have  the  fol- 
bwing  construction  ;  let  ADE  be  an 
oUraue  segment  of  the  ellipse 
AFB6A,  cut  off  by  an  ordinate 
to  the  diameter  AB,  FG  being 
Ihs    conjugate.  Through      the 

Mtre  C  draw  aP  perpendicular 
to  F6  meeting  Aa  and  Br,  in  a  and 
P,  both  parallel  to  FG  ;  then  about 
Ikaxes  a  P,  FG,  describe  the  ellipse 
iFPG<i9  meeting  the  ordinate  pro- 
^Ked  in  e  and  d.  Then  will  the  right 

dSptical  segment  dae^  be  equal  to  the  oblique  segment  DAE, 
aa  80  will  the  whole  ellipse  aFPGa=AFBGA  ;  moreover 
lUr  corresponding  ordinates  de  DE  parallel  to  the  common 
^bmeter  FG,  are  everywhere  equal,  as  are  the  like  parts  or 
sues  contained  between  any  two  of  such  ordinates.  And  the 
tune  may  be  said  of  all  ellipses  of  the  same  diameter  FG,  con- 
tuned  between  the  parallels  aA,  BP  infinitely  produced. 


PROPOSITIOIf   X.      THEOREM. 

atheparaUelogrami  art  eaual^  which  are  formed  between  the 
mymptotes  at^  ciiroe,  by  lines  drawn  parallel  to  the  a  symp* 
fiu  of  an  hyperbola. 

That  is,  the  lines  GE,  EK,  AP,  AQ, 
kbg  parallel  to  the  asymptotes  CH,  CA, 
tten  the  parallelogram  CGEK  =  paral- 
U^m  CPAQ. 

^,  let  A  be  the  vertex  of  the  curve, 
Brestremity  of  the  semi-transverse  axis 
&C,  perpendicular  to  which  draw  AL 
Br  A4  which  will  be  equal  to  the  semi- 
BQBjugate,  by  definitioQ  XIX.  Hyp.  Also, 
hmuEDeh  parallel  to  I/. 

Then,  CA« :  AL' : :  CD'— CA* :  DE% 

kad  by  parallels,  CA* :  AL' : :  CD' :  DH' ; 

twefore,  by  substract   CA' :  AL'  : :  CA' :  DH'— DE«  , 
>r  rectangle  HE  .  EA  ; 
scniequently,  the  square  AL'=the  rectangle  HE .  EA. 

Bat,  by  similar  trian.  PA  :  AL  : :  GE  :  EH, 
^  by  the  same,  QA  :  A/  : :  EK  :  EA  ; 

krefore,  by  comp.  PA  .  AQ :  AL' : :  GE  .  EK  :HE.  EA; 
tad,  because  AL'=HE  .  EA,  therefore  PA  .  AQ^GE  .  EK. 

But  the  parallelograms  CGEK,  CPAQ,  being  equiangular, 
^  aa  the  rectangles  GE.EK  and  PA  •  AQ. 
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And  therefore  the  parallelogram  6K  ==  the  parallelo- 
gram PQ. 

That  is,  all  the  inscribed  parallelograms  are  equal  to  qd6 
another. 

Cor.  1.  Because  the  rectangle  6EK  orCGE  is  constant, 
therefore  GE  is  reciprocally  as  CG,  or  CG  :  CP  :  :.PA  :  GE 
And  hence  the  asymptote  continually  approaches  towards  the 
curve,  but  never  meets  it ;  for  GE  decreases  continually  ai 
CG  increases  ;  and  it  is  always  of  some  magnitude,  except 
"when  CG  is  supposed  to  be  infinitely  great,  for  then  GE  is  in- 
finitely small  or  nothing.  So  that  the  asymptote  CG  may  be 
considered  as  a  tangent  to  the  curve  at  a  point  infinitely  dis- 
tant from  C. 

Cor.  2.  If  the  abscissas  CD,  CE,  CG, 
&c.,  taken  on  the  one  asymptote,  be  in 
geometrical  progression  increasing ;  then 
shall  the  ordinates  DH,  EI,  GK,  &c.,  pa* 
rallel  to  the  other  asymptote,  be  a  de- 
creasing geometrical  progression,  having 
the  same  ratio.  For,  all  the  rectangles 
CDH,  CEI,  CGK,  &c.,  being  equal,  the 
ordinates  DH,  EI,  GK,  &c.,  are  reciprocally  as  the  abscissas 
CD,  CE,  CG,  &c.,  which  are  geometricals.  And  the  recipro- 
cals  of  geometricals  are  also  geometricals,  and  in  the  same 
ratio,  but  decreasing,  or  in  converse  order. 

PEOPOSITION   XI.      THEOREM. 

The  three  following  spaces^  between  the  asymptotes  and  the  curve, 
are  equal ;  namely^  the  sector  or  triiinear  space  coniaimd 
h/  an  arc  of  the  curve  and  two  radiif  or  lines  drawn  frcm 
its  extremities  to  the  centre  ;  and  each  of  the  two  quadrilo' 
terals,  contained  by  the  said  arc^  and  two  lines  drenon  from 
its  extremities  parallel  to  one  asymptote^  and  the  intercepted 
part  of  the  other  asymptote. 

That  is. 

The  sector  CAE  =PAEG=BAEK, 
all  standing  on  the  same  arc  AE 

For,  as  has  been  already  showUf 
CPAB=CGEK  ; 

Subtract  the  common  space  CGIB, 

So  shall  the  parallel  PI=the  parallel 

To  each  add  the  trilineal  lAEf 
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Then  is  the  quadril.  PAEG=BAEK. 
Again,  from  the  quadrilateral  C  AEK,  take  the  equal  triangle 
AB,  CEKy  and  there  remains  the  sector  CAE=BA£K. 
Therefore,  CAE=BAEK=PAEG. 


pROPosrrioN  xu.    theorem. 


hay  inscribed  triangle^  formed  by  any  tangent  and  the  two 
imttrcepted  parts  of  the  asymptotes^  is  equal  to  a  constant 
fuantity  ;  namely  iouble  the  inscribed  parallelogram. 

Iiatis,  the  triangle  CTS=2  parallelogram  GK. 
For,  since  the  tang'^jnt  TS  is  bisected 
y  the  point  of  contact  E,  and  EK  is  pa- 
allel  to  TC,  and  GE  to  CK  ;  therefore 
!K,  KS,  GE  are  all  equal,  as  are  also 
!6,GT,  KE.  Consequently  the  triangle 
iTE  =  the  triangle  KES,  and  each 
<|aal  to  half  the  constant  inscribed  parallelogram  CK.  And 
horefore  the  whole  triangle  CTS,  which  is  composed  of  the 
wo  smaller  triangles  and  the  parallelogram,  is  equal  to 
koble  the  constant  inscribed  paraltogram  GK* 


PROPOSITION   XIII.      THEOREM. 


ffrom  the  point  of  contact  of  any  tangent^  and  the  two  inter- 
sections of  the  curve  with  a  line  parallel  to  the  tangent^  three 
parallel  tines  be  drawn  in  any  direction^  and  terminated  by 
sUier  asymptote  ;  those  three  lines  shall  be  in  continued 
pnportum. 


That  is,  if  HKM  and  the 
^^gsai  IL  be  parallel,  then  are 
k  parallels  DH,  EI,  GK  in 
^QOtmued  proportion. 


c    D    E 


For,  by  the  parallels,  EI :  IL  :  :  DH  :  HM ; 

and,  the  same  EI :  IL  : :  GK  :  KM  ; 

therefore  by  compos.  £P  :  IL' :  :  DH  .  GK  :  HMK ; 
%  ibe  rect  HMK=1L« ; 

id  therefore  the  rectangle  DH  .  GK=EP, 
r  DH:EI::£I:6K. 

8 
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PROPoamoN  XIV.     thboebm. 

Draw  the  semi-diameters  CH,  CIN,  CK  ; 
(see  last  diagram.) 

Then  shall  the  sector  CHI  =  the  sector  CIK, 

For,  because  HK  and  all  its  parallels  are  bisected  by  CIN, 
therefore  the  triangle      CNH=trian.  CNK, 
and  the  segment  INH=seg.  INK  ; 

consequently  the  sector,    CIH=sec.  CIK. 

Cor.  If  the  geometricals  DH,  EI,  GK  be  parallel  to  the 
other  asymptote,  the  spaces  DHIE,  EIKG  will  be  equal  ;  for 
they  are  equal  to  the  equal  sectors  CHI,  CIK. 

So  that  by  taking  any  geometricals  CD,  CE,  CG,  &C.9  and 
drawing  DH,  £1,  GK,  &c.,  parallel  to  the  other  asymptote,  as 
also  the  radii  CH,  CI,  CK  ; 

then  the  sectors  CHI,  CIK,  &c. 

or  the  spaces  DHIE,  EIKG,  &c 

will  be  all  equal  among  themselves. 

Or  the  sectors  CHI,  CHK,  &c. 

or  the  spaces  DHIE,  DHK,  &c. 

will  be  in  arithmetical  progression. 
And  therefore  these  sectors,  or  spaces,  will  be  analogous 
to  the  logarithms  of  the  lines  or  bases  CD,  CE,  CO,  £c. ; 
namely  CHI  or  DHIE  the  log.  of  the  ratio  of  CD  to  CE,  or 
of  CE  to  CG,  &c.  ;  or  of  EI  to  DH,  or  of  CK  to  EI,  &c. ; 
and  CHK  or  DHKG  the  log.  of  the  ratio  of  CD  to  CG,  &c 
or  of  CK  to  DH,  &c. 

Scholium.  If  the  common  logarithms  are  multiplied  by 
2,302585003  their  products  will  be  the  hyperbolic  logarithms. 


PROPOSITION    XV.      THEORBIC 

Jf  any  number  of  ordinates  AD,  EF,  4^.  to  GH,  between  tie  hy- 
perbola and  the  asymptote^  are  taken  in  geometrical  progres- 
sion increasing^  then  vfiU  their  distances  AE,  4^.,  on  As 
asymptote  be  a  series  of  geometricals  decreasing^  mid  AG 
will  represent  the  sum  of  the  decreasing  series^ 
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hat  the    geometrical   a  ° 
nates  and    their  dis-      ""^ 
es  on  the  asymptote 
reciprocal  geometri- 
ii  manifest  from(Prop. 
'^Cor.,)  and  since  the 
mces    AE,  EK  &c., 
the  asymptote,   inter- 
ted  by  those  ordinales 
ipose  the  whole  series  g 
lecreasing    geometri- 
,  the  sum  of  that  series 
be    represented    by   <^ 
,the  part  of  the  asymptote  taken  up  by  the  series. 

or.l.  The  last  term  Gi,is=AExEFH-GH.  For  the  area 
PE  =  the  area  HGi2,  and  if  the  distances  on  the  asymp- 
are  taken  indefinitely  small,  ti  maybe  regarded  as  =GH, 
AD  may  be  regarded  as  =  EF,  and  if  the  hvpcrboia  is 
lateral.ihenthespaceADFEwiil  be=AEx  AD'=GixGH 
'ertingthis  equation  into  a  proportion, 

we  have  AE  :  Gi  :  :  GH  :  AD, 

or  GH  :  AD  :  :  AE  :  Gi. 

Hence,    Gi=AEx(AD  or  EF)-t-GH 

^hoKum.  It  is  evident  that  this  proposition  is  true,  hovrever 
the  series  may  extend  on  the  asymptote  CA. 

'or.  3.  If  the  series  commence  at  any  point  A  on  the  asymp- 
■i  and  decrease  to  infinity,  CA  will  be  the  sum  of  the 
t* ;  hence  the  sum  of  an  infinite  series  of  decreasing  geo- 
iricals  ia  a  finite  number. 


nOFOSITION    XTI.       TBEOKRM. 

»y  number  of  portiont  AE,  EK,  ^.,  to  G,  (see  diagram 
bove)  are  the  reciprocals  of  a  series  of  ordinates  AD,  EF, 
■■L,  ^.,  (o  GH,  m  geometrical  progression ;  then  will  the 
na  or  space  intercepted  by  AD  and  GH,  between  the  curve 
■d  (uymplole  be  =  ike  space  ADFE,  mukiplied  by  the 
■infer  of  terms  of  the  series. 

W  since  the  apace  intercepted  by  each  two  consecutive 
Mtes  of  the  series  is  equal  to  ADFE,  it  follows  ihat  the 
le  space  intercepted  by  all  the  ordinates,  or  the  space 
IG  is  3=  ADFE  X  by  the  number  of  terms  in  the  series. 
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Cor.  Hence  the  area  of  the  interior  hyperbolic  space  HDB 
may  be  found,  if  the  exterior  space  is  known.  For  the  interior 
space  is  equal  the  triangle  HBD  -f-  triangle  HnD  +  the  lect- 
angle  wDAG — the  exterior  hyperbolic  space  6HDA. 

Scholium.  Let  AD=ft,  EF  =  c,  GH  =  g,  and  AE  the  fcrt 
term  of  a  geometrical  series:=a  ;  the  last  term  =»  z  ;  and  A6 

Of 

the  sum  =  s.     Then  we  shall  have  a  the  first  term,  and  z  =- 

g 
the  last  term,  and  s  the  sum  of  all  the  terms  of  a  geometri- 
cal series  to  find  the  ratio  and  number  of  terms. 
Then  by  geometrical  progression  will 

9  =  a  +  ar  +  ar^  +  ar^      -     -     -     +ar^^ 
multiply  by  r 

sr^^ar+ar'+ar^ +ai*"*+fli* 

Subtracting  the  first  from  the  second, 
s  (r — l)=ar"  —  a 
a(r--  1) 


r — 1 


And  since, 

z=(zr**~* 

rz — a 

multiplying  by  r — 1,    sr — s= 

By  transposing  and  dividing;  r=  -j^ 

and  in  the  equation  z=^ar*''^ 

multiplying  by  r  and  dividing  by  a  we  have 

r"  = which  equation 

is  irreducible  by  the  ordinary  methods  when  n  is  thciij| 
known  quantity,  it  being  an  exponential  equation,  and  canw 
solved  only  by  logarithms,  which  see.  (Chap.  V-  TrigODon*' 
try)  ;  but  if  we  proceed  to  raise  r  to  some  power,  who* 

value  Is  -  the  index  of  that  power  will  be  the  value  of  n ;  tl* 

can  always  be  done  to  approximate  exactness. 

Let  the  series  of  geometricals  commence  at  the  vertex  ft 
making  Gi  the  first  term  =  a,  and  let  n  be  a  given  numhli 
then  assuming  any  value  to  5,  z,  r,  each  of  the  others  may  bs 
found  by  the  formula  above,  and  hence  the  area  of  the  extenoj 
and  interior  hyperbolic  spaces  may  be  found,  as  well  as  that • 
any  section  or  segment 
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•.koKum  S.  If  the  portion  of  the  hyperbolic  curve  is  small, 
irdioatea  AD,  EF,  &.c.,  and  consequently  AE,  EK,  &c., 
be  very  nearly  in  arithmetical  progression  as  may  readily 
een  by  the  rapid  manner  in  which  the  ordinates  DN,  Dr, 
,  DU,  &.C.,  approximate  toward  the  curve  as  the  hyperbo- 
rc  ia  decreased,  hence  the  hyperbolic  area  may  be  approx- 
lely  obtained  by  first  dividing  it  into  portions  navinjc 
90  ratios  to  each  other,  and  finding  the  value  of  one  what 
whole  will  become  known. 

PBOPOSITION    XVII.       PaOBLEH. 

U  be  required  to  find  how  far  from  G  on  the  tayn^toie  AC 
I  ordinate  must  be  draum  parallel  to  GH  in  order  to  inler- 
ftuiith  GH  an  area  =A 

ake  any  distance  Gi(8ee  fig.  to  Prop.  XV,)  and  since  AG  : 
GH :  Gi  we  have  the  two  parallel  sides  GH,  it,  and  their 
mce   Gi  of  the  quadrilateral  GHti  to  find  its  area,  which 


le  geometric  series,  and  GH  -f-  ti  =  r,  the  ratia 

Vhence  we  have  s  =a  ( )  =  the  distance  from  G 

\  r — 1  ' 

he  asymptote,  that  the  ordinate  must  be  drawn  to  intercept 
1  GH,  the  area  A. 

cholivm.  Since  the  spaces  intercepted  by  the  ordinate  GH 
VD,  with  any  base  IN,  are  the  hyperbolic  logarithms  of 
ratios  of  AD  to  GH  (P.  XIII.  Cor.)  hence  the  area  may  be 
>d  by  taking  the  logarithms  of  the  ratio,  and  multiplying  it 
>the  base. 

PKOrOSITION    XVItl.    TBBOBBH. 

lO  the  ordinates  to  [he  diameter  of  an  equilateral  ht/perbola 
I  reduced  in  any  ratio  r,  then  the  area  of  the  hyperbola 
HI  be  reduced  in  the  game  ratio. 

M  all  the  ordinates  HI,  NO,  &c.,  of  » 

equilateral  hyperbola  HFI  be  re- 
ed to  Ai,  no,  &.C.,  forming  a  hyperbola 
,  then  will  the  area  of  the  cquilate- 
hyperbola  HFI  be  to  the  area  of  tlie 
r  Hyperbola  AFi  as  HI  to  At,  or  as 

to  no.  For,  if  an  indefinite  num- 
of  equidistant  parallel  ordinates  be 
m  acroM  the  two  hyperbolas,  the 
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areas  of  each  will  be  aa  the  sum  of  the  lengths  of  alt  the  art 
nates  in  each,  hut  by  hypothesis,  each  of  the  ordioatei  Hli 
NO,  are  to  their  corresponding  ordinates  ni,  no  in  the  ginn 
ratio  r ;  hence,  their  sums  in  each,  must  also  be  in  the  tuns 
ratio. 

Cor.  1.  Since  the  arcasofsimilarfigures,  are  as  thesquR* 
of  the  lines  similarly  drawn  in  each ;  similar  segments  of  limi- 
lar  hyperbolas,  arc  as  the  squares  of  their  axes,  or  of  their  like 
diameters. 

5or.  2.  Hyperbolas  of  the  same  transverse  axis  and  abacin. 
arc  to  each  other  as  their  conjugate  axes ;  but  if  their  buev 
or  ordinates,  and  conjugate  axes  be  the  same,  they  will  be  tf 
their  transverse  axes;  and  generally,  hyperbolas  having  llit 
same  abscissa,  are  as  the  rectangle  of  their  major  and  niixir 
axes  ;  and,  consequently,  having  the  quadrature  of  aa;  i»^ 
hyperbola,  we  may  from  il  find  that  of  any  other.  Tins 
knowing  the  area  answering  to  any  abscissa  in  any  one  hypo- 
bola,  we  can  lind  a  similar  abscissa  in  the  other;  thenaitlK 
rectangle  of  the  axes  of  the  squared  hyperbola,  is  to  the  red- 
angle  of  the  proposed  one,  so  is  the  area  of  the  former,  to  Ikil 
of  the  latter. 

Scholium.  I.  It  may  be  shown  thataparabola  is  always  gmW 
than  a  triangle  of  equal  base  and  altitude,  and  that  the  hyperbok 
is  always  between  the  two ;  since  from  the  nature  of  the  Kt 
lion  through  the  cone  by  which  the  hyperbola  is  producediil 
■lay  vary  from  a  vertical  section  through  the  cone  fonningi 
triangle,  to  the  section  parallel  to  one  of  its  sides  fonning> 
parabola,  each  of  which  extremes  it  caa  never  reach,  but  oflj 
approach  infinitely  near. 

When  the  section  passes  through  the 
vertice  and  base  of  a  cone,  the  section 
is  evidently  a  triangle,  whatever  angle 
it  may  make  with  the  axis.  Let  the  sec- 
tion be  removed  from  the  vertice  by 
anyquantity  however  small, and  il  becomes 
one  of  the  curves  described  above ;  it  may 
be  an  hyperbola  or  a  parabola,  either  of 
which  mny  agree  infinitely  near  with  the  ce  *■  B  i/ 
triangle.  Hence,  the  triangle  and  parabola  are  notoppouleO- 
tremes  of  the  hyperbola  as  the  limits  of  itsdiroen8i<H)s,fbrtlit 
hyperbola  and  parabola  may  both  terminate  in  a  triangle  tt  (he 
same  moment,  or  the  two  curves  may  become  assimilated  wba 
ihey  are  infinitely  removed  from  a  triangular  form ;  DevertbekK 
when  the  hyperbola  hh,  parabola  FP,  utd  the  triangle  AOC  ait 
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described  on  the  same  base  C  C,  and  of  equal  altitude  B  A,  the 
hyperbola  may  always  be  described  between  the  triangle  and 
parabola ;  this  arises  from  the  nature  of  the  sections  from 
which  they  arc  formed.    Let  the  axis  be  indefinitely  extended 
as  ivhen  the  section  becomes  parallel  to  one  of  the  sides  of  the 
cone,  in  which  case  the  two  asymptotes  AC,  AC  of  the  hyper- 
bola CHC,  become  parallel  to  each  other,  as  A'  e,  A'  /",  in  which 
case  the  asymptotes  may  be  conceived  to  vanish,  and   the 
curve,  at  this  point,  assumes  other  properties,  as  we  have  seen 
in  our  investigations ;  the  axis,  after  being  increased  to  infinity 
in  the  direction,  BA,  vanishes  or  becomes  changed,  and  is  in- 
finitely extended  in  the  direction  B  ;  but  the  same  cause  that 
brings  the  asympotes  to  a  parallel  position,  may,  by  continuing, 
cause  them  to  assume  a  greater  distance  toward  A'  A'  than 
in  the  opposite  direction,  and  the  axis  in  such  case  becomes 
^  definite  magnitude,  in  which  case  the  curve  will  be  inclined 
inward,  as  at  n  i,  when,  by  extending  the  axis,  it  will  return 
into  itself  and  become  an  ellipse. 

Scholium  2.  As  it  has  been  shown  (Prop.  IX  Cor.6)  in  re- 
ference to  ellipses,  it  may  be  also  shown  that  all  hyperbolas 
having  the  same  centre  and  equal  bases,  and  described  be- 
tween the  same  parallels,  although  infinitely  produced,  are 
equal  to  each  other,  as  are  also  their  corresponding  sections 
parallel  to  the  bases,  and  likewise  any  frustum  or  segments 
Intercepted  by  the  parallels. 

The  same  may  also  be  shown  of  parabolas  of  the  same  base 
and  altitude,  or  those  with  the  same  base,  and  between  the 
same  parallels,  that  they  are  equivalent  in  area,  &c. 

EQUATIONS  TO  THE  CURVES  FORAIED  BY  SECTIONS  OF  THE  CONE. 

1.  For  i/ie  Ellipse. 

Let  d  denote  AC,  the  semi-axis  major  or  semi-diameter ; 

c  =  CM  its  conjugate  ; 

X  ==  AK,  any  abscissa,  from  the  extremity  of  the  diam. 

y  =  DKthe  correspondent  ordinate. 
Then,  (Prop.  XII  Ellipse,)  AC^  :  CM»  :  :  AK  .  KB  :  DK^ 
that  is,  #  :  c'  : :  x  (d — x) :  y^,  hence  rf*  y*  =c^  {d — x^)  or  dy 
=^Cy/(dx — j:*),  the  equation  of  the  curve. 

And  from  these  equations,  any  of  the  four  letters  or  quan- 
tities, cf,  c,  a?,  y^  may  easily  be  found,  by  the  reduction  of  equa- 
tions, when  the  other  three  are  given. 

Or,  if  p  denote  the  parameter.  =  c'  -r-  d  by  its  definition  ; 
then,  (Prop.  XII.  Cor.  l)d:p:  :x (d— x) :  y*, or  dy*=p {dx — «•) 
which  is  another  form  of  the  equation  of  the  curve. 
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Otherwise.  Or,  if  rf  =  AC  the  semi-axis ;  c=  CH  the  semi- 
conjugate  ;p  =  c^  -7-  d  the  semi-parameter  ;  x  =  CKthe  ab- 
scissa counted  from  the  centre ;  and  y  =  DK  the  ordinate  as 

Then  is  AK  =  d—x,  and  KB  =  rf  +«,  and  AK .  KB  =  (rf-^) 
X  (d+x)  =  d'—x'. 

Then,  rf^  :  c«  :  :  d^ —  x*  :  y»,  and  d«y«  =  e'{d* — a:»),  or  rfjr 
=^Cy/(d* — «•),  the  equation  of  the  curve. 

OVf  d  :  p  ::  d^—x*  :  y*,  and  dy*=p  (d*— «*)  another  form  of 
the  equation  to  the  curve  ;  from  which  any  one  of  the  quanti- 
ties may  be  found,  when  the  rest  are  given. 


2.  For  the  Hyperbola. 

Because  the  general  property  of  the  opposite  hyperbolas^ 
with  respect  to  their  abscissae  and  ordinates  is  the  same  as 
that  of  the  ellipse,  therefore  the  process  here  is  the  same 
as  in  the  former  case  for  the  ellipse  ;  and  the  equation  to  the 
curve  must  come  out  the  same  also,  with  the  exception  of  the 
signs  which  are  sometimes  changed  from  +  to  — ,  or  from  — 
to  +,  because  the  abscissae  on  the  axis,  lie  beyond  or  without 
the  curve,  whereas  they  lie  within  it,  in  the  ellipse.  Thus  mak- 
ing the  same  notation  for  the  whole  diameter,  conjugate,  ab- 
scissa, and  ordinate,  as  at  first  in  the  ellipse  ;  then,  the  one 
abscissa  AK  being  x,  the  other  BK  will  hed  +x^  which  in  the 
ellipse  was  d  —  x;  so  the  sign  of  x  must  be  changed  in  the 
general  property  and  equation,  by  which  it  becomes  d* :  c* : : 
X  (d+x)  :  y* ;  hence  d*  y*  =  c*  {dx+af)  and  dy  =  c^y/ldx+j^)^ 
the  equation  of  the  curve. 

Or,  using  p  the  parameter  as  before,  it  is,  d  :/>  :  :  x  (d+x) : 
y*,  or  dy*=p  {dx+a^),  another  form  of  the  equation  of  the 
curve. 

Otherwise^  by  using  the  same  letters  d,  c^p^  for  the  semi«axiSf 
semi-parameter,  and  parameter,  and  x  for  the  abscissa  CK 
counted  from  the  centre  ;  then  AK=a:— (i,  and  BR=:x-f  d  and 
the  property  ^d* :  c*  :  :  (x—d)  X  (x+d)  :  y*,  gives  d*  y*  =  c* 
(a^—d^)  or  dy  =  c  ^/(ar*— d"),  where  the  signs  of  d"  and  a^  are 
changed  from  what  they  were  in  the  ellipse. 


Bi 
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Or,  again  using  the  semi-parameter,  d  :y: 7? — d* :  y', and dy 

(*■ — rf")  the  equation  of  the  curve. 

lut  for  the  conjugate  hyperbola,  (Prop.  XII,  Cor.  3,  Hyp.) 
B  the  signs  of  both  i"  and  d}  will  be  positive  ;  for  the  pro- 
«rty  in  that  case  being  CA* :  CB* :  :  CD»+CA« :  Dp*,  it  is  d» : 
' : :  a:*+d* :  y*=I)p\  or  d}y^=^c^  (x'+d*)  and  dy—c  ^/(x^+d"), 
be  equation  to  the  conjugate  hyperbola. 

Or,  as  d :  /? :  :  x'+flP  :  y',  and  rfy'=p  (I'+d*),  also  the  equa- 
ionto  the  same  curve. 

On  the  Equation  to  the  Hyperbola  between  the  Asymptotes. 

Let  CE  and  CB  be  the  two  asymptotes  to  the 
yperbola  rfFD,  its  vertex  being  F ;  and  EF,  W, 
lF,  BD,  ordinates  parallel  to  the  asymptotes.  Put 
LP  or  EF=a,  CB=x,  and  BD=y.  Then,  (Prop, 
a  Hyp.,)  AF  .  EF  =  CB  .  BD,  or  a*=ary,  the 
quation  to  the  hyperbola,  when  the  abscissse  and 
rdinates  are  taken  parallel  to  the  asymptotes. 


C  6A    B 


3.  For  the  Pqrabola. 


If  X  denote  any  absciss  beginning  at  the  vertex,  and  y  its 
rdinate,  also  p  the  parameter.     Then 

JL  :  KD  :  :  KD  :p  :otx  :  y:  :  y:p; hence px=y^  is theequa- 
on  to  the  parabola. 

4.  For  the  Circle. 

Because  the  circle  is  only  a  species  of  the  ellipse,  in  which 
le  two  axes  are  equal  to  each  other  ;  therefore  making  the 
^0  diameters  d  and  c  equal  in  the  foregoing  equations  to  the 
lipse,  they  become  y*=dx — x*  y  being  the  mean  proportional 
stween  x  and  d  —  x^  when  the  abscissa  x  begins  at  the 
Jrtex  of  the  diameter  :  and  y^  =^  d^  —  x*,  when  the  abscissa 
^gins  at  the  centre. 

Scholium.  In  each  of  these  equations,  we  percieve  that  they 
Ke  to  the  2d  or  quadratic  degree,  or  to  two  dimensions  ; 
hich  is  also  the  number  of  points  in  which  every  one  of  these 
irves  may  be  cut  by  a  right  line.  Hence  it  is  that  these  four 
mres  are  said  to  be  lines  of  the  2d  order.  And  these  four 
^  all  the  lines  that  are  of  that  order,  every  other  curve  being 
^'loroe  higher,  or  having  some  higher  equation,  or  may  be 
It  in  more  points  by  a  right  line. 


BOUD    SECTIONS    OR    SEGMENTS    OF    SOLIDS    Of    SBVOUmML 
CYUNDROIDS,  AND  PAKABOUC  PRISHOIDS  AND  UNGDLAB. 


DBFtNlTIONS. 

1.  Solid  Sections  or  segments  are  ths  portions  of  asdidcnt 
off,  or  out,  from  another  solid  by  one  or  more  plane  or  curre 
surfaces. 

S.  If  any  portion  of  a  cylinder  or  a  cone,  is  cut  offbyaplue 
which  is  not  parallel  to  the  base,  the  solid  section,  so^cut  oS,  a 
called  an  unguh. 


3.  Ungulas  cut  from  a  cylinder  are 
called  cytindric  ungulas. 

Thua  the  section  ACDBRF  cut  off 
by  the  plane  ACDB  :  as  also  the  se- 
veral sections  ACIHGM,  GHIK  and 
HIKLBD,  are  cytindric  ungulas. 


4.  Ungutas  cut  from  a  cone  or  conic 
frustum  are  called  conical  ungulas. 

Thus  the  sections  ECDB  and  AFEGAB 
are  conical  ungulas. 


5.  Portions  cut  from  a  sphere  by 
the  intersection  of  two  planes,  are 
called  spherical  wedges  or  ungulaa. 

Thus  the  spherical  section 
ACBDAB  is  a  ^kerical  wedge  or 
ungula. 


SEGMENTS  AND  UNGULAS.  »5 

A  portion  cut  from  a  segment  of  a 
TC  by  a  plane  perpendicular  to  the 
t  of  the  segment  is  called  a  second 
nent 

he  portion  CceA  is  a  second  segment  of  a  sphere.^ 

Conical  ungulas  take  particular  names  according  to 
figure  of  the  superficial  section,  viz.,  parabolic  elliptical 
iyperholic. 

The  portion  of  a  cylinder  or  cone  remaining  after  an  un- 
.  is  taken,  is  called  the  complement  of  the  ungula^  or  ungu- 

complement,  and  its  altitude  is  equal  to  that  of  the  un- 
>• 

hus  GNPKIHG  (Fi^.  at  Def.  3)  is  the  complement  of  the 
Ilia  GKIH,  and  ADCEHA  (Def.  4)  is  the  complement  of 
QDgula  ECDB. 

.  An  ungulical  supplement  is  what  remains  of  the  whole 
I  after  an  ungula  is  taken  therefrom. 

}.  An  elliptical  cylinder  is  a  cylindrical  solid,  every  super- 
1  section  of  which  by  planes  perpendicular  to  the  axis  are 
d  ellipses. 

I.  An  elliptical  cone  is  one,  every  section  of  which  per- 
licular  to  its  axis  are  similar  ellipses,  and  is  the  solid  in- 
!ed  between  an  elliptical  base  perpendicular  to  its  axis,  and 
»int  as  its  vertex. 

I.  A  cylindroid  is  a  solid  included  between  two  bases  of 
il  perimeter,  one  of  which  is  an  ellipse,  and  the  other  an 
se  of  a  difierent  excentricity  or  a  circle. 

L  If  a  solid  have  two  parallel  bases,  consisting  of  dissimi- 
sllipses  of  difierent  perimeters,  or  one  elliptical  and  one 
alar  base,  of  difierent  perimeters.  The  solid  may  be 
k1  a  conoidal  frustum. 

I.  A  parabolic  prism  is  a  prismatic  solid,  whose  base  is  a 
ibola,  and  each  of  whose  sections  parallel  to  the  base  is 
d  and  similar  to  the  base. 

>.  A  parabolic  pyramid  is  a  pyramidal  solid,  whose  base 
parabola;  and  is  the  solid  included  between  such  base,  and 
int  above  as  its  vertex. 
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TBBOKEH. 

If  a  cylinder  he  cut  bt/  a  plane  parallel  to  it»  axis,  the  toSi 
section  so  cut  off  will  be  equal  to  the  area  of  its  base  mMlti- 
pliedby  its  altitude,  and  its  curve  surface  will  be  equal  la 
the  arc  of  its  base  mulliplied  by  its  altitude. 
Let  HFCGED,  be  a  section  of  the  cylioder, 
AD,  cut  off  by  a  plane  HFEG,  parallel  to  the  . 
axis  of  the  cylinder;  then  will  the  solidity  of  the 
section  be  equal  to  the  area  GD  of  the  base  mul- 
tiplied by  the  altitude  DC,  and  its  convexsurface 
will  be  equal  to  the  arc  EDG  of  the  base  multi- 
plied by  the  altitude  DC. 

For,  if  a  plane  be  passed  through  a  cylinder 
parallel  to  the  axis,  it  will  divide  the  two  bases 
proportionally,  and  every  section  dkec  parallel 
to  the  base  will  be  divided  in  the  same  ratio ;  hence  the  curve 
surface  of  the  cylinder  will  be  divided  in  the  ratio  that  the  cir- 
cumference of  the  base  is  divided.  But  the  convex  surface 
is  equal  to  the  circumference  of  its  base  multiplied  by  its  alti- 
tude, (Prop.  I.  B.  III.  El.  S.  Geom.,)  and  its  solidity  is  equal  to 
the  area  of  its  base  multiplied  by  its  altitude,  (Prop.  II.  B.  ID. 
EL  S.  Geom.)  Hence  the  curve  surface  of  the  portion  so  cut 
off,  proportional  to  the  section  of  the  base,  is  also  equal  to  the 
arc  of  its  base  multiplied  by  its  altitude ;  and  its  solidity,  for 
the  same  reason,  is  equal  to  the  area  of  its  base  multiplied  by 
its  altitude. 

PROFOSrTEON    II.      THEOEEH. 

Jf  a  plane  cut  a  cylinder  diagonally,  passing  through  the  eyipih 
site  edges  of  the  tico  bases,  then  the  cylinder  will  be  divided 
into  two  equnl  ungulas,  and  the  curve  surface  of  each  ynguh 
toill  be  equal  to  the  perimeter  of  its  base  muUiplied  by  half 
its  altitude ;  and  the  solidity  of  each  will  be  equal  to  the  area 
of  the  base  multiplied  by  half  the  altitude. 
Let  ALDMA  be  a  plane  passing  diagon-  k 

ally  through  the  cylinder  EC,  cuttingthe  op- 
posite edges  of  the  two  bases  at  A  and  D, 
and  the  two  ungulas  ADB,  ADC  will  be 
equal  in  surface  and  solidity,  and  the  curve 
surface  of  each  is  equal  to  the  circumference 
of  its  base  multiplied  by  half  its  altitude,  and 
their  solidities  are  equal  each,  to  the  area  of 
its  base  multiplied  by  half  its  altitude. 

For,  the  two  ungulas  are  symmetrical 
(Def.  19,  B.  ILEl.  S.  Geom.,)  being  so- 
lids, similarly  formed,  in  opposite  sides  of 
the  plans  ALDMA  ai  a  base,  and  hence 


SEGMENTS  AND  UNGDLAS. 


87 


equal  each  to  each.  Moreover,  let  a  plane  be  passed 
agh  the  cylinder,  parallel  to,  and  at  equal  distances  be- 
;n  the  two  bases,  forming  the  superficial  section  ILKMI, 
the  two  ungulas  will  be  cut  by  that  plane  in  the  same 
»,  since  they  are  similar  solids,  and  since  they  are  cut  by 
ine  parallel  to  and  at  equal  distances  from  their  bases : 
»  the  solid  section,  or  partial  ungula  ALMI,  is  equal  to 
partial  ungula  DMLK,  both  in  surface  and  solidity ;  and 
the  same  reason,  their  complcmental  ungulas  ALMKC, 
[DB  are  equal,  each  to  each,  both  in  surface  and  solidity, 
refore,  the  cylindric  section  KB  between  the  two  parallels 
M  and  BEDF,  is  equal  to  the  ungula  ABEFDA,  both  in 
ice  and  solidity;  but  the  cylindric  surface  of  KB  is  equal 
le  circumference  BEDFB  of  the  base  multiplied  by  IB, 
1  to  half  the  altitude  of  the  ungula  ABD ;  and  the  solidity 
B  is  equal  to  the  area  BEDF  multiplied  by  IB,  equal  to 
the  altitude  of  the  ungula.    Hence,  &c. 


PROPOSITION  III.      THEOREM. 

cylinder  be  cut  diagonally  by  a  plane  which  bissects  the 
le,  the  ungula  cut  off  by  such  plane  will  be  equal  to  its 
Kndric  surface  multiplied  by  one-third  of  the  radius  of  the 
xle  of  the  base. 

Jt  AFEC  be  an  ungula,  cut  off  from  the  « 
der  ABDC  by  the  plane  AFE,  bisecting 
lase  CFDE  in  FE,  then  will  the  ungula 
IC  be  equal  in  solidity  to  its  cylindric 
ce  multiplied  by  one-third  of  the  radius 
fthe  base. 

T,  conceive  the  ungula  to  be  divided  in- 
lindrical  elementary  pyramidals  (Prop. 
SchoL  I  and  4,  B.  III.  El.  S.  Geom.)  by 
IS  parallel  to  the  axis  of  the  cylinder,  and  d 
assing  through  the  centre  I  of  the  base, 
these  will  all  be  perfect  pyramidals,  since 
drawn  from  every  point  in  the  cylindrical  base  to  the 
e  I,  lie  wholly  in  the  solid,  or  in  the  plane  surfaces  of  the 
;  and  since  all  parts  of  the  solid  are  included  between 
ylindrical  base  of  the  ungula  and  centre  I,  in  right  lines, 
these  pyramidals  (Prop.  XIV.  B.  III.  EL  S.  Geom.)  are 
equal  to  its  cylindrical  base  multiplied  by  one-third  of  its 
de,  viz.,  one-third  of  CI.  Therefore,  the  whole  ungula, 
[  made  up  of  all  the  pyramidals,  is  equal  to  the  sum  of  all 
bates  multiplied  by  one-third  of  the  common  altitude  CL 
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Cor.  I.  If  a  line  ec  be  passed  along  the  axis  of  the  cylin* 
der,  and  the  edge  of  the  ungula,  through  its  whole  eiteot,  be- 
ing always  perpend iculnr  to  the  axis,  in  every  positioc  ec  w 
gk,  or  an  the  solid  included  within  the  suiface  described  by 
the  motion  of  this  line,  together  with  the  ungula,  is  equal  to  the 
cylindric  surface  of  the  ungula.  multiplied  by  half  the  radioi 
of  the  base. 

For  let  the  cylindric  surface  be  divid- 
ed at  pleasure,  by  planes  passing  through 
the  axis,  and  the  several  divisions  will  , 
all  be  elementary  portions  of  the  cylinder, 
and  (Prop.  Ill,  Cor.  B.  \U,  El.  S.  Geom.) 
each  will  be  equal  to  its  cylindrical  base 
multiplied  by  half  its  altitude,  or  half  the  c  ~ 
radius  of  curvature  of  the  cylinder. 

Cor.  2.  Hence  the  section  included  between  the  UDgnla 
and  the  axis  of  the  cylinder  is  equal  to  half  the  ungula  ;  since 
the  ungula,  is  equal  by  the  proposition  to  its  cylindrical 
surface,  multiplied  by  one-third  of  the  radius  of  the  base, 
and  the  two  sections  together,  are  equal  to  the  same  sur- 
face multiplied  by  i+i=i  the  same  radius. 

PBOPOBrrioK  IV.     theorem. 

From  the  complement  of  two  similar  ungvlas  tobose  bases  are 
together  equal  to  the  base  oftlte  cylinder,  a  cone  may  be  taken 
oj' equal  base  and  altitude  to  that  of  the  cylinder,  when  then 
will  be  left  a  residual  portion  equal  to  its  cylindric  swfaet 
muUiplied  by  one-third  of  the  radius  of  the  base. 


Let  DEFC  be  the  complement  of  the  two 
similar  ungulas  DEFA,  and  CBfB  whose 
bases  AEF  and  BEF  are  together  equal  to 
the  base  of  the  cylinder,  and  there  may  be 
taken  a  cone  DGCHI  of  equal  base  and  alti- 
tude with  the  cylinder,  and  the  portion  of  the 
cylinder  remaining  will  be  equal  to  its  cylin- 
dric surface  multiplied  by  one-third  of  the 
radius  IF  of  the  base 


For  since  each  of  the  ungulas  are  cut  off  by  planes  pan- 
ing  from  the  centre  I,  of  the  lower  base  of  the  cylinder,  und 
through  opposite  edges  of  the  upper  base,  those  planet  just 
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pui  along  the  sides,  of  the  cone  louching  it  on  the  two 
oppoaite  Bides,  through  its  whole  length,  aod  be  cause  the 
cone  terminates  id  a  point  I  in  the  centre  of  the  lower 
bise,  there  exists  a  portion  PIDHC  on  one  side  of  the 
eooe,  and  a  similar  portion  EIDGC  on  the  other  side,  in- 
dnded  between  the  surface  of  the  cone,  and  that  of  the 
cylinder ;  and  these  two  portions  consist  of  regular  pyramidals 
with  cylindric  bases  and  their  vertices  all  centre  in  I,  at  the 
vertex  of  the  cone  ;  for  if  lines  be  drawn  from  every  point  in 
their  cylindric  sqrface  to  the  centre  I,  those  lines  wiil  pass 
through  every  point  in  the  solid  portions  to  which  those  sur- 
ficeiDeloDg.  And  because  the  cone  DGCHI  is  supposed  to  be 
titenfrom  the  complement,  these  pyrimidaU  are  elementary 

rrtions  of  a  conesected  cylinder,  (Prop.  XIII.  Sch.  B.  III.  El. 
Gtom.  and  Def  2,).  Hence  (Prop.  XIII.  Sch.  6.  B.  III.,  EL 
8.  Geom.)  they  are  equal  to  their  cylindric  bases  multiplied  by 
ODe>third  of  the  radius  IF. 

Cor.  The  opposite  ungulas  DEFA,  CEFB  and  the  com- 
plemeDts  IFDHC,  lEDGC  of  a  conesected  cylinder  are  seg- 
tDenU  which  are  in  the  same  proportion  to  each  other  in  their 
cylindric  surfaces,  as  in  their  solidities. 

PKorosmoN  T.     theokeh. 

ne  tolidity  of  an  ungula,  whose  base  is  less  than  Imlf  the  bate 
1^  the  cylinder,  is  equal  to  its  cylindric  surface,  multiplitd  by 
one-third  of  the  radius  of  the  base  of  the  cylinder,  minus  the 
pyramidal  segment  of  a  cone,  whose  base  is  the  base  of  the 
imgula,  and  whose  vertex,  is  thepoint  where  the  diagonal  plane 
produced  forming  the  ungula,  wouldcut  the  axis  of  thectfKn- 
ier  or  its  axis  produced. 

Let  BSHK  be  an  ungula  whose  base  SHK  ^ 
is  lus  than  half  the  base  of  the  cylinder,  and 
it>  lolidity  will  be  equal  to  its  cylindric  sur- 
^ce,niuUiplied  by  one-third  of  the  radius  of 
«>a  base  of  the  cylinder,  minus  the  pyramidal 
lament  KSHOof  a  cone  whose  base  is  KSH,  ' 
the  base  of  the  ungula  ;  and  whose  vertex 
^  0,  the  point  where  the  plane  BSH  pro- 
vBced  to  FE  cuts  the  axis  of  the  cylinder. 


For  tbe  solidity  of  the  ungula  BFED,  is  equal  to  its  cylin- 
^  surface  multiplied  by  one-third  of  the  radius  of  the  base 
«  the  cylinder  (Prop.  Ill,)  and  the  section  KSUFED  minus 
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the  conical  section  KSHO  is  a  portion  of  a  conesected  cylinder, 
which  (Prop.  XIII,  B.  Ill,  EL  S.  GeomJ)  is  equal  to  the  product 
of  its  cylindric  surface  multiplied  by  one-third  of  the  radius  of 
the  base,  and  because  this  section  of  the  conesected  cylinder 
is  formed  by  a  plane  passing  through  the  centre  O,  cutting  it 
in  such  manner  that  every  point  in  its  cylindric  surface  may 
be  connected  by  right  lines  with  the  vertice  O,  these  lines 
being  included  in  the  same  solid  ;  this  section  is  also  equal  to 
its  cylindric  surface  multiplied  by  one-third  of  the  distance  OD 
of  this  vertice  from  the  cylindric  surface ;  hence,  the  other 
two  portions  of  the  ungula,  viz.,  the  conical  KSHO,  and  the 
ungula  BSHK  arc  equal  to  the  remainder  of  the  cylindric  sur- 
face of  the  ungula  BFED,  viz.,  the  cylindric  surface  of  the 
small  ungula  BSHK  multiplied  by  one-third  of  the  radius  OD 
of  the  base  of  the  cylinder.  Now,  if  from  this  product  we 
take  a wav  the  conical  segment  SHKO  we  shall  have  the  ungula 
BSHK.  'Hence,  &c. 


Scholium.  If  on  the  diagonal  plane  BSH  of  the  ungula  as 
a  base,  the  pyramidal  BSHP  be  described,  P  being  the  vertice 
of  such  pyramidal  situated  in  the  centre  of  the  circular  sec- 
tion of  the  cylinder,  and  in  the  plane  KSH  of  the  base  of  the 
ungula  produced,  the  sum  of  this  pyramidal  and  uugula  is 
equal  to  their  cylindric  surface  multiplied  by  one-third  of  the 
radius  of  the  base  of  the  cylinder  ;  and  the  pyramidal  BSHP 
is  equal  to  the  conical  portion,  KSHO. 

For  the  pyramidal  BSHP  together  with  the  ungula  BSHK, 
constitutes  the  regular  elementary  pyramidal,  BSHKP,  with 
a  cylindrical  base,  which  (Prop.  XIV.  B.  III.,  EL  S.  Geom.)  is 
equal  to  its  cylindrical  surface  multiplied  by  one-third  of 
the  radius,  PK  of  the  base,  and  because  the  sum  of  the 
ungula,  BSHK,  and  pyramidal  section  of  a  cone  KSHO,  is 
equal  to  the  same  product  (Prop.  V.)  it  follows  that  the  pyra- 
midal section  BSHP  is  equal  to  the  conical  portion  KSHO. 


PROPOSITION   VI.      THEORKM. 


The  solidity  of  an  ungula  ELMD  whose  base  is  greater  tke» 
half  the  base  of  the  cylinder,  is  equal  to  its  cylindrical  nr- 
face  multiplied  by  one-third  of  the  radius  of  the  b€ue  of  the 
cylinder,  plus  a  conical  segment,  whose  base  is  the  base  cfihe 
ungula,  and  whose  vertice  is  the  point  S,  where  the  pine 
ELM  cuts  the  axis  of  the  cylinder. 
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the  solidity  of  the  nngult  is  equal  to  the  same  product  plus 
\he pyramidal  ELMO,  whose  base  is  the  elliptical  sections 
BLRi  ajid  whose  vertice  is  O,  the  centre  of  the  base  of  the 
cylinder. 

For  through  tfie  point  S  pass  the  plane 
KG,  and  the  ungula  will  be  divided  into 
o  portions,  one  ot'  which,  EFCK,  is  equal 
rop.  III.)  to  its  cylindrical  surface  multi- 
ed  by  one  third  of  the  radius  of  the  base 
the  cylinder ;  and  the  portion  FCK 
tfD,  from  which,  if  we  take  a  conical  sec- 
'D  LMDS,  we  shall  have  a  portion  of  a 
nesected  cylinder  remaining  which  is  equal 

its  cylindric  surface  multiplied  by  one  third  of  its  radius. 
Hence,  the  whole  ungula  ELMD  is  equal  to  its  cylindric 
rlace  multiplied  by  one  third  of  the  radius  of  the  base  of  the 
rlindcr  plus  a  segment  of  a  cone,  whose  base  is  the  basie 

the  ungula  and  vertice,  the  point  where  the  plane  ELM 
Ills  the  axis  of  the  cylinder. 

Again,  if  we  pass  the  two  surfaces  MOE  and  LOE  meet- 
ig  each  other  in  the  ri^ht  line  OE,  those  surfaces  will 
ut  out  the  pyramidal  ELMO,  whose  base  is  the  elliptical 
Bciion  ELM,  and  whose  vertice  is  the  centre  of  the  base  of 
^cylinder,  which  if  we  take  from  the  ungula,  will  leave  a 
ortion  which  is  equal  to  its  cylindrical  surface  multiplied  by 
ne-lhird  of  the  radius  of  the  base  of  the  cvlinder,  since  it  con- 
His  of  a  portion  which  may  be  divided  indefinitely  by 
lanes  passing  through  the  vertice  O,  and  each  of  those  portions 
^divided  will  be  perfect  pyramidals,  and  will  remain  elemen- 
iry  to  the  whole  section.  (Prop.  XIII,  Schls.  B.  Ill,  El.  S. 
fcwn.)     Hence,  &c. 

Cor.  L  Hence  the  pyramidal  ELMO,  is  equal  to  the  coni- 
«1  segment  LMDS. 

Cor.  2.  As  the  plane  section  ELM  is  an  ellipse,  the  surface  of 
^pyramidal  ELMO  contiguous  to  the  other  portions  of  the 
Dgula  so  divided  is  a  conical  surface  ;    for  if  the  several 
^iots  in  the  elliptical  curve  be  connected  with  the  vertice  O, 
^<>se  lines  must  include  a  conical  surface,  since  the  section  of 

cone  by  a  plane  passing  through  both  sides  is  an  ellipse. 

Cor.  3.  If  the  ungula  is  so  cut  as  to  include  the  whole  of 
^  base  BLDM,  the  circumstances  will  still  be  the  same,  and 
^ellipse  of  the  section  ELM  becomes  perfect,  and  the  pyra- 
^iil  ELMO  becomes  a  perfect  oblique  cone,  and  is  equal  to 
^conical  body  LMDS,  which,  in  such  case,  becomes  a  per- 
^  right  cone,  whose  base  is  the  whole  base  BLDM  of  the 
blinder,  and  whose  altitude  is  half  the  altitude  of  the  cylinder. 

4 
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PROPOSITION    VII.       THKOHBXf. 

If  in  a  cylindric  ungula  ADB,  whose  base  is  equal  to  thai 
of  the  cylinder^  a  cone  be  described  on  the  same  base  and  of  an 
equal  altitude  with  that  of  the  ungula^  the  cone  wiU  be  equal 
to  two-thirds  of  the  ungula  ;  and  each  solid  section  of 
the  cone  made  by  planes  parallel  to  the  axis  of  the 
cylinder,  and  perpendicular  to  a  plane  passing"  through  the 
axis  of  the  cone  and  cylinder^  will  be  equal  to  two-thirds  of 
the  corresponding  section  of  the  ungula  cut  off  by  the  same 
plane. 

Let  the  oblique  cone  ABD 
of  equal  base  and  altitude  to 
that  of  the  ungula  A6DNB, 
be  supposed  to  be  inscribed 
in  the  ungula,  and  the  soli- 
dity of  the  cone  will  be 
equal  to  two-thirds  of  the 
ungula,  and  each  solid  sec-  b 

lion  JRcD,  VveD  of  the  cone  made  by  planes  parallel  to  the 
axis  of  the  cylinder,  and  perpendicular  to  a  plane  passing 
through  the  axis  of  the  cone  and  cylinder,  are  equal  to  *  their 
corresponding  sections  iRM6D,  P<;N<D  of  the  ungula  cut  by 
the  same  planes. 

For,  conceive  an  indefinite  number  of  parallel  planes 
IRM6,  N/Py,  to  be  passed  through  the  cone  and  unguta  inde- 
finitely near  to  each  other,  and  the  two  bodies  will  be  divided 
into  an  indefinite  number  of  strata,  the  sum  of  which,  in  each 
solid,  will  be  in  the  relation  of  the  magnitudes  of  the  two 
bodies  ;  and  the  corresponding  strata  in  each  solid  will  be  ia 
the  relation  of  the  superficial  sections  contiguous  to  such  strata, 
in  each,  since  by  hypothesis  the  strata  are  indefinitely  thio,  so 
that  no  appreciable  space  intervenes  between  them  ;  hence,  if 
the  solidities  of  any  stratum,  or  number  of  contiguous  strata 
in  each  solid  be  represented  by  the  superficial  sections  passing 
through  such  stratum  or  associated  strata,  they  will  exist  in 
each  in  the  relation  of  the  superficial  sections  in  each,  made 
by  the  same  planes. 

Now  the  superficial  sections  IRc,  Pwc  &c.,  made  by  planes 
parallel  to  the  side  AB  of  the  cone,  are  all  parabolas,  (by  de£) 
and  all  the  corresponding  sections  of  the  ungula  are  rec- 
tangles circumscribing  the  several  parabolas,  since  each 
side  of  those  sections  M/;,  Nr  of  tlie  ungula  are  parallel  to 
the  opposite  sides  RI,  vP,  passing  through  the  oase.  But 
the  area  of  the  parabola  (Proposition  VI,  Book  I,)  ia  equal  to 
two-thirds  of  its  circumscribing  rectangle  or  paralleliygniDb 
and  as  each  ot  the  several  rectangles  circumacribe  thc»r  it- 
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cpeclive  parabolas,  throughout  the  whole  extent  of  the  two 
solids,  it  iollows  that  not  only  is  the  cone  equal  to  two-thirds 
of  the  ungula,  but  also  that  each  solid  section,  or  segment  of 
the  cone,  cut  by  the  planes  RM6I,  &c.,  is  equal  to  two-thirds 
of  the  corresponding  segment  of  the  ungula  cut  by  the  same 
plane. 

Cor.  Hence,  as  in  Prop.  VIII,  Cor.  B.  Ill,  EL  SL  Gcom.  a 
cone  is  equal  to  one-third  of  its  circumscribing  cylinder  of  the 
same  base  and  altitude. 

Scholium,  If  the  cone  and  ungula  are  cut  by  planes  pa- 
rallel to  the  plane  AfcDN,  the  superficial  sections  of  the  ungula 
will  be  ellipses,  or  portions  of  ellipses,  and  the  corresponding 
sections  of  the  cone  will  be  parabolas. 

PROPOSITION    VIII.       THEOREM. 

Two  cylinders  erected  on  the  same  base,  and  between  the  same 
parallel  planes  are  equivalent  or  equal  in  solidity^ 

Let  ACDB  and  AEBD  be  two  cylinders  erected  on  the 
same  base  BD,  and  included  between  the  same  parallel  planes 
BD  and  EAO,  and  the  two  cylinders  will  be  equivalent. 

For  let  the  cylinder  ABDC  be  divided   „  ^ 

into  sections  BDE/",  T^fgO  by  planes  pa- 
rallel to  the  base,  and  let  each  of  the  sec- 
tions so  divided,  be  removed  from  their 
positions  in  the  cylinder  ABDC,  so  that 
their  several  bases  shall  agi-ee  with,  and 
become  sections  of  the  oblique  cylinder 
AEBD  ;  viz.,  let  the  solid  sections /FG^, 
be  removed  to  the  position  H/joi,  and  let 
the  other  sections  be  similarly  posited  in 

reference  to  the  two  cylinders,  so  that  the  '^^ ^D 

bases  H^,  MJ^,  &c.  of  the  several  solid  sections  may  be  in- 
cluded in  the  oblique  cylinder  AEBD,  and  these  several  sec- 
tions will  still  be  equal  in  their  altitude  to  AB,  the  altitude  of 
the  cylinder  from  whence  they  arc  severally  derived.  Let* 
now,  the  number  of  these  solid  sections  be  indefinitcly^increas- 
ed,  and  the  altitude  of  each  will  be  indefinitely  small  ;  and 
hence  the  right  cylinder  will  become  identical  with  the  oblique 
cylinder  AEBD,  and  will  still  have  the  same  altitude  AB. 

Cor.  1.  Since  the  base  of  the  oblique  cylinder  AEBD  is  a 
circle,  every  section  parallel  to  the  base  is  likewise  a  circle^ 
and  equal  to  the  base. 

Cor.  2.  Hence  every  section  of  the  oblique  cylinder  made 
by  the  planes  perpendicular  to  its  axis,  is  an  ellipse.  Therefore, 
if  referred  to  its  axis,  it  becomes  an  elliptical  cylinder,  but  whea 
referred  to  its  base,  it  is  circular. 
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PROPOSITION    IX.       THEOREM. 

Cylindrical  unguhs  of  the  same  base  and  etpial  altitude  art 

equivalent. 

Let  ABD  and  EBD,  be  two  ungulas  described  on  the  same 
base  BD  ;  and  let  their  common  altitude  be  AB,  and  the  two 
ungulas  will  be  equivalent,  or  equal  in  solidity. 

For  each  section  FC  or  IL  of  the 
two  ungulas  parallel  to  the  base  BD, 
have  tlic  same  relation  to  the  re- 
«pi»clive  sections  of  their  cylinders  ; 
viz.,  the  ungulical  section  FC  has  the 
«ame  relation  to  the  cylindric  section 
FA,  as  the  ungulical  section  IL  has 
to   the   cylindrical   section  IN  ;  and 

the  equality  of  this  relation  remains  through  the  whole  alti- 
tude AB  of  the  ungulas,  and  by  Prop.  VIII,  it  appears  that 
two  cylinders  erected  on  the  same  base,  and  between  the 
same  parallels  are  equal  in  nolidity.  Therefore,  the  ungulas 
erected  on  the  same  base,  and  of  the  same  altitude,  are  equi- 
valent. 

Scholium.  The  above  proposition  is  manifestly  true,  whether 
the  base  of  the  ungulas  is  equal  to  that  of  the  cylinder  in 
which  it  is  erected,  or  less  than  that  base. 

Cor.  1.  As  the  same  arguments  would  apply  to  conical  un- 
gulas, it  may  be  inferred  that  conical  ungulas  of  the  same  base 
and  equal  altitude  are  equivalent,  if  the  cones  irom  which 
thev  are  taken  are  similar. 

Cor.  2.  Since  cylinders  with  equal  bases  are  proportional 
to4heir  altitudes,  cylindric  ungulas  on  the  same  base  are  pro- 
portional to  their  altitudes. 

PROPOSITION    X.       THEOREM. 

If  a  cone  he  cut  by  a  plane  passing  through  the  centre  of  tkt 
basCf  the  solidity  of  the  ungiila  formed  by  such  plane  mil  be 
eiuil  to  itH  curve  surface  multiplied  by  ons-third  of  itadis- 
tannic  from  the  centre  of  tfie  base. 

Let  the  cone  ABC  be  cut  by  the  plane  DEF, 
cutting  off  the  ungula  EFDB  ;  also  by  the 
plane  EDG  cutting  off  the  ungula  GEDB,  or 
the  ungula  GEDF,  and  the  solidities  of  the 
several  unguhs  will  be  equal  to  their  curve 
surfaces  multiplied  by  \  of  the  distance  IL  of 
the  surface  of  the  cone  to  the  centre  of  the 
base. 
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''or  the  sectioDB  may  each  be  divided  into  an  indifinite 
riber  of  pyramidals  or  elements  (Prop.  XllI  and  XiV.  B. 
El.  S.  Geiim.)  by  dividing  their  curve  surfnccs  as  bases, 
by  passing;  the  planes  of  division  through  the  centre  I  of 
cone's  base,  at  which  point  the  several  vertices  of  the  py- 
lidals  all  centre  ;  and  because  those  pyrarnidnis  are  nil 
feci ;  viz.,  as  they  include  all  the  space  intercepted  between 
ir  bases  and  vertices  in  right  lines,  each  one  is  equal  to  ilB 
e,  multiplied  by  one-third  of  its  attitude,  and  since  the  alti- 
e  is  equal  in  each,  and  equal  to  the  distance  of  the  curve 
face  of  the  cone  from  the  centre  of  its  base,  IL  is  that 
ilude,  and  hence  IL  is  the  common  altitude  of  each  of 
•K  pyramidals;  hence  the  sum  of  the  pyramidals  con- 
uting  any  section,  is  equal  to  the  sum  of  their  bases,  con- 
uting  the  curve  surface  of  such  section  multiplied  by  ooo- 
rdoflL. 

Cor.  Hence,  if  a  cone  be  cut  by  a  plane  passing  throu^ 
centre  of  the  base,  the  solidity  of  the  cone,  and  its  convex 
face  is  divided  in  the  same  ratio,  since  the  cone  (Prop.  IX. 
IIL,  El.  S.  Geom.)  is  equal  to  its  convex  surface  multiplied 
I  of  its  distance  from  the  centre  of  the  base. 

PIOFOSITION    XI.       TUEOBEH. 

a  cone  he  described  in  a  cylinder,  and  Itco  pambolic  ungulas 
^  cut  by  planes  passing  through  the  centre  of  the  c/ine's  base, 
he  ungulas  so  cut,  will  he  equal  to  ttno  thirds  of  the  tingvli- 
al  complement  of  the  cylinder,  of  equal  base  and  altitude  to 
\e  parabolical  ungulas. 

JtX.  BDS  be  a  cone  described  in  the  cy- 
ler  ABDC,  and  let  EFUrf,  and  EFDM  be 
>  equal  parabolic  ungulas,  described  on 
I  including  the  whole  base  of  the  cone, 
'.  the  two  ungulas  will  be  equal  to  two- 
■dsof  theungulicai  complement  BEDFNP 
:be  cylinder,  of  equal  base  and  altitude. 


'or  let  the  cone  BDS  be*  brought  in  the  position  BDA.  and 
parabolic  ungula  lEFD  of  the  cone  BDA  will  be  equal  to 
h-thirds  of  the  semi-ungulical  complement  NPBFD  of  the 
iader,  (Prop.  VII ;)  and  bec'iuse  conical  ungulas  cm  the 
te  base  and  equal  altitudes  are  equivalent  (Prop.  IX  Cor.,) 
aogula  IGFD.  of  the  oblique  cone  BDA  is  equal  to  the  un- 
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giila  EFDM  or  ihc  right  cone  BDS  ;  hence  the  parabn]ie  nfr 
gulaEFMF)  is  equal  in  Iwn-lhirds  uf  the  semj-unsulical  com- 
pkmi  lit  Nl'EFD  i)f  iho  cylinHer  ;  and  the  two  similar  ungfr 
las  f/KFB,  MEFI)  arc,  together,  rqual  to  %  of  the  ungulicil 
complement  BEDrPN  of  the  cylinder. 

Cor.  1.  Hence  the  conical  cumplenrtcnt 
EF(/MSof  the  purabolic  ungulas= the  com- 
plement PUNil  EF+ihc  c(.ne  PMNtB,  is 
equal  to  two-thirds  iit'ihe  cylindrical  unguis 
AI'NB.  For  if  the  whole  cone  BDA  or 
BDS  Js=j  of  the  ungula  BDA,  (Prop.  VIII,) 
and  it'  the  two  conical  ungulns  t/EFB, 
MEFD,  ns  shi>wn  nbove,  is  =  ^  of  the  com- 
plcniciil  PNBD,  then  must  the  complement 
EFdMS=  3  the  cvlindrical  ungula  APNB 

Cor.  2.  The  snmll  cone  rfMS,  whose  base  passes  throogb 
the  vertices  of  the  tmgulas,  is  =  to  ^  of  the  cone  BDS,  sioce 
the  diameter  of  its  base  is  necessarily  =  J  that  of  the  larger, 
and  since  they  are  similar  solids  ;  fur  similar  solids  nrc  to  euch 
other  as  the  cuhes  of  their  hke  sides,  (Prop.  XXXV.B.  II. 
El.S.Oe(m.)  mid  cube  ofl  is  1,  cube  of  2  is  8  ;  hence  1  :8i: 
cone  dMS :  cone  BDS. 

PKOPOSITKIN    Ml.      THEOREM. 

If  a  right  cone  bt  cat  by  a  plane  perpendicular  to  the  plane  of 
its  hiise,  the  convex  surface  of  the  cone,  and  the  plane  uf  tie 
base,  will  be  divided  in  the  same  ratio  by  the  cutting  plane. 


Let  DEF  bo  n  plane  cutting  the  cone 
ABS,  perpendicular  through  the  base  AEBF, 
and  the  convex  surface  of  the  cone  will  be 
divided  by  the  cutting  plane,  in  the  same 
ratio  that  the  surface  of  tlio  base  is  divided. 


For  since  it  is  shown  (Prop.  XXII,  B.  II,  EL  8.  Geom.,) 
that  (he  convex  surface  nf  a  pyramid  and  its  base  is  divided 
in  the  same  ratio,  by  a  plane  perpendicular  to  its  base,  and 
because  a  cone  may  be  considered  as  a  pyramid,  whose  con- 
vex surface  consists  of  an  indellnite  number  of  planes,  which 
are  indefinitely  narrow,  it  follows  that  if  the  convex  suiface 
and  base  of  a  right  oone  are  cut  by  a  plane  perpendicular  to 
the  base,  those  surfaces  will  be  each  divided  in  the  same  ratia 

Cor.  1.  Hence  if  any  portion  of  the  base  of  a  right  cone  ii 
taken.,  the  portion  of  the  curve  surlace  perpendicular  above 
it,  will  be  to  the  whole  curve  surfiice  of  the  couet  aa  lucb 
portion  of  the  base  is  to  the  whole  base. 
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Cor,  S.  Hencei  also,  if  a  regular  polygon,  for  instance  a 
(uare  EFIIG,  be  described  in  the  base  of  the  cone,  and  if  on 
ich  side  of  this  square,  a  plane  be  raised  perpendicular  to  the 
Me,  the  portion  of  the  conical  surface,  cut  off  toward  the 
[is,  is  to  that  of  the  rectilineal  polygon  EFHG,  which  cor- 
isponds  to  it  perj^endicularly  below,  as  the  surface  of  the 
ine  is  to  the  area  of  its  base ;  or  as  the  slant  side  AS  of  the 
(DC  is  to  the  radius  of  the  base;  and,  in  fact,  whatever 
[ure  be  inscribed  in  the  base,  if  we  conceive  a  right  prisma- 
;  surface  raised  perpendicular  from  the  perimeter  of  the 
;are,  it  wiU  cut  off  from  the  conical  surface  a  portion  which 
U  be  to  it  in  the  isame  ra-tio. 

Scholium.  The  solid  sections  DEFB,  LGE,  &c.,  are  hyper- 
lic  unguias,  (Def.  7.)  And  if  ungulas  DEFB,  LGE,  &c., 
&  taken  from  the  cone,  the  remaining  portion  or  compliment 
II  be  equal  to  its  curve  surface  multiplied  by  one-third  of 
}  distance  of  the  curve  surface  of  the  cone  from  the  centre 
the  base,  +  the  surface  of  the  plane  hyperbolic  sections 
iltiplied  by  one-third  of  their  respective  distance  from  the 
me  centre  of  the  base. 

C$r.  Hence  the  portion  of  the  cone  included  between  the 
ntre  of  the  base,  and  that  portion  of  the  convex  surface  left 
'  the  ungulas,  since  it  is  equal  to  its  convex  surface,  multi- 
ied  by  one-third  of  its  perpendicular  distance  from  the  centre, 
e  quadrature  of  which  we  have  shown  to  be  {ittainable,  be- 
ines  known  in  absolute  tenns,  or  its  cubature  is  attained 
ithout  regard  to  the  circle's  quadrature. 

PROPOSITION    XI 11.    THEOREM. 

an  elliptical  cylinder ,  and  a  circular  cylinder^  have  equiva- 
lent bases  and  equal  alliludes,  they  are  equal  in  solidity ;  and 
any  ungulas  similarly  cut  from  each,  with  equivalent  bases 
arid  altitudes,  are  equivalent. 

For  it  has  been  shown  (Prop.  II.  B.  III.  EL  Gcom,)  that  the 
idity  of  a  cylinder,  with  circular  base,  is  equal  to  its  base 
iltiplied  by  its  altitude ;  and  because  this  is  true  of  any  prism, 
latcver  be  the  form  of  its  base,  (Prop.  XVI.  B.  II.  EL  & 
om.)  it  must  be  true  of  a  cylinder  with  an  elliptical  base, 
lerefore,  an  elliptical  and  a  circular  cylinder  of  equivalent 
les  and  equal  altitudes,  arc  equivalent. 
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Again,  let  GEFB  be  an  ungula  cut  from  a 
circular  cvlinder  ABDC ;  and  if  the  base  of 
this  cylinder,  including  that  of  the  ungula,  is 
drawn  out  or  elongated  in  the  direction  from 
BA  toward  DC,  so  as  to  become  elliptical ; 
and  if  every  secftion  of  the  cylinder  parallel 
to  its  base  should  become  equal  and  similar 
ellipses,  then  the  cylinder  becomes  an  ellipti-  b 
cal  cylinder.  ^g- 

Now,  if  planes  should  be  passed  through  the  cylinder  par- 
allel to  its  axis,  and  in  the  direction  AC  or  BD  of  its  elonga- 
tion, in  passing  from  a  circular  to  an  elliptical  cyliDder,  this 
transformation  Viil  have  been  effected  by  an  elongation  of 
these  planes  proportional  to  the  elliptical  elongation  of  the 
base,  or  of  the  solid  ;  and,  as  this  would  be  true  in  every  par- 
allel plane,  it  follows  that  the  elongation  of  those  planes  may 
be  regarded  as  a  measure  of  the  ratio  of  enlargcnnent  of  the 
solidity,  by  the  same  means.  And  as  every  such  parallel  sec- 
tion becomes  enlarged  in  the  same  ratio,  any  specific  portion 
of  such  section  must  suffer  the  same  specific  enlargement 

And  as  the  increase  of  any  solid  sections  through  which 
any  portions  of  the  plane  sections  pass,  may  be  measured  by 
the  increment  of  those  planes,  it  follows,  that  both  the  ungula 
and  its  complement  are  each  increased  in  the  ratio  of  the  in- 
crements of  the  parallel  sections  passing  through  each  in  their 
enlargement.  And  the  ungula  which  was  cot  from  a  circular 
cylinder,  becomes  the  ungula  of  an  elliptical  cylinder,  which 
nngula  has  become  enlarged  in  the  ratio  of  the  enFargementof 
its  base;  and  the  solidity  of  the  ungula  from  the  elliptical  cy- 
linder, is  to  the  solidity  of  the  ungula  from  the  circular  cylin- 
der, as  the  base  of  the  former  to  the  base  of  the  latter.  And  the 
same  would  be  true,  if  instead  of  an  enlargement  of  the  circu- 
lar cylinder  to  form  the  elliptical  cylinder,  it  should  be  con- 
tracted in  the  direction  AC,  so  as  to  give  it  eccentricity  in  the 
other  direction;  but,  by  hypothesis, the  cylinder  and  an  ellipti- 
cal cylinder  have  equivalent  bases ;  hence,  ungulas  similarly 
cut  from  each,  are  equivalent. 

Cor.  1.  Hence,  also,  if  a  cone  with  a  circular  base,  and  one 
with  an  equivalent  elliptical  base,  have  equal  altitudes,  their 
solidities  will  be  equivalent;  and  ungulas  with  equivalent 
bases  and  equal  altitudes  cut  from  each,  are  equivalent. 

Cor.  2.  Ungulas,  whose  bases  are  the  like  parts  of  circular 
or  elliptical  cylinders,  are  as  their  altitudes;  and  it  having 
been  shown  that  they  are  also  as  their  bases  when  their  alti- 
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lea  are  equal,  it  follows  that  they  are  generally  as  the  rect- 

i^le  of  their  bnsea  fntn  their  altitudes. 

Let  ABEC  and  ABED  be  two     "  ~  ~      ' 

^las  cut  from  any  cylinders,  cir- 

lar  or   elliptical,  such  that  AB 

ill  be  the  same  in  each,  and  such 

it  ID,  the  altitude  of  the  base  in 

sfirst,  shall  be  equal  CE.ihe  alii-   i 

iide  of  the  second,  and  IC  the  al-  ^  * 

Kle  of  the  base  of  the  second  shall  be  equal  to  the  altitude 

0  of  the  firsti  and  the  two  ungulas  so  described  will  be 

airaleot 

PBOPOBITION    XIV.      THEOREM. 

le  toTidiltf  of  a  cylindraid  is  equal  to  the  product  of  the  sum 
ef  the  areas  of  the  two  ends,  and  four  limes  the  area  of  a  pa- 
raUtl  section,  equally  distant  between  tlie  two  ends  muhiptied 
hy^of  the  height. 

Demonstration  same  as  for  the  prismold.  Prop.  XXXV, 
IT.  B.  II,  El.  8.  Geam.,  which  see. 

PBOPOelTION    XV.    THBOaEH. 

»n  ungula  is  cut  from  a  sphere  by  two  planes  which  inter- 
Bet  each  other,  not  in  the  centre  of  the  sphere,  then  the  soliditi/ of 
fce  ungula  will  be  equal  to  its  spherical  base  multiplied  by  one- 
Ordof  the  radius  of  the  sp/iere,  plus  the  products  of  the  super- 
dal  sections  of  the  ungula  multiplied  by  one-third  of  the  per- 
^mlicu/ar  distances  of  theplanes  of  those  sections  from  ths 
*»ifre  of  the  spliere.  estimated fiom  the  sides  of  those  plaites  op^ 
<»«fe  ike  ungula, 

-•et  ABDE   be  an  ungula  cut  by  the 

nes    HEI     and     FDG     intersecting 

:b  other  in  the  line  AB,  not  passing 

'ODgh   the   centre  of  the  sphere,  then 

11  the  sondity  of  the  ungula  ABDE  be  *  ^ 

I*!  to  the  spherical  surface  ADBEA, 

ultiplied  by  one-third  of  the  radius  of 

Btphere,  —  (the  plane  surface  ABE,  multiplied  by  one  third 

the  distance  CN)  —  (the  plane  surface  ABD  multiplied  by 

^third  the   distance  CL)   when  those  planes  include   the 

atpe  on  opposite  sides  of  each,  from  that  of  the  ungula. 

For  let  each  point  in  the  perimeter,  ABEA,  ABDA,  be  con- 

:ted  by  lines  to  the  centre  C,  and  tho  solid  included  by  such 
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lines  will  be  a  spherical  pyramid,  whose  solidity  is  equal  to  iti 
spherical  base  multiplied  by  ^  the  radius  of  the  sphere;  from 
which  if  we  take  away  those  portions  included  between  the 

E lanes  ABE,  ABD  and  tho  centre  C  we  shall  have  the  ungut 
iut  the  pyramidal  ABEG.  is  equal  to  the  surface  ABE  Xj 
CP,  and  the  pyramidal  ABDC  is  equal  die  surface  ABD  X) 
CL.     Hence  as  enunciated  above. 

SchoLum.  If  an  ungula  is  cut  by  two 
planes  which  pass  the  centre  before  their 
intersection,  so  as  to  include  the  centre  of 
the  sphere  within  the  ungula,  then  will  its 
solidity  be'  equal  to  the  spherical  surface 
multiplied  by  {  the  radius,  plus  the  two  py- 
ramidals  erected  on  those  plane  sections, 
and  whose  vertices  are  in  the  centre  of  the 
sphere,  which  is  agreeable  to  our  proposition ;  for  the  sign  be- 
comes changed  from  minus  to  plus  according  to  the  coxuiitioDii 

2.  Also,  if  the  two  intersecting  planes 
pass  the  centre  on  one  side  before  their 
intersection,  so  as  to  cut  out  an  oblique 
ungula  ABDG,  then  since  the  pyramidal 
erected  on  the  plane  AFBP,  and  whose 
vertice  is  the  centre,  C,  is  considered  ne- 
gative, an<l  the  pyramid  erected  on  the 

plane  GIDL  is  considered  positive,  by  the  proposition,  thei 
wHl  the  ungula  be  equal  to  its  (spherical  surface  X  |  then- 
dius)  —  the  plane  APBF  X  h  CN)  +  the  plane  GLDF 
X  i  CW. 

3.  And,  generally,  if  the  planes  do  not  intersect  each  other 
within  the  sphere,  the  same  proposition  will  still  hold  tnift 
even  though  the  planes  may  be  parallel ;  in  which  cose,  the 
portion  cut  out  will  be  a  segment  or  zone  of  the  sphere. 
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The  solidity  of  the  second  segment  of  a  sphere  is  equal  to  iU 
spherical  surface,  multiplied  by  \  of  the  radius  of  its  spi^ 
minus  each  of  the  plane  surfaces  whose  planes  pass  bdwt^ 
the  segment  and  centi-e  of  the  sphere  multiplied  by  ^  of  t^ 
respective  pejpendicular  distances  from  the  centre,  anij^ 
each  of  the  plane  surfaces  which  include  the  centre  of  <h 
sphere  on  the  same  side  with  the  segment,  multiplied  byi^^ 
perpendicular  distances  of  such  planes  to  the  centre. 

Let  ABD  be  a  segment  of  a  sphere 
cut  off  by  the  plane  ABCE,  and  if  this 
segment  is  cut  by  the  plane  CEc  perpen- 
dicular to  the  former  plane,  the  two  por- 
tions into  which  the  segment  is  divided 
will  be  second  segments.      (Def.  6.) 
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AO,  EO,  CO,  and  eO,  and  the  sphericat  pyrnmidal  aE 
'ill  be  equal  lo  its  spherical  base  X^  AO  orEO.  Now< 
his  pyramidal  may  be  taken  the  pyramidal  whose  base 
section  Ce£,  and  whose  altitude  is  KO,  and  also  the 
lidnl  whose  base  Is  the  section  ACe  and  altitude  HO,  and 
will  remain  the  second  segment  AEeC, 
>  the  second  segment  may  be  shown  to  consist  of  the 
al  pyramid,  whose  base  is  the  spherical  surface,  plus  a 
lidal  CEeO,  and  minus  the  pyramid  CeBO.  Hence  the 
litioD  is  true,  as  enunciated. 

PROPOSITION    XVII.      THEOBEH. 

<lidilif  of  a  parabolic  prism  i»  equal  to  Iwo-lkirds  of  itt 
circumscribing  quadrangular  prism. 

the  solidity  of  any  prism  or  solid,  all  of 

sections  parallel  to  the  base  arc  equal  to 
Be,  is  equal  to  the  base  multiplied  by  the 
e:  and  hence,  prisms  of  the  same  alti- 
re  as  their  bases  ;  but  the  base  of  the  pa- 
!  prism,  which  is  a   parabola,  is  equal 

VI,  B-  l).f  its  circumscribing  rectangle, 
e  rectangle  circumscribing  the  base  of 
rabolic  prism,  is  the  base  of  the  rectan-  *^  *" 

prism. 

PKOPOSITION    XV1[I.    THEORRH. 

■.ngula  be  cut  from  a  parabolic  prism  by  a  plane  past- 
through  the  vertical  line  of  the  parabolic  surface,  and 
«  intersection  forms  an  ordinate  to  the  axis  nf  the  pa- 
la  of  the  base ;  this  vn^ula  is  equal  to  two-thirds  of 
ingulicul  complement  of  the  prism  of  the  same  base  and 
ode. 

DECF  be  an  ungula  cut  from  the 
lie  prism  DEFCAB,  by  the  plane 
rom  the  vertical  line  CF  of  the  pa-  * 
surface,  to  the  base  DEF  forming 
linote  ED  to  the  axis  FQ  of  the 
y  its  intersection  with  the  plane  of 
le,  and  the  ungula  so  cut  will  be 
A  I  of  the  ungulical  complement 
B. 

let  a  rectangle  DELM  be  dcscrib- 
it  the  base  of  the  ungula,  and  let  any  number  of  plai 
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NO/*  parallel  lo  the  base  be  passed  through  the  ungula;  lod 
eacn  of  those  sectiona  made  by  those  plnDes  are  parabnlu; 
aad  if  about  each  of  [hose  parallel  sections,  rectangles  NRFO 
are  described,  those  parabolic  sections  will  each  be  eqai  to 
two-thirds  of  their  respective  circumscribing  rectangles.  (Prof 
VI.  B.  I.)  Now,  if  these  parHllel  sections  through  the  u- 
gula  arc  infinite  in  number  and  equidistant  from  each  other, 
they  will  represent  the  whole  un'gula,  and  their  sum  may  Ix 
taken  as  a  function  of  the  solidity  of  the  unguis,  and  the  no 
of  their  several  circumscribing  rectanjrics  may  he  taken  m  i 
similar  function  of  the  solid  DECLMC;  hence  the  uopi 
DEFC  is  equal  to  two  thirds  of  the  solid  CDELMC.  Now, if 
■we  take  the  altitude  FC  of  the  uneuIa^QF,  the  axis  of  iIk 
parabola  of  the  base,  the  side  CLMC  of  the  new  solid  wiilbi 
a  parabola  equal  and  similar  to  the  base  DEF  of  the  uoguJii 
or  ABU  of  the  complement,  since  perpendiculars  from  everj 
point  in  the  perimeter  of  the  base  DEF,  trace  out  the  pan- 
bolic  section  DEC  ;  and  since  perpendiculars  from  each  poiil 
in  the  .perimeter  DNCOE  to  the  plane  CLM.  includes  ml 
traces  out  the  parabola  CLM.  And  because  QF  or  EL 
would  be  equal  to  EB,  the  rectangle  DELM  would  beeqial 
to  the  rectangle  DEBA;  hence,  the  two  solids  CABDER 
CLMDEC  being  similar  figures  on  opposite  sides  of  the  not 
base,  CDE  are  symmetrical,  (Def.  19,  B.  II.  El.  Sol.  Gtim.); 
and  hence  they  arc  equivalent.  But  the  uogula  CDEF  btf 
been  shown  to  be  equal  to  two-thirds  of  the  solid  CLMDB& 
it  is  therefore  equal  to  two-thirds  of  the  ungulical  complenai' 
CEDABC. 

Cor.  1,  The  above  properties  arc  true  in 
whatever  part  of  the  base  the  plane  CDE  may 
cut,  or  whatever  be  the  altitude  of  the  ungula, 
provided  the  ungula  and  its  complement  have 
equal  bases  and  altitudes;  and  because  ungulas 
on  the  same  base  are  as  their  altitudes,  an  un- 
gula CGED  is  equal  to  the  ungula  GEDF,  if  D^:^l_ 
the  altitude  CG=the  altitude  GF,  since  the  two  ungulas  infif 
on  or  above  the  same  base  EDF. 

Cor.  2.  Hence  the  solidity  of  the  parabolic         ''__ _^ 

UDguIaCDEFisequal  to/y  of  ilscireumscrib-  i.  ©^  -^J. 

ing  prism,  and  the  complement  of  a  parabolic  ^^''^'~7i  t 

ungula  is  equal  lo  J  of  its  circumscribing  prism.  I   -   \V'  I  I 

For  the  parabolic  prism  (Prop.  XVII.)  is  equal  '/'\ 

to  Y  of  its  circumscribing  rectangular  prism  ;  ' ;'  |  '' 

and  since  the  rectangular  prism  clrcumscrib-  y.j 

log  the  parabolic  prism,  may  be  divided  into  ^    ~ 
two  equal  tiiatiguIiMr  prisms  by  s  diagooaf 


SEGMENTS  AND  UNGULAS.  58 

le,  identical  with  the  plane  which  divides  the  ungula  from 
implement,  it  follows  that  the  prism  circumscribing  the 
Ilia  DECF  is  equal  to  that  circumscribing  the  complement 
01,  equal  half  that  circumscribing  the  parabolic  prism.  Let 
qual  the  unc^ula,  and  C  equal  the  complement,  and  let  P 
il  the  triangulnr  prism  circumscribing  the  unguin,  and  2P 
equal  the  quadrangular  prism  circumscribing  the  purabo- 
ymm.  Then  will  U+C=jP  and  U=|C,  hence  C==liU. 
stituting  the  value  ofC  in  the  first  equation,  we  have 

;^U=iP  or  15U=8P. 

ence  U— y'dP* 

le  ungula  is  equal  to  -^  of  its  circumscribing  prism. 

nd  if  we  substitute  the  value  of  U  in  terms  of  C  in  the 

equation,  we  shall  have 

HC=aP  or  6C=4P, 
ence  C=fP,  or  the  complement  of  the  ungula  is  equal 
of  its  circumscribing  triangular  prism, 
herefore,  the  portion  CLBFE  is  equal  to  t'V  of  ^he  prism 
lEBL. 

nd  the  exterior  portion  CLEI  is  equal  to  }  of  the  prism 
«ELI. 

PROPOSITION    XIX.    THEOREM. 

trabolic  pyramid  or  cone  is  equal  to  two-lhirds  of  its  cir* 
cumscribing  rectangular  pyramid. 

et  a  pyramid  be  erected  on  a  base  whose  figure  is  a  para- 
,  ond  if  this  base  is  circumscribed  by  a  rectangle,  it  will 
the  rectangle ;  and  because  every  section  of  each  of  the 
8  erected  on  those  figures  as  bases,  and  whose  sections 
D  a  common  point  are  similar  figures  and  similar  to  the 
•  the  solids  erected  on  those  bases  must  be  in  the  relation 
eir  bases ;  hence  the  parabolic  pyramid  is  =§  its  circum« 
ting  quadrangular  pyramid. 
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DEFINITIONS. 


1.  A  EEvoLoiD  is  a  solid  generated  by  the  continued  Kmi- 
revolution  oi'  a  polygim  on  axes  parallel  to  the  sides  of  the 
polygon  respectively,  and  passing  through  its  centre,  which  ii 
iixc'd.  iind  it  includes  all  the  spnce  that  is  not  cut  ofT  by  eitlier 
aide  of  the  plane,  in  their  several  semi-revolutions. 

2.  Every  rcvoloid  has  as  many  axes  of  rotation,  as  the 
polygon  l*ri)m  which  it  is  conceived  to  be  generated,  hasiode- 
pcndent  sides ;  but  the  axes  of  any  two  parallel  sides  coincide 
with  each  other  and  are  identical. 

Thus,  if  the  quadrilaterial  ABDC  be  made  to  revoke  oa 
the  two  axes,  EF  and  GH,  parallel  to  its  sides  respectively, 
the  solid  generated  by  the  revolutions  of  those  sides  will 
be  a  revoluid,  as  represented  by  BCED. 


A  G  c 


H  I 


B ^C 

D 


E 


S.  A  revoloid  is  designated  by  the  nambcr  of  aides  con- 
tained in  the  figure  from  whence  it  is  conceived  to  be  gene* 
rated. 

Thus  a  triangular  revoloid  is  one  formed  by  the  continiied 
Benni-revoIutioD  ot  the  sides  of  a  triangle  about  their  respectife 
axes. 

A  quadrangular  revoloid,  by  the  revolutions  of  the  ndes  of 
a  square  about  their  corresponding  axes. 
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i]ao  a  pentagonal,  a  hexagonal,  or  other  palygonnl  reoolm'd, 
irmed  by  ihe  continued  semi-revolution  of  the  sides  of  a 
tagon,  a  hexagon  or  other  polygon,  about  their  respective 


0 


lB  represents  a  hexagonal 
oloid. 

;.  The  vertices  of  a  revo- 
1  are  its  two  extremities, 
ere  its  several  curve  sur- 
ra meet  at  a  point,  as  at  A. 
i.  The  line  joining  these  ex-  F 
nities,  is  it^  transverse  or 
tical  axis ;  and  a  section 
nogh  this  axis  is  a  vertical  ^ 

lion.  D 

I.  Any  diameter  perpendicular  to  the  transverse  axis,  is  a 
njugate  axis,  and  any  section  perpendicular  to  the  trans- 
rae  axis  is  a  conjugate  section. 

T.  The  ficure  from  which  a  revoloid  is  supposed  to  be  gene- 
led,  is  called  its  prime ;  which  is  always  represented  by  a 
Djugate  section  through  ihc  cenire  of  the  revoloid. 

8.  A  revoloid  formed  by  the  revolutions  of  the  several  sides 
its  prime  on  axes  that  are  fixed  or  immoveable  during  the 
solutions  of  each  aide  respectively,  may  be  called  right  re- 
Imds;  and  a  vertical  section  through  the  centre  of  its  op- 
■ite  sides  is  a  circle. 

9.  If,  during  the  revolutions  of  the  several  sides  of  the  prime 
■  revoloid,  their  axes  are  made  to  move  in  the  line  of  the 
mverse  or  an  opposite  conjugate  axis,  then  the  revoloid 
UMiume  a  different  character  according  to  the  curve  des- 
ibed  by  its  sides.  It  may  be  elliptical,  parabolic,  or  of  any 
jiUtrcwve. 

10.  An  ellipHeal  recoloid  is  one  whose  transverse  and  con- 
pte  diameters  are  uoequa],  and  whose  vertical  section 
:Dugh  the  centre  of  its  sides  is  elliptical. 

II.  A  spheroid  or  ellipsoid  is  a  solid  generated  by  the  revo 
ion  of  a  semi-ellipse  about  one  of  its  axes,  which  remains 
ed.  n 
If  the  ellipse  revolve  round  the  transverse 
major  axis  AB,  the  figure  is  called  a  pro-  / 
e  or  oblong  spheroid  ;  if  the  ellipse  revolve  « 
ind  the  shurter  axis  CD,  the  figure  is  called 

oblate  spheroid. 
12.  A  segment  of  a  spheroid  or  of  an  elliptical  revoloid  is 
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a  part  cut  ofT  by  o  plane,  parnllel  to  the  major  or  minor  aiit 

13.  A  frustum  ol'  n  splinrnid  Dnd  uIhi  of  nn  elliptical  nvo- 
lold,  is  a  part  intercrptcd  between  two  parallel  planes,  and  ii 
a  portion  incluittid  between  two  opposite  segments. 

14.  A  parabolic  recoloitt  is  one  whose  vertical  section  thh>a^ 
the  ceiili'c  of  ils  sides,  consists  of  two  parabolas  on  opposiie 
sides  of  the  same  base. 

15.  A  parobolie  revoloid  is  vertical  when  the 
vertices  of  the  several  parobolic  sections  are 
identical  with  the  vertices  of  the  revoloid.  This 
Riayalsubc  called  a  parabolic  pyramid. 


16.  It  is  a  conjugate  parabolic  revo' 
laid,  when  the  vertices  of  the  parabo- 
lic sections  lire  all  in  a  plane  perpen- 
dicular to  the  vertical  axis  of  the  re- 
voloid- 


17.  A  Parabolic  conoid  is  a  solid  form- 
ed by  the  revolution  of  a  semi-parabola 
ebciut  its  axis;  it  is  also  culled  a.  para- 
boloid. 


18.  A  Ayperiio/icfonoirf,  or  a  hyperboloid, 
is  a  s'llid  liirmcd  by  tlie  reviilution  ofa  sc- 
mi-hypcrpota  about  ira  grcaler  abscissa,  or 
transverse  axis  produced.  Tiius,  the  hy- 
peib.ihc  conoid  MPBGN  is  formed  by  the 
revolution  of  the  semi-hyperbola  M['B,  about  ^A 
its  grcDier  abscissa  fiK,  or  the  transverse 
axis  BH  produced.  1^ 

10.  A  hyperbolic  revtiluid  is  one  whose  vertical  sccllou 
thniugh  iis  sides  consists  of  two  hyperbolas  whose  vertices  are 
in  the  plane  of  the  conjugate  axes. 

20.  A  hyperbtilie  pyi-atnid  or  pyramoid,  is  one  whose  bat 
is  a  polygon,  and  wIkjsc  vcitical  sections  through  the  vertiee 
ol  the  pynimoid,  is  an  hyperbola.  This  may  also  be  vailed  a 
vertical  hyperbolic  scmi-revoloid. 
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81.  A  circular  spindle  is  a  solid  generated  by  the  revolution 

*a  segment  of  a  circle  about  its  chord,  which  remains  fixed. 

c 

22.  An  elliptical  spindle  is   a 
lid  generated  bv  the  revolution 
'the  segment  of  an  ellipse  about  ^ 
I  chord. 


B 


28.  A  parabolic,  or  hyperbolic  spindle,  is  a  solid  formed  by 
te  revolution  of  a  segment  of  a  parabola  or  hyperbola,  about 
I  ordinate.  Thus,  if  the  segment  PBGP  of  Def.  18  be  sup- 
oied  to  revolve  about  the  (H-dinate  P6,  which  remains  fixed, 
;  will  describe  a  spindle. 

24.  A  revoloidal  spindle  is  a  revoloid 
ircumscribing  a  spindle,  a  vertical  section 
(which  through  the  centre  of  its  opposite 
idn,  is  equal  and  similar  to  that  of  the 
pindle  through  the  same  plane.  It  takes 
nrticular  names  according  to  the  designa- 
ion  of  the  inscribed  sfundle. 

^  25.  A  ring  is  a  solid  formed  by  the  revolution  of  a  plane  sur- 
tce  about  an  axis  exterior  to  itself,  which  axis  is  always  in 
be  same  plane  of  the  revolving  surface. 
Thus,  if  the  plane 
orfiu^s  AB,CD,or  EF 
*8  made  to  revolve 
boat  their  several  ax- 
«  GH,  IK,  LM,  they 
^\  severally  describe  ^ ' H 


(Ads,  which  are  called  rings. 
26.  A  ring  is  designated  according  to  the  figure  of  a  conju* 
ite  section,  or  of  the  plane  surface  from  which  it  is  generated. 

Thus  from  a  rectilineal  figure  AB,  is  formed 
prismatic  ring. 

From  the  circle  EF  is  formed  a  cylindrical  ring. 
From  the  segment  CD  is  formed  an  un-  ^  ^ 

dical  ring,  which,  if  the  line  OP  is  equal  to 
e  radius  of  the  circular  area  COD,  it  may 
)  called  a  spherical  ring,  the  curve  surface 
nnuag  a  portion  of  the  surface  of  a  sphere. 
ings  formed  from  other  figures  or  seg- 
ents  of  other  curves,  may  be  similarly  designated. 

5 
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PBOPOSITION   L   TBBOEUf. 

A  right  revoloid  it  compo$ed  of  cylindrical  ungtdai,  eqad  m 
number  to  the  sides  of  the  revoloid ;  and  tkete  unguiat  an 
such  as  are  formed  by  plane  sectionSyfroin  one  side,  vu^itf 
in  the  axis  of  the  cylinder,  the  intersection  of  which  fiaut 
forms  a  diameter  to  the  cylinder. 

For,  since  the  aeveni  curve  am-    *^_    * .       ° ^ 

fiices  of  a  revoloid  arc  conceived  to 
be  formed  by  the  revolution  of  the 
ndes  of  ita  prime  about  axes  uirallel 
to  those  sicies  respectively;  (Def.  1,) 
the  surfaces  described  by  the  revolth  E  " 
tioQB  of  those  sides,  are  cyhndrical 
lurfaceB,  (Def  1.  B.  III.  El.  S.  Geom.)  l  - 
And  since  the  angles  formed  by  the 
•ides  of  the  prime  are  similar,  each  to 

each,  in  whatever  similar  part  of  their  revolutions  they  may  b^ 
it  follows  that  they  would  form  similar  angles  with  any  plue 
perpendicular  to  these  sides.  Thus,  because,  when  the  lide 
AB,  of  the  revoloidal  prime  ABDC,  in  its  revolution  about  iti 
mzis  EF,  comes  into  the  position  LL ;  and  AC  revolving  about 
its  axis  GH,  comes  into  the  position  II,  &c. ;  the  parts  c<  ud 
ef  of  those  sides  form  the  same  angle  with  each  other  as  be- 
fore ;  they  must  also  form  the  same  andes  with  any  planei 
AD  or  GB  perpendicular  to  the  plane  ABDC  or  c^g.  Haw, 
the  figure  cefg  is  similar  to  the  prime  ABDC ;  and  becaOK 
this  is  true  in  whatever  similar  positions,  the  severa]  sidn  of 
the  prime  may  be  in  the  course  of  their  revolutiona,  it  follov^ 
therefore,  that  sections  through  the  angles  meeting  in  tbs 
transverse  axis  of  the  revoloid,  are  plane  angles  ;  and  as  the* 
plane  sections  cut  the  cylindric  surfaces  (uagonallv  tfaroogk 
the  axis  of  the  revoloid,  the  segments  so  cut  are  cylindric  i* 
gulaa,  (DeC3.  B.  II.) 

Hence,  each  side  of  a  right  revoloid  is  a  cylindric  uondir 
such  as  is  formed  by  plane  sections  cutting  the  cylinder  diag* 
onally,  and  meeting  in  the  axis  of  the  cylinder  and  fonning  > 
diameter  thereto. 

Cor.  1.  Hence  any  vertical  section  through  the  angla 
formed  by  the  meeting  of  the  curve  surfoces  of  the  revoloiA 
or  any  vertical  section  of  the  revoloid  not  at  right  anglet  to  thi 
sides,  is  en  ellipse. 

Cor.  3.  Hence,  also,  the  elliptical  reroloid  may  ba  o» 
ceived  to  be  made  up  of  similar  ungulu  cut  fixnn  an  eUipCieri 
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cylinder  ;  see  Prop.  XIII.  B.  II.,  and  a  parabolic  revoloid  may 
consist  of  ungulas  from  a  parabolic  cylinder  or  prism. 

Cor.  3.  Since  a  revoloid  is  composed  of  cylindrical  ungu- 
lu  equal  in  number  to  the  number  of  the  sides,  those  ungulas 
are  also  such  as  are  cut  from  the  cylinder  of  altitudes  or  lengths 
on  the  cylindric  surface  equal  to  the  lengths  of  the  sides  of  the 
revoloid  indicated  by  the  lengths  of  the  sides  of  its  prime. 

Cor,  4.  All  sections  of  a  revoloid  perpendicular  to  the  ver- 
tical or  transverse  axis,  are  similar  figures,  since  the  sides  of 
its  prime  retain  their  parallel  position  in  whatever  part  of  their 
revolution  they  are  supposed  to  be  taken. 

PROPOSmON    II.       THEOREM. 

The  solidity  of  every  right  revoloid,  bears  the  same  relation  to 
that  of  its  greatest  inscribed  sphere,  as  the  area  of  its  prime 
does  to  that  of  its  greatest  inscribed  circle. 

For  since  the  surface  of  the  revoloid  is  composed  of  cylin- 
dric surfaces,  (Prop.  I.)  and  since  vertical  sections  of  a  right 
revoloid  through  the  centres  of  its  opposite  sides  are  circles, 
(Def.  8.)  it  follows  that  a  sphere  may  be  inscribed  in  the  re- 
voloid so  as  to  touch  its  cylindric  surfaces  through  the  whole 
circumference  of  those  circular  sections,  viz.,  through  the  cen- 
tres of  the  vertical  sides,  so  that  vertical  sections  through  the 
centres  of  the  sides  in  the  revoloid,  will  be  identical  with  those 
of  the  inscribed  sphere  through  the  same  planes. 

Now,  if  planes  be  passed  through  the  two  solids  perpendi- 
cular to  the  vertical  or  transverse  axis,  those  planes  will  cut 
the  solids  in  the  relation  of  their  solidities  through  such  sec- 
tions ;  and  as  all  such  sections  (Prop.  I.  Cor.  4.)  are  similar 
figures  and  similar  to  its  prime,  and  as  all  the  corresponding 
lections  of  the  sphere  are  similar  figures,  viz.,  circles ;  and  be- 
cause the  inscribed  sphere  touches  the  surface  of  the  revoloid 
through  their  whole  vertical  sections ;  each  of  the  conjugate 
■ections  of  the  revoloid  are  polygons,  circumscribing  the  cor- 
responding circular  sections  of  the  sphere.  And  because  an 
indeffinite  number  of  parallel  plane  sections  may  be  regarded 
as  a  function  of  the  soHditics  of  the  bodies  through  which  such 
sections  pass,  the  sum  of  a  series  of  the  rcvoloidal  sections, 
equidistant  and  parallel  to  each  other,  is  to  the  sum  of  a  similar 
series  of  sections  of  the  sphere,  as  the  solidity  of  the  revoloid 
to  the  solidity  of  the  sphere ;  hence  the  solidity  of  the  revoloid 
is  to  the  solidity  of  the  sphere  as  the  area  of  its  prime  to  the 
area  of  its  inscribed  circle. 
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Cor,  Hence,  also,  by  a  parity  of  reasoning  in  referer 
the  perimeters  of  all  the  similar  polygons  formed  by  tb 
jugate  sections  of  the  revoloid  which  circumscribe  and 
all  their  corresponding  circumferences  of  the  sectioni 
inscribed  sphere  ;  the  whole  surface  of  the  revoloid  is  1 
of  the  inscribed  sphere  as  the  perimeter  of  the  polygon 
revoloidal  section  to  the  circumference  of  its  inscribed  e 

Scholium,  The  proposition  and  corollary  are  also  mai 
true  in  reference  to  any  revoloid,  and  its  inscribed  solid 
volution,  if  the  surfaces  of  the  two  solids  correspond  tl 
vertical  sections  through  the  centres  of  the  revoloidal  ■ 

PROPOSITION    III.    THEOREM. 

The  area  of  each  facial  side  of  a  right  revoloid  is  equal 
of  the  corresponding  side  of  its  circumscribing  prim 

Let  ABDA  be  a  vertical  hemisphere  of  a  right  quad 
lar  revoloid,  and  CD  its  axis ;  and  let  AEFB  be  a  prii 
cumscribing  the  hemisphere ;  then  will  each  facial  side 
hemisphere  of  the  revoloid  be  equal  to  its  correspondii 
face  of  the  prism. 

For  first,  let  a  re-     ^  (       n       do 

gular  semi-polygon 
AGLNO,&c.  be  des- 
cribed about  the  fig- 
ure representing  the  w 
revoloid,  and  from 
the  angles  draw  the  g 
lines  GH,  LM,  &c., 
and  if  this  is  conceiv- 
ed  to   be   done 


y 

K 


on 


every  facial  side  of  the  revoloid  included  within  such  li 
the  boundaries  of  surfaces,  it  would  be  a  polyedron,  whoi 
ral  faces  AGHB,  GLMH,  LNOM,  &c.,  correspond  wi 
include  the  several  faces  of  the  revoloid.  Now,  since 
pothesis  the  polygon  AGLN,  &c.,  circumscribing  the 
is  regular  the  distance  across  the  face  of  the  polyedron, 
plane  of  a  vertical  section,  is  equal  in  each,  viz.,  TV  the 
of  the  face,  GLMH  is  equal  VD  the  width  of  the  face  I 
and  they  arc  each  equal  to  GL  orLN;  although  we  cai 
represent  those  spaces  in  the  diagram  in  consequence 
curvature  in  a  plane  perpendicular  to  this  sheet  But  it 
dent  that  the  sides  GL,  IN  of  the  polygon  will  truly  re] 
the  breadth  of  those  faces.    And  since  those  several  & 
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tnpeBum,  they  are  severally  equal  to  half  the  sum  of  their 
Mnllel  sides  multiplied  by  their  altitudes  or  width.  Thus  ihe 
bceMH  is  equal  to  (iGH+iLM)xLG  or  VT,  and  since  VT 
bnpposed  equal  to  L6;  and  since  IK  is  equal  |6H+iLM, 
KxLG  equal  the  face  6LMH  ;  the  face  LNOM=PQxLN, 
nd  the  face  A6HB=ABxAG.  Now  the  areas  of  the  cor- 
mpcmding  parallel  spaces  or  sections  in  the  prism  being  par- 
iBeloerams,  are  severally  equal  to  their  lengths  multiplied  by 
lUr  breadths.  Thus  the  space  6RSH  corresponding  to  thie 
hoe  GLMH,  is  equal  GHxGR,  and  the  parallelogram  KEFS 
Borrespondin^  to  the  iace  LNOM  is  equal  RS  X  RE. 

Now  let  IK  be  produced  each  way  to  W,  X  and  PQ  to  Y,  Z ; 
nui  through  the  point  I  draw  the  radial  lines  Ca  Cb,  draw  also 
U  perpendicular  to  AC.  Then  in  the  right-angled  triangles 
IRG,  alG  having  an  accute  angle  at  G  common,  they  are  simi- 
Iv,  (Prop.  XXIIy  B.  lY.  EL  Geom.)^  and  hence  their  sides  are 
proportional ;  and  because  the  right-angled  triangle  CAa  has 
m  accute  angle  at  a  common  with  the  right-angled  triangle 
31a,  this  triangle  is  also  similar  to  the  former,  as  also  the  tri- 
iDgle  Cdl  or  IJIC.  Hence  GR  :  GL  : :  UI :  CI,  and  because 
IK==2UI,  and  AB  or  GH=2CI,  we  have  GR  :  GL : :  IK  :  GH. 
that  is,  RG  which  is  a  factor  of  the  parallelogram  GRSH  is 
lo  GL,  which  is  the  factor  of  the  trapezium  GLMH  as  IK, 
mother  factor  of  GLMH  to  GH  another  factor  of  GRSH ; 
vhence,  by  multiplying  extremes  and  means,  we  have 
3Rx6H=GLxIK,  viz.,  the  surface  of  the  face  GLMH  of 
he  polyedron  is  equal  to  the  corresponding  vertical  surface 
3RSH  of  the  prism ;  and  since  the  same  may  be  shown  in 
yference  to  any  other  of  the  faces  with  its  corresponding  por- 
lOQ  of  the  surface  of  the  prism,  it  follows  that  the  whole  sum 
'  the  polyedral  faces  on  one  side,  is  equal  to  the  whole  cor 
^ponding  surface  of  the  prism.  Let  the  number  of  the  pol- 
fedral  faces  be  indefinitely  increased,  and  the  truth  of  the  pro- 
position is  still  manifest,  but  when  the  faces  are  indefinitely  in- 
Sl^easedf  they  become  assimilated  to  that  of  the  body  about 
vbich  they  are  described;  therefore,  the  facial  surface  of 
Vch  side  of  a  right  quadrangular  rcvoloid  is  equal  to  that  of 
be  corresponding  side  of  its  circumscribing  prism. 

Cor.  1.  Let  us  suppose  the  revoloid,  instead  of  bein^  quad- 
mgnlar,  to  consist  of  any  number  of  facial  sides ;  then,  by 
frpothesis,  its  circumscribing  prism  will  consist  of  an  equal 
unber  of  vertical  sides  and  in  the  same  ratio  each  to  each ; 
id  hence  the  proposition  is  true  for  a  revoloid  of  any  number 
'  sides.  Let,  then,  the  number  of  sides  be  indefinitely  in- 
eased,  the  reveloid  then  becomes  a  sphere,  and  the  circum- 
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scribing  prism  becomes  a  cylinder.  Hence  the  mir&ce  of  a 
sphere  is  equal  to  the  convex  surface  of  its  circumscribing 
cylinder. 

Cor.  2.  Hence  the  surface  of  a  revoloid  is  equal  to  the  pe- 
rimeter of  its  centeral  conjugate  section  multiplied  by  the  ver- 
tical axis,  for  the  vertical  surfaces  of  the  circumscribing  prism 
are  equal  to  this  product ;  and  since  in  a  right  quadrangular 
revoloid  its  circumscribing  prism  has  six  equal  sides,  four 
of  which  arc  equal  to  the  surface  of  the  revoloid,  it  follows 
that  the  whole  surface  of  the  revoloid  is  to  the  whole  surface 
of  the  prism  as  2  to  3. 

If  4^  represent  the  perimeter  of  the  central  conjugate  sectioiv 
D  the  vertical  axis  or  diameter,  then  4^0  will  represent  the 
surface,  and  if  II  be  the  altitude  of  any  zone  by  sections  par- 
allel  to  the  conjugate  axis,  then  will  H4^=the  curve  surfiice  of 
the  zone  or  segment^of  the  revoloid  or  sphere.^ 

Cor.  3.  Hence  also  the  surface  of  a  sphere  is  equal  to  iti 
circumference  multiplied  by  its  diameter  or  altitude,  for  the 
curve  surface  of  its  circumscribing  cylinder  is  equal  to  this 
product.  And  since  the  surface  of  a  great  circle  of  the  sphere 
IS  measured  by  the  product  of  its  circumference  into  half  the 
radius,  or  by  J  the  diameter,  (Prop.  XVI.  B.  V.  EL  Creonu) 
Therefore  the  surface  of  a  sphere  is  four  times  the  area  of  its 

Seat  circle :  this  is  equal  to  4«rR%  (Prop.  XIII,  Sch.  3.  EL  & 
u>m.)  and  because  the  two  bases  of  the  circumscribing  cylin- 
der are  each  equal  to  one  of  those  circles,  it  follo^^s  that  the 
whole  surface  of  the  cylinder  is  equal  to  six  of  those  circles^ 
and  hence  that  the  whole  surface  of  the  sphere  is  to  the  whole 
surface  of  the  cylinder  as  2  to  3,  as  before  found  in  the  ele- 
ments of  solid  geometry. 

Cor.  4.  Since  we  have  shown  that  the  surface  GLMH  of 
the  polyedron  is  equal  to  the  surface  GRSH  contained  within 
the  same  parallel  planes,  it  follows  that  the  surface  of  any  zone 
or  segment  LNOM  either  of  a  revoloid  or  sphere,  is  equal  to 
the  perimeter  or  circumference  of  a  central  conjugate  sectioa 
multiplied  by  the  altitude  of  such  zone  or  segment 

Cor.  5.  The  surface  of  two  zones  taken  in  the  same  revo- 
loid or  sphere,  or  in  equal  revoloids  or  spheres,  are  to  each 
other  as  the  altitudes ;  and  the  surface  of  any  zone,  is  to  the 
surface  of  the  sphere,  as  the  altitude  or  diameter  of  the  zcmeis 
to  that  of  the  sphere.  Hence  the  surfaces  of  every  puralU 
portion  of  equal  altitude  are  equal. 
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PKOPoainoii  IV.  TasoRSK. 

^a  cylindrical  ungitla  be  crit  by  two  planes  from  the  same  tide 
o^  the  cylinder,  the  tTitersection  of  uhich  planes  forms  a  di- 
ameter  to  the  cylinder,  and  if  the  aUilnde  of  the  ungula,  or  the 
extreme  length  of  the  ungtila  taken  in  the  direction  parallel  to 
tie  axis  of  the  cylinder,  is  equal  to  the  cylinder's  drcumfer- 
e7ice,then  the  sections  or  ungulas  so  cut,  will  be  equal  to  a 
tphere  described  in  the  cylinder,  or  to  a  sphere  whose  diameter 
u  equal  to  that  of  the  cylinder. 

Let  ABCD  be  a  cylinder,  iod  let  HK  be  a  sphere  of  equal 
Hsmeter  described  in  the  cylinder,  and  let  AJBbe  an  ungula  cut 
mn  the  cylinder  by  the  two  planes  OLJ,MN J,  from  the  points 
L  and  B,  whose  distance  AB  parallel  to  the  axis  UT  is  equal 
O  the  circumference  of  the  cylinder,  and  let  the  cutting  planes 
oeet  in  J  forming  a  diameter  to  the  cylinder ;  then  will  the 
cction  AJB  be  equal  to  the  sphere  HK. 


£.     < 

P            H 

"^            -J 

N 

i»-^;     / 

^.j^ 

"*^'****fc  ,  /'  N/   ^ 

'^^ 

w 

v*!!lS^^ 

?nT  ^ 

T 

K    ^^'' 

e 

c 

.    1 

For,  let  planes  be  passed  through  the  ungula  and  sphere 
wrpendicular  to  the  diameter  formed  by  the  intersection  of  the 
danes  LOJ  and  NMJ  ;  and  these  plane  sections,  formed  by 
hete  planes  in  each  solid,  will  be  proportional  to  the  roagni- 
Ddea  of  the  solid  through  such  sections.  Now,  any  section 
if  the  ungula,  by  a  plane  perpendicular  to  the  diameter  which 
lanea  through  the  pole  J  of  the  sphere,  is  a  triangle ;  and  a 
ection  through  the  sphere  made  by  the  same  plane,  is  a  circle; 
nd  the  area  of  a  triangle  formed  by  any  section,  is  equal  to  its 
lUe  multiplied  by  halt  its  altitude  on  such  base.  Thus  the 
na  of  the  triangle  J AB= AB  X  jH  J ;  the  area  of  a  parallel  seo- 
iOD  Jcc,is  in  like  manner  =  the  base  ccxi  the  altitude  J3;  and 
0  for  the  area  of  any  other  parallel  section  Zbb,  iaa,  &c. ;  and 
lecaoae  these  triangles  are  equiangular,  (Prop.  XXII.  B.  IV. 
SZi  Qeom.)  their  bases  are  proportional  to  their  altitudes ;  thus. 
U :  AB  : :  J3  :  cc  : :  J2  :  i>b  : :  Jl  :  on,  &c.  The  areas  of  the 
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several  circles  formed  by  the  same  planes  passing  throurii  the 
sphere,  are  equal  to  their  circumferences  multiplied  by  f  theii 
several  radii ;  thus  the  area  of  the  great  circle  of  the  sphen 
HXKY  is  equal  to  the  circumference  HXKYx^  the  radia 
H  J,  the  area  of  the  circle  PQ  corresponding  to  the  section  Jcc^ 
is  equal  to  the  circumference  PQxi  radius  JP,  and  the  areas  of 
the  circles  RS,  &c.,  =  their  several  circumferences  multi- 
plied by  \  their  several  radii.  And  because  the  .  circumfer* 
ence  of  circles  are  to  each  other  as  their  radii,  (Prop.  XV.  B. 
V.  EL  Greom.)  as  radius  JK  :  circle  HK  :  :  radius  J3  :  cirde 
PQ  :  :  radius  J3  :  circumference  RS,  &c. ;  and,  since  this  is  the 
ratio  of  the  lines  AB,  cc,  bb^  &c.,  as  shown  above,  the  several 
circumferences  are  in  the  same  ratio  of  those  lines  as  bases  of 
their  several  triangles ;  but  the  line  AB  by  hypothesis,  is  equal 
to  the  circumference  HK  ;  hence  the  several  circumferences 
PQ,  RS,  1  J,  &c.,  are  respectively  equal  to  the  several  bases 
cCf  bbf  aa,  &c. ;  hence,  also,  the  areas  of  the  several  circles  be- 
ins;  sections  of  the  sphere,  are  respectively  equal  to  their  seve- 
ral corresponding  triangles,  being  sections  of  the  ungula  made 
'by  the  same  planes  ;  and  as  this  is  true  whatever  may  be  the 
number  of  the  parallel  sections,  or  in  whatever  position  they 
are  taken,  it  follows  that  the  solidity  of  the  unguia  is  equal  to 
that  of  the  sphere.  , 

Cor,  1.  Since  the  section  AJB  may  be  regarded  as  com- 
posed of  the  two  unglas  AJH,  BJH,  regarding  JH  as  their  com- 
mon base,  and  because  ungulas  of  the  same  base  are  propor- 
tional to  their  altitudes,  it  lollows  that  if  we  cut  the  unguia 
HgJ,  whose  altitude  Hg^'i  HB,  and  the  unguia  HJ/",  whose 
altitude  ^f=J  HA,  then  the  section  fJg  including  those  un- 

Silas  together  with  an  equal  opposite  section,  hJi  are  equal  to 
e  section  AJB,  consequently  equal  to  the  sphere  HK.  Or  if 
we  take  the  section  CTD,  whose  base  CD=AB»  this  sectioa 
will  also  be  equal  to  the  sphere  HK. 

Cor,  2.  Since,  it  may  be  shown,  that  all  sections  of  a 
spheroid  or  ellipsoid,  by  planes  parallel  to  its  axis  of  revolu- 
tion, are  similar  ellipses ;  and  since  ellipses  are  to  their  inscrib- 
ed circles,  as  the  diameter  of  the  circle  to  the  major  axis  of  the 
ellipse,  (Proposition  IX  of  the  Ellipse,  B.  I,)  the  solidity  of  an 
ellipsoid  HWKV  is  to  the  solidity  of  the  sphere  HYkX,  as 
the  axis  of  revolution  YW  of  the  ellipsoid  is  to  the  axis  of  re> 
volution  XY  of  the  sphere,  and  hence  if  an  unguia,  "whose  base 
is  equal  to  half  the  base  of  the  cylinder  be  taken,  and  who« 
altitude  is  to  that  of  the  unguia  CtD  as  the  axis  of  revolutifli 
VW  of  the  ellipsoid  to  the  axis  of  revolution  X Y  of  the  spheic^ 
that  unguia  will  be  equal  to  the  ellipsoid  HWKV  made  bytb 
revolution  of  the  ellipse  on  its  axis  vW. 
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8.  As  the  ellipsoid  HWKV  is  to  the  sphere  HYKX 
ujs  VW  of  the  ellipsoid  to  the  axis  XY  of  the  sphere, 
the  cylinder  ^i^  circumBcribing  the  ellipsoid  is  to  the 
•r,pgri  circumscribing  the  sphere,  &s  the  same  axis  VW 
tame  axis  XY,  or  as  the  length  of  those  cylinders  res- 
ively ;  the  ellipsoid  HWKV  bears  the  same  ratio  to  its 
tcribiDg  cylinder /A^,  as  the  sphere  HYKX  to  its  cir- 
ibing  cylinder  pip's.    If  S=tbe  sphere,  and  E=the  el- 
and if  P  =the  cylinder  circumscribing  the  ellipsoid,  and 
\  cylinder  circumscribing  the  sphere, 
XY  :  S  :  :  VW  :  E 
XY  :  Q  : :  VW  :  P, 
«,  (Prop.  XIX.  B.  I.  El  Geom.)  S  :  Q  : :  E  :  P. 


Rvm.  The  segment  A  JB  being  equal  to  the  sphere  HK, 
nexed  figure,  may  represent  tne  manner  id  which  they 


-H: 


iTertible  into  each  other,  as  there  exists  no  mathema- 
aasoo  why  the  segment  AJB  may  not  be  changed,  as 
represented  in  the  figure^ 


i 
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Ci>r.  4.  It  is  also  evident  that  an  ungula 
BCDH,  whose  base  BCD  is  the  sesmeat  of  a 
circle)  similar  to  a  segment  AHB  of  a  vertical 
section  through  this  circular  spindle  AHBG  ; 
if  the  altitude  DH  of  the  ungula  is  equal  to  the 
circumference  of  the  ccmjugate  section  HG  of 
the  spindle,  the  solidity  of  the  ungula  will  be  w  * 

equal  to  that  of  the  spindle,  so  also  will  its  ^^--^Tffl^^ 
curve  surface.  ^«*ZjIL-^^ 

G 

And,  if  a  cylinder  segment 
ABCDH  be  ao  cut  that  the  Tengtb 
AB  shall  be  equal  to  the  circumfer- 
ence of  a  circle  of  which  HG  is  the 
radius,  and  AG  and  BG  lie  in  the 
planes  ACE,  BFD,  then  may  the 
segment  be  converted  into  a  ring  whose  outside  diameter  a 
equal  2HG ;  and  every'  section  of  the  ring  will  be  equal  to  a 
section  through  the  segment. 

Cor,  5.  Hence,  also,  if  a  cylindric  segiment  ABC  be  cut  bv 


^^ 


^ 


^ 


two  planes  meeting  in  the  surface  of  the  cylinder  at  C,  snd 


terminating  at  A  and  B  on  the  opposite 
side,  the  distance  of  which  points  from 
each  other  is  equal  to  the  circumference 
of  a  circle  whose  radius  Is  CD  ;  the  aeg-  eI 
ment  so  cut  may  be  changed  in  the  form 
represented  by  EF,  which  is  the  form  of 
a  cylindrical  ring,  but  without' an  opening 
through  the  centre. 

And  if  instead  of  the  cutting  planes  meeting  in  the  s 
of  the  cylinder,  they  meet  at  a  distance  EC  from  the  cylinderr 


and  at  such  an  angle  that  the  distance  FG  shall  be  equal  to  ths 
eircumfereace  of  a  circle  whose  radius  is  CD,  and  the  sectiaa 
AFGB  wilt  form  a  oyliodricj  ring,  whose  inner  ^ameter  ii 
equal  to  twice  CE. 
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Cor.  0.  And  because  the  section  ANF,  (see  diagrsm  above,) 
cat  from  its  position  and  placed  in  the  position  BGF,  com- 

Mea  the   cylinder  NFPB,  which  is  

ml  in  length  to  hatf  the  sum  of  sides 

Gud  AB.     The  solidity  of  a  cylin- 

rie  ring  AB,  is  equal  to  that  of  a  cy- 

ider  whose  base  is  equal  to  a  radial  *-Xt 

Ktion  of  the  ring,  and  whose  altitude 

icqnal  to  half  the  sum  of  its  inner  and 

lier circles.  An<lhence,cyIindricriDg8 

iboK  sections  are  equal,  are  proportional  to  their  inner  or 

Mer  circumfereDces. 


raoFOetTioH  v.  theobeu. 


Is  toKdity  of  a  cylinder  circumscribing  a  sphere,  i>  equal  to 
tie  loliditg  of  a  prism  circumscribing  the  cylindrical  ungula 
•r  uiigulas  whose  solidity  is  equal  to  the  sphere. 

Let  MNGL  be  a  cylinder  circuniEcnbing  the  sphere  PK ; 
id  let  CRDBKA  be  a  prism  circumscribing  the  two  similar 
^aa  QRKV,  SRKV  described  on  the  base.  KRV=half 


fe^^^fe'ft^ 


I  baK  of  the  cylinder  from  which  they  are  conceived  to  be 
en ;  and  if  QS,  the  sum  of  their  altitudes,  is  equal  in  length 
the  circumference  of  the  cylinder,  then  (Prop.  IV.)  will  tbe 
nlas  equal  the  sphere  of  equal  diameter  to  that  of  t||^  cy- 
ler,  and  the  cylinder  equal  MNLG  will  be  equal  to  the 
sm  CRDBKA. 
For  the  altitude  AC  or  KR  of  the  prism,  on  the  base  CRD, 

Snal  to  the  altitude  of  the  cylinder;  GL  being=the  axis,  both 
e  cylinder  and  the  sphere ;  and  the  length  of  the  side  CD 
tbe  prism  is  equal  to  the  sum  of  the  altitudes  YQ,  VS,  or 
length  QS  of  the  ungulaa  taken  on  the  surface  of  the  cy- 
ler ;  but  the  length  t^S  is  equal  to  the  circimiferencc  of 
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the  sphere  or  cylinder  by  hypothesis.     Now,  the  area  of  the 
base  LN  of  the  cylinder,  is  equal  to  its  circumference  mul- 
tiplied by  half  the  radius  RE;  and  the  area  of  the  baieCDK 
ot  the  prism,  is  equal  to  the  line  CD,  or  the  circumferenoe  d 
the  cylinder  multiplied  by  half  the  line  R&;  hence,  thebaiecf 
the  prism  is  equal  to  that  of  the  cylinder.     And  the  loliditT 
of  the  cylinder  is  equal  to  its  base  ENL  multiplied  by  itiil 
titudc  GL ;  the  solidity  of  the  prism  is  also  equal  to  iti  bM 
CDR,  or  the  base  of  the  cylinder  multiplied  by  its  altitnit 
RK ;  hence,  the  solidity  of  the  cylinder  is  equal  to  that  of  thi 
prism. 

Cor.  As  the  sum  of  two  or  more  ungulas  of  equal  base,iit 
equal  to  one  greater  of  the  same  base,  if  the  sum  of  their  ilfr 
tudes  is  equal  to  the  altitude  of  the  greater,  (Pr.  IX.  Cor.  2.  B.II) 
and  because  a  prism  circumscribing  an  ungula  is  proportiooil 
to  the  altitude  of  the  ungula,  two  or  more  prisms  circumsci^ 
ing  ungulas,  the  sum  of  which  is  equal  to  a  sphere,  are  eqnl 
to  the  cylinder  circumscribing  that  sphere;  and  also, the le- 
veral  prisms  circumscribing  ungulas  equal  to  a  revoloid,ii9 
equal  to  the  prism  circumscribing  the  revoloid  composed  of 
those  ungulas. 

PROPOSITION    VI.    THEOREM. 

Every  right  revoloid  is  equal  to  two-thirds  its  circumserSiiMg 
prism ;  and  every  sphere  is  equal  to  two-thirds  its  circ» 
scribing  cylinder. 

Let  ABCD,  (fig.  1.)  be  a  revoloid,  or  a  sphere  circumscribed 
by  the  prisji  or  cylinder  EFGH  ;  then  will  the  revoloid  ABCD 
be  equal  to  two-thirds  the  prism  EFGH  ;  and  the  sphere  ABCD 
will  be  equal  to  two  thirds  of  the  cylinder  EFGIl. 

For  let  the  plane  EG  be  a  Fig.h 

vertical  section  through  the  jg  Ay 

centre  of  the  revoloid  and 
prism  bisecting  their  oppo- 
site sides  ;  in  which  position, 
(Def.  8.)  the  section  of  the 
revolftd  is  a  circle,  and  the 
section  of  the  prism  through  ^ 
the  same  plane  is  evidently  a 
rectangle.  These  sections 
are,  also,  evidently  those  of  a 
sphere  and  its  circumscribing 
cylinder,  made  by  a  plane 
through  the  common  axis,  ^ 
AC,  of  the  sphere  and  cylin- 


o 
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ler,(Prop.  1,  Sph.  Geom.)  and  (Def.  5,  B.  1,)  through  the  centre, 
tjoin  El,  Fl ;  also  let  AlC,  as  an  axis,  be  parallel  to  EH  or 
!6|  and  DIB  and  KL  parallel  to  EF,  or  HG,  the  base  of  the 
Mbon  of  the  prism  or  cylinder,  the  lalEer  line,  KL,  meeting 
iliD  M,  and  the  circular  section  of  the  revoloid  or  sphere  in 
I;  ud  the  plane  EIF  will  represent  the  vertical  section  of  a 
ynunid  of  equal  base  to  that  of  the  prism,  and  an  altitude,  lA : 
r  it  will  represent  a  vertical  section  of  a  cone  of  equal  base 
itfnt  of  the  cylinder  and  of  an  altitude,  lA. 
Now,  if  the  line  KL  produced,  if  nccecsary,  be  conceived' 
>  revolve  on  the  axis  AC,  it  will  cut  conjugate  sections  of  those 
llidi  in  the  relation  of  their  magnitudes,  viz :  KS  the  section 
fa  pnsm  or  cylinder,  KN  the  section  of  a  revoloid  or  sphere, 
■d  KM  the  section  of  a  pyramid  or  cone- 
Now,  AF  being  equal  to  Al  or  IB,  and  KL  parallel  to  AF, 
h(B  by  similar  triangles  IK  =  KM,  (Prop.  XVII,  B.  IV,  El. 
htm^)  and  since,  in  the  right  angled  triangle,  IKN,  IN'— IK' 
l-KN',  (Prop.  XXIV,  B.  IV,  EL  Geom.)  and,  because,  KL  is 
qoal  to  the  radius  IB  or  IN,  and  KM=:1K,  therefore,  KL*= 
iM'+KN' ;  or  the  longest  line  forming  the  section  of  the 
nitn  or  cylinder,  is  equal  to  the  sum  of  the  squares  of  the 
*her  two,  forming  sections  of  the  revolofd  or  sphere,  the  py- 
tmid  or  cone. 

_  Let  now  the  conjugate  sec-  ^-  *■ 

itoa  of  those  solids  formed  by 
In  revolution  of  the  lines  KL, 
» represented.  (Fig.  2.) 
Thus  let  the  square  OALB.re- 
Rcsent  the  conjugate  section  of 
L  prism,  described  about  the 
judrangular  revoloid,  and  let 

05  circle  OALB  be  the  section 
>f  a  cylinder  circumscribing 
he  sphere  ;  the  square  PCND 
*iO  represent  the  section  of 
he  the  revoloid,  and  the  circle 
|CND  will  represent  the  sec- 
ion  of  the  sphere  ;  the  square  SEMF  will  represent  the  sec- 
ion  of  the  pyramid,  and  the  circle  SEMF  a  section  of  the 
one.  Now,  since  we  have  shown  that  KL',  or  the  square 
\It  described  on  the  line  KL  is  equal  to  KN'  +  KM',  or  the 
}aare  CN  +  the  square  EM,  being  squares  described  on  the 
nee  KN  and  KM ;  it  results  that  the  square  OALB,  descnbed 

6  the  line  OL,  which  is  double  the  line  KL,  is  equal  to  the 
■m  of  the  squares  PCND,  SEMF,  described  on  the  line* 
N,  SM,  being  double  ihe  lines  KN,  KM.    (Prop.  Xil,  B.  I, 


'f 
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EL  Creom.)  That  is,  the  section  of  the  prism  is  equal  to  botk 
the  sections  of  the  rcvuloid  and  pyramid.  And  because  cir- 
cles described  on  the  diameters  SM,  PN,  OL,  are  proportionil 
to  the  squares  described  on  those  diameters,  respectiYelj, 
(Prop.  XIV,  B.  V,  EL  Geom.)  it  follows  that  the  circle  OAlS, 
is  equal  to  the  two  circles  PCND,  SEMF ;  that  is,  the  sectioi 
of  the  cylinder  is  equal  to  the  two  sections  of  the  sphere  and 
cone.  And  because,  (Prop.  I,  Cor.  4,)  the  sections  of  a  rcYo- 
loid,  of  its  circumscribing  prism,  its  inscribed  pyramid  of  sdj 
'number  of  sides,  are  similar  figures;  they  are,  (Prop.  XIT, 
Cor.  3,  B.  V,  EL  Geom.)  proportional  as  the  squares  of  the 
diameters  of  their  inscribed  circles,  hence  the  section  of  i 
prism  of  any  number  of  sides  circumscribing  a  revoloid,  b 
equal  to  the  sum  of  the  corresponding  sections  of  the  revoloid 
and  pyramid,  and  as  this  is  always  true  in  any  parallel  position 
of  the  revolving  line  KL,  (Fi^.  1.)  it  follows,  that  the  prism, 
EB,  circumscribing  the  hemisphere  DAB  of  the  revoloid,  being 
composed  of  all  the  former  sections  is  equal  to  the  hemisphere 
DAB  of  the  revoloid  and  pyramid  EIF,  composed  of  all  the 
latter  sections  ;  and  that  the  cylinder  £B,  is,  in  like  manDer, 
equal  to  the  hemisphere  DAB  and  cone  lEF.  But  the  pyramid 
lEF  is  a  third  part  ol*  the  prism  DEFB ;  (Prop.  XXVI,  Cor.  L 
B.  II,  EL  S.  Geom,)  consequently,  the  hemisphere  DAB  of  the 
revoloid,  is  equal  to  the  remaining  two-thirds.  And  the  cone 
lEF,  (Prop.  VIII,  Cor.  1,  B.  Ill,  EL  S.  Geom.)  is  equal  tooM- 
third  of  the  cylinder,  DEFB :  hence,  the  hemisphere  DAB, 
is  equal  to  the  remaining  two-thirds  of  the  cylinder. 

Cor.  1.  A  pyramid,  revoloid,  and  prism,  arc  to  each  other 
as  the  numbers  1,  2,  and  3,  when  the  bases  of  the  pyramid 
and  prism  are  each  equal  to  the  prime  of  the  revoloid,  and 
when  their  altitudes  are  all  equal.  Also,  a  cone,  sphere,  and 
cylinder,  are,  in  like  manner,  proportional  as  the  numbers  1, 
2,  and  3,  if  the  base  of  the  cone  and  cylinder  are  each  equal 
to  the  ffreat  circle  of  the  sphere,  and  if  the  altitude  of  the 
cone  and  cylinder  are  each  equal  to  the  diameter  of  the  sphexe. 

Cor.  2.  All  spheres,  and  all  similar  revoloids  are  to  each 
other  as  the  cubes  of  their  diameters,  all  being  like  parts  of 
their  circumscribing  cylinders  or  prisms. 

Cor  3.  From  the  forefroms  demonstration,  it  appears,  thai 
the  revoloidal  frustum  DBNP,  is  equal  to  the  diTOrenoe  be- 
tween the  prism  DBLO,  and  the  pyramid  SIM,  all  of  the  same 
common  height  IK.  And  that  the  revoloidal  segment,  PAN, 
is  equal  to  we  difference  between  the  prism^  BFIJO.  and  the 
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didal  frufltum  £FMS»  all  of  the  same  common  alti- 

iK. 

d  the  same  is  true  of  any  parallel  segment  or  frustum  of 

^here,  cylinder  and  cone. 

r.  4.  The  sphere  may  be  regarded  as  a  revoloid  whose 
t  has  an  infinite  number  of  sides,  which  (Prop.  XII,  Cor. 
Y9  El.  Oeom.)  is  identical  with  a  circle. 

r.  5.  From  the  above  de- 
tration,  and  from   propo- 

fourth,  it  may  be  shown 
any  ungula,  being  a  por- 
vf  the  revoloid,  is  equal  to 
birds  of  its  circumscribing 

or  wedge.     Thus,  if  the 
a  ABDC  be  such  as  forms  ^ 
tion  of  a  revoloid,  it  will 
ual  to  two-thirds  of  its  circumscribing  prism,  B6FEA, 

this  ungula  is  the  same  part  of  the  revoloid  as  its  cir- 
cribing  prism,  is  of  the  prism,  circumscribing  the  revo- 


nee,  if  from  the  cylinder  £F  any  ungulas  6CH,  ACB, 
GrCa,  &c.,  are  taken,  whose  cutting  planes  meet  in  the 
e,  C,  of  the  cylinder  or  anywhere  in  its  axis,  those  ungu- 
'e  each  equal  to  two- thirds  of  their  circumscribing  prism 


A     a 


edge ;  these  being  ungulas  such  as  may  compose  a  riff  hi 
oid,  and  (Prop.  IX,  Cor.  2,  B.  II.)  Uiey  are  proportionalto 
altitudes  or  lengths  taken  on  the  surface  of  the  cylinder ; 
the  ungula  GH,  which  may  be  considered  as  composed 
,e  two  unffulas  GC J,  HC J ;  their  common  base  being  the 
jn  through  the  line  CJ,  is  to  the  ungula  ACB,  as  the  line 
to  the  line  AB,  &c.    And  a  prism  circumscribing  an  un« 
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gula  is  evidently  proportional  to  the  length  of  those  lines,  form- 
ing one  of  the  dimensions  of  one  of  its  sides. 

Cor.  6.  Since  all  the  vertical  sections  of  a  right  revdoid 
except  those  bisecting  its  sides  at  right  angles,  are  ellipies, 
(Prop.  I,  Cor.  1.)  it  may  be  inferred  that  an  elliptical  revdoid 
is  also  equal  to  two-thirds  of  its  circumscribing  prism ;  and 
hence  that  an  ellipsoid  is  also  equal  to  two-thirds  its  drcum- 
scribing  cylinder.  For  the  ellipsoid  evidently  bears  the  ume 
relation  to  the  elliptical  revoloid  as  the  sphere  does  to  the  right 
revoloid,  since  the  elliptical  revoloid  may*  by  multiplying  the 
number  of  the  sides  of  its  prime,  be  shaded  ofi*  into  the  eilip 
soid  without  changing  its  relation  to  its  circumscribing  prism, 
which  in  such  case  becomes  a  cylinder. 

Scholium.  Lest  this  latter  corollary  should  not  appear  suffi- 
ciently satisfactory  in  view  of  the  important  principle  enunci- 
ated ;  and  as  it  may  seem  to  require  a  more  rigorous  demoo- 
stration,  it  will  be  made  the  subject  of  the  following  propo- 
sition. 


PEOPOSITION  VII.   THEOEEM. 

An  elliptical  revoloid  is  equal  to  two  thirds  its  circumscriking 
prism ;  and  an  ellipsoid  is  equal  to  two-thirds  of  its  circmik- 
scribing  cylinder. 

Let  us  imagine  the  annexed 
figure  ABCD,  to  be  a  conju- 
gate section  of  a  right  quad- 
rangular revoloid  by  a  plane 
through  its  centre,  and  let 
abcdfOe  regarded  as  another 
conjugate  section  of  the  re-  H 
voloid  between  the  central 
section  and  the  extremity  of 
the  axis,  and  let  them  be  so 
projected  that  the  axis  I, 
perpendicular  to  the  plane  c 
of  projection  may  be  sup- 

S>sed  to  pass  through   their  centres;    and   let   the  ,««v- 
F6H,  and  efghbe  similar  sections  of  a  sphere  of  tbesaoe 
diameter  and  similarly  posited. 

Now  let  it  be  conceived  that  vertical  sections  or  uDgoltf 
be  taken  from  each  side  of  the'  revoloid  and  sphere;  sock 
that  KIL,  kllf  shall  be  sections  of  the  ungula  from  the  side 


ON  REVOLOIDS.  7« 

A.lB,then  wQl  thesectoral  portions  of  those  trinngles  be  respect«> 
ively*  sections  through  the  spherical  ungulas;  now  let  the  plane 
lections  of  the  revoloid  and  sphere  be  reduced  so  as  to  close 
tiie  spaces  formed  by  the  triangles  so  removed,  but  retaining 
Ibeir  former  figures.     Thus  let  ABCD  be  reduced  to  opqr ; 
A3c  to  stnv,  GLc,  then,  because   (Prop.   XXIII.,  B.   I.,*'  EL 
Oeom*)  if  any  number  of  squares  are  proportional,  the  sides  of 
diose  squares  are  proportional,  it  follows  that  if  P  be  =  the 
Jength  of  the  side  AB  of  the  revdoidal  section,  andP'  =  the 
length  of  the  sides  or,  and  if  p  =  the  length  of  the  side  ab 
Wiojp'  B  the  length  of  the  side  st ;  then  wilt  P  ^  the  square 
iiBDCand  iP'^azUie  same^quape  reduced,  or  opqr ;  p*  wills=the 
iqnare  abdc  and/i"  =  the  same  square  reduced,  or  stuv. 
And  we  have  shown  that  P*  :  P'* :  :  jp*  :  /)'• 
Hence  also  (Prop.  XX,  B.  I,  El  Geom.)  P  :  P '  :  :  o  :p' 
That  is,  as  the  side  AB  is  to  the  same  side  reduced,  so  is  the 
ride  abt  to  the  same  side  reduced,  and  hence  the  sides,  or  dia- 
meters of  those  sections  are  reduced  by  the  removal  of  the 
miffulas,  in  the  ratio  of  those  sides,  or  their  diameters  respect- 
ivdy,  and  because  the  circumferences  of  circles  are  as  their 
liameters,  and   their  areas  as  their  squares,  the  diameters  of 
the  circular  sections  of  the  sphere,  are  each  reduced  in  the 
mtio  of  these  diameters  ;  and  the  same    will  hold  true  with 
iM[ard  to  any  parallel  sections  of  the  revoloid  or  sphere. 

If ow  the  several  radii  EI,  el,  -&c.  of  the  several  sections 
(tiay  be  regarded  as  ordinates  to  the  vertical  axis,  I,  of  the  re- 
roloid  and  sphere ;  and  the  radii  ml,  wl,  d^c,  may  be  regarded 
IS  the  corresponding  ordinates  of  the  vertical  sections  of  the 
lelids  so  reduced.  Now,  since  these  latter  ordinates  are  seve- 
rally proportional  to  their  corresponding  ordinates  of  a  vertical 
sircular  section  of  the  revoloid  and  sphere,  it  follows  that  the 
Mine  sections  made  by  the  same  plane,  through  the  solids  so 
reduced  are  ellipses,  for  (Prop.  All,  Cor.  EUipse)  this  is  a 
property  of  an  ellipse,  when  compared  with  a  circle  ;  hence 
the  revoloid  becomes  an  elliptical  revoloid  (Def.  10)  and  the 
qphere  becomes  an  ellipsoid. 

Now  if  a  prism  is  supposed  to  circumscribe  the  revoloid 
before  being  reduced,  and  if  a  cylinder  is  supposed  to  circum- 
icribe  the  sphere,  they  must  in  order  to  accommodate  them- 
idves  to  the  elliptical  revoloid  and  ellipsoid,  be  reduced  in 
»very  conjugate  section,  equal  in  amount  to  the  reduction  of 
lie  central  conjugate  sections  of  the  revoloid  and  sphere  ;  and 
sence  the  prism  will  have  been  reduced  in  the  same  ratio  as 
bat  of  the  revoloid;  and  the  cylinder  will  in  like  manner,  have 
leen  reduced  in  the  same  ratio  as  that  of  the  sphere,  so  that  if 
[Prop.  VI)  a  right  revoloid  is  equal  to  |  of  its  circumscribing 
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prisnit  and  a  sphere  is  equal  to  f  of  its  circumscribiDg  eylix^ 
der,  then  also  will  an  elliptical  revoloid  be  equal  to  f  of  its  cir- 
cumscribing prism,  and  an  ellipsoid  will  be  equal  to  |  of  its 
circumscribing  cylinder. 

Cor.  Since  an  elliptical  revoloid  is  formed  of  ungulas,  cut 
from  an  elliptical  cylinder  (Prop.  I,  Cor.  2)  whose  bases 
are  severally  the  semi-base  of  the  cylinder,  it  follows  that  such 
ungulas  of  an  elliptical  cylinder,  are  equal  to  |  of  their  respec- 
tive circumscribing  prisms. 

Scholium.  Since  the  solidity  of  a  cylinder  may  be  expressed 
by  *R'  X  H  (Prop.  II.,  Sch.  B.  III.,  El.  S.  Geom.,)  that  is 
since  its  solidity  is  as  the  square  of  its  radius  or  diameter 
multiplied  by  its  height,  it  follows  that  ellipsoids  are  propor- 
tional to  each  other  as  the  square  of  their  revolving  axes  mul- 
tiplied by  their  fixed  axes,  and  hence  the  same  is  true  also  of 
the  elliptical  revoloid,    If  R'irH  =  the  solidity  of  a  cylinder, 

f  R'tH  =  the  solidity  of  a  spheroid 

the  solidity  of  a  prism  will  be  4R'H, 

and  the  revoloid  will  be  |  R*H, 

or  if  D  =  2Rthen  the  revoloid  is  =  |  D«H. 

Cor.  2.  As  in  Cor.  3,  prop.  VI,  in  relation  to  the  segments 
of  a  right  revoloid,  or  a  sphere,  so  in  relation  to  the  segments 
of  an  elliptical  revoloid,  or  spheroid,  they  are  respectively 
equal  to  the  difference  between  the  corresponding  sections  of 
their  circumscribing  prisms  or  cylinders,  and  inscribed  pyra- 
mids or  cones.     (See  diagrams  Prop.  YI). 

Cor.  3.  Since  a  spheroid  is  equivalent  to  a  sphere  drawn  out 
as  in  the  case  of  a  prolate,  or  contracted,  as  in  the  case  of 
an  oblate  spheroid,  and  in  such  manner,  as  that  every  line  or 
section  through  the  spheroid,  in  the  direction  of  the  expansion 
or  contraction,  is  drawn  out  or  contracted,  in  the  ratio  of  the 
increase  or  decrease  of  the  axis  in  such  direction,  it  follows  that 
any  segment  of  a  spheroid,  by  a  plane  parallel  to  its  axis  of  re- 
volution, is  to  a  corresponding  segment  of  its  inscribed  sphere, 
if  a  prolate  spheroid,  or  that  of  its  circumscribing  sphere  if 
the  spheroid  is  oblate,  as  the  diameter  of  that  sphere  to  the 
axis  of  the  spheroid,  or  as  in  the  conjugate  axis  of  the  seg* 
menf  s  base  to  the  transverse  of  the  base,  or  the  axis  parallel 
to  the  axis  of  the  spheroid. 

And  any  segment  by  a  plane  perpendicular  to  the  axis  is 
also  proportional  to  a  corresponding  segment  of  the  sphere 
from  which  it  may  be  conceived  to  be  produced  as  the  axis  of 
the  sphere  to  the  axis  of  the  spheroid,  or  as  the  heiffht  of  a 
similar  spherical  segment  to  the  neight  or  altitude  of  Sie  seg- 
ment of  the  spheroid. 
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A  ^  B 


SciuUum.  Let  ABCD  be 

the  complement  of  a  cylinder 
rrom  which  is  takct)  ibe  un- 
jula  GEFH=a  quadrant  of  a 
revoluid,  and  also  a  similar 
apposite  ungula,  cut  by 
plaaes  meetiDg  io  the  diame- 
ter EF  ;  and  there  may  be 
taken  two  cones  whose  bases 
are  the  two  bases  of  the  com- 
plenaent,  and  whose  vertices 
ire  in  the  centre  J,  and  the 
parts  remaining  will  be  equal  to  the  remaininc  cylindrica)  B«r< 
race  X  1  the  radius  of  the  base  or  distance  JP.     (Prop.  IV.| 

Let  the  complement  be  divid- 
ad  io  the  line  EF,  and  let  the  seg- 
ments  be  inverted  so  that  the 
bases  shall  comprehend  the  line 
EF,  and  if  the  planes  ABJ,  DCJ 
But  off  the  segments  AEBJ, 
DFCJ  then  there  shall  be  left  the 
pyramid  AJ,BJ,CJ  j)J,who8e  base 
>■  equal  to  a  central  section  of  the 
^linder  along  its  axis  ;  viz., 
ABCD,  and  its  vertical  height  is 
equal  to  the  radius  of  the  cylin- 
der ;  and  as  each  side  of  the  cy- 
linder is  supposed  to  be  cut  alike,  we  shall  have  two  of  those 
pyramids,  which  together  are  equal  to  one-third  of  the  prism 
circumscribing  the  revoloid. 

It  follows  therefore  that  the  two  ungulas  together  with  the 
two  pyramids  are  equal  to  a  full  quadrangular  revoloid. 


V 


Hence  there  remains  four  portions  ABJFH'  to  be  determined, 
tvhich  when  placed  together,  so  that  their  several  vertices  J, 
shall  Qoiocide,  their  cylindrio  surfaces  turned  inward,  their 
plane  surfaces  will  be  outward,  forming  a  pyramid  equal  to 
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one  of  the  fonner  pyramids,  micuB  a  pyr&midsl  pordoB 
PSQ,RJ,  which  is  required  to  complete  the  pyramid.  It  will 
be  perceived  that  every  section  pqrs  of  thta  latter  solid,  pa* 
rallel  to  the  base  is  a  square,  and  =c  the  square  of  pq,  the 
versed  sine  of  the  arc  ip,  therefore  this  solid  is  equal  to  the 
sqaares  of  an  infinite  series  of  equi- 
distant versed  sines  drawn  into 
their  distance ;  or  is  to  its  circum- 
scribed prism,  erected  on  the  same 

l»se  PSQR  as  an  infinite  series  of 

the   squares  of  equidistant  versed  ^  ^ 

sines   to    a  similar  series    of   the 

sqaares  of  radii,  as  will  be  more  fully  discussed  in  another  place. 

PROPOSITION    VIII.   TBSOKEM. 

^  the  MoUditt/  of  a  iphere  is  equal  to  one  or  several  et/lindrical 
imgulas  of  tie  tame  cyH-nder,  the  surface  of  the  sphere  viU 
«Uo  be  equtd  to  the  cylindrical  surface  of  such  ungida  or 
unguiat. 

Let  HK  be  a  sphere  AJB  a  cylindric  ungula  equal  to  tbe 
sphere,  then  will  the  surface  of  the  sphere  be  equal  to  the 
cylindrical  surface  of  the  unguis. 


For  let  an  indefinite  number  of  planes  be  passed  through  tbe 
two  solids  perpendicular  to  the  axis  J  of  the  sphere,  formed  by 
the  intersection  of  the  planes  LOJ,  MNJ,  and  iJie  sphere  will  be 
divided  into  an  indefinite  number  of  circles,  from  the  great 
orcle  of  the  sphere  down  to  the  smallest  about  the  axis,  and 
the  ungula  will  be  divided  in  like  manner  into  an  indefinite 
number  of  similar  triangles,  with  bases  AB,  cc,  U^  sUn 
which  was  shown  (Prop,  IV)  to  be  equal  to  the  circumfer' 
mc8  of  the  circles  through  the  corresponding  sections  of  the 
qihere  ;  and  because  this  is  tbe  case  llvoughotit,  it  Mlewf 
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that  the  surface  of  tbe  sphere,  which  may  be  represented  by 
the  sum  of  the  several  circumferences  of  the  circles,  is  equal  to 
the  cylindric  surface  of  the  ungula,  which  may  likewise  be 
represented  by  the  sum  of  the  several  bases  of  the  triangles. 
And  because  cylindric  ungulas  of  the  same  base  are  pro- 
portional as  their  altitudes,  (r  rop.  IX,  Cor.  2,  B.  II)  and  be- 
cause their  cylindrical  surfaces  are  proportional  to  their  alti- 
tudes, it  follows  that  if  several  ungulas,  cut  from  a  cylinder  of 
a  given  diameter  are  equal  to  a  sphere  of  the  same  diameter,  the 
surface  of  the  sphere  will  be  equal  to  the  sum  of  their  cylindri-' 
cal  surfaces. 

PBOPOSITION   IX.      THEOBEM. 

The  solidity  of  a  sphere  as  weU  as  a  revoloidy  is  equal  to  the 
product  of  Its  surface  by  one-third  of  its  radius^ 

For  since  the  revoloid  is  made  up  of  sections  of  the  cylinder, 
whose  several  solidities  are  equal  to  their  curve  surface  mul- 
tiplied by  one-third  of  the  radius  of  the  cylinder,  whence 
they  are  conceived  to  be  taken  (Prop.  Ill,  B.  II)  which  radius 
is  equal  to  the  vertical  height  of  the  several  elimentarv  pyra- 
mids of  which  these  sections  are  formed,  and  is  also  the 
radius  of  the  revoloid,  it  follows  that  the  solidity  of  the  whole 
revoloid  composed  of  all  the  sections,  is  equal  to  the  whole 
curve  surface  of  all  the  sections  multiplied  by  one-third  the 
radius. 

Thus,  if  the  revoloid  consist  of  six  facial  sides  a,b,Cfd^fj  the 
soKdity  of  each   of  which  is  equal  to  its  surface  X  i  radius 

r 

or  -^,  or  surface  a  x  ^r  =  solidity  a,  surface  &  X  ir  =  soli- 
dity 6,  &c^  their  surface  a+b+c+d+e+f  X  ir  equal  to  the 
solidity  of  the  whole  revoloid,  and  as  the  number  of  sides  of 
a  revoloid  may  be  increased  indefinitely  without  altering  the 
relation  of  its  elimentary  pyramids,  it  follows  that  the  same 
relation  exists  between  the  solidity  of  the  sphere,  and  its  sur- 
face, as  in  the  revoloid,  viz.,  the  solidity  of  a  sphere,  as  also  of 
a  revoloid,  is  equal  to  the  product  of  their  respective  surfaces  by 
one-third  of  their  respective  radii. 

Scholium,  1.  Conceive  also  a  polyedron,  all  of  whose  faces 
touch  the  sphere;  this  polyedron  may  be  considerd  as  formed  of 
pyramids,  each  having  for  its  vertex  the  centre  of  the  sphere, 
and  for  its  base  one  of  the  polyedrons  faces.  Now,  it  is  evident 
that  all  these  pyramids  will  have  the  radius  of  the  sphere  for 
their  common  altitude ;  so  that  each  pyramid  will  be  equal  to 
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one  face  of  the  polyedron  multiplied  by  one-third  of  the  radios ; 
hence  the  whole  polyedron  will  be  equal  to  its  whole  surface 
multiplied  by  a  third  of  the  radius  of  the  inscribed  sphere  (Prop. 
XV.  Cor.  B.  III.  EL  S.  Geom.)  It  is  therefore  manifest  that 
tfiesoliditiesof  polyedrons,  as  well  asrevoloids  circumscribed 
about  a  sphere,  are  to  each  other  as  the  surfaces  of  those  polye- 
drons  or  revoloids  respectively. 

Now,  also,  as  with  a  re voloid,  the  number  of  polyedron's  faces 
may  be  inscribed  till  the  polydron  becomes  iaentical  with  the 
sphere,  and  then  its  solidity  is  equal  to  the  product  of  its  surface 
with  one-third  of  its  radius  ;  hence  the  sphere  may  be  conceiv- 
ed to  be  made  up  of  an  indefinite  number  of  indefinitely  small 
pyramidals,  whose  bases  when  associated,  form  the  surface  of 
the  sphere,  and  this  surface  has  the  same  relation  to  the  whole 
solid,  or  the  sphere,  as  the  base  of  each  individual  pyramidal 
has  to  the  solidity  of  each. 

Cor.  1.  Hence  the  solidity  of  any  sector  of  a  sphere  or  of  a 
revoloid  is  equal  to  its  spherical  or  cylindrical  surface  multi- 
{died  by  ^  of  the  radius,  lor  a  sector  consists  of  an  association 
of  regular  pyramidals,  the  sum  of  whose  bases  form  the  curve 
surface  of  the  sector. 

Scholium.  2.  Since  the  axis  of  the  cylinder  circumscribing 
a  sphere  is  equal  to  its  diameter,  its  solidity  is  equal  to  its  whole 
surface,  including  the  two  ends  multiplied  by  a  third  of  the  ra- 
dius. For  it  may  be  conceived  to  be  made  up  of  two  cones, 
whose  bases  are  two  ends  of  the  cylinder,  and  vertical  height 
=  half  the  axis  or  length  of  the  cylinder  =  radius ;  and  the  ele- 
mentary pyramids  of  the  curve  surface,  whose  vertices  termi- 
inate  in  the  centre  of  the  cylinder  with  those  of  the  cones,  and 
hence,  its  solidity  bears  the  same  ratio  to  its  surface,  that  the 
solidity  of  a  sphere,  a  right  revoloid,  or  polyedron,  circumscrib- 
ing a  sphere  clo  to  their  respective  surfaces. 

Cor.  2.  Hence  we  have  three  orders  of  surfaces,  which, 
taken  as  bases  of  pyramids,  and  multiplied  by  one- third  of  the 
distance  of  such  base  to  the  vertice  of  the  pyramid,  will  de- 
termine the  solidity  of  such  pyramid  ;  but,  as  obaenred  in 
Schol.  to  Prop.  III,b.  Ill,  EL  S.  Geom.  in  reference  to  cylindri- 
cal surfaces,  the  vertice  of  the  pyramid  with  a  spherical  base, 
must  be  in  the  centre  of  the  spherical  curvature. 

Cor.  8.  Hence,  as  the  solidity  of  a  sphere  is  equal  to  two- 
thirds  that  of  its  circumscribing  cylinder,  and  as  the  sorfiiee 
of  the  sphere  is  equal  to  the  curve  surface  of  the  cylinder ; 
and  as  the  solidities  of  each  of  these  bodies  are  equal  lo  die 
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products  of  their  respective  surfaces,  by  one-third  of  their  com- 
mon radius,  the  surface  of  the  two  ends  of  the  cylinder  is 
equal  to  half  the  curve  surface,  for  if  a  =  the  surface  of  the 
sphere,  and  x  =  the  two  bases  of  the  cylinder,  then  will  a  + 
«  =  the  whole  surface  of  the  cylinder,  including  the  ends. 
Then  aX^r  or  radius  =  the  solidity  of  the  sphere,  and -J  rm  + 
Irx  =  the  'Solidily  of  the  cylinder. 

But  J  ra  =  (^  ra  +  I  rx)  X  I  =  f  ra  +  f  rar. 

Transposing  and  dividing  \  a  =\  rx. 

Hence  a  =  2x,  therefore  the  area  of  the  two  ends  is  equal 
to  half  the  area  of  the  convex  surface  of  the  cylinder. 

The  same  may  be  inferred  from  the  ratio  of  the  inscribed 
cones,  to  the  remaining  portion  of  the  cylinders. 


Scholium.  3.  Since  the  surface  of  a  sphere  whose  radius  is 
R,  is  expressed  by  4«'R«  (Prop.  Ill,  Cor.  2,)  it  follows  that  the 
surfiEices  of  spheres  are  to  each  other  as  the  squares  of  their 
radii ;  and  since  their  solidities  are  as  their  surfaces  multiplied 
by  their  radii,  it  follows  that  the  solidities  of  spheres  are  to 
each  other  as  the  cubes  of  their  radii  or  diameters,  and  the 
same  is  true  also  of  revoloids.  If  the  diameter  is  called  D, 
we  shall  have  R  =  J  D,  and  R"  =  |D*  ;  hence  the  solidity  of 
the   sphere  may  likewise  be  expressed   by  ^  *  X  |  D*  = 

PROPOSITION    X.      THEOREM. 


Every  segment  of  a  sphere  is  mecisured  by  the  half  sum  of  its 
bases  multiplied  by  its  altitude,  plus  the  solidity  of  a  sphere 
U)hose  diameter  is  this  same  altitude. 


Let  BH,  DL,  be  the  radii  of  the  two  bases 
of  a  segment,  HL  its  altitude,  the  segment  be- 
ing generated  by  the  revolution  of  the  circular 
zone  DLHB,  about  the  axis  AG  passing 
through  the  centre  of  curvature  C  ;  from  C 
draw  CO  perpendicular  to  the  chord  DB, 
draw  also  the  radii  CD,  CB.  The  solid  de- 
scribed by  the  section  BCD  is  measured  by 
ir,  CB',  LH  (Prop.  XXIII,  Sch.  2,  B.  Ill, 
L  S.  6com.)  ;  but  the  solid  described  by 
the  isosceles  triangle  DCB,  has  for  its  mea- 
sure I  *  .  CO  .  LH,(Prop.  XVII,  Cor.  B.  Ill,  El.  S.  Geom.,)  ; 
hence  the  solid  described  by  the  segment  BDO  =  |  ^r .  LH  • 
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g^B* — CO).  Now,  in  the  right  angled  triangle  CBO,  we  ba^e 
B*  -  CO*  =  BO*  =  J  BD' ;  hence  the  solid  described  by  the 
segment  BDO,  will  have  fbr  its  roearsure  |  *  .  LH  .  |  BD*r 
or  i  *  BD*  LH. 

Again,  the  solid  described  by  the  trapezeium  BDLH  it 
=  \  *LH  .  (BH*— DL*+BH  .  DL,)  (Prop.  X,  B.  Ill,  El  8. 
Geom.)  Hence  the  segment  of  the  sphere,  which  is  the  sum  of 
those  two  solids,  must  be  equal  to  |  v' .  HL,  (2BH+2DL+2 
BH  .  DL+BK'.)  But  since  BK  is  parallel  to  HL,  we  have 
DK  =  DL  —  BH,  hence  DK*  =  DL*  — 2DL  .  BH  +  BH« 
(Prop.  IX,  B.  IV.,  El.  Geom.) ;  and  consequently  BD"  =  BK 
+DK«  =  HL*  +  DL*  —  2DL  .  BH  +  AH*.  Substitute  this 
value  for  BD'  in  the  expression  for  the  segment,  omittins  the 
parts  which  cancel  each  other,  we  shall  obtain  for  the  solidity 
of  the  segment  }  *HL .  (3BH'  +  3DL'+HL"),  an  expression 
which  may  be  decomposed  into  two  parts ;  the  one  i  ^  .  HL, 

^irRH'4-flrDl  *\ 

(3Bff+3DH'),  or  HL  .  V  ^"  ^  ^±LL  being  the  half  sum  of 

the  bases  X  by  the  altitude  ;  while  the  other  |  «*  .  HL'  repre^ 
sents  the  sphere  of  which  HL  is  the  diameter.  The  same 
may  be  proved  of  any  other  segment  D£,  £F,  &c. ;  hence  the 
proposition  is  manifest. 

Cor.  1.  If  either  of  the  bases  is  nothing,  the  segment  Ib  ques- 
tion becomes  a  spherical  segment,  with  a  single  base  ;  hence 
any  spherical  segment  with  a  single  base  is  equivalent  to  half 
the  cylinder,  having  the- same  base  and  altrtude  +  the  sphere 
of  which  this  altitude  is  the  diameter. 

Cor.  2.  If  IC  is  perpendicular  to  AC  the  solid  described  by 
the  revolution  of  the  segment  about  the  axis  AC,  is  a  ring, 
when  if  DC  or  BC  be  the  radius  of  curvature  of  the  arc  Do 
of  the  segment,  it  is  (Def.  26)  a  spherical  ring,  and  in  such  case 
the  rin^  is  equivalent  to  a  sphere,  whose  diameter  is  the  alti- 
tude of  the  segment  from  which  the  ring  is  taken. 

Cor.  3.  We  may  hence  infer  that  every  segment  of  a  right 
revoloid  included  between  two  parallel  planes  perpendicular 
to  its  transverse  axis,  is  also  measured  by  the  half  suai  of  its 
bases  multiplied  by  its  altitude,  plus  the  solidity  of  a  similar 
revoloid,  whose  diameter  is  this  same  altitude  ;  and  that  the 
solidity  of  the  belt  ABCD,  (see  diagram  to  next  proposition,) 
taken  from  the  middle  segment  or  zone  of  a  revoloid,  is  equi* 
▼alent  to  a  right  revoloid  of  similar  type,  whose  dLiameter  is 
this  same  altitude. 
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.  4.  It  may  be  inferred  also  that  every  segment  of  an 
al  revoloid,  or  of  an  ellipsoid,  cut  by  planes  perpendicu- 
tbeir  vertical  or  transverse  axis,  is  equal  to  half  the 
'  its  bases  multiplied  by  its  altitude  +  the  solidity  of  a 
*  revoloid  or  spheroid,  whose  vertical  axis  is  this  same 
s»  since  the  spheroid  is  the  sphere  drawn  out  as  in  the 
!,  and  constructed  as  in  the  oblate  spheroid,  and  since 
ne  is  true  of  the  elliptical  revoloid,  compared  with  the 
evoloid  ;  and  hence  that  thesolidity  of  abelt  taken  from 
Idle  zone  or  segmentof  an  elliptical  revoloid  is  equivalent 
nilar  revoloid,  whose  vertical  axis  is  the  altitude  of  the 
It  or  breadth  of  the  belt,  and  the  same  is  also  true  of  the 
ken  from  the  middle  segment  of  a  spheroid,  viz.,  that  it 
iralent  to  a  similar  spheroid,  whose  axis  of  revolution  is 
tude  of  the  segment  or  breadth  of  the  ring. 

PROPOSITION    XI.  THEORSM. 


iguJar  portions  of  a  revoloidal  belt  taken  from  the  mid- 
one  of  a  quadrangular  revoloid^  are  together  equal  to  a 
bidai  spindle^  whose  verticle  section  through  its  opposite 
'  is  a  double  segment  of  a  circle,  equal  to  the  segment  con- 
ting  a  conjugate  section  of  the  belt. 

ABCD  be  a  belt  taken  from  the  middle  zone  of  a  quad- 
ir  revoloid,  and  let  its  conjugate  section  lES  or  KES 
segment  of  a  circle  ;  and  the  angular  portions  KAIE, 
,  NCOG,  and  PDEQH  will  be  equal  to  the  revoloidal 

RUTV  whose  vertical  section  through  the  centre  of  its 
e  sides  is  a  similar  double  segment  of  the  same  or  an 
ircle. 

let  the  prismatic  cylin-  ^ 
ngulas  lESLF,  FMNG,  k 
,  HQ  KES,  be  removed, 
t  these  several  angular 
be  brought  in  juxta-posi- 
r  the  contact  of  their  cor- 
ling  faces,  thus  let  FLM 
i^t  in  the  position  lES,  so 
T  shall  coincide  with  lES, 
0  and  HQP  be  brought  in  ^\ 

with  FML  and  EIK,  so  d! 
3N,     HQ,     shall     coin-  P  o 

ith  FM,  EK.  For  since  the  faces  of  these  angular 
s  are  all  similar  and  equal  to  each  other,  they  would  co- 
when  placed  in  contact  each  to  each,  and  because  the 
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corresponding  faces  are  parallel  to  each  other  in  the  belt,  tky 
would,  when  placed  in  contact,  form  the  same  angular  space  as 
in  the  belt,  and  because  they  form  all  the  angular  space  about 
the  axis  EI  when  in  contact  they  will  form  a  body,  whose  coo- 
jugate  section  is  a  square,  and  whose  vertical  section  through 
the  centre  of  its  sides  is  the  double  segment  of  a  circle,  which 
(I>ef.  24)  is  a  revoloidal  spindle. 

Cor.  1.  Hence,  we  may  infer  that  the  angular  portions  of 
any  revoloidal  belt  taken  from  the  middle  frustum  or  zone 
of  a  revoloid  of  any  number  of  sides,  is  equal  to  a  revoloidal 
spindle  of  the  same  number  of  sides,  and  whose  vertical  sec- 
tion through  its  opposite  sides  is  equal  to  a  double  s^^ment  of 
the  circle  composing  a  section  of  the  belt  And  since  the  an- 
gular space  is  the  same  in  a  circular  ring  as  in  a  circle  or  aboot 
a  point,  (Prop.  XXI.  B.  V.  EL  Geom.)  it  follows  that  the  an- 
gular space  of  a  belt  or  ring  taken  from  the  middle  zone  of  a 
sphere,  is  equal  to  a  circular  spindle  formed  by  the  revolution 
of  a  section  of  the  ring,  being  a  circular  segment  about  its 
chord  as  an  axis. 

Cor.  2.  Therefore,  a  belt  from  the  middle  zone  of  a  rero- 
loid  of  any  number  of  sides,  may  be  resolved  into  prismatic 
ungulas  equal  in  number  to  the  number  of  the  sides  of  the  re- 
voloid, the  bases  of  which  are  severally  equal  to  segments  of 
the  circle  forming  a  conjugate  section  of  the  belt,  and  wboae 
altitudes  are  each  equal  to  the  length  of  the  sides  of  the  poly- 
gon forming  the  inner  portion  of  the  belt ;  and  one  perfect  re- 
voloidal spindle  whose  vertical  section  through  the  centre  of 
its  opposite  sides,  is  the  double  segment  of  the  circlet  each 
equal  to  the  segment  formed  by  a  section  of  the  belt. 

Hence,  the  soliditv  of  a  revoloidal  belt  is  equal  to  that  of  a 

Erismatic  cylindrical  un^ula,  whose  base  is  the  section  of  the 
elt  and  whose  altitude  is  equal  to  the  perimeter  of  the  inner 
surface  of  the  belt,  plus  a  revoloidal  spindle  whose  vertical 
section  through  it^  opposite  sides  is  the  douUe  segment  of  the 
section  of  the.  belt 

Cor.  3.  The  solidity  of  a  ring  taken  from  the  middle  sone 
of  a  sphere,  is  equivalent  to  that  of  a  prismatic  cylindrical  us- 
^la,  whose  base  is  the  section  of  the  ring,  and  whose  altitude 
18  equal  to  the  inner  circumference  of  the  ring,  plus  a  circular 
spindle  formed  by  the  revolution  of  the  segment,  forming  t 
section  of  the  ring  about  its  chord  as  an  axis. 

Scholium  1.  Let  Z  =  the  middle  zone  of  a  revoloid*  P  ^ 
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he  prism  formed  by  taking  a  belt  from  this  zone ;  then  will 
5  —  P  =  the  belt. 

Let  S  =  the  segment  formed  by  a  section  of  the  belt,  and 
»  =  the  perimeter  of  the  inner  surface  of  the  belt,  and  S  = 
he  solidity  of  the  spindle  formed  by  the  angular  portions  of 
he  belt ;  then  will  sXp  or  5p  =  the  prismatic  cylindrical  un- 
^las,  and  Z  —  P~«p  =  5  =  the  revoloidal  spindle. 

Scholium  2.  Let  Z  =  the  middle  frustum  of  a  sphere,  P  = 
be  cylinder  after  taking  away  the  ring  whose  section  is  the 
^ment  of  the  circle  of  which  the  spherical  surface  of  the 
egment  is  formed,  and  Z  —  P  =  the  ring. 

Let  S  =  the  segment  formed  by  a  section  of  the  ring  and 
'  =  the  inner  circumference  of  the  ring,  and  sit  will  =  the 
»ri8matic  cylindrical  ungula  which  is  conceived  to  form  a  por- 
km  of  the  ring.  Let  s  =  the  spindle  formed  from  the  angu- 
ir  portions,  and  Z  —  P_^  =  5  =  the  circular  spindle. 

Scholium  3.  Let  the  length  or  perimeter  of  a  revolidal  belt  or 
pherical  ring,  taken  from  the  middle  zone  of  a  revoloid  or 
phere,  be  increased  while  the  conjugate  section  remains  the 
ame,  and  the  portion  which  may  be  resolved  into  the  prisma- 
ic  cylindrical  ungula  is  increased  in  the  same  ratio :  but  the 
Bgular  portion  which  we  resolve  into  the  spindle,  remains 
onstant. 

Therefore,  rings  formed  from  portions,  whose  sections  are  a 
imilar  segment  of  a  circle,  are  not  proportional  to  the  circum- 
erences  of  the  rings,  unless  the  chord  of  the  segment  is  per- 
^ndicular  to  the  axis  of  rotation  of  the  segment  generating 
he  rings.    (See  Cor.  6th.  Prop.  IV.) 

Cor.  4.  If  a  belt  or  ring  be  taken  from  a  middle  frustum  or 
one  of  an  elliptical  revoloid  or  an  ellipsoid,  the  belt  or  ring 
nay,  in  like  manner,  be  resolved  into  a  prismatic  ungula  of 
n  elliptical  cylinder  whose  base  is  the  section  of  the  belt  or 
ing,  and  whose  altitude  is  its  inner  circumference ;  and  an 
Uiptical  spindle,  such  as  would  be  formed  by  the  revolution  of 
he  elliptical  segment,  formed  by  a  section  of  the  belt  or  ring 
round  its  chord  as  an  axis,  which  spindle  is  equal  to  all  the 
ogula  space  contained  in  the  belt  or  ring. 

Scholium.  4.  The  same  remarks  as  were  used  in  reference 
0  segments  Prop.  X.,  Cor.  4,  are  applicable  to  the  belt 
•r  ring  from  a  middle  zone  or  frustum  of  an  elliptical  revoloid 
•r  an  ellipsoid,  viz :  that  a  belt  from  a  middle  zone  of  an  ellip- 
icml  revoloid  is  equivalent  to  a  similar  revoloid  whose  axis 
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is  equal  to  the  altitude  of  that  of  the  zone,  and  that  a  ring 
from  the  middle  zone  of  an  ellipsoid  is  equivident  to  a  similir 
ellipsoid  whose  axis  is  equal  to  the  altitude  of  the  segment; 
and  this  is  true  whether  it  is  an  oblate  or  prolate  revcioid  or 
ellipsoid. 

Scholium.  The  middle  frustum  of  a  circular  or  an  elliptical 
spindle,  may  be  resolved  into  two  portions  ;  a  cylinder  whose 
base  is  one  of  the  bases  of  the  frustum,  and  its  altitude  eqoal 
to  the  length  of  the  frustum  ;  and  a  ring  remaining  after  this 
cylinder  is  withdrawn.  The  ring  may  be  computed  by  find- 
ing what  portion  it  is  of  a  spherical  ring,  and  the  cylinder 
may  be  computed  according  to  its  dimensions. 

PEOPOSmON    XII.   THBOEBM. 

A  vertical  parabolic  rtvoUnd  is  equal  to  habits  ciraamscribiMg 
prism ;  anda  vertical  paraboloid  is  equal  tohd^  its  drcum- 
scribing  cylinder. 

Let  ABC  be  a  vertical  section  of  a 
segment  of  a  quadrangular  parabolic 
revoloid,  or  of  a  paraboloid,  and  let 
BCHI  be  a  similar  section  of  the  prism 
circumscribing  the  revoloid,  or  cylin- 
der circumscribing  the  paraboloid 
through   the    same    plane    HBADIC,    B  D  c 

and  if  we  suppose  the  axis  AD  to  be 
divided  into  an  indefinite  number  of 
equal  parts  through  which,  and  through  the  solid,  if  planes 
EFG  are  passed  perpendicular  to  such  axis,  the  sections  of 
the  revoloid  made  by  such  planes  would  be  squares,  all  of 
which  make  up  the  revoloid,  and  the  sections  of  the  paraboloid 
would  be  circles,  all  of  which  constitute  the  paraboloid,  which^ 
as  those  squares  and  circular  sections  are  indefinitely  near 
together,  may  be  represented  as  a  function  of  those  squares  or 
circles. 

Now,  because  the  square  described  on  F6  is  equal  to  }  of 
the  square  on  EG,  4FG'  =  the  area  of  the  square  described  oa 
EG.  But  by  property  of  parabola,  (Prop.  VII.,  parabola,) 
pXAF  =  FG*  where  p  denotes  the  parameter  of  the  p^ 
rabola  ;  consequently  4pxAF  will  also  express  the  same 
square  section  EG,  and  therefore  4pX  the  sum  of  all  the 
APs  will  be  the  sum  of  all  the  square  sections,  or  the  same  fimo* 
tion  of  the  whole  content  of  the  revoloid  ;  and  because  circlet 
are  as  the  squares  described  on  their  diameters,  the  son  of 
all  the  APsXv'willbe  a  similar  function  of  the  whole  oonteotof 
the  paraboloid. 


m 
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But  all  the  AP's  form  an  arithmetical  progression,  begin- 
ig  at  0  or  nothing,  and  having  the  greater  term,  and  the 
m  of  all  the  terms,  each  expressed  by  the  whole  axis  AD. 
And  since  the  sum  of  all  the  terms  of  such  progression  is 
ual  to  j  AD,  multiplied  by  AD,  or  j  AD*,  half  the  product 
the  greatest  term,  and  the  number  of  terms  ;  therefore 
AD'  is  equal  to  the  sum  of  the  APs,  and  consequently 
X  } AD» ,  or  2  X/?  X  AD*  is  the  sum  of  the  re voloid.  But  by 
9   properties  of  the .  parabola  p  :  DC  :  :  DC  :  AD» 

p  =  -Tjr    ;  consequently    2Xj»xAD*,  becomes  2xAD 

DC'  for  the  solid  content  of  the  re  voloid.  But  4  X  AD 
DC'  is  equal  to  the  prism  HIBC,  consequently  the  parabo- 
revoloid  is  equal  to  half  of  its  circumscribing  prism,  and 
>m  a  parity  of  reasoning,  with  regard  to  the  paraboloid  and 
linder,  the  paraboloid  is  equal  to  half  its  circumscribing 
linder. 

Car.  Hence  each  of  the  ungulas  of  which  the  parabolic  re- 
loid  is  composed  is  equal  to  half  its  circumscribing  prism, 
d  these  ungulas  are  such  as  are  cut  from  a  parabolic  cylin- 
r  or  prism,  oy  planes  meeting  in  the  vertical  plane,  passing 
rough  the  vertices  of  its  two  parabolic  bases. 

PROPOSITION   XIII.      THEOREM. 

he  tolidity  of  a  frustum  of  a  polar  hemisphere  of  a  parabolic 
revoloid  is  equal  to  a  pnsm  of  equal  altitude^  and  whose  base 
is  half  the  sum  of  the  two  oases  of  the  frustum  ;  and  the 
solidity  of  a  frustum  of  a  polar  heinisphere  of  a  paraboloid 
is  equal  to  thai  of  a  cylinder  of  equal  altitude^  and  whose 
hose  is  equal  to  half  the  sum  of  the  two  circular  bases  of  the 
frustum. 

For  in  the  frustum  BEGC  last  proposition. 
2px  AD'=  the  solid  ABC 
and  2jixAF'  ^^  the  solid  AEG. 
Therefore  the  difference  2pX(AD«  —  AF«)  =  the  jBrustum 
EGC. 

But  AD«-.AF'=  DFx(AD+AF,) 
ercfore,  2pxDFx(AD+AF)  =  the  frustum  BEGC. 
But,  by  the  parabola  ;>X  AD  =  DC*,  andpxAP  =  FG\ 
erefore  2xDFx(DC*+FG«)  =  the  frustum  BEGC, 
at  is  frustum  BEGC  =  half  the  sum  DC,  FG,  of  the  frus- 
m  multiplied  by  the  altitude  DF. 

And  for  the  same  reasons  as  adduced  in  the  the  last  pro- 
«ition,  this  demonstration  is  equally  applicable  to  the  frustum 
a  revoloid  or  a  paraboloid. 
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Cor.  Hence  any  conjugate  seclioD  of  an  unguis,  b^og  pirl 
of  a  polar  hemisphere  of  a  parabolic  rev  oloid,  is  equal  tot 
prism  of  equal  altitude,  and  whose  base  is  equal  to  half  the 
sum  of  the  two  bases. 

PROPOBITION    XIV.    THEOBXM. 

A  conjugate  parabolic  revoloid  is  equal  to  ^j  of  its  circumscrA- 
ing  prism  \  and  a  conjugate  parabolic  spxtuUe  is  equal  la 
yj  of  its  circumscribing  cylinekr. 

Let  AI6C  be  a  parabolic  revoloid 
whose  vertical  axis  is  an  ordinate 
to  the  several  parabolic  sections, 
and  whose  vertices  are  at!  in  the 
[Jane  mnde  by  the  conjueate  sec- 
ti<Ki  ARPB,  and  the  revoloid  will  be 
equal  to  i*;  of  its  circumscribiDg 
prism. 


For  this  revoloid  is  composed  of  parabolic  ungula^  nich  u 
are  cut  from  the  vertical  side  of  a  parabolical  prism,  which 
(Prop.  XVIII, Cor.  2,  B  II.)areequal  tOi^ their  circumsciibing 
prisms ;  hence  a  number  of  associated  ungulas  are  equal  to  ^ 
their  associated  prisms,  and  since  the  inscribed  paraboloid 
bears  the  same  proportion  to  its  circumscribing  cylinder,  ti 
the  revoloid  to  its  circumscribing  prism ;  hence  a  conjiuate 
paraboloid  or  a  parabolic  spindte  is  ^  of  its  circumscriboj 

SchoHum,  The  fhistum  of  a  parabolic  spindle  may  be  ra- 
solved  into  three  portions — first,  a  cylinder  whose  base  is  one 
of  the  bases  of  the  frustum,  and  whose  altitude  is  the  length  of 
the  frustum— second,  the  angular  porti<m  of  the  ring  ie> 
maining  after  taking  away  the  cylinder,  which  is  equivalenl 
to  a  parabolic  spindle  formed  by  the  revolutioo  of  the  section 
of  the  ring  on  the  chord  or  douUe  ordinate — third,  a  parabo- 
lic prism,  whose  base  is  a  section  of  the  ring,  and  whose  abi' 
titude  is  equal  to  the  inner  circumference  of  the  ring. 

The  first  is  equal  to  its  base  multiplied  by  its  altitude.  Ths 
second  is  equal  to  iV  of  its  circumscribinff  priam  ;  the  thini  i* 
equal  to  %  of  its  circumachbing  recttRgwar  pritm. 
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PKOPOSITION   XV.    THEOREM. 

any  9olid^  formed  by  the  rotation  of  a  conic  section  about  its 
axis^  that  is  a  spheroid, paraboloid^  or  hyperboloid,  be  cut  by 
a  plane  in  any  position  ;  the  section  will  be  some  conic  sec- 
tion^  and  all  the  parallel  sections  will  be  like  and  similar 
figures. 

Let  ABC  be  the  generating  section,  or  a  section  of  the  given 
id  through  its  axis  BD,  and  perpendicular  to  the  proposed 
:tion  AFC,  their  common  intersection  being  AC ;  and  GH 
any  other  line  meeting  the  generating  section  in  G  and  H, 
d  cutting  AC  in  E  ;  and  erect  £2F  perpendicular  to  the  plane 
)C,  and  meeting  the  proposed  plane  in  F. 


Then,  if  AC  and  GH  be  conceived  to  be  moved  continually 
rallel  to  themselves,  "will  the  rectangle  AE  X  EC  be  to  the 
:tangle  GE  X  EH,  always  in  a  constant  ratio ;  but  if  GH  be 
rpendicular  to  BD,  the  points  G,  F,  H  will  be  in  the  circum- 
ence  of  a  circle  whose  diameter  is  GH,  so  that  GE  X  EH 
11  be  =  EP  ;  therefore  AE  X  EC  will  be  to  EP,  always 
a  constant  ratio ;  consequently  AFC  is  a  conic  section,  and 
ery  section  parallel  to  AFC  will  be  of  the  same  kind  with  it, 
d  similar  to  it. 

Cor.  1.  The  above  constant  ratio,  in  which  AE  X  EC  is 
EF*,  is  that  of  KI*  to  IN*,  the  squares  of  the  diameters  of 
5  generating  section  respectively  parallel  to  AC,  GH  ;  that 
the  ratio  of  the  square  of  the  diameter  parallel  to  the  sec- 
n*  to  the  square  of  the  revolving  axis  of  the  generating 
ine. 

This  will  appear  by  conceiving  AC  and  6H  to  be  moved  into 
;  positions  KL,  MN,  intersecting  in  I,  the  centre  of  the  ge- 
lating  section. 
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Cor.  2.  And  hence  it  appears,  that  the  axes  AC  and  2£F 
of  the  section,  supposing  E  now  to  be  the  middle  of  AC,  will 
be  to  each  other,  as  the  diameter  KL  is  to  the  diameter  MN 
of  the  generating  section. 

Cor.  3.  If  the  section  of  the  solid  be  made  so  as  to  retuni 
into  itself,  it  will  evidently  be  an  ellipse.  Which  always 
happens  in  the  spheroid,  except  when  it  is  perpendicular  to  the 
axis  ;  which  position  is  also  to  be  excepted  in  the  other  solids, 
the  section  being  always  then  a  circle :  in  the  paraboloid  the  sec- 
tion is  always  an  ellipse,  excepting  when  it  is  parallel  to  the 
axis  ;  and  in  the  hyperboloid  the  section  is  always  an  ellipse, 
when  its  axis  makes  with  the  axis  of  the  solid,  an  angle  greater 
than  that  made  by  the  said  axis  of  the  solid  and  the  asymptote 
of  the  generating  hyperbola  ;  the  section  being  an  hyperbola 
in  all  other  cases,  but  when  those  angles  are  equal,  then  it  is 
a  parabola. 

Cor.  4.  But  if  the  section  be  parallel  to  the  fixed  axis  BD, 
it  will  be  of  the  same  kind  with,  and  similar  to,  the  generating 
plane  ABC  ;  that  is,  the  section  parallel  to  the  axis,  in  a  sphe- 
roid, is  an  ellipse  similar  to  the  generating  ellipse ;  in  the  panh 
boloid,  the  section  is  a  parabola  similar  to  the  generating  pant* 
bola  ;  and  in  an  hyperboloid,  it  is  an  hyperbola  similar  to  the 
generating  hyperbola  of  the  solid. 

Cor.  5.  In  the  spheroid,  the  section  through  the  axis  is  the 
greatest  of  the  parallel  sections  ;  but  in  the  hyperboloid,  it  is 
the  smallest ;  and  in  the  paraboloid,  all  the  sections  parallel  to 
the  axis,  are  equal  to  one  another.-^For,  the  axis  is  the  great- 
est parallel  chord  line  in  the  ellipse,  but  the  least  in  the  oppo* 
site  hyperbolas,  and  all  the  diameters  are  equal  in  a  parabola. 

Cor.  6.  If  the  extremities  of  the  diameters  KL,  MN,  be 
joined  by  the  line  KN,  and  AO  be  drawn  parallel  to  KN,  and 
meeting  GEH  ui  O,  £  being  the  midde  of  AC,  or  A£  the 
semi-axis,  and  GH  parallel  to  MN.  Then  EO  will  be  equal  to 
EF,  the  other  semi-axis  of  the  section. 

For,  by  similar  triangles,  KI :  IN  :  :  AE  :  £0. 

Or,  upon  GH  as  a  diameter,  describe  a  circle  meeting  EQ« 
perpendicular  to  GH,  in  Q ;  and  it  is  evident  that  £Q  will  be 
equal  to  the  semi-diameter  EF. 

Cor.  1.  Draw  AP  parallel  to  the  axis  BD  of  the  solid,  and 
meeting  the  perpendicular  GH  in  P.  Then  it  will  be  evident 
that,  in  the  spheroid,  the  semi-axis  EF  =  EO  will  be  greater 
than  EP ;  but  in  the  hyperboloid,  the  semi-axis  EF  =  EO,  of 
the  elliptic  section,  will  be  less  than  EP  ;  and  in  the  parabo* 
loid,  EF  »  EO  is  always  equal  to  EP. 
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jKufiu  The  analogy  of  the  sections  of  an  hyperboloid  to 
>f  the  cone,  are  very  remarkable,  all  the  three  conic 
IS  being  formed  by  cutting  an  hyperboloid  in  the  same 
n  as  the  cone  is  cut 

IS,  let  an  hyperbola  and  its  asymptote  be  revolved  toge*^ 
K)ut  the  transverse  axis,  the  former  describing  an  hyper^ 
,  and  the  latter  a  cone  circumscribing  it ;  then  let  them 
posed  to  be  both  cut  by  a  plane  in  any  position  and  the 
ctions  will  be  like,  similar,  and  concentric  figures  ;  that 
le  plane  cut  both  sides  of  each,  the  sections  will  be  con- 
:,  similar  ellipses;  if  the  cutting  plane  be  parallel  to  the 
•tote,  or  to  the  side  of  the  cone,  the  sections  will  be  para* 
and  in  all  other  positions,  the  sections  will  be  similar 
dicentric  hyperbolas. 


t  the  sections  are  like  figures,  appears  from  the  forego* 
rollaries.  That  they  are  concentric,  will  be  evident 
we  consider  that  Cc  is  =  Aa»  producing  AC  both  ways 
ii  the  asymptotes  in  a  and  c.  And  that  they  are  similar, 
re  their  transverse  and  conjugate  axes  proportional  to 
•ther,  will  appear  thus  :  Produce  GH  both  ways  to  meet 
ymptotes  in  g  and  h  ;  and  on  the  diameters  GH,  gk, 
t>e  the  semi-circles  GQH,  gRh,  meeting  EQR,  drawn 
idicular  to  GH,  in  Q  and  R  ;  £Q  and  ER  being  then 
tly  the  semi-conjugate  axes,  and  EC,  Ec,  the  semi-trans- 
axes  of  the  sections.  Now  if  GH  and  AC  be  conceived 
noved  parallel  to  themselves,  AE  X  EC  orCE*,  will 
GE  X  EH  or  EQs  in  a  constant  ratio,  or  CE  to  EQ 
3  a  constant  ratio ;  and  since  cE  is  as  E^,  and  aE  as  Eh 
Ec  or  cE^,  will  be  to  gE  X  Eh  or  ER*,  in  a  constant 
)r  c£  to  ER  will  be  a  constant  ratio ;  but  at  an  infinite  dis- 
from  the  vertex,  C  and  c  coincide,  or  EC  =  Ec,  as  also 
Egj  consequently  EQ  is  then  =  ER,  and  CE  to  EQ 
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will  be  =  cE  to  ER  ;  but  as  these  ratios  are  constant,  if  they 
be  equal  to  each  other  in  one  placct  they  must  be  always  so ; 
and  consequently  CE  :  Ec  :  :  QE  :  ER. 

And  this  analogy  of  the  sections  will  readily  be  recognised, 
when  we  consider  that  a  cone  is  a  species  of  the  hyperboloid; 
or  a  triangle  a  species  of  the  hyperbola,  whose  axes  are  infi- 
nitely small. 


pROPoemoif  XVI.    theokem. 

If  SI  be  the  semi-diameter  belonging  to  the  double  ordimtte 
AEC  of  the  generating  planet  AEC  being  the  diameter  of  ike 
section  AFC,  conceived  to  be  moved  continually  parallel  to 
itself;  and  x  denote  any  part  of  the  diameter  SI»  intercepted 
by  E  the  middle  of  AC,  and  any  given  fixed  point  taken  in 
SI  ;  then  will  the  section  AFC  be  always  a^  a  +  bx  +  cxi ; 
a,  b,  c,  being  constant  quantities  ;  b  in  some  cases  affirma' 
tive,  and  in  others  negative ;  c  being  affirmative  in  the  hyper^ 
bola,  and  negative  in  the  ellipse,  and  nothing  in  theparabo- 
la ;  and  a  may  always  be  supposed  to  denote  the  distance  tf 
the  given  fixed  point  from  the  vertex  s. 

In  any  conic  section,  AC*  is  as  a  +  6r  +  cxx  ;  but  all  the 

Sarallel  sections  are  like  and  similar  figures,  and  similar  plane 
gures,  are  as  the  squares  of  their  like  dimensions  ;  therefore 
the  section  AFC  is  as  AC*,  that  is,  asa  +  te  +  cxx. 

Cor.  If  the  given  fixed  point,  where  x  begins,  coincide  with 
the  vertex  5,  then  will  a  be  equal  to  nothing,  and  the  sectioa 
will  be  as  6x  db  cxr,  or  as  x  d[=  dxx,  in  the  hyperbola  and  eUip0e» 
and  as  bx,  or  as  x,  in  the  parabola. 

The  subject  of  hyperbolic  revoloids  and  hyperboloids  wil 
be  considered  in  another  place  ;  we  will  here  add  a  few  gen- 
eral scholia  and  formulae  in  relation  to  cylindric  and  conical 
ungulas. 
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Scholium.  It  has  been  shoWD  {Prop, 
VI.,  Cor.  V,)  that  an  UDgula  pertaining 
to  a  right  revoloid  is  equal  to  j  its  cir- 
cumscribing  prism,  anil  Prop.  Ill,  that  its 
curve  surface  is  equal  to  that  of  the  adja- 
cent side  of  lis  circumscribins  prism  ; 
and  because  the  ungula  FHKD  is  equal 
to  an  ungula  of  a  fight  revoloid,  if  the 
intersection  HK  of  the  planeFHK.  DHK 
psases  through  the  axis  of  the  cylinder  ; 
therefore  the  convex  surface  of  the  ungula 
FHKG  is  equal  to  FA  X  FD ;  let  GPoD 
be  an  ungula  cut  from  the  former  by  the 
plane  GPo,  parallel  to  the  base  of  the  for- 
mer ;  and  the  convex  surface  of  the 
ungula  GPoD  is  =  the  surface  FHKD— the  convex  surface  of 
tbe  segment  HKFGPo,  and  this  may  be  divided  into  two  por- 
tions ;  viz.,  the  curve  surface  on  the  segment  PoNn  FG,  and 
the  convex  surface  of  the  segment  oNn  PHK,  the  latter  of 
which  is  equal  {rK  X  FD  +  nk  X  FD)  =  2rKxFD,  and  the 
former  is  equaJ  the  arc  PGo  xGF  or  oN. 

It  will  be  perceived  therefore  that,  although  we  have  the 
quadrature  ot  the  whole  convex  surface  of  a  rcvoloida)  ungula, 
snd  also  of  any  portion  NKo  in  absolute  terms,  yet  any  por- 
tion oGFN,  or  oGPD  is  known  only  in  terms  of  the  arc  of  the 
circle,  and  consequently  depends  on  the  circle's  quadrature, 
bat  we  are  enabled  by  the  principles  referred  to  in  this  scho- 
lium, to  determine  both  the  surfnce  and  solidity  of  any  portion 
PBF,  with  the  same  degree  of  accuracy  as  we  have  the  sur- 
face and  solidity  of  the  whole  cylinder,  from  which  theungnla 
is  derived,  and  since  a  revoloidal  spindle  is  conceived  to  be 
made  up  of  partial  unguJasi,  the  revoloidal  spindle  issuscepta- 
ble  of  the  same  degree  of  accuracy  in  its  determination. 

Let  FD  =  A  the  altitude,  and  AG  =  HA  =  r  the  radius  of 
the  cylinder  from  which  the  ungula  is  derived  ;  the  whole 
convex  surface  of  the  ungula  is  =  2rh  -        -        •        ~     (0 

Let  k  =  the  altitude  ol  the  ungula  GPoD,  and  let  oi  =  half 
the  chord  oP  =  c,  then  will  the  surface  ONK  =  {r—c}  X  A 
=  rA— cA (S) 

Let  the  arc  PGo  =  p,  and  the  surface  oNGFPn,  will  be  => 

px(k-k)  =  ph~pk (s) 
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Hence  the  surface  of  ihe  ungula  PGoD  =  2rh  —  rA+cA  — 
ph+pk  =  rh  +  ch  —ph  +  pk (4) 

Let  an  ungula  ELMD  whose  base  is  irreater  than  half  that 
of  the  cylinder  be  considered :  ifEF=FG,  then  wilMhe  con- 
vex surface  of  this,  equal  that  of  the  ungula  FKHD  +  the 
arc  (HFK  or  i  <r)  X  EF  +  i*r  (KL  or  No)  —  rh  +  ch- 
ph+pk  - (5) 

The  solidity  of  the  ungula  FKHD  is  =  Sr»A  -         -        (6) 

Let  a  =  the  base  FGa  of  the  ungula  GFoD,  and  the  soliditr 
will  be  (rh  +  ch—pk  +pk)^r—a  X  i  (h — *)  (Prop.  V, 
B.   II.)  =  |r»A  +  JrcA  -  |iyA  +  \rpk  —  jaA  +  |  ak      (7) 

If  A  equal  the  base  of  the  ungula  ELMD,  and  ifS  =  iU 
curve  surface,  its  solidity  will  beSxir  +  A  X  {ih — li) 
=  J  Sr  +  i  AA  —  i  AA (8) 

Sch.  3.  Let  AEBF  be  the  base  of  a  ▼ 

cone  or  any  other  pyrannid,  rightor 
oblique ;  A  VB  a  section  through  the 
vertex  by  a  plane  perpendicular  to 
the  base ;  EVF,  ECF  two  other 
sections  perpendicular  to  AVB, 
the  former  through  the  vertex,  and 
the  latter  through  the  side  at  C, 
between  V  and  B.  On  AB  let  fall 
the  perpendiculars  VH,  CI ;  and  on 
DC  the  perpendiculars  VK,  BL,  OJ 
draw  CG  parallel  to  AB,  meeting 
AV  and  VH  in  G  and  M. 

Then  it  is  evident  that  EFBV  is  a  pyramid,  whose  base  ii 
EFB,  and  whose  altitude  is  VH  ;  let  the  base  be  called  A  and 
the  attitude  a,  and  the  solidity  will  be  J  Aa  ;  and  it  ia  evident 
that  EFC V  is  a  pyramid  whose  base  is  EFC  and  altitude  VK } 
let  the  base  be  called  B  and  the  altitude  b,  and  its  contmt 
will  be  ■  BA,  it  ia  evident  also  that  the  ungula  EFBC  =  '.Am 
-IBS. 

But,  by  aimilar  triangles,  ABV,  GVC,  il  ia 

AB-CG  :  CI  or  HV_VM  :  :  AB  :  HV,  or  <•  =~^-^  -, 

alao  AB-GC  :  CI : :  AB  :  HV  :  s  GC  :  VM  =^^g  1 

and  DC:BD::  (by  the  aimilar  triangles  ICD,  DBL)  CI: 
BL: :  (because  of  the  siinilar  triangles  BCl  aDd  CVM,  VKC 

jr.i.T>vlu       '^"XCI^^^       GCxCIxDB 
^  CBL)  VM  =.  ^^j-gp  :  VK  (4)  =  dc><-XaB=GC) 
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Therefore  the  uogula  EFBC  will  be 

which  is  a  general  formula  for  the  ungula  of  any  pyramid. 

If  the  base  be  circular,  or  the  pyramid  a  cone,  and  the 

anjzleCDB  be  less  than  Che  angle  VAD ;  or  which  is  the  same, 

if  CD  and  VA,  produced,  intersect  in  N  ;  the  section  ECP 

will  be  a  segment  of  an  ellipse,  whose  transverse  axis  is  CN, 

and  conjugate  v^  (NO  X  GC),  NO  being  drawn  parallel  to 

AB,  and  meeting  VB  produced  in  O.    And  then  the  formula 

will  become 

iCI                                                                GC  X  DB 
ap_^^  X  (AB  X  circular  segment  EBF  —  — j^ X 

'CI 
elliptic  segment  ECF)  =  .^_pp  X  AB  X  circular   segment 

f?m?     GCxDBx  ^/  (NO  x  GC)     ^     .      , 

EiBr  — DC  X  C N ^    circular   segment^ 

whose  diameter  is  CN,  and  height  CD)  =,  since  sim,  seg.  are 

as  the  squares  of  their  diameters,  .  J^       X  (AF  X  circular 

„^^     GC  X  DBx  CN  X  x/  NO  X  GC 
s^ment  EBF DC  x  AB« ^    *®^" 

AB  x  DC 
ment  of  the  circle  AEBF  whose  height  is  — ^^s;^ — )  =  the 

content  of  the  elliptic  ungula  EFCB  .        •        .        -        (2) 
But,  by  similar  triangles,  GC— AD  :  DC  : :  GC  :  CN  = 

^^^p, and  GC— AD  :  DB  :  :  GC  :  NO  =|§z^'^*^J^'^ 

values  of  NO  and  NC  being  substituted  in  the  above  expres- 
sion of  the  elliptic  ungula,  will  give 

»CI  GC^  DB     » 

j^^-jqqX  [ABx  circular  segment  EBF-^g^  x  (g^- AD)' 

X  segment  of  the  circle  AEBF  whose  height  is 

AB  X  (GC— AD),         JA        rT^       .      ,  T.T,T. 
^g ]  =  ^zid^  ^     ^  circular  segment  EBF— 

rf«      ,      DB       ; 

"D«"  ^  (pp p  .   J )  X  segment  of  the  circle  AB  whose 

....  D  X  (DB  —  D  +  d), 

height  IS ^ ^ -'] (3) 

=  the  elliptic  uncula  EFCB  ;  putting  h  for  the  height  of  the 
ungula,  D  and  d  for  the  diameters  of  the  base  and  end,  or  top, 
of  the  frustum,  respectively. 
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If  this  value  be  taken  from  I  An  X-^: — r     =    the    whole 


coDic  frustum,  the  remainder  will  express  the  complemental 
elliptical  ungula  EFCGAg^  X  (D'— cP)  X  n  -  D  circular 

^  .  ,     .  BD   ^    d"        /        BD       \l 

segment,  whose  height  is-g-  +  ]gr  X  (pn    p  T~d)    ^ 

BD— D+rf         i* 
segment  whose  height  is ^ ,  or  jv ,  X  — nd*  +  D  X 

^       ^  .  ^   .  AD  .    *        /      BD       \3 
segment  whose  height  is^  +  -jy-  X  i„j^ D4-i//      ^  ^ 

u       ,.  .  I.   .  BD-D+d  .^, 

ment  whose  height  is -i ...-..-.    (4; 

If  the  points  D  and  A  coincide,  the  section  EFC  becomes,  a 
whole    ellipse,  and   the   formula    above,  become  \  Dhn  X 

— fr~i —  =  the  elliptical  ungula  ACB (5) 

And  the  complemental  ungula  ACQ  =  dhn  X 

D-d <•' 

If  the  angle  CDB  be  equal  to  the  angle  VAB,  the  section 
will  be  a  parabola,  whose  axis  is  CD,  and  base  £F  =2^/ 
(ADxDB)  =2y/([)^d)  X  d,  and  its  area,  by  prop.  VI,  B.  I, 
=  iDC  X  EF     =  J  DC  v^pUd)  d ;  and  therefore  the  ex- 

.      ,                 iA                              ^„„    Dd-^ 
presssion  becomes  fr—f  X  (Dx  segment  EdI* nc~"   ^ 

J  DC  y/Dd—d"  =  the  parabolic  ungula  EFBC      -     -    -    (7) 

D» d" 

If  this  be  taken  from  |  hn  X^ — ^i  the  remainder  will  ex- 
press the  complemental  ungula  EFCGA,  viz. 
j^jt  I 

ih  X(fdv/£)^_^ — — — ^  +  T^ — J  X  segment  whose  height 

U — a      D — a 

.     d 

or  u^  X  [  (D— d)  J  y/d  (D— d)  —nd"  +  D  Xsegment  whose 
height  is  -^  J (8) 
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If  the  angle  CDB  exceed  the  angle  VAB,  the 
ection  will  oe  a  aa  hyperbola,  whose  transverse 


I  is  CN,  but  the  transverse  axis  = 


JP  being  drawn  parallel  to  VA,  or  p    (fjJB 

DR  DB     . 

ad  the  conjugate  also=GC  Vp^^  ~'^^b-rf-DB 
lod  the  area  of  the  hyperbolic  sec^on  substituted  in  the  gen- 
ral  formula  (1)  wUlgive  the  solidity  of  the  hyperbolic  ungula- 

Scholium  3.  If  from  the  perimeter  of  the  section  EFC 
here  be  projected,  the  surface  EIF  by 
lerpendiculars  AP,CI,  &c.,  to  the  base  of 
be  cone,  the  surface  EBFIE  on  the  base, 
rill  be  to  that,  perpendicular  above,  viz., 
SCFB  on  the  surface  of  the  cone  as  OB  to 
W ;  as  the  radius  of  the  base  to  the  slant 
leigbt  of  the  cone,  (Prop.  XII,  B.  II.,) 
ooreover  the  area  of  the  section  EFC  is 
o  the  area  EIF  as  DC  :  DI  ;  hence  the 

BV 
»Qvex  surface  FCEB  =  S  =  kt  X  f     B 

EBFIE (1) 

And  the  area  FIE  =^X  FCEF 

Let  ECEF=B  and  the  expression  for  tbe  surface  of  the  base 
PIE  of  the  ungula  PIEC  becomes  ^(j  X  B  -    -    -    -    (2) 

Let  the  base  EFB  of  the  ungula  EFBC  be  called  A,  and 
iheareaEBFIE  willbeA—- ^Tp    X  B (8) 


DC 


(<) 


IB''^~DC 
VB 
Iffromfeg  X  baseAFBE  of  the  cone)  =  the  convex  sur- 

Tace  of  the  whole  cone,  there  be  taken  that  of  the  ungula  found 

above ;  the  remainder  ^g  X  (FAEF+p^  X  FCEF)     -    (5) 

will  express  the  convex  surfaceof  the  remaining  part  EFCVA  of 

the  cone.  And  if  from  the  value  last  found,  there  be  taken  ^g 

VC 
X  drcle  CG,  = 
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BV  DI 

cone  GVC,  the  remainder  gg  X  (TAEF  X  pg  X  FCEF  - 

circle  GC) (6) 

will  express  that  of  the  complement  EFAGC. 
If  the  section  FCE  be  an  ellipse,  the  surface  of  the  ungula 

will  be  fyn  X  (circular  segment  FBE j^n  ^  elliptical  seg- 

VB  GC"  X  DI 

ment  FCE)  ;  and  hence  ^  x  EBF-  ab«x  (GC-AD) 

/     DB 
*/  p/-. An  X  (segment  circle  AB,  whose  height  is  AB  x 

"d^cSJt  ""  >/db^(d-^  ^  «^8-  "^^-  ^»'  ^"^^ 

DB— D~rf  ^ 

height  is  D  X ^ fO 

And  the  value  of  the  surface  EFCVA,  (Formula  5,)  will 

VB  DI 

become,  t^  X  (circ.  seg.  FAE  X  gg  X  ellip.  seg.  FCE)  (8) 

/D  — AB  .    ,    .T.      L       .   .  t    .    rw      rf— AB 

V     J AD  X  seg.  circle  AB,  whose  height  is  D  X  — 5 — 

~  (») 

And  the  value  of  the  surPace  of  the  complemental  ungnl>t 

(Formula  6,)  will  become  ^  (cir.  seg.  FAE  +  gg  X  ellip. 
seg.  FCE  —  circle  CG)  =  ^i*f*^^-^*)  ^  ^_„^+  yAE  + 

D'  ^       d— AD      V    d~AD   ^   ^S"  *^""*^'®   ^^'  ^'**** 

height  is  D  X  ^^— ) (10) 

When  D  coincides  with  A  the  expression  will  become, 
g  X  AB'Xn-«xABx^(AIxGCH»  -^^^yf -'^•> 

X  (D* —          v/Drf)  for  the  convex  surface  of  the  ungula 
ABC. (11) 

And  Qg  X  AIx/(AB  X  GC)  X  n=2n  X  VB  X  AI\/^ 
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nv'(4A' +  (D— d)*)      D  +  d     ^^^      ^      „. 
=   p>__  . X  — 2 —  i/Dd  for  the  oblique  cone 

ACV. (12) 

VB  X  n 
Also     Qg      X  (AIv/(AB  X  GC)  — GC») 

=  "'^'%t-T'^''  X  ^  ^<W-*))  for 
the  complemental  elliptic  ungula  ACG. (13) 

If  DC  be  parallel  to  AV,  or  the  section  a  parabola ;  since 
its  area  B  is  i  DC  x  DF  =  f  DC  v/(AD  X  DB,)  the  general 
formula  for  the  ungula  will  become 

^  X  «g.  (FBE  - 1 DI  V(AD  X  DB))  =  -^<V-^" 

X  [seg.  FBE  to  height  DB  —  |  (D  —  d)  y/{d{D  -^  d))]  for  the 
convex  surface  of  the  parabolic  ungula  FEBC.     -     -    -     (14) 

And  the  expression  in  Formula  5  will  become, 
^  X  (seg.FAE  +  |DI  ^(AD  x  DB))  =  ^%ti^'^ 

X  [(seg.  FAE  to  height  AE  +  |(D  — rf)  y/(d(D  —  d))]  for 
that  of  the  part  AEFCV. 

VB 

Also,  that  in  Formula  6,  will  be  ^^  x  seg.  FAE  +  |  Dl 

^(AD  X  DB)-AD«  X  n)  =  >/(^^'+^-'0')  ,  ^^, 

ment  FAE  to  height  AD  +  |  (D—^f)   y/(d(D  —  d)y—nd,) 
for  that  of  the  complimental  parabolic  ungula  FAEDG.    (15) 

If  the  angle  CDB  be  greater  than  the  angle  VAB,  or  the 
section  be  an  hyperbola,  its  area  being  found,  and  substituted 
for  B  in  the  general  formulae,  will  give  the  surfaces  ofthe  hy- 
perbolic ungulas. 

If  the  hyperbolic  section  be  perpendicular  to  the  base,  DI 
will  vanish,  and  the  expressions  will  become, 

v^(4A«+(D  — d)2)  ^   .     .,.      .        I,  .  u   .    D  — rf 

— ^^ — p._  , X  seg.  of  cir.  AB,  whose  height  is  — —^ 

for  the  curve  surface  of  the  perpendicular  ungula  CIB.     (16) 

^/(4A'+(D  — d)»)  _  .       .    ,     An  u  •  w  D+d   . 

— ^^ — p.        , X  seg.  of  the  circle  AB,  height  — 5— i  for 

that  of  the  remaining  part  AICV. (17) 

— ^ — jy      , X  (seg.  of  the  circle  AB,  whose  height  is 

D+d 

— nd»,)  for  that  of  the  complemental  perpendicular  un- 
gula AIGC.     (18) 
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ON  THE  RECTIFICATION  AND 


BOOK  IV. 


ON  THE  REVOLOIDAL  CURVE,  THE  RECTIFICATION  OF  THE 
ELLIPSE,  AND  OTHER  CURVES.  AND  ON  THE  QUADRITOM 
OF  THE  CIRCLE,  &C. 

DEFINITIONS. 


1.  The  revoloidal  curve  is  the  curve  forming  the  contour  of 
one  of  the  facial  sides  of  a  revoloid;  since  this  designation  may 
apply  to  any  revoloid,  therel'ore,  if  the  revoloidal  curve  is 
mentioned  without  reference  to  the  species,  the  curve  of  t 
right  revoloid  is  understood. 

2.  If  the  revoloidal  surface  is  extended  on  a  plane,  its  ooa- 
tour  is  called  a  plane  revoloidal  curve  ;  and  the  surface  is  ctlM 
K  plane  revoloidal  surface. 

3.  The  vertices  of  a  plane  revoloidal 
surface  are  the  two  angular  extremities, 
as  D  and  E. 

4.  The  vertical  or  transverse  axis  of  the 
plane  revoloidal  surface,  is  the  right  line 
drawn  through  the  vertices,  as  DE. 

5.  Its  conjugate  axis  is  a  line  drawn  at 
right  angles  to  its  transverse,  which  it  bi- 
sects, terminating  in  the  curve,  as  AB. 

6.  A  quadrant  of  a  revoloidal  surface  is 
a  portion  cut  off  by  the  two  axes,  as  ACD 
or  BCD. 

7.  Any  area  bounded  partly  by  curves  and  partly  by  right 
lines,  is  sometimes  called  a  mixiiKneal  area  or  space. 


QUADRATURE  OF  CURVES. 


FIOPOSITION    I.    THEOBKH. 

7%e  vertical  length  of  one  of  the  plane  mrfaces  of  a  quadran- 
gular  revoloid,  is  equal  to  the  iemi-circurnference  of  iti  in- 
tcribed  cirek,  and  the  length  of  any  double  ordinate  to  its  con- 
jugaU  diameter,  w  equal  to  the  arc  of  that  circle  cut  off  by 
such  ordinaU  toward  the  extremity  of  tiu  conjugate  diameter. 


Let  ADBE  be  a  pUne  surfsce  from  a 
qoadrangular  revoloid,  and  AFBG  its  in- 
scribed circle, and  the  vertical  length  DEof 
the  revoloidal  surface  will  be  equal  to  the 
semi-circumference  FBG,  and  the  length  of 
the  double  ordinate  HI  will  be  equal  to  A 
the  arc  LBM  cut  oS  by  such  ordinate.  ' 

For  since  (Def.  S,  B.  Ill,)  the  vertical 
Kction  of  a  right  revoloid  through  the 
centre  of  its  oppoaite  sides,  is  a  circle,  and 
■ince  in  a  quadrangular  revoloid  this  cir- 
cle is  such  as  may  be  described  on  a  dia- 
meter equal  to  the  conjugate  axis  of  the  revoloidal  surface, 
and  because  each  of  the  ^cial  surfaces  of  a  revoloid  extends 
from  one  vertice  to  the  other,  passingth  rough  half  the  circum- 
ference, it  follows  that  its  length,  DE,  is  equal  to  half  the 
length  of  that  circumference  which  is  also  equal  to  the  semi- 
circumference  FBG. 

Again,  since  any  ordinate  HI  drawn  parallel  to  the  trans- 
verse axis  DE,  is  the  representative  of  a  parallel  to  a  vertical 
section  through  the  line  DE,  it  follows  that  the  section  formed 
by  a  plane  passing  through  the  ungula  of  which  this  face  is  the 
surface,  is  a  segment  of  a  circle  vliose  chord  terminates  in  the 
curve  forming  the  edge  of  the  ungula,  and  the  section  of  this 
ongula  is  similar  to  the  section  of  its  contiguous  unguis  by  a 
plane  perpendicular  to  this  section;  which  section,  through 
the  contiguous  ungula,  may  be  represented  by  a  segment 
LBM  ;  for  a  quadrangular  revoloid  has  its  sides  at  right  ao- 
gles  to  each  other  in  a  plane  perpendicular  to  the  transverae 
axis.  Hence,  if  HI  is  equal  to  the  arc  containing  a  segment 
equal  to  the  segment  LBM.  it  is  therefore  equal  to  the  kngth 
of  the  arc  LBM. 
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PtOPOflmOK    II.      PKOBUUf. 


To  make  a  plane  projection  of  the  facial  surface  of  a  ri^ 

quadrangular  revoloid. 

With  a  radius  E  A«  equal  the  radius  of  the  circle  forming  a 
vertical  section  of  the  revoloid,  describe  a  circle  ACBD,  and 
draw  the  diameter  AB,  and  firom  E  perpendicular  to  ABdrti 
the  lines  EF,  EG,  each  equal  to  one-fourth  of  the  circumfcr 
ence  of  the  circle,  ACBD,  or  equal  to  one-fourth  of  the  cir- 
cumference of  the  rcToloid.     Divide  these  lines  into  any  mm- 


ber  of  equal  parts,  as  1,  2,  3,  4,  &c.,  on  the  line  EF.  In  like 
manner  divide  each  quadrant  of  the  circumference  into  the 
same  number  of  equal  parts,  1.  2,  3,  4,  &c. ;  through  the  di?i- 
sions  on  the  circumference  draw  lines  from  I9  2, 8,  £c^  paralld 
to  DC,  and  through  the  divisions  on  the  line  EFdraw  lines  both 
ways  parallel  to  AB,  as  7^,  6f,  5e,  &c.,  and  where  these  lines 
meet  the  former  corresponding  lines  through  the  divisions  cor- 
responding to  the  same  numbers,  will  be  points  in  the  curre 
forming  the  boundary  of  the  surface,  through  which,  if  a  curred 
line  a,  ft,  c,  (/,  e,/,  g^  &c.  is  drawn,  this  line  will  represent  the 
revoloidal  curve,  and  the  space  enclosed  will  represent  the 
plane  surface  of  a  right  quadrangular  revoloid. 

Scholium  1.  The  nature  of  this  curve  is  such,  that,  as  it  pas- 
ses off  at  the  vertices,  it  reproduces  itself  again,  passing  into 
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nother  curve  of  the  same  character  but  of  opposite  curva- 
lire,  for  where  it  passes  the  vertices  F  and  G,  the  signs  be- 
ome  changed  from  positive  to  negative  and  from  negative  to 
ositive,  so  that  the  curve  is  reproduced  indefinitely  as  the 
xes  £F  and  EG  are  continued. 

Scholium  2.  The  revoloidai  curve  passes  into  and  becomes 
lentical  with  the  circle  while  passing  the  extremities  of  the 
iameter,  but  its  fluxion  carries  it  out  of  the  circle  as  it  leaves 
lese  points,  and  it  becomes  incorporated  with  and  identical 
rith  a  ri^ht  line  as  it  passes  oflf  at  the  extremities  of  the  axis, 
ut  its  fiuction  carries  it  out  of  the  right  line  as  it  becomes 
(tended. 

For  let  the  diameter  AB  be  produced  each  way  to  H  and  I, 
>  as  to  be  equal  to  FG,  and  from  the  extremities  of  these 
nes  draw  HF,  IF,  IG,  GH,  forming  a  square  circumscribing 
le  revoloidai  surface ;  let  HF  be  extended  to  M,  and  IF  be 
xtended  to  L,  then  these  lines  so  produced  will  cross  each 
ther  at  right  angles  in  F,  and  form  an  angle  with  the  axis  F6 
f  45°.  Let  the  revoloidai  curves  extend  to  P  and  P  ;  now 
'  the  vertice  F  be  brought  to  its  natural  position,  on  the  re- 
oloid,  these  curve  lines  evidently  cross  each  other  at  right 
ngles  also,  and  at  the  point  of  contact  form  an  angle  of  45^ 
nth  the  axis,  which  is  the  same  as  that  formed  by  the  right 
nes  ;  hence  these  curve  lines  agree  with  the  right  lines,  HM 
nd  IL,  at  that  point  both  in  position  and  mclination,  and  there- 
ore  are  identical. 

And  also,  as  the  revoloidai  curve  passes  into  and  occupies 
he  space  of  the  circle  at  the  extremities  of  the  diameter,  A 
md  B  having,  in  its  original  position,  formed  a  part  of  the 
jircie  at  that  point,  and  tne  position  of  that  point  not  having 
)een  changed  in  reference  to  the  axis  or  diameter  AB,  it  fol- 
ows,  that  it  is  still  equal  to  and  identical  with  the  circle  at 
hose  points,  but  its  Auction,  or  the  law  of  its  propagation, 
»uses  it  to  leave  the  circle  after  passing  those  points. 

Cor.  Each  of  the  ordinates  through  the  quadrant,  AEF,  pa- 
rallel to  the  axis,  EF,  is  equal  to  the  portions  Al,  A2,  Ad,  &C.9 
>f  the  arc  of  thef  quadrant,  intercepted  by  those  lines  respec- 
ively  toward  the  point  A. 

Scholium  3.  Hence,  this  curve  is  generated  by  the  locus  of 
;he  intersection  of  two  right  lines,  AC  and  EF  equal  the  ra- 
iios  and  semi-circumference  of  a  circle  moving  uniformly  from 
iny  point  E  or  A,  perpendicular  to  each  other,  through 
heir  respective  lengths. 
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Let  A  be  the  origin,  and  since  OF  equal 
the  quadrant  AE,  hence  CF=i«',  AC=r. 

Let  arc  ^'  equal  any  arc  AA,  measuring 
the  angle  ACA,  then  since  AA=CP  it  is  also 
^'=y ;  hence,  the  equation  to  the  curve  is 
y  =  arc  ^' 

Let  F  be  the  origin,  and  we  have  y=QP 
=AG=8in.  ^=8in.  ACE. 

Then  the  equation,  considering  F  as  the 
origin,  is  y=8in.  ^' 

PROPOSITION    III.   THBORBM. 

The  contour  of  a  plane  revoloidal  surface  from  a  right  revohii 
is  equivalent  to  the  perimeter  of  an  ellipse^  formed  by  a  verti- 
cal section  Oirough  the  angles  of  the  revoloidL 

For  the  section  of  a  revoloid  through  the  angles  is  an  ellipse 
by  definition,  and  this  ellipse  terminates  the  iacial  surface  of 
the  revoloid  when  in  its  proper  position.  Now  if  the  cyiin- 
dric  surface  of  the  revoloid  is  extended  on  a  plane,  its  ptrti 
are  not  altered  in  relation  to  each  other ;  its  vertical  length  od 
the  plane  is  equal  to  its  length  on  the  cylindric  surface  of  the 
revoloid  ;  and  its  conjugate  suffers  no  change,  being  a  right 
line  parallel  to  the  axis  of  the  cylindric  surface  while  on  the 
revoloid  and  a  right  line  still  when  extended  ;  for  the  surfiioe 
may  be  extended  in  like  manner  as  we  would  unroll  a  piece 
of  cloth,  or  a  piece  of  paper,  made  to  agree  with  its  surftoe, 
which  suffers  no  contortion  of  any  of  its  parts  in  the  change^ 
but  the  whole  surface  is  the  same  in  reference  to  its  edgiei 
after  the  change  as  before,  and  as  each  facial  surfa<:e  of  the 
revoloid  extends  through  half  the  circumference  of  the  ciide 
of  the  revoloid,  viz :  from  one  vertice  to  the  other,  each  side 
of  the  surface  is  terminated  by  one-half  of  the  ellipse  formed 
by  a  section  through  the  angles,  and  as  the  angles  of  the  revo- 
loid cause  generally  the  ellipses  to  cross  each  other  at  the  ver- 
tices, forming  a  vertical  angle  also  on  the  facial  surface,  the 
other  side  is  bounded  by  one-half  of  a  similar  ellipse,  so  that 
the  whole  perimeter  of  the  facial  surface  of  a  revoloid  ii 
equal  to  the  perimeter  of  an  ellipse  by  a  plane  passing  through 
the  angles  of  the  revoloid. 

Cor.  Hence,  the  perimeter  of  a  right  quadrangular  revo- 
loidal surface  is  equal  to  that  of  an  ellipse  whose  conjogale 
or  minor  axis  is  equal  to  that  of  the  transverse  axis  of  the  r^ 
voloid,  and  whose  major  axis  is  in  the  ratio  to  its  minor  axil 
as  the  ^2  :  L 
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For  the  plane  passing  through  the  angles  of  the  revoloid 
forming  the  ellipse,  cuts  the  plane  forming  a  circular  section 
through  the  centre  of  the  sides  at  an  angle  of  45^,  therefore^ 
he  transverse  axis  of  the  ellipse  is  as  the  diagonal  of  a  square 
>f  which  the  vertical  axis  of  the  revoloid  or  its  diameter  forms 
I  side. 


PROPOSITION   IV.      THSOBEM. 

Tf  there  he  described  two  ellipses  concentric  mth  each  other^  on 
axes  of  which  those  of  the  outer  one  exceed  those  of  the  inner 
one  by  N,  then  the  two  ellipses  will  not  be  equidisfant  through- 
autf  but  will  be  nearer  to  each  other  at  points  in  the  curve  fte- 
tween  the  vertices  of  the  axis,  than  at  the  vertices. 

Let  AB,  ED,  and  a6,  ed^  be  the 
two  axes  of  two  concentric  ellip- 
les,  and  lot  the  axis  afr=Q,  and 
6d=R,  and  let  the  axis  AB=Q 
-f-N  and  ED=R+N,  then  the 
distance  between  the  two  ellip- 
ses, between  the  vertices  E  and 
A  will  be  less  than  at  those  ver- 
tices. 

For,  draw  the  two  equal  con- 
jugate diameters,  HG,  FL,  and 
also  the  two  hhfl^ 

Then,  HG*+FL*,  or  2HG*=AB«+ED«  (Prop.  XV,  of  the 
Ellipse,)  and  2hV=ab^+ed' 

Now,  because  the  sum  of  the  squares  of  the  axes  AB'+ED* 
ai^  not  greater  than  HG'+FL',  those  squares  cannot  be  pro- 
portional (Prop.  XVIII,  B.  I,  EL  Geom.)  hence  also.  (Prop. 
XXIII.  B.  I.,  EL  Geom.)  the  axes  themselves  cannot  be  pro- 
portional. 

Now  it  is  evident,  that  when  the  axes  AB  and  ED  are  nearly 
equal,  then  also  they  will  very  nearly  form  the  extremes  of  a 
proportion  of  which  the  two  diameters  HG,  FL  are  the  means ; 
which  is  the  more  nearly  true  the  nearer  the  two  axes  are  to 
an  equality,  or  the  nearer  the  ellipse  approaches  to  a  circle, 
and  hence  they  are  more  disproportional,  the  greater  the  eo- 
centricity  of  the  ellipse. 

Now  it  is  evident,  that  the  inner  ellipse,  a,  e,  h,  d^  is  more 
eccentric  than  the  outer  one,  AEBD,  since  the  two  axes  of  the 
inner  one  are  less  than  those  of  the  outer  one  by  the  same 
constant  quantity  N,  (by  hypothesis,)  hence  the  conjugate  di« 
ameters  hl^fl,  arc  more  nearlv  equal  to  HG  and  FL  than  ah 
to  AB,  or  than  ed  to  ED.    Hfence  the  elliptical  curves  are 
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nearer  each  other  at  any  point  F  or  k  between  the  vertices  of 
the  major  and  minor  axes,  than  at  those  vertices. 

Cor.  1.  Hence,  if  about  an  ellipse  there  be  described  t 
curve  concentric  thereto  and  equidistant  throuffhout,  such  cur^e 
will  not  itself  be  an  ellipse,  but  if  it  is  described  very  near  to 
the  elliptical  curve  and  equidistant,  it  may  be  regarded  as  an 
ellipse  without  much  error  in  so  considering  it,  and  this  wiO 
be  more  nearly  correct  the  more  nearly  the  ellipse  approaches 
to  the  circle. 

Cor.  2.  If  about  any  curve  except  the  circle,  another  curve 
be  described,  in  such  manner  as  to  be  equi-distant  in  all  its 
parts  from  the  former,  these  two  curves  cannot  be  similar 
curves,  neither  in  properties  nor  in  figure,  all  which  may  be 
shown  by  the  same  reasoning  as  in  the  proposition,  viz:  a 
curve  described  equidistant  from  a  parabola,  either  within  or 
without,  cannot  be  a  parabola,  and  a  curve  described  equi- 
distant from  a  hyperbola,  cannot  itself  be  a  hyperbola  ;  all  of 
which  is  evident  from  the  properties  of  those  curves,  but  when 
they  are  drawn  exceedingly  near  to  those  curves  they  may  be 
regarded  as  curves  of  similar  character  as  those  near  which 
they  are  so  drawn. 

PROPOSITION    V.    THEORBlf* 

If  there  be  described  two  curves^  one  within  and  the  other  wiik- 
otU  an  ellipse^  of  such  kind  that  they  shall  both  he  equi-distaat 
from  the  ellipse,  or  the  ellipse  shall  be  midway  between  the 
twoy  then  unll  the  space  included  between  the  two  curves  so 
described  be  equal  to  the  circumference  of  the  ellipse  mmUu 
plied  by  the  distance  between  the  tioo  curves. 

Let  FGHK,/^A*,  be  two  con- 
centric curves  described  so  as  to 
be  equi-distant  from  the  elliptical 
circumference  AEBD,  one  with- 
out and  the  other  within,  so  that 
AEBD  shall  be  midway  between 
the  two,  then  will  the  curvilinear 
space  F/;  G^,  HA,  KA,  Ff,  be 
equal  to  the  circumference  AEBD 
multiplied  by  their  common  distance  Ff,  or  Gg. 

For,  describe  about  each  of  those  curves  polygons  F&«G, 
&c.,  AnoE,  6Lc.,fpqg,  &c.,  such  that  their  corresponding  sides 
Will  be  parallel,  and  draw  bp^  mq^  &c.,  and  the  surface  included 
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etween  the  outer  and  inner  polygon  will  be  divided  into  the 
rapeziums  Ffpb^  hpqm^  &c.,  each  of  which  is  equal  to  the  half 
itm  of  its  parallel  sides  multiplied  by  their  distance  F/*;  but 
ay  8ide«  Am  of  the  polygon  described  about  the  middle  curve 
t  equal  half  the  sum  of  its  corresponding  parallel  sides  of  the 
"apeziums ;  hence  the  trapezium  Yfpb  is  equal  to  An  X  ¥f^ 
na  the  trapezium  bpqm  is  equal  to  no  X  Ff ;  and  since  this  is 
ue  for  each  of  the  trapeziums,  it  follows,  that  the  sum  of  all 
equal  to  the  sum  of  all  the  sides  of  the  polygon  described 
x>ut  the  ellipse  AEBD,  multiplied  by  the  common  distance 
f.  And  this  would  be  manifestly  true,  whatever  be  the 
imber  of  the  sides  of  the  polygon  described  about  the  ellipse^ 
It  when  the  number  of  the  sides  of  the  polygon  is  inaefi- 
tely  increased,  the  polygon  becomes  a  curve  similar  to  that 
x>ut  which  it  is  described.  (Prop.  XII,  Cor.  4,  B.  V,  EL 
sam.)    Hence  as  in  the  proposition. 

Cor.  It  is  evident,  also,  that  if  there  be  described  curves 
ithin  and  without  a  parabolic  or  any  other  curve,  so  as  to 
\  equi-distant  from  it,  then  the  space  included  between  the 
Iter  and  inner  one  will  be  equal  to  the  curve  situated  midway 
etween  them,  multiplied  by  the  distance  between  the  outer 
id  inner  curves,  and  the  same  may  be  affirmed  of  the  revo- 
idal  curves  so  drawn. 

SehoKum  1.  The  polygon  described  about  two  eccentric 
trves  drawn  so  as  to  be  equidistant  throughout,  are  not  simi- 
r  polygons,  since  the  figures  about  which  they  are  described 
«  not  similar.     (Prop.  IV.,  Cor.  1.) 

.Scholium  2.  The  last  two  propositions  suggest  a  method  of 
ctifying  the  elliptical  circumference,  and  also  of  finding  the 
Qgths  of  other  curves  whose  quadratures  are  correctly  or 
proximately  known. 

For,  if  about  an  ellipse  AEBD,  whose  major  axis  AB=P, 
id  whose  minor  axis  ED=Q,  another  ellipse  FGHK  be  des« 
ibed,  whose  major  axis  FH=P+N,  and  whose  minor  axis 
EI=Q+N,  and  if  another  concentric  ellipse  be  also  des- 
ibed  within  the  former,  whose  major  axis /fc=P — N  and 
hose  minor  axis  ^A=Q  —  N,  we  shall  have  an  elliptical  ring 
^  Gg9  HA,  KA,  whose  area  may  be  found  by  subtracting  the 
ler  ellipse  from  the  outer  one,  then  if  this  area  is  divided  by 
e  distance  of  the  inner  and  outer  circumference  the  quotient 
ill  be  the  elliptical  circumference  AEBD. 
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PROPOSITION    VI.       PROBLBIff. 

Lei  it  be  required  to  find  the  distance  Mm,  between  two  cofncm- 
trie  ellipses^  the  difference  of  whose  mayor  and  minor 
are  each  equal  to  a  quantiy  N. 

Let  HGPK,  bghk  be  two 
coDcentric  ellipses,  the  dif- 
ference of  whose  axes,  HP 
-*M,  is  N,  also  GK — gh 
=N ;  draw  the  equal  con-  ^ 
juffate  diameters  ML,  NI, 
m^  ni ;  draw  the  right  co- 
ordinates MN,  mn^  draw 
mi  parallel  to  HP,  and  join 
Mm,  which  will  be  the  distance  between  the  ellipses  at  the 

EintsM,  m;  we  shall   have  «C*=JPC*  and  sM'=^CG\  abo 
J«=iAC*  and  *^=JC^.  (Prop.  XXI.  Cor.  1  of  Ellipse.)  and 

jC— EC=5Eor»ii/,and5M— 5<orOTE=Mt  Hence  \/Mr+sif 
=:Miii=:thc  distance  of  the  two  curves  at  the  points  M,  m. 
Let  the  axis  HP =25,  and  GK=19,  and  if  N=2,  then 

ftA=23       and       sk=\1 
and      *C  =8.83175  EC=8.13172, 

hence  /m=. 70003 

«M=6.7I751  and  mE=6.0090O, 
hence  M/=. 70752 
and    Mm =.995302. 

Scholium.  1.  But  because  the  line  Mm  is  not  perpendicular  to 
the  curve  AFRD  at  the  point  of  contact,  but  very  nearly  per- 
pendicular to  MW,  it  is  therefore  greater  than  the  true  disUmce 
of  the  curves,  which  we  will  suppose  is  «v,  to  find  which,  we  hare 

YC=^;andWC=^ 
YE=YC  — CE.  and  W5=WC  — C» 


mY=%/mE«+EY%  MW=  VM*«-hW»\ 

Therefore,  we  have  the  sides  of  the  right-angled  triangles  mETt 
M«W  given  to  find  the  angles  W  and  Y,  the  di£reiice  of 
which,  when  found,  is  equal  to  the  angle  made  by  the  lines  MW 
and  mY  with  each  other  produced.  Then  we  have  a  righV 
angled  triangle  Mm,  MW  produced,  and  mY  produced  nghl* 
angled  at  M,  to  find  the  sides  MW  produced,  and  asY  pfO> 
duced,  and  also  the  base  uv  of  an  isosceles  triangle  having  tia 
same  vertical  angle,  which  line  uv  will  be  the  ahorteat  di^ 
tnnce  required. 
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Scholium  2.  Let  the  equal  conjugate  diameters  IN,  LM^in, 
Em,  be  drawn,  and  the  difference  of  the  semi-diameters  CI— Ct 
Brill  be  very  nearly  equal  to  the  distance  It  of  the  curves  at 

Jie  points  I,  t.  But  1N==  N/yNPHf'+lGK'Tand  m=  V^6A«+J^A», 

icnce,  v^}PH'+iGK*—  yf}bh*+igk*=^ihe  distance  U   very 

learly. 

Let  the  axis  AR^24,  and  FD=18;  then,  if  we  make  PH 

:=25,  and  GK=19JN  wiil:^22.203G. 

Uso,  we  may  have  6A=23,^A=  17 ;  hence,  in  or  »i/=  20.2237. 

-,.        .        22.2036-20.2237      ^^^^      .      ._  ^,       . 

Therefore, =.9899=: the  difference  CI  and 

7i,  which  is  nearly  equal  the  true  distance  of  the  curves 
hrough  the  point  A,  which  will  be  more  accurate  as  the  axes 
ipproach  equality,  and  will  be  approximately  true  till  the  ec- 
rentricity  of  the  curves  becomes  very  great. 

PBOFOSITIOW   VII.    PaOBLBK. 

To  find  Ike  length  of  the  elUptictU  circnmference^  ofproximaialy. 

It  has  been  observed,  (Prop.  V.  Scholium,)  that  the  cir- 
lomference  of  an  ellipse  inscribed  between  two  other  concen* 
rie  ellipses,  is  equal  to  the  area  or  space  included  between  the 
wo  divided  by  their  distance  from  each  other  ;  but  since  the 
listance  of  the  curves  is  not  constant  in  every  part,  we  must 
ake  their  average  distance 

If  G^.  PA,  (see  diagram  to  Prop.  YI,)  be  the  distance  of  the 
wo  extreme  ellipses  through  the  lines  of  their  axes,  and  uv  the 
lietance  through  the  point  e,  then  the  average  distance  will  be 
'ery  nearly  equal  jfG^+T</v;  hence,  if  the  area  of  the  ring  within 
be  exterior  and  interior  circumferences  is  divided  by|G^+fiei% 
be  quotient  will  be  the  length  of  the  whole  circumference 
iPRD  ;  or  if  a  quadrant  of  the  ring  is  divided  in  like  man- 
ler,  the  quotent  will  be  the  length  of  a  quadrant  FeR  of  the 
ireumference. 

If  we  assume  the  axes  AR=24,  FD=18,  as  in  the  last  pro» 
KMition.  and  the  axes  of  the  other  ellipses  as  there  assumed, 
ve  shall  have  for  the  area  of  the  gi>eater  ellipses,  ^PH 
<^Hx«'=12.5X9.rixr=373.06381 ;  and  the  area  of  the 
mailer  ellipse  i^Axi6Ax^  =  11.5X8  5X' =b07.09042,  there- 
iMne  the  area  of  the  ring  is  equal  to  65.97339. 

»        1^.    .     ^.    J   J  .     995302+1     . 

Let  this  be  divided  by ,  the  average  distance  as 

bund  in  the  last  proposition,  and  we  have  06.128  for  the  cir^ 
lomference  of  the  ellipse  AFRD. 
Let  the  area  be  divided  by  the  distance  as  found  in  (Sch, 
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8:  Prop.  V,)  and  we  \l&ve95.9^999'^^~^  =  M.sni  = 

the  elliptical  circumferance,  which  i>  true  to  fourdacoof 
figures,  and  very  Dearly  to  six  ;  hence,  ibia  mode  of  compo- 
tins  the  elliptical  circumference  is  sufficiently  accurate  for  an; 
orainary  calculation. 

Scholium.  The  length  of  the  parabolic  or  byperbolic  ue 
may  be  approximately  determined  in  the  aame  manner  at  if 
here  suggested  for  the  ellipse. 

rXOFOSITlON   VIII.    PKOBLBH. 

Let  it  be  required  to  find  the  kngth  of  a  revotoidal  cttrve. 

Let  ADBE  be  a  revoloidal  curve 
from  a  right  quadrangular  revoloid 
whose  length  is  required  ;  let  two 
other  concentric  curves  KLMR, 
FGHI,  be  described  on  each  side 
of  the  first  and  equidistant  there- 
from, and  if  these  two  last  des- 
cribed curves  are  at  a  small  dis- 
tance only  from  the  former,  they 
will  be  very  nearly  revoloidal 
curves  likewise. 

Let  flfl,  the  axis  of  the  revoloid 
from  which  the  surface  ADBE  is 
■apposed  to  be  taken,  equal  P ; 
and  since,  by  hypothesis,  ADBE  is 
the  surface  of  a  right  quadrangular 
revoloid,  the  conjugate  is  also  equal 
to  P,  and  the  vertical  length  DE  of  the  revoloidal  nirfaeewill 
be  equal  ^<-xP  ;  since  DE  is  equal  to  half  the  circumferoMfl 
AaBa  of  the  revoloid.  Now,  let  N  be  the  distance  AK^  or  AF, 
that  the  concentric  curves  are  proposed  to  be  drawn ;  and 
since  the  angles  DLn  and  LDn  are  each=±4fi°  in  a  riglil 
quadrangular  revoloid,  make  the  semi-circumference  of  uw 
revoloid  from  which  the  surface  KLMR  is  taken,  equal 
f*P-l-2VDa'-t-Lit'=^P+8%'2N'=fT','andmake  the  cin 
Terence  of  the  revoloid  from  which  the  surface  FGHI  is 
^P-2VDn'4-Li 


poaed  to  be  taken, 

tl^en  may  P'=the  diameter  of  the  greater  revoloid,  aad  I" 
equal  the  diameter  of  the  lesser,  and  P-I-2N  equal  the  coo ' 
axis  KM  of  the  larger  surface,  and  F — 3N  equnl  the 
gate  axis  of  the  smaller. 
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And  we  have  (Prop.  III.  B.  III.)  the  area  of  the  surface 
tLMR=(P+2N)xP,  and  the  area  FGHI=(P  — 2N)xP", 
nd  (PF+2FN)  — PP"+2P"N  equal  the  space  KF,  LG, 
IfH,  HI  between  the  inner  and  outer  curve.  Let  this  area  be 
ivided  by  the  distance  KF  or  N,  and  the  quotient  will  be  the 
mgth  of  the  revoloidal  curve  ADBE  very  nearly. 

Scholium  1.  Since  the  major  and  minor  axes  of  the  outer 
nd  inner  curves  vary  in  very  nearly  the  same  ratio,  it  follows 
lat  the  outer  and  inner  curves  must  be  very  nearly  similar  to 
ie  central  one  where  the  distance  KF  is  small,  even  if  the 
iirface  possesses  a  considerable  degree  of  eccentricity,  pro- 
-acted  in  the  direction  KM  ;  but  the  greater  the  eccentricity 
rben  protracted  in  the  direction  LR,  the  greater  is  the  simila- 
ity  of  the  concentric  figures,  and  the  greater  is  the  accuracy 
rith  which  we  can  -rectify  the  curve. 

2.  Since  the  perimeter  of  a  irevoloidal  curve  is  also  the  pe- 
meter  of  an  ellipse,  «uch  as  is  formed  by  a  vertical  section 
irough  the  axis  and  the  angles  of  a  revoloid,  this  mode  of  rec- 
cing the  revoloidal  curve  famishes  also  a  mode  of  rectifying 
le  eUiptical  circumference  ;  and  reciprocally. 

PROPOSITION   IX.   PROBLEM. 

To  find  the  vertical  length  of  the  revoloidal  surface^  and 
consequently  the  circumference  of  the  circle. 

LfCt  ABC  be  the  quadrant  of  ^ 
ne  of  the  facial  surfaces  of  a 
uadrangular  revoloid,  and  BCD 

quadrant  of  the  inscribed  cir-  h 

Ie;     AC    the    semi-transverse,  g 

nd  CB  the  semi-conjugate  axis ; 

Ktend  CB  to  F,  making  it  equal 

I  AC,  draw  AF,  and  the  trian« 

tigle  ACF  will  be  equal  to  one- 

rurth  of  the  square  circumscrib- 

\g  the    whole   revoloidal    sur- 

tce.     From  the  extremities  of  ^ 

te  radii  CD  and  CB,  draw  the 

HOB  DE  and  BE,  perpendicular  to  those  radii  respectively, 

len  will  BCD  be  a  square  circumscribing  the  quadrant  equal 

»  one-fourth  of  the  square  circumscribing  the  circle. 

On  the  line  BE  take  any  distance  Ba,  and  from  the  point  a, 
raw  the  line  ab  parallel  to  the  semi-conjugate,  BC  ;  then  set 
f  from  C  on  the  transverse  CA,  the  distance  Cc  equal  the  arc 
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Bt  out  off  by  the  line  <i& ;  and  draw  cd  also  parallel  to  BC, 
cutting  the  curve  AB,  and  from  d  draw  dg  parallel  to  AC> 
then  will  the  rectangle  Chab  emial  the  portion  of  the  revoloidal 
surface  Ccc/B.  (Prop.  ]II.Cor.l»  BJII,)  and  c</=ib~cosiBe  of  the 
arc  Bi,  and  C6=t^s:8ine  of  the  arc.   The  portion  of  the  refo- 
loidal  surface  CB^c  may  consist  of  the  rectanffie  Ccdg^  aad  the 
segment  ^dg ;  the  former  of  which  is  equal  to  Uie  product  of  the 
line  Cc  or  dg^  into  the  cosine  ib  or  cd ;  and  the  latter  may  be 
divided  into  the  two  portions  Bt^,  a  segment  of  the  circie,tiid 
the  trilinear  space  BiV/,  the  space  included  between  the  circle 
and  the  revoloidal  curve ;  the  former  of  which  is  equal  to 
the  difference  between  half  the  product  of  the  arc  Bt,  or  iti 
equivalent  Cc,  into  the  radius  CB  ;  and  half  the  rectangle  of 
the  sine  t^,  into  the  cosine  ib ;  and  the  latter  may  be  appron- 
mately  estimated  by  considering,  that  the  distance  between  the 
circle  and  the  curve  at  any  point,  and  in  direction  parallel  to 
the  base  line  id^  is  equal  to  the  difference  between  the  arc  of 
the  circle  included  between  such  point,  and  the  radius  CB,  ad 
its  sine.    Thus,  the  distance  i(/=arc  Bi  or  dg^  its  equivalent, 
— gi^  its  sine.     Hence,  it  will  be  perceived  that  its  value  co«- 
verges    rapidly   as  we    approach   the    semi-transverse  AC. 
Though  the  ratio  of  this  space  is  constantly  changing  with 
regard  to  its  linear  dimensions,  as  the  vertical  length  of  a 
conjugate  section  is  varied;  yet,  when  the  distance Ba  is  takea 
very  small,  its  area  may  be  regarded  as  equal  to  one-half  the 
product  of  the  base  id^  mto  its  vertical  height  perpendicular  to 
that  base,  viz.,  into  gB. 

Let  2= the  arc  Bt=Cc, 
and  5=sine  of  the  arc  Bt\ 
and  c=cosine. 

Then  will  C2;=the  rectangle  Cc(^, 

and  j^rx-'ic5=the  segment  Bt^, 

.  rx      rs       ex    cs      ,  -^., 

and  — — ~ — — +-2=the  spaceBuf, 

and  .  .  .  .  r5=the  rectangle  BCfto. 
Hence,  cr+Jnr  —  ^cs+jrx—lrs—^x+^s^rs. 
By  transposing  and  condensing  jcx+rx=iir$ 

Therefore, x=- — r-r-=^z— 7—  •  •  0) 

Or  if  we  make  the  curvilinear  space  ufB^^atB,  making  tl^ 
mixtilineal  space  Ccdb  equal  to  the  arithmetical  mean  betweea 
the  mixtilineal  space  diBCc  and  diaBCCf  we  shall  have 

xc+irx — |sc=:the  space  diBCe 
and      xc  +  rs  --^  cs  =the  apace  i^taBCc 
half  the  sum  of  which  make^the  rectangle 

CbuB^r$. 
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fUx+irx+n — |c» 

,  draw  fG  pamlld   to  ^ 
S,  cutting' oflTaDy  arc  DL, 
>ff  from  A  the  distance, 
al  the  length  of  the  arc  h 
from  the  point  H,  draw  ^ 
\it9  perpendicular  to  the 
to  cut  the  curve  in  v, 
trilinear  space  AHu  will 
to  the  rectilineal  DE/G, 
:i,  and  Cors.  B.  III.) 

if  we  compute  the  area 

rilinear  space  AHv  in    c  gS  f 

its  sides,  those  sides  may  be  rectified  by  its  known 
re.  The  length  of  the  side  AH  equal  the  arc  DL,  and 
AHo  is  less  than  half  the  rectangle  of  AH  into  Hv, 
ter  than  ^vH* ;  but  will  be  very  nearly  an  arithme- 
in  between  the  two. 

AH=x=arc  DL, 
Ht)=5=sine  of  x, 
DG=v=  versed  sine  of  x. 

' — '- — =area  AHv, 

tr=area  DCJ/T! ; 
I  been  shown  that  the  area  AHvr=area  DGfE. 

2 

ting  the  square  «•+««+— =4Dr+—» 


vr=- 


^s/. 


4or+---  .  .  (8.) 

nailer  the  arc  is  taken,  the  greater  the  accuracy ;  for 
3  arc  is  taken  very  small,  the  sine  and  arc  are  very 
lentical ;  when  no  appreciable  error  would  occur  in 
lering  them,  and  the  area  AHv  would  still  be  found 
half  the  square  of  AH,  and  half  the  rectangle  of  AH 

;  and  if  the  difference  of  x  and  8  becomes  =0,  then 

a? 
388ion  for  the  surface  becomes  barely  — 
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and  x=:V2rv     .-.----    (4.) 

Let  the  two  arcs,  DL,  iB,  be  taken  such  that  the  diagonil 
At  is  nearly  equal  the  arc  tB,  and  if  we  make  AH/  equal  the 
rectangle  DGr/^E,  and  nBCc  equal  the  rectangle  aBCc,  the  re- 
sult will  be  a  close  determination  of  the  length  of  the  arc  of 
the  circumference ;  for  the  area  AHt*  in  such  case,  is  very 
nearly  as  much  in  excess,  above  the  area  AHv,  as  the  area 
nBCc  is  in  defect  of  the  area  dBCc,  and  if  these  arcs  are 
taken  very  small,  any  error  may  be  rendered  evanescent 

For  this  purpose,  let    x=the  arc  iB 

and  x'=the  arc  DL. 

Then  let    cx^-^cs+^rx^^rs 

which  reduced  gives  3?=^        —  ...     -     .     .     .    (5i) 

And  Ix^—rv 

Then  x'=^V2vr (6.) 

Whence,  if  we  take  an  arithmetical  mean  between  the  re- 
sults of  these  two  equations,  we  shall  arrive  at  a  veryapproxi- 
mate  determination  of  the  circumference,  if  the  arc  is  taken 
very  small. 

For  an  example,  let  us  take  an  arc=T7iTT  psti't  of  the  cir- 
cumference. We  have,  by  trigonometry,  the  sine  of  that  arc 
=.00025566346=^,  and  its  cosine=. 99999996732 =c.  Hence, 
by  formula  1,  we  have 

aj=i! 

Therefore.  00025566346X  J =Jr»=. 000383498 19 
and  1 4-9999996732-^2=r+^c=  1.4999998366 

And  ^^ = .000383498 1 9-r- 1 .4999998366 = .00025566846278 

hence  x=. 00025566346.278,  which  multiplied  by  24576,  gives 
the  whole  circumference=628318526133  when  the  diameter 
is=2,  or  3.1415926306=«',  when  the  diameter  is  1,  which 
result  is  true  to  eight  places  of  figures,  but  the  9th  should  be  5 
instead  of  3. 

If  instead  of  this  arc,  we  take  that  of  jj^rw  of  the  circumfer- 
ence, the  sine  of  which  is =.000 157079632083,  and  the  coone 
:=s.999999987462994 

irs = .0002356 1 9448050 
r+ic=  1.499999993831497 

^^?^-=000157079632676 

r+jc 

40000 
whence  ir=.000157079632676X  — x— =3.141S926535Ji» 
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which  is  true  to  eleven  places,  but  the  last  figure  should  be  8 
instead  of  2. 

Hence,  it  will  be  perceived,  that,  by  taking  a  very  small  arc, 
we  can  rectify  the  circumference  to  any  degree  of  exactness. 

Cor.  1.  Since  in  formula  (6)  Ja;*= w;  if  r=  1,  then  v= Ja*  (1.) 
Hence,  the  versed  sine  may  be  taken  as  half  the  square  of 
the  arc,  which  is  approximately  true  when  the  arc  is  small, 
and  if  very  small,  may  be  taken  as  an  accurate  determination, 
but  as  the  arc  is  increased,  if  we  proceed  as  in  formula  (3,) 
where  rv=^2'+j«x,  we  have  the  value  of  v  or  the  versed  sine, 
equal  to  \  of  the  square  of  the  arc+^  the  rectangle  of  the  arc 
and  sine;  which  is  approximately  true  for  any  arc  of  the  quad- 
rant, and  may  be  taken  for  an  accurate  determination  when 
the  arc  is  small. 

Hence  this  general  formula  v=^\a?+\sZx     ....     (2.) 

\ts 
Cor.  2.  Hence,  dso,  from  formula  (1,)  a:=  we  may 

deduce  expressions  for  the  sines,  of  small  arcs,  in  terms  of  the 
cosine  and  arc ;  and  also  for  the  cosine  in  terms  of  the  sine  and 
arc  For  from  this  equation  we  obtain 

s^\x+\cx (1.) 

^nd  c= 2 (2.) 

X  ^ 

Scholium,  1.  If  j  is  taken  equal  to  the  sine  of  30^,  we  shall 
avoid  in  some  measure  the  mconvenience  of  using  imperfect 
iecimal  terms  ;  for  the  sine  of  30^  is  equal  to  half  the  radius, 
ftod  we  then  have  only  one  decimal  term  entering  into  the  ex- 
pression, viz.,  the  cosine  which  is,  866025,  &c. ;  out  we  have 
a  more  difficult  determination  of  the  area  of  that  portion  of  the 
revoloidal  curve  existing  without  the  circle,  viz.,  the  space  Bie/; 
which,  if  determined,  would  lead  to  the  true  determination  of 
the  arc  of  the  circumference. 

2.  If  the  ratio  between  the  Quadrant  of  the  circle  and  the 
portion  of  the  revoloid  without  the  quadrant,  viz.,  if  the  portion 
AJ)B  is  determined,  then  the  ratio  of  the  circumference  may 
ibo  be  determined. 

Thus,  if  |rx=the  area  of  the  quadrant  CDB,  and  z=:the  area 
>f  the  space  included  between  the  quadrant  and  the  curve, 
riz.,  ABD,  and  if  the  ratio  between  these  terms  are  known, 
that  is,  if  \rx  iz  iimm 

then  {rx+%:=zr  (Prop.  Ill,  B.  III.) 

bj  uniting  extremes  and  means. 
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By  substituting  this  value  of  z  in  the  former  equation  \nx 
smr*  —  Irmx;  by  dividing  and  transposing  jivr+jmi;=mr; 

hence  «?=; — rT~"=¥  of  the  circumferenoe. 

3.  Or  if  the  ratio  between  the  quadrant  of  the  revoloidal 
surface  and  its  circumscribing  parallelogram  is  determined, 
the  circumference  may  be  computed  also. 

For  the  revoloidal  Quadrant  being  equal  to  the  square  of  the 
radius,  (Prop.  III.  B.  Ill,)  it  is  in  the  same  ratio  to  its  circum- 
scribing parallelogram,  as  the  radius  to  one-fourth  of  the  cir- 
cumference, seeing  the  parallelogram  is  equal  to  the  prodact 
of  the  radius  by  one-fourth  of  the  circumference. 

PROPOSITION    X.    THEOREM. 

If  a  quadrant  ABC  of  a  plane  revoloidal  surface  from  a  rifit 
quadrangular  revoloia  be  described^  and  a  rectangle  ACBD 
circumscribe  the  quadrant^  then  if  the  axis  AC  be  dmid 
into  any  number  of  equal  partSf  and  if  ordinates  be  droM 
from  the  points  of  division  across  the  rectangle^  then  tfc 
parts  of  those  ordinates  included  between  the  axis  AC,  tfx' 
the  revoloidal  curve  BA,  will  be  equal  to  the  sum  of  a  Merits 
of  sines  of  arcs  of  the  quadrant  Eb,  of  a  circle  in  arithmetic 
cal  progression^  equal  in  number  to  the  number  of  the  orii' 
nates f  and  the  parts  of  those  ordinates  intercepted  €y  the  curtt 
AB,  and  line  CD ;  will  be  equal  to  the  sum  of  a  similar  seria 
of  versed  sines^  and  the  sum  of  the  whole  ordinates  wiB  k 
equal  to  an  equal  sefies  of  radii  of  the  quadrant  EB. 

Draw  any  ordinate  as  KG,  and  from  m, 
where  it  cuts  the  curve,  draw  niM  paral- 
lel to  AC,  and  let  it  cut  the  circumference 
of  the  circle  described  on  the  ordinate  ^ 
CB,  in  n  draw  nh  parallel  to  mK,  and  the  £  - 
line  i7tK=the  line  nA,  is  the  sine  of  the  ^ 
arc  wE,  and  because  (Prop.  II,)  the  line 
AC = the  quadrant  EB  of  the  circumfer- 
ence, and  the  line  iiiM=KC  is  also=the 
arc  nB,  the  line  KA  equal  the  arc  nE ; 
take  Kd=KA,  and  from  rf,  draw  the  ordi- 
nate dH  parallel  to  the  former  ordinate,    ^  — 
and  from  the  point  t,  where  it  cuts  the  curve,  draw  iLi  *^ 
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from  the  point  a  where  the  latter  line  cuts  the  quadrant,  draw 
ab^  which  will  be  the  sine  of  the  arc  aE=to  the  pariid  of  the 
ordinate  dH ;  and  because  t'L  is  equal  to  aB  (Prop.  I,)  and  mM 
=nB,  and  AC =£6,  and  because  AC  —  ii»M=mM  —  iL,  En 
=iu7 ;  and  since  the  same  may  be  shown  in  reference  to  any 
other  ordinate,  drawn  from  a  point  on  the  axis  AC,  whose  dis- 
tance from  d  toward  C  is  equal  to  Kd  or  AK,  it  follows  that 
the  parts  of  equidistant  ordinates  drawn  across  the  rectangle 
intercepted  between  the  curves  AB,  and  the  axis  AC,  are  equal 
to  the  sum  of  a  similar  series  of  sines  of  arcs  of  the  quadrant 
£B  taken  in  arithmetical  progression;  which  is  the  first  branch 
of  the  proposition. 

And  since  ai;=tH,  is  the  versed  sine  of  the  arc  aB  corres- 
ponding to  the  sine  ah  with  its  complement  a6,  and  nw=^mG 
versed  sine  of  the  arc  nB,  its  complement  being  mK;  and  since 
they  have  been  shown  to  be  at  distances  from  each  other  pro- 
portional to  the  arcs  En,  na,  &c. ;  and  since  the  same  may  be 
shown  in  reference  to  the  portion  of  any  ordinate  intercepted 
by  the  curve  AB,  and  line  BD,  wherever  drawn,  it  follows  that 
the  sum  of  the  portions  of  the  equidistant  ordinates  intercepted 
by  the  curve  AB  and  line  CD,  is  equal  to  the  sum  of  a  sinriilar 
aeries  of  versed  sines  of  arcs  taken  in  arithmetical  progression ; 
which  is  the  second  branch  of  the  proposition.  And  since  the 
lines  CA  and  BD  are  parallel  by  hypothesis,  the  ordinates  are 
all  equal  in  length,  and  equal  to  the  radius  CB,  hence  the  whole 
series  of  ordinates  is  a  similar  series  of  radii. 

Cor,  1.  From  the  preceding  demonstration,  it  appears  that 
toy  line  or  ordinate  drawn  from  any  point  on  the  axis  AC, 
parallel  to  the  conjugate  CB,  and  terminating  in  the  curve  AB, 
IS  equal  to  the  sine  of  the  arc  on  the  quadrant  BE,  cut  off  by  a 
line  drawn  from  the  point  of  termination  of  such  ordinate  in 
the  curve  parallel  to  the  axis  AC. 

Cor.  2.  Hence,  also,  the  sum  of  the  series  of  sines  is  to  the 
lum  of  ^  similar  series  of  radii  as  the  square  ECBF,  described 
3n  the  radius,  to  the  rectangle  CB,  AC,  of  the  radius  and  arc 
3f  the  quadrant  Since  the  square  ECBF  is  equal  (Prop.  HI. 
B.  III.)  to  the  surface  ABC. 
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The  area  of  a  plane  revoloidal  surface  is  to  thai  of  Us  circws^ 
scribed  parallelogram^  as  the  sum  of  an  iiukfiniie  series  of 
sines  in  the  circle,  to  the  sum  of  an  equal  series  of  radii. 

Let  ACBD  be  a  parallelogram  circum- 
scribing the  quadrant  of  the  revoloidal 
surface  ABC,  and  let  EEC  be  a  quadrant 
of  the  circle,  then  will  the  area  of  the 
quadrant  of  the  revoloidal  surface  ABC 
be  to  that  of  a  parallelogram  ACBD,  as 
the  sum  of  an  indefinite  series  of  sines  of 
the  quadrant  BCE,  to  the  sum  of  an  equal 
series  of  radii. 

For,  since  all  ordinates  vb,  <fH,  &c., 
cut  the  surfaces  of  those  figures  in  rela- 
tion of  their  magnitudes  in  the  sections 
through  which  such  ordinates  pass ;  and  since  (Prop.  XI,^  if 
ordinates  be  drawn  through  those  figures  equidistant  from 
each  other,  the  portions  of  the  ordinates  intercepted  by  the 
curve  and  axis,  are  equal  to  the  sum  of  a  series  of  sines  of  am 
in  arithmetical  progression  for  the  whole  quadrant  equal  in 
number  to  the  number  of  the  ordinates,  and  if  these  ordinatei 
are  equidistant  from  each  other,  the  sum  of  the  portions  passing 
through  either  surface,  drawn  into  their  common  distance,  msy 
be  taken  for  the  surface ;  and  since  the  distance  of  the  ordinatei 
is  equal  by  hypothesis,  both  for  the  parallelogram  and  revo* 
loidal  surface,  the  portions  of  the  ordinates  intercepted  by  each, 
will  be  in  relation  to  their  surfaces  respectively,  when  tbeir  nam- 
ber  is  indefinitely  increased,  and  their  distance  becomes  indefr 
nitely  small.  Hence,  as  the  sum  of  a  series  of  sines  of  arcs  of 
the  whole  quadrant  taken  in  arithmetical  progression,  is  to  the 
area  of  a  quadrant  ACB  of  the  revoloidal  surface,  so  is  the 
sum  of  an  equal  series  of  radii  to  the  area  of  the  paralleloeraoi 
ACBD ;  and  what  has  been  shown  for  one  quadrant  o?  the 
revoloidal  surface,  is  also  true  for  the  whole. 

Cor.  Hence,  the  space  BDA  without  the  revoloidal  surface* 
is  to  the  revoloidal  surface,  as  a  sum  of  an  indefinite  series  of 
arcs  in  arithmetical  progression  to  the  sum  of  a  similar  seriei 
of  sines. 
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If  the  quadrant  AB  of  a  revoloidal  curve  be  made  to  revolve 
about  its  axis  AC,  and  if  a  plane  hemisphere  of  a  quadran* 
gular  revoloid  be  described  about  the  solid  so  generated^  hav^ 
ing  the  same  axis  AC»  then  the  revoloid  will  be  to  its  circum* 
scribing  pinsm^  as  the  sum  of  the  squares  of  a  series  of  sines 
of  the  quadrantf  to  the  sum  of  the  squares  of  an  equal  series 
of  radii. 


ffffi 


Let  an  indefinite  number 
of  planes  be  passed  through 
the  revoloid  perpendicular 
to  the  axis,  and  at  equal  dis-  h 
tances  from  each  other,  and 
the  sections  made  by  these 
planes  will  all  be  squares, 
(Prop.  1,  Cor.  4  B.  III.)  and 
their  sides  will  all  be  equal  to 
the  ordinates  Urn,  An,  &c., 

drawn  through  the  intersec-     F  c  B 

tion  of  such  planes  with  the  vertical  sections ;  and  hence  the 
side  of  each  parallel  section,  is  equal  to  twice  the  sine  nh  of 
the  quadrant  corresponding  to  such  section,  being  =  nn. 
Now  let  each  of  those  parallel  planes  be  extended  to  HG  pass- 
ing through  the  prism,  and  it  is  evident  that  each  of  the  sec- 
ticms  of  the  prism  will  be  squares,  whose  sides  are  severally 
equal  to  twice  the  radius  CB,  of  an  inscribed  circle.  Now 
the  magnitudes  of  these  solids  through  each  section,  are  evi- 
dently in  the  relation  of  the  magnitudes  of  such  sections ;  and 
if  the  number  of  these  equidistant  planes  are  indefinitely  in- 
creased, and  they  are  indefinitely  near  together,  their  sum  will 
represent  the  whole  of  each  of  the  solids  in  the  relation  of 
their  whole  magnitudes,  and  since  each  conjugate  section  of  the 
revoloid  is  the  square  described  on  double  the  sine,  answer- 
ing to  the  ordinate  in  reference  to  the  quadrant  CEB,  and  each 
section  of  the  prism  is  the  square  described  on  the  line  HG, 
equal  twice  the  radius,  it  follows  that  the  solidity  of  the  revo« 
loid,  is  to  that  of  the  ciicumscribing  prism,  as  the  sum  of  the 
squares  of  a  series  of  the  sines  of  the  quadrant,  to  the  sum  of 
the  squares  of  an  equal  series  of  radiu 


Cor.  Hence,  the  solidity  of  the  space  between  the  surfaces 
he  revoloid  described  as  above,  and   that  of  its  circum- 
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scribing  prism,  is  to  that  of  the  revoloid,  as  the  sum  of  the 
squares  of  a  series  of  versed  sines  of  the  quadrant,  to  the  sum 
of  the  squares  of  an  equal  series  of  sines,  and  this  space  is  to 
that  of  the  prism,  as  the  sum  of  the  squares  of  the  versed 
sines,  to  the  sum  of  the  squares  of  an  equal  series  of  radii. 

Cor.  2.  Let  the  prism  and  also  the  revoloids,  be  divided 
into  lour  quadrants  by  planes  through  the  vertical  axis,  and 

[>assing  through  the  centres  of  the  opposite  sides ;  and  the  so- 
id  so  described,  will  be  truly  represented  by  the  value  of  the 
conjugate  parallel  sections,  passing  through  them,  viz :  the 
segment  of  the  revoloid,  will  be  represented  by  the  sum  of  the 
squares  of  the  sines  ;  the  space  between  the  revoloid  and  sur- 
face of  the  prism,  by  the  sum  of  the  squares  of  an  equal  series 
of  versed  sines,  and  the  prism  by  the  sum  of  the  squares  of  an 
equal  series  of  radii. 

Cor.  3.  Since  the  revoloid  has  the  same  ratio  to  its  circum- 
scribing prism,  as  the  solid  of  revolution  about  which  it  is  des- 
cribed, has  to  its  circumscribing  cylinder ;  the  solid  formed 
by  the  revolution  of  the  revoloidal  quadrant  AB,  will  be  to  its 
circumscribing  cylinder,  as  the  sum  of  the  squares  of  a  senes 
ol  sines  of  the  quadrant,  to  the  sum  of  the  squares  of  an  equal 
series  of  radiu 


fROrOSITlON    ZIII.   FROBLBM. 

LtL  U  be  required  to  find  the  circumference  of  the  circle  from 
the  ratio  of  the  sum  of  the  series  of  sines  for  every  minuts 
of  the  quadrant  to  the  sum  of  an  equal  series  of  radiu 

The  number  of  the  series  of  sines  to  every  minute  is  5400 
=  the  number  of  minutes  in  the  quadrant,  which  is  the  Dum« 
ber  of  radii  to  be  compared  with  the  series  of  sines,  and  if  the 
radius  =  1,  then  6400  is  the  sum  of  the  series  of  radii ;  and 
the  sum  of  the  series  of  sines  to  everv  minute  is  by  Trigono- 
metry =  3438.2467465. 

And  (Prop.  XI,)  the  area  of  the  revoloidal  surface  is  to 
that  of  its  circumscribing  parallelogram,  as  the  sum  of  an  in- 
definite scries  of  sincti  to  the  sum  of  an  equal  series  of  radii; 
but  the  series  of  sines  to  every  minute  being  a  definite  number, 
and  such  that  the  surfaces  between  the  lines  may  be  rende^ 
ed  appreciable,  they  do  not  represent  those  spaces  or  tra* 
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eiums  in  their  exact  ratios,  but  represent  the  longest  sides  of 
>se  trapeziums,  making  up  the  revoloidal  surface,  but  in  or- 
r  that  they  may  be  true  indices  of  those  trapeziums,  they 
ould  be  such  as  pass  through  the  centres,  when  each  would 
reduced,  by  a  quantity  equal  to  half  the  difference  between 
elf  and  the  next  greater  one,  and  as  the  sum  of  all  their 
lerences,  is  evidently  equal  to  the  radius,  halt  of  the  sum  of 
sir  several  differences  is  equal  to  half  the  radius  ;  therefore, 
B  sum  of  the  natural  sines  must  be  reduced  by  that  quantity, 
E :  3438.2467165  — ,5=3437.7467465,  when  if  we  make 

r  =  radius 
d  ar  =  I  of  the  circumference,  we  shall 

iYBf  (Prop.  IX.,  Sch.  3.) 

rixi:  3437.7467465  :  5400 
Hence,  2=1.570.796337=  i  the  circumference  whea 

e  diameter  is  2,  which  is  true  to  8  places  of  figures,  viz :  to 
5707963,  but  the  9th  figure  should  be  2  instead  of  3.     ' 

Cor.  1.  Because  the  cosine  of  60°  is  equal  to  half  the  ra- 
us,  and  because  the  surface  of  any  conjugate  section  of  the 
voloid  is  equal  to  the  radius  multiplied  by  the  cosine  corres- 
mding  to  each  section,  (Prop.  XI,  Cor.  1.)  the  sum  of  the 
aes  for  60°  is  equal  to  half  the  sum  for  90°  or  the  whole 
ladrant;  and  consequently,  is  equal  to  the  sum  of  the  series, 
r  the  arc  from  60°  to  90°. 

Cor.  2.  Hence,  by  proceeding  as  in  the  proposition,  usin^ 
le  sum  of  the  sines  for  an  arc  of  60°  in  comparison  with  a 
>rresponding  portion  of  the  circumscribing  parallelogram, 
16  ratio  of  the  circumference  of  the  circle  to  its  radius,  may 
s  determined  by  this  arc,  in  the  same  manner  as  by  the 
^hole  quadrant 

Scholium.  It  will  be  perceived  that  the  sum  of  all  the  natu- 
il  sines  of  the  quadrant,  to  any  number  denoting  the  seriesi 
lay  be  calculated  by  reversing  the  operation,  viz :  x  :r  :  i 
r  :  sum  of  series  of  sines  minus  ^r,  when  n  =  the  number 
enoting  the  series :  and  this  may  evidently  be  effected  for  the 
rhole  quadrant  or  any  portion  of  it 
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rBorosmoif  xiv.  tbeoiim. 


If  thert  be  any  number  of  equidUtant  ordinate*  of  differoA 
lengths  drawn  from  a  right  line  AB,  and  terminatedby  Ok 
vertices  of  a  polygon,  then  the  area  comprehended  behoeat 
the  greatest  and  Uast  ordinate,  and  the  right  line  AB  a»i 
polygonal  line  CDEF  it  equal  to  the  nan  oj"  all  the  midJh 
orainatet  +  half  the  sum  of  the  extreme  ordtnaies  drawn  iiUt 
the  common  distance  AG. 


For  the  quadrilateral  ACDG 
is  =  J  (AC+GD)  AG, 
the  qundrilateral  EDGH  = 

;  (GP+HE)  AG  or  GH,  aod  the  quadri- 
lateral  HEFB  =  <  (HE+BF)  HB  ;  bencec, 
by  addition  we  have 

a  AC+  GD  +EH+i  BF)  AG. 


FROPOBITIOIT    XT.   THCOtlH. 

If  a  right  line  AK  be  divided  into  any  even  number  of  equal 
.  porta  AC,  CE,  EG,  ^.  ;  artd  at  t^  points  of  division  their 
be  erected  peipendicular  ardinalea  AB,  CD,  EP,  ^.,  termi- 
nated by  any  curve  BDPS  ;  and  if  a  be  put  for  the  sum  rf 
.  Vie  first  and  last  ordinate  AB,  SK,  bfor  the  sum  of  the  eren 
ordinateM  CD,  GH,  LM,  FQ  ;  and  c  for  the  sum  of  all  the 
resl.EF.  IR  and  NO  ;  then  (a+4b+2c)  X  i  of  the  common 
'  distance  AC  will  be  the  area,  ABSK  very  nearly 


Through  the  first  three  points 
BBP,  let  a  parabola  be  con- 
ceived to  be  drawn,  having  ita 
axis  parallel  to  the  ordinales ; 
the  parabolic  area  ABPE,  (Prop. 
VI.  Schol  .B.  I.)  will  be  (AB  + 
4CD+EP)  X  I  AE  =  (AB+ 
4CD+EP}  X  i  AC ;  and  when 
the  points  of  BDP  are    at    do 

S-eat  distance  from  each   other 
B  parabolic  curve  will  very  nearly  cioncide  with  any  other 
regular  curve,  drawn  through  the  same  points. 

Let  us  now  take  the  ordinates  £P,  GH,  IR  ;  then  will  (EP 
:f-4GH+lR)X  i  EG=tfae  area  EPRI ;  and  (IR^  4LM+N(Q 
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i  IL=area  IRON.  Also  (N0+4FQ+KS)X^  NF=area 
OSK.  whence  by  addition,  we  have  [(AB+KS)  +  (4DC+4 
H+4LM+4F<i)+(2EP+2lR+2NO)]XiCA=(a+4ft+2C) 

Cor.  This  theorem  may  be  applied  for  computini^  the  con- 
nta  of  solids,  by  using  parallel  sections  instead  of  the  ordi- 
ites,  as  will  appear  in  Prop  IV.,  Corollaries  and  Scho- 
im,  B.  I. 

SchoL  It  is  evident  that  the  greater  the  number  of  ordinates 
id  the  nearer  the  points  DBP,  &c.,  are  to  each  other,  the 
ore  nearly  will  any  curve,  drawn  through  them,  agree  with 
e  parabola,  and  hence  the  greater  accuracy  will  be  ob- 
ined ;  the  same  remark  will  also  apply  to  solids. 

Cor.  2.  Hence  if  the  area  of  any  space  AB,  KS  is  known, 

id  the  ordinates  AB,  IR,KS,  the  value  of  the  line  AK  may  be 

itermined. 

For  if  AB  +  KS  =  a  and  IK  =  fr,  we  have,  by  considering 

s  curve  as  a  parabola,  whose  axis  is  parallel  to  KS,  the  area 

=  {a  +  4b)  X  i  AK,  let  AK  =  p,  hence  we  have 

=  J+Tft°'^  =  JT"46 ^*^ 

Or,  if  the  number  of  ordinates  is  increased,  we  have  by 
?  proposition,  A  =  (a  +  46  +  2c)  f  p  -r-  n,  n  bein^  the 
mber  of  divisions  in  the  line  AK,  or  the  number  of  ordmates 

8  1,  and  we  have/i  =  ^+4^+2c         -        •        "        (2) 

PROPOSITION    XVI.    PROBLBM. 

ijind  eleven  equidistant  ordinates  to  hyperbola  betvoeen  the 
asymptotesy  and  by  means  of  those  ordinates  to  find  the 
area. 

Taking  the  equation  a^=zy,  and  assuming  a  =  10,  and  the 
It  value  of  Xp  or  the  distance  from  the  centre  to  the  first 
linates  =10,  and  if  the  lower  distance  is  1  =  if,  we  shall 
ve  for  the  ordinates. 

jojio    l^i^i^    1^1225    1!^    19 

11       12       13       14       15       16       17       18       19      20 
isum  of  the  first  and  last  o^""  ^^fn  +  on  "^   '^ 
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the  sum  of  the  even  ordinates  or  b 

10      10      to      10      10 

-n +11+ a+r7+r9- »■«»*'»» 

The  sum  of  all  the  recurring  ordinates  or  c 
10      10      10      10 
=  fa  + 14  +  16+ 18  + =  «-'^281744i 

Therefore,  by  the  proposition, 

(a  +  46  +  2c)Jd=6,9315021,  is  the  area  required. 


r  xTir.  raoBLE*. 
To  find  the  value  of  *  byajui-dittant  ordinates  to  the  reooloidal 


If  A  =  the  area  of  a  quadrant, 
AIR  of  the  revoloidal  curve,  and  a 
=  the  minor  semi-axis,  AI  =  the  ra- 
dius of  a  circle  inscribed  in  the  curve, 
and  i*  =  the  semi-major  axis,  IR  ; 
and  if  a  =  an  ordinate  EN  to  the 
major  axis,  equi-distant  from  I  to  the 
vertex  R,  then  will  the  area  of  the 
curve,  considering  it  as  a  parabola, 

be  =  a+4  6Xi^;  and  if  A  equal  the  area  of  the  revoloidiJ 


quadrant,  the  s 

Let 

and 

hence  we  have 


a=l,  and  b  = 
A  will  =  r"  = 


1, 


=70712,  &.C. 


a+4b  ~ 

this  is  true  to  two  places  of  figures  only,  but  the  thirtl  sbookt 
be  7  instead  of  6. 

Let  now  two  other  ordinates,  CL,  GP,  be  taken  in  additioDt» 
this,  equidistant  therefrom,  and  from  the  extremities  of  the  axit, 

and  we  have  by  Prop.  XVI,  Cor.  3,  — ; — ; rr'  =  i* 

■'         ^  a-|-4o  —  2e        • 

Let  the  two  ordinates  b  be  the  sines  of  22°  30'  =  .382669, 
and  67"  30'  =  .923880,  and  c  =  sine  of  48"'  =  .707107,  and 
we  have  a=l,ia  =  5.226252,  2c  =  1.41434,  A  =  r'  =  1. 
3nA  12  «- 

««""'  5+44+53  =  7:645466  =  l-*™*".  *<=•  =  ^ 
which  is  true  to  four  places,  viz  :  1,570,  but  the  fifth  ibooU  be 
7  instead  of  fi. 
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Let,  now,  seven  ordinates  be  taken  between  the  two  extremes^ 
and  the  distance  of  the  ordinates  will  be  reduced  j. 

Thus  the  ordinates  will  be  the  sines  of  IT  15',  22°  30',  33* 
45,  45^  56*  15',  67*  30',  78*  45',  90*  =  .195090.  .882683. 
555570,  .707107,  .831470,  .823880,  .980785,  1. 

sin.  11*  15'  =  .195090 

0*  «=       0  )     .  _     J         38*  45'  =  .555570 

90*  «  +  1  i  '  ^  -    ^         56M5'  =  .831470 

78*  45'  =  .980785 


{  sin. 
«=    I  sin. 


sin.  22*  30'  =  .382683 

c  =^   i         45*    0'  -  .707107 

67*  30'  =  .923880 


2.562915 


20.18670 
Hence,  a=l,  46=10.251660,  20^=4027340,  and  n=8. 

Therefore,  in  the  formula     ,  .,  ,  ^  =  ---  we  have  i  *  ^ 

a+46+2c       2  * 

1.5707833,  which  is  true  to  five  places,  but  the  sixth  should  be 
9  instead  of  8. 

By  comparing  each  of  the  results  obtained  above  with  the 
true  numbers,  we  shall  have  the  ratio  of  its  approximation. 

Thus,  the  difference  between  the  first  result  and  the  true 
number  is,  .0035724 

that  of  the  second,  .0002115 

that  of  the  third  .0000180. 

Hence,  it  will  be  seen  that  the  result  approximates  in  nearly 
a  geometrical  progression,  to  the  true  value  of  *  as  we  in- 
crease the  number  of  ordinates,  or  as  the  distance  between 
the  ordinates  is  decreased.  We  may,  therefore,  determine  the 
number  of  ordinates  that  must  be  tanen,  in  order  to  give  an 
accurate  result  to  any  number  of  decimal  places  ;  for  it  will 
be  perceived  that  the  ratio  of  the  above  variations  are  nearly 
16  to  1.  Hence,  we  may  safely  infer,  that  it  will  approximate 
at  the  rate  of  three  decimal  figures  in  every  two  subdivisions. 
Instead  of  computing  the  value  o{  i*  from  the  ordinates  drawn 
in  the  whole  quadrant,  we  may  take  any  small  arc  of  the 
quadrant,  and  having  found  its  quadrature  let  it  be  called  A' ; 
and  if  we  proceed  as  before,  by  drawing  one  ordinate  eaui- 
distant  from  its  extremes,  we  shall  have,  according  to  the  lor- 

"A' 
mula,    \al  =  «"'  =  the  assumed  arc,  which,  multiplied  by  the 

number  of  times  this  arc  is  contained  in  the  quadrant,  will 
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give  the  same  result  as  though  the  ordinates  are  taken  for  the 
whole  quadrant 

Let  the  formula         .  =  w'  be  applied  to  a  segment  of  the 

revoloidal  surface  whose  arc  is  80^,  and  whose  greater  ordi- 
nate is  the  radius. 

Here,  A'=sin.  30®  X  r= J  ;  hence,  A'=jA, 

a=r  +  sin.  60**  =  1.866025 
6=         sin.  76**  =    .965926 
6A'  3A 

^+46  =  5?729709  =  -^2358670  =  .'  =  art:  of  30^, 

radius  1;   hence  the  arc  of  90%  or  J  c  «  1. 57076010; 

which  is  true  to  five  places  of  figures. 

Let  there  be  two  other  ordinates  drawn  across  the  segmat, 

.     ^        ,         3nA'  ,    . 

then  by  the  formula,^    ^^^  =<  smce  c as  Jr^s,  we  shall 

have r'         =s  i^r,  and  ^■sam  4. 

(  sin.  60°  =  .866025  )   ,  o^m^oe 
^  =  \  sin.  90®  =  .100000  \  =  l-»0«>25 

.   \  sin.  67®  30'  =  .923880  ) 

^  ==  }  sin.  82®  30'  «=  .991445  )  =  1-915825 

c  »  sin.  75®  »  .965926 

Hence,  a+4fr+2c=»  11.459157 

and,  9nA'  =  18, 

9nA' 
-,  ^.  ^  ^    =  1.57079616. 

which  is  true  to  seven  places,  which  is  as  far  as  the  sines  are 
calculated,  on  which  the  value  is  predicated. 

Let  the  first  and  second  results  be  compared,  and  we  shall 
have  the  difference  of  the  first  result  and  the  true  value 

1.57079632  \        ,^-^-,^„ 
—  1.57076010  )  ~  -W003622 

that  of  the  second, 

1.57079632  )        niwmA«.« 
—1.57079616  )  =*  -00000016 

Divide  the  first  error  by  the  last,  and  we  hare  the  (juotieBl 
=s  226  =:  the  ratio  of  the  approximation,  or  the  proportioiial 
accuracy  of  determination,  by  varjing  the  number  otthe  or- 
dmates.  It  will  be  perceived,  therefore,  that  this  portion  of 
the  revoloidal  curve  approximates  much  faster  than  the  whok 

auadrant,  and  is,  therefore,  more  nearly  similar  to  a  panlwl# 
lan  the  whole  curve ;  it  may  hence  be  inferred,  that  if  aof 
small  segment  of  the  revoloidal  surface  is  taken  adjaceat  19 
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the  conjugate  diameter,  such  segment  will  be  very  nearly  a 
portion  of  a  parabola,  and  that,  by  so  considering  it,  the  value 
of  the  length  of  the  arc  may  be  determined  with  any  required 
degree  of  accuracy. 

For,  in  taking  the  whole  quadrant,  we  found  the  ratio  of 
convergency,  by  doubling  the  number  of  the  ordinates,  to  be  ] 
to  16 ;  and  in  the  segment  embracing  the  arc  of  30®,  adjacent  to 
the  conjugate  diameter,  we  find  the  ratio  of  convergency  to  be 
1  to  226  ;  and  if  an  arc  is  taken  still  smaller,  the  ratio  of  con- 
vergency will  become  proportionally  greater. 

Let  any  segment  of  the  revoloidal  surface  be  taken,  and  if 
the  value  of  its  arc,  or  the  value  of  ^,  be  computed  by  any 
number  of  ordinates,  and  if  the  number  of  ordinates  is  then 
increased  so  that  the  common  distance  'is  reduced  one-half, 
and  the  value  of «-  is  again  estimated  by  the  increased  number 
of  ordinates,  and  if  the  variations  of  the  two  results  from  the 
true  value  be  compared  with  each  other,  they  will  show  the 
ratio  of  convergency  of  the  process  for  that  arc  by  increasing 
the  number  of  its  ordinates,  or  the  rate  of  approximation  by 
any  specific  increase  of  the  ordinates  for  such  arc  or  segment. 

Hence,  we  may  at  all  times  determine  the  value  of  «"  to  any 
required  degree  of  exactness  ;  for  if  we  wish  to  determine  its 
value  to  any  given  number  of  decimal  places,  we  have  only  to 
assume  some  given  arc  and  find  its  rate  of  convergency,  then 
take  such  an  arc  as,  according  to  this  rate,  will  give  the  re- 
quired result 

The  arc  of  90®  gave  the  true  result  only  to  2  places,  that  of 
30®  to  5  places,  with  three  ordinates ;  and  we  may  expect  a 
still  greater  ratio  of  convergence  for  a  smaller  arc ;  let  us 
take  an  arc  of  10® ;  we  may,  according  to  this  ratio,  only  have 
the  value  to  8  places,  and  by  proceeding  to  decrease  the  arc, 
we  should,  by  taking  1®,  have  the  value  to  16  places;  but 
since  the  curve  approaches  more  and  more  to  a  similarity  with 
that  of  a  parabola  as  we  approach  the  vertices  of  the  conju- 
gate axis,  the  ratio  of  convergency  increases  also  rapidly  as 
we  approach  that  point,  or  as  the  arc  assumed  is  decreased ; 
so  that,  by  taking  an  arc  of  one  minute  of  a  degree,  the  accu- 
racy of  determination  would  extend  to  many  places  of  deci- 
mals ;  and  if  the  arc  should  be  reduced  still  further,  to  seconds 
and  fractions  of  a  second,  the  result  would  come  out  true  to 
several  hundred  decimal  places ;  all  of  which  is  manifest  by 
pursuing  the  investigation. 

Let  a  distance  be  taken  on  the  axis  equal  the  arc  of  2  mi- 
nutes of  a  degree  from  the  conjugate  diameter.  Then  having 
the  sine  89®  58'  =  .0999998308 

that  of  89®  59  =  .9999999577 
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the  cosine  of  2  is  .00058177637,  which,  multiplied  by  radius,  a 

the  value  of  A' 

6  A' 
We  have,  in  the  formula  — r-rr 

CA'  =  .00349065837 

a+  4b  =  5.9909996616 

6A' 
and  —r-rr  =  0005817764172  =  w'  =  the  arc  of  20^  2',  which 

a +46 

multiplied  by  2700,  the  number  of  such  arcs  contained  in  a 
quadrant,  we  have  the  value  of  ^  ir  =  1.57079632644,  which 
is  true  to  10  places,  or  as  far  as  the  sines  on  which  its  value 
is  predicated. 
For  more  extended  investigations  on  this  subject,  see  notes. 

PROPOSITION   XVIII.    THEOEEM. 

If  a  circle  be  described^  and  from  its  centre  a  line  equal  to  one- 
fourth  of  the  circumference  be  drawn  perpendicular  to  a  ra- 
dius^ the  triangle  formed  by  connecting  the  extremity  of  this 
line  with  the  extremity  of  the  radius^  will  be  equal  to  the  quad- 
rant of  the  circle. 

Let  ABE  be  a  semicircle,  described  on  the  ^ 

radius  AC,  from  the  centre  C  draw  the  line 
CD  equal  to  one-fourth  of  the  circumference 
perpendicular  to  the  radius  AC ;  join  DA, 
then  will  the  triangle  ACD  be  equal  to  the 
quadrant  AEC. 

For,  according  to  Prop.  XV,  Cor.  1,  B. 
V.  El  Geom.  the  area  of  a  sector  of  a  cir- 
cle is  equal  to  half  the  product  of  the  arc  of  the  sector  multi- 
plied by  the  radius.  Now,  the  quadrant  AEC  is  a  sector  of 
the  circle,  and  the  triangle  ACD  is  equal  to  half  the  product 
of  the  arc  AE,  or  the  line  CD  multiplied  by  the  radius  AC; 
hence  the  triangle  ACD  is  equal  to  the  quadrant  AEC. 

Cor.  Hence  we  may  infer  that  AF,  the  segment  of  a  circle 
cut  off  by  the  line  DA,  is  equal  to  the  portion  of  the  triangle 
DEF  cut  off  by  the  arc  EF;  for  the  triangle  ADC  is  equal  to 
the  quadrant  AEC,  and  if  the  line  AD  cuts  off  a  segment  AF 
from  the  quadrant,  then  it  necessarily  includes  an  equal  space 
DEF  within  the  triangle  and  without  the  quadrant ;  otherwise 
the  triangle  ADC,  could  not  be  equal  to  the  quadrant  AEC. 
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PROPOSITION    XIX.  THEOREM. 

Jf  a  circle  be  described,  -and  from  the  centre  two  radial  lines  be 
'drawn  perpendicular  io  each  other,  equal  in  length  to  the  arc  of  the 
quadrant  of  the  circle ;  and  if  the  extremities  of  these  radial  lines 
be  connected  with  another  line  as  hypothenuse,  forming  with  those 
lines  a  triangle,  and  if  this  third  line  is  bisected  by  another  radial 
line  from  the  centre,  bisecting  also  the  arc  cf  the  quadrant ;  and  tf 
a  line  be  drawn  from  the  point  of  the  hypothenuse  cut  by  the  last 
mentioned  radical  line,  to  the  extremity  of  the  radius,  or  the  point 
where  one  of  the  frstmentioned  radial  lines  cut  the  circle ;  then  will 
the  triangle  formed  by  these  tlwee  lastmentioned  lines,  be  equal  to 
the  sector  included  between  the  two  radial  lines  forming  sides  of  this 
triangle ;  and  the  lastmentioned  line  will  cutoff  a  segment  from  the 
sector  without  the  triangle,  equal  to  the  portion  included  in  the  trian- 
gle  without  the  sector,  and  a  perpendicular  let  fall  from  the  point  of 
.  bisection  of  the  hypothenuse  on  the  radius,  is  equal  in  length  to  the 
arc  of  the  circle  included  between  the  bisecting  line  and  radius. 

From  the  centre  C  of  the  3> 

circle  AB  draw  the  radial 
lines  CD  and  CG,-each  equal 
in  length  to  the  arc  of  the 
t}uadrant  AE,  forming  a 
right  angle  at  C,  draw  DG ; 
draw  also  CH  bisecting  DG 
in  H  ;  and  draw  HA ;  then 
will  the  triangle  ACH  be  ^ 
equal  to  the  sector  ACT, and 
the  segment  A6  cut  off  from 
the  sector  by  the  line  flA, 
will  be  equal  to  the  portion 
HT&  included  in  the  triangle 
ACH,  but  without  the  sector  ACT ;  from  the  point  H  of  the 
intersection  of  the  line  CH  with  DG,  draw  HI  perpendicular 
to  AC,  and  thfe  line  HI  will  be  equal  to  the  arc  AT  included 
between  the  radial  lines  AC  and  CH. 

Draw  the  line  AD  forming  with  the  radius  CA,  and  the  ra- 
dial line  CD  the  triangle  ACD  ;  and  (Prop.  XVIII.)  the  triangle 
thus  formed  is  equal  to  the  quadrant  AEC ;  draw  also  HI  per- 
pjendicular  to  CD ;  and  because  HL  is  parallel  to  AC,  the  two 
sides  DG  and  DC  will  be  cut  proportionally  by  the  line  HL, 
(Prop.  XIV,  B.  IV,  El  Geom.) ;  so  that  if  the  line  DG  is  bi- 
sected  in  the  centre  at  H,  the  line  CD  is  also  bisected  in  the 
centre  at  L,  so  that  LC  or  HI=iCD. 

Now,  the  two  triancles  ADC  and  AHC,  having  a  common 
base,  viz.,  AC,  are  as  their  altitudes,  (Prop.  VIII,  Cor.  B.  IV 
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EL  Geom.) ;  but  the  altitude  of  the  triangle  AHC  is  HI,  eqaal 
to  LC,  equal  to  half  the  altitude  CD  of  the  triaDgle  ACD; 
therefore,  the  triangle  ACH  is  equal  to  half  the  triangle  ACD; 
but  the  triangle  ACD  is  equal  to  the  quadrant  ACE;  therefore, 
the  triangle  ACH  is  equal  to  half  that  quadrant,  or  is  equal  to 
the  sector  ACT,  which  is  the  first  branch  of  the  proposition. 

Now,  because  the  triangle  ACH  is  equal  the  sector  ACT,  the 
segment  Ab  cut  off  from  the  sector  by  the  line  AH,  is  equal  to 
the  portion  HTb  included  in  the  triangle  and  without  the  sec- 
tor, (Prop.  XVIII.  Cor.)  which  is  the  second  branch  of  the 
proposition. 

And  because  the  line  CD  is  equal  to  the  arc  A£  of  the  qosd- 
rant,  and  because  the  arc  AT  is  equal  to  half  the  arc  AE,  it  if 
also  equal  to  half  the  line  CD^CL=HI,  which  is  the  last 
branch  of  the  proposition. 

Cor.  If  BA  be  extended  to  a,  so  that  Ca  shall  be  equal  CH, 
and  if  a  line  Ha  b;  drawn  and  bisected  by  Ce,  and  a  line  be 
drawn  from  e  to  A,  forming  the  triangle  ACe,  this  triangle  so 
formed  will  be  equal  to  the  sector  of  the  circle  intercepted  by 
the  lines  CA  and  Ce ;  and  the  line  Ae  wiR  cut  off  a  sennent  of 
the  circle  without  the  triangle  equal  to  the  space  induded  ii 
the  triangle  without  the  sector,  and  a  perpendicular  ei  let  ftO 
from  e  on  the  radius  AG,  is  equal  to  the  arc  intercepted  by  the 
lines  CA  and  Ce.  And  the  same  may  be  inferred  from  say 
further  divisions  or  subdivisions  of  the  circle. 

PROPOSITION   XX.      THEOREM. 

With  the  radius  C  A  kt  there  be  described  a  circle  AEBF»  tni 
from  the  centre  C  draw  the  line  CD  perpendicular  to 
the  diameter  AB,  or  radius  C  A,  and  equal  in  length  to  the 
arc  of  the  quadrant  AE,  let  the  line  CD  be  dimdeainto  anijf 
number  of  equal  parts^  as  1,  2,  3,  4,  4^.,  and  let  the  arc  tf 
the  quadrant  be  divided  in  like  manner  into  a  similar  number 
of  equal  parts  1,  2,3,  4,  4^.  From  the  divisions  an  the  Hue 
CD  draw  the  lines  la,  2b,  3c,  4^.,  parallel  to  the  radius  CA ; 
and  through  the  divisions  1,  2,  3,  4^.,  on  the  arc  draw  the 
radial  lines  Ca,  Cb,  Cc,  Ac.  Then^  if  from  the  paints  of  ta- 
tersection  a,  b,  c,  4^.,  of  the  radial  linest  with  their  renee- 
tive  parallel  lines  according  to  their  respective  numbers^  Smss 
be  db-awn  as  fA,  to  the  extremity  of  the  radius  C  A,  then  wUl 
this  line^  together  with  C  A  and  Cifarm  a  triangle  which  is 
equal  to  the  sector  C  A6,  included  within  the  radim  Une  Cfand 
the  radius  CA. 
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And  the  tegmentAmcut  of  from  the  sector  by  the  line  fA  « 
equal  to  tke  portion  fmC  included  in  lAe  triangle  without  the 
lector ;  and  if  lines  be  drawn  from  the  several  points  of  in- 
Uriection  of  the  parallel  and  radial  lines  perpendicular  to  the 
radius  as  (^  tke  lines  so  drawn  will  be  respectively  equal  to 
the  arcs  intercepted  by  the  radial  lines  from  the  extremities 
ofvAich  they  are  drawn,  and  their  radiiu  CA. 

For  each  of  the  radial 
lines  Ca,  Cb,  &c.,  cut  the 
arc  AE  in  the  same  ratio 
that  the  correaponding  pa- 
rallel lines  la  2b,  &c.,  cut 
the  perpendicular  CD ;  thus 
the  radial  line  Cg,  passing 
through  the  point  or  divi- 
sion 7  on  the  arc,  cuts  off  ^ 
one  division  from  the  arc, 
and  intercepts  with  the  ra- 
dios CA  all  the  rest,  and  the 
corresponding  line  Ig  pa- 
rallel to  the  radios  CA  cuts 
offDT  on  the  perpendicu- 
lar CD,  so  that  if  the  whole 
line  CD  is  equal  to  the  arc 
AE,  the  portion  C7  of  the  fine  CD  =  H^  is  equal  to  the  are 
At  of  the  circle.  Aad  the  radial  line  Cef  cuts  the  arc  AE  in 
the  same  ratio  as  the  \iaef&  parallel  to  CA,  cuts  the  line  CD, 
viz.,  the  radial  line  C6f  cuts  the  circle  through  the  division 
marked  6,  and  the  line  ^B  parallel  toCA,  cuts  the  line  CD  in 
the  division  marked  6,  so  that  if  the  whole  line  CD  equal  the 
arc  AE,  then  will  the  portion  C6  of  that  line=/K  be  equal  to 
the  portion  A8of  the  are.  Now,  the  area  of  every  sector  of 
the  arc  AC6,  is  equal  to  the  arc  of  the  sector  multiplied  by  half 
the  radius  CA  ;  but  the  triaugle  AfC  is  equal  to  the  line/K 
multiplied  by  half  the  base  or  radius  CA  ;  therefore,  the 
triangle  AfC  is  equal  to  the  sector  AC6,  end  hence  the  seg- 
ment Am,  cut  off  from  the  sector  by  the  line  Af,  is  equal  to  the 
portion /in6  included  within  the  triangle,  but  without  the  circle, 
and,  asnas  been  shown,/K=C6  is  equalto  the  arc  A6.  And 
as  the  same  holds  true  in  each  of  the  points  of  intersection  a, 
b,  c,  d,  &r..,  it  follows  that  the  result  corroborates  the  affirma- 
tion expressed  in  the  proposition. 

Cor.  If  a  curve  line  be  drawn  through  the  several  points  afi, 
c^  &c,  and  a  triangle  be  formed  by,  two  lines  from  any  point 
in  the  curve  drawn  to  the  two  extremities  of  the  radius,  the 
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triangle  so  formed,  will  be  equal  to  the  iector  included  bettnto 
the  radius  and  the  other  line  termioatitiff  in  C,  and  the  nme 
relation  of  areas  and  lines  will  exist  with  regard  to  the  triao- 
sles  and  lines  drawn  from  any  point  of  the  curve,  as  thougli 
they  were  drawn  through  the  points  a,  b,  c,  d,  dc 

Scholium  1.  The  curve  BD  may  be  described  about  [be 
quadrant  BE  ia  a  similar  manner  ;  and  since  from  any  point 
in  this  curve,  if  a  triangle  is  constructed  oo  the  radius  k  a 
base,  this  triangle  is  equal  to  the  sector  of  the  circle  included 
between  the  radius  and  one  of  its  sides,  the  curve  may  be 
called  the  curve  of  the  circle's  quadrature.  This  curve  vaiin 
from  the  rovoloidal  curve,  inasmuch  as  the  revoloidal  curve  is 
formed  by  drawing  a  line  through  the  points  of  intersection  oi' 
a  series  uf  lines  parallel  to  the  radius  drawn  through  theirre- 
spective  divisions  on  the  perpendicular,  with  an  equal  seriei 
of  lines  perpendicular  to  the  former,  drawn  through  their  re- 
spective divisions  on  the  arc  (see  Prop.  IL) 

Scholium  2.  This  curve  is  generated 
by  the  locus  of  the  intersection  Q.  of  the  !■■ 
two  right  lines  CF,HG;  HG  being  made 
to  pass  uniformly  along  from  A  to  C, 
being  always  perpendicular  to  AC,  while 
CP  revolves  about  the  centre  through 
the  arc  ED. 

Let  the  origin  be  at  A. 

Let  AH  =  «,  HQ  =  y 

AC  =  DE  =  »,'  anf^e  ACQ  =6,  (S  = 

sine  a  =j,  iM  =  cosine  6=  c 

Then  c  :  » : ; «' — « ;  y 


Hence  y  - 


-  which  is  the  equation  to  the  curve. 


PBOPoamoN  XXI.     tbeokek. 


If  from  the  extremity  of  the  radius  of  a  eirch,  a  chord  be  drta 
Ctttlinff  off  any  segment  less  than  a  semt-circlct  €tnd  if  jnt 
the  centre  of  the  circle  a  secant  be  drawn  through  the  t^ponk 
■extremity  of  the  segment,  and  if  the  secant  be  produced  so  ikt 
a  line  drawn  from  its  extremity,  perpendicular,  to  meet  ft 
•diameter  produced,  shall  be  equal  to  the  arc  trf'  tiff- 
ment,  then  the  area  of  the  segment  mil  be  equal  to  tM 
of  a  triangle  formed  by  the  chord  of  the  se:gjnent,  mdtk 
pari  of  this  secant  line  without  the  circle,  and  a  tine  jeimie 
the  {^otiie  extremities  of  tkit  Hne  toith  fftat  of  the  ehari. 
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For  it  is  evident  from  the  converse  of  Prop.  XVIII  Cor.,  that 
if  CE  be  so  drawn  that  the  perpendicular  E^  shall  be  equal  to 
the  arc  Aa,  then  the  triangle  CEA  will  be  equivalent  to  the 
quadrant  AaC ;  take  away  tne  triangle  ACa,  then  there  will  re- 
main the  triangle  AaE  =  the  segment  A/a. 

First,  let  Aa  be  a  chord  cutting  off  the 
segment  A/a  ;  from  the  centre  C  through 
the  extremity  of  the  segment  at  a,  draw  a 
«ecant  line  Ca  produced  to  E,  so  that  the 
perpendicular  E^  on  the  diameter,  shall 
be  equal  to  the  arc  A/a  cut  off  by  such 
secant ;  then  will  the  area  of  the  seg- 
ment Afa  be  equal  to  that  of  the  trian- 
gle AaE  formed  by  the  chord  Aa,  with 
the  part  aE  of  the  secant  without  the  circle,  and  the  line  AE 
joining  the  opposite  extremities. 

Secondly,  let  the  chord  Ab  extend  E 

into  the  second  quadrant,  cutting  off 
the  segment  ADfr,  draw  Cfr,  and  ex- 
tend it  to. E,  so  that  the  perpendicu- 
lar EF  drawn  from  the  point  E  to  the 
diameter  AB,  produced,  shall  be 
equal  to  the  arc  AD6  cut  off  by  the 
chord  Ab,  or  the  secant  CE,  and  the 
area  of  the  segment  ADb  will  be 
equal  to  that  of  the  triangle  AbE 
formed  by  the  chord  A6,  the  part  of 
the  secant  frE,  and  the  line  AE  join- 
ing their  opposite  extremities. 

For,  in  the  triangle  ACE,  the  area  is  equal  to  the  base  AC, 
the  radius  of  the  circle  multiplied  by  half  the  altitude  EF,  or 
the  arc  ADb  of  the  segment,  but  the  sector  AD&C  is 
equal  to  the  radius  AC  multiplied  by  half  the  arc  ADb ;  hence 
the  triangle  ACE  =  the  sector  AD6C,  therefore,  if  we  take  the 
triangle  ACb  from  each,  we  shall  have  the  segment  ADb  = 
the  triangle  A6E. 


PROPOSITION    XXII.    THEOREM. 


If  from  the  extremity  of  the  radius  of  a  circle,  a  chord  be 
drawn  cutting  off  a  segment  greater  than  a  semi-circle,  OTid 
if  through  the  opposite  extremity  of  the  segment,  a  secant  be 
drawn  from  the  centre  of  the  circle,  and  if  the  secant  be 
produced,  so  that  a  line  be  drawn  from  its  extremity  on  the 
diameter,  produced,  if  necessary,  shall  be  equal  to  the  arc  of  the 
segment,  then  the  area  of  the  segment  will  be  equivalent  to 
the  triangle  formed  by  the  radius^  secant  line,  and  a  line 
joining  the  opposite  extremities  of  these  lines,  plus  a  tri" 
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angk  formed  by  the   radius  and  the  chords   with  the  Uwt 
joining  the  opposite  extremities  of  those  lines. 

For,  let  the  chord  extend  into 
the  third  quadrant,  cutting  off  the 
segment  ADBrfA,  greater  than  a 
semi  circle,  draw  Cd,  and  produce 
it  to  E,  so  that  the  perpendicu- 
lar EF,  on  the  diameter  AB  pro- 
duced, shall  be  equal  to  the  arc 
ADBd  of  the  segment,  and  join 
AE,  and  the  area  of  the  triangle 
ACE,  plus  ACd  will  be  equal  to 
the  segment  ADB(fA. 

For  the  area  of  the  triangle 
ACE  is=the  base  AC,  or  radius, 
multiplied  by  half  the  perpendicu- 
lar FA,  which  is  equal  to  the  arc 
ADB(f,  by  hypothesis  ;  but  the 
area  of  the  sector  ADBdCA  is 
equal  to  the  radius  CA  multiplied 
by  half  the  arc  ADBcf,  hence  the 

triangle  ACE  =  the  sector  ADBdCA.  Add  to  both  the  tri- 
angle AC(/,  and  we  have  the  segment  ADBCA  =  the  triangle 
ACE  +  the  triangle  ACd. 

Secondly,  let  the  chord 
Ae  extend  into  the  fourth 
quadrant,  cutting  off  the  seg- 
ment ADBFE.  Through  the 
point  e  draw  the  line  CE 
produced,  so  that  the  line  EF 
perpendicular  to  BA  produc- 
ed, shall  be  equal  to  the  arc 
ADBFc.  Then  the  segment 
ADBFc  will  be  equal  to  the 
trian.  ACE  +  the  trian.  AcC. 
For  the  area  of  the  trian- 
gle ACE  is  equal  to  the  base 
AC,  or  radius  multiplied  by 
half  the  peipendicular  FE, 
which  is,  by  hypothesis, 
equal  the  arc  AuBFe  ;  but  the 
area  of  the  sector  CADBFcC 
is  equal  to  the  radius  AC 
multiplied  by  half  the  arc 
ADBFc ;  hence  the  triangle 
ACE    is    equal    the    sector 
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CADBFeC.    Add  to  each  the  triangle  ACe,  and  we  have  the 
segment  ADBFc  =  the  triangle  ACE  +  the  triangle  ACe. 

Scholium.  It  may  be  observed,  that,  as  the  termination  of  the 
segment  approaches  the  point  B,  or  as  the  segment  becomes 
equal  to  the  semi-circle»  its  equivalent  triangle  becomes  infi- 
nitely extended  in  the  line  AE,  and  at  the  same  time  the  sine 
becomes  infinitely  small,  and  while  it  passes  the  point  B,  the 
sine  is  equal  to  0,  and  AE  is  infinite.  The  same  may  be  said 
as  it  approaches  the  point  A  on  the  fourth  quadrant,  and  be- 
comes equal  to  a  complete  circle. 

PROPOSITION   XXIII.    THEOREM. 

The  area  of  a  segment  of  a  circle  is  equal  to  half  the  product 
of  the  difference  between  the  arc  of  the  segmetU  and  its  sijte 
multiplied  by  the  radius. 

First,  let  Afa  (see  first  diagram  to  Prop.  XXI)  be  a  segment 
of  a  circle  cut  off  by  the  radial  line  Ca,  and  produce  it  to  E, 
so  that  the  perpendicular  E^  on  the  radius  will  be  equal  to  the 
arc  of  the  segment ;  join  EA  and  (Prop.  XXI.)  the  area  of  the 
triangle  AEa  will  be  equal  to  the  segment  Afa  ;  from  the  point 
a  draw  the  perpendicular  as,  which  ii?  the  sine  of  the  arc  Aa 
of  the  segment,  and  the  area  of  the  triangle  AEa  will  be  equal 
to  (Et—as)  I  AC  (Prop.  XXXI,  B.  IV,  EL  Geom.)  Hence,  the 
segment  being  equal  to  the  triangle,  AEa  is  equal  to  half  the  pro- 
duct of  the  diflference  of  the  arc,  and  its  sine  multiplied  by  the 
radius. 

Secondly  Jet  the  chord  Aft  (see  second  diagram  to  Prop*  XXI) 
extend  into  the  second  quadrant,  draw  CE,  making  EF  =  the 
arc  ADfr ;  draw  AE,  and  the  triangle  AEfr  will  be  equal  to  the 
segment  ADb ;  draw  bSf  the  sine  of  the  arc  ADA  of  the  seg- 
ment ;  then  will  the  area  of  their  triangle  AEb  be  equal  to 
(EF— -6»)  iAC;  (Proposition  XXXI,  Book  IV,  EkmenU 
Geom.) ;  hence  the  segment,  being  equal  to  the  triangle*  it 
equal  to  half  the  difierence  of  the  arc  and  its  sine  multiplied  by 
the  radius. 

Thirdly,  let  the  chord  Ad  (see  first  diagram  to  last  prop.) 
extend  into  the  third  quadrant,  cutting  off  the  segment  ADodf 
greater  than  a  semi-circle. 

Draw  Cd  and  extend  it  to  E,  making  EF  equal  to  the  arc 
ADB^ ;  join  E  A,  and  the  area  of  the  segment  ADB^  will  be 
equal  to  the  triangle  ACE+ACrf,  (Prop.  aXII)  ;  draw  di  per- 
pendicular to  the  radius  CB,  and  this  line  will  be  the  sine  of  the 
arc  ADBd  ;  and  since  it  is  a  sine  of  an  arc  greater  than  a 
semi-circle,  its  value  is  to  be  considered  negative,  by  Trigono- 
metry. 
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From  EF  substract  —  rfS,  and  we  have  EF  +  dS,  which, 
if  we  multiply  by  AC,  will  give  the  area  of  the  triangle  AEC 
+ACrf,  which  (rrop.  XII.)  is  also  equal  to  the  segment  ADBd 
Hence  the  area  of  the  segment  ADBcf  is  equal  to  the  differ- 
ence of  the  arc,  and  its  sine  multiplied  by  the  radius. 

Fourthly,  let  the  chord  Ae  (see 2d  fig.  last  prop.)  extend  into 
the  fourth  quadrant,  cutting  off  the  segment  ADBFc  ;  draw  EC 
so  that  EFshall  be  equal  to  the  arc  ADBFc  of  the  segment  joinEA, 
and  the  area  of  the  segment  ADBFc  will  be  equal  to  that  of 
the  triangle  ACE  +  the  triangle  ACc  (Prop.  Xll)  ;  draw  «, 
the  sine  of  the  arc  ADBFe,  which,  by  Trigonometry,  is  negt- 
tive,  being  below  the  diameter,  and  in  the  fourth  quadrant^ 
which  sine  substract  from  the  line  EF,  and  we  have  EF  +  «, 
which,  multiplied  by  half  AC,  gives  the  value  of  thesegmest 
ADBFc.  Hence  we  have,  as  before,  the  segment  equal  to  half 
the  product  of  the  difference  of  the  arc  oi  the  segment,  asd 
its  sine  multiplied  by  the  radius. 

Hence  we  may  infer,  that  a  circular  zone  or  a  portion  of 
the  circle  included  between  two  segments  is  equal  to  half  the 
product  of  the  difference  of  the  arc  of  the  zone,  and  one  of 
the  segments  included,  and  the  sine,  of  such  arc,  —  the  dif- 
ference between  the  arc  of  the  included  segment,  and  its 
sine  multiplied  by  the  radius. 

For  if  ABDE  be  a  zone,  and  ABL 
be  a  segment  of  the  circle  C,  the  seg- 
ment EALBD  equal  to  the  zone  ABDE, 
and  segment  ABL ;  but  these  segments 
are  respectively  equal  to  the  excess  of 
their  several  arcs  above  the  sines  mul- 
tiplied by  half  the  radius.  Therefore, 
the  zone  ABDFE,  is  equal  to  the  differ- 
ence of  the  excess  of  the  arcs  EALBD, 
and  ALB,  above  their  respective  sines,  moltiplied  by  half 
the  radius.  The  same  may  be  shown  in  relation  to  the 
area  ABDFE  in  reference  to  its  external  segment  EDF,  or 
AEFDB,  regard  being  had  to  the  positive  and  negative  va- 
lue of  the  sines. 

SchoKiLm.  Let  A  represent  the  area  of  the  segment  of  a  cir- 
cle ;  let  a;  =  the  arc  of  the  segment,  and  s  =  sine  of  that  ait, 
and  let  r  =  radius,  and  the  segment  may  be  expressed  as  in 
the  following  formula 

A  =  i(r«  -  r5)    .        -         ."       (1) 
If  r  =  1,  then  the  expression  becomes 

A  =  i(a?-5)        --.(«) 
whence  the  segment  is  expressed  in  terms  of  the  arc  and  siiw 
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A'  =  the  area  of  a  circular  zone  ABDE 
Q^  =  the  arc  EALBD 

9!  =  the  sine  of  that  arc. 
;n  will  the  area  of  the  zone  be  expressed  by 

A'=J(rt'— T5')-i(ra>--r*)       -        -         -        -         (3) 

I  A'=i(x'...5')— i(:r~.5) (4) 

I  arc  may  be  expressed  in  terms  of  the  numbers  represent- 
3  segment,  and  the  sine  of  the  arc,  by  the  formula,  x  s 

(5) 

1  the  sine,  in  terms  of  the  arc  and  segment  by 

s  =  a:— 2A    -        -        - 
That  the  area  of  the  segment  of 
e  is  equal  to  half  the  difference  of 
z  of  the  segment,  and  its  sine  X  by 
[ius  may  also  be  shown  as  follows.  a{ 
lE    be   the  segment  of  a  circle, 
radius  is  AC,  draw  ES  perpendi- 

0  the  radius,  and  ES  will  repre- 
le  sine  of  the  arc  AE  ;  let  AC  be 
3nted  by  r,  and  ES  by  «,  and  the  arc  AE  by  x,  then  will 
=  the  sector  ACE,  and  \rs  =  the  triangle  AEC,  and 

^rs  =  the  difference  of  the  sector  and  triangle  =  the 
at  AE,  viz.,  the  seg.  is  =  half  the^difference  of  the  arc, 

1  sine  multiplied  by  the  radius. 

I,  in  the  segment  EFB  let  CB,  be  represented  by  r,  and 
•c  EFB  by  x,  and  ES  will  be  the  sine  of  the  arc  EFB, 
:  the  sector  ECBF,  and  jrs  =  the  triangle  ECB.  jrx 
=  their  difference  =  the  segment  EBF. 

FROFOSITION    XXIV.   THEOREM. 

*ea  of  the  space  intercepted  by  a  tangent  and  secant  with" 
%  circle^  is  equal  to  half  the  prodttct  of  the  difference  of 
angent  and  arCf  intercepted  by  the  secant^  muUiplied  by 
-adius. 


ATF  be  the  space  intercepted  by 
igent  AT,  and  the  secant  CT,  with- 
t  circle ;  and  the  area  of  that  space 
i  equal  to  half  the  product  of  the 
ice  of  AT  and  the  arc  AF,  multi- 
»y  the  radius  AC. 

the  arc  of  the  triangle  ATC  is  equal 
[*XAC,  and  the  area  of  the  sector 
8  equal  to  half  the  arc  AFxAC. 


<=the  tangent  AT,  and  «=the  arc  AP,  r= 
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Then  we  have  for  the  triangle  ACT,  ^rt^  and  for  the  sec 
tor  AFC,  \rx ;  if  from  the  triangle  we  take  the  sector,  we 
have  |r<— |rx=the  space  AFT,  hence  as  in  propositioo. 

Scholium.  Draw  F^,  FA,  and  Fv ;  then  F#  will  represent  the 
sine  of  the  angle  ACF,  and  sA  or  To,  the  versed  sine;  hence  tbe 
traingle  ATF  equals  one-half  the  product  of  the  diflference  of  the 
tangent  and  sine  multiplied  by  radius  equals  one-half  the  pro- 
duct of  the  tangent  and  versed  sine ;  draw  As"  perpendicuUi 
to  CF,  and  this  will  also  represent  ttie  sine  of  the  angle  ACF 
on  the  radius  CF ;  hence,  also,  the  triangle  ATF  is  eqvJi  to 
one-half  the  difference  of  the  secant  CT  and  radius  multiplied 
by  the  sine. 

PROPOSITION    XXV.   THEORKM. 

If  about  a  plane  revoloidal  surface  from  a  quadrangular  rm- 
loidf  a  square  be  described^  the  space  enclosed  by  the  square, 
but  without  the  revoloidal  surface,  will  be  to  that  contained  kf 
the  square,  as  the  sum  of  an  infinite  series  of  segments  of  tk 
quadrant  of  the  circle,  whose  arcs  are  in  arithmetical  prO' 
gression,  to  the  sum  of  a  similar  series  of  sectors  subtendei 
by  the  same  arcs. 

Let  ACD  be  a  quadrant  of  a  iJane 
revoloidal  surface,  and  let  HCD  be 
a  triangle  forming  one-fourth  of  a 
square  circumscrioing  the  whole  re- 
voloidal plane  surface.  Divide  the 
axis  CD  into  any  number  of  equal 
parts  as  1,2,  3,  4,  &c.,  and  through 
the  points  of  division  draw  ordinates 
la,  26,  3c,  &C.,  parallel  to  HC,  and  m. 
these  ordinates  will  cut  the  surface  y 
of  the  quadrant  of  the  revoloid  and  H  a 

its  circumscribing  trianc^le,  in  the  relations  of  their  magnitode^ 
through  the  portions  where  such  ordinates  pass  ;  and  if  the 
number  of  those  ordinates  be  indefinitely  increasKed«  tbe  wm 
of  those  drawn  across  the  triangle  HCD,  will  be  to  the  sod 
of  those  drawn  through  the  revoloidal  surface  ADC,  as  tk 
area  of  the  triangle  to  the  area  of  the  revoloidal  suriace.  Now, 
the  ordinates  al,  62,  c3,  &c.,  are  equal  to  the  arcs  Rpreseo^ 
ed  by  numbers  on  the  arc  AF  of  the  quadrant,  correspondiBg 
to  those  on  the  axis,  (Prop.  II,  and  Cors.)  ;  and  the  portkas 
j7,  66,  i9i5,  &C.,  of  those  ordinates,  are  severally  equaJto  tk 
sines  of  those  arcs,  (Prop.  Xm,  Cor.  1,);  hence  the  portioDsof 
those  ordinates,  intercepted  by  the  curve  AD  and  line  DH.  are 
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teverally  equal  to  the  difference  of  the  arcs  and  sines  repre- 
sented by  these  ordinates.     And  since  we  have  shown  (Prop. 
XXI IL)  that  the  tirca  of  the  segment  of  a  circle  is  equal  to  half 
the  difiereoce  of  the  arc  of  the  segment  and  its  sine  multiplied 
by  radius,  and  since  the  area  of  the  sector  of  a  circle  is  equal 
Id  half  the  arc  of  the  sector  multiplied  by  radius,  it  follows 
that  the  sector  and  segment  containing  the  same  arc,  are  to 
each  other,  as  the  arc  is  to  the  difference  of  the  arc  and  sine. 
Let  a  equal  the  arc,  s  equal  the  sine,  r  equal  the  radius. 
Then     |ra= the  sector, 
and  \ra  —  in=the  segment  containing  the  same  arc,  which 
are  to  eacJi  other  in  the  ratio  of 

\ra  :  \ra  —  ^r«,  or  of  a  :  a  —  ». 
And  since  this  is  true  for  a  segment  and  sector,  contained 
by  any  arc  in  that  quadrant,  that  is,  the  sector  of  a  circle  is  to 
the  segment  containing  the  same  arc  as  the  arc  is  to  the  arc  mi- 
nus the  sine,  or  as  the  ordinates  gl  to  gi^  or  as/B  :/  /,  &lc.  ;  and 
as  this  relation  evidently  exists  in  reference  to  each  of  the  par- 
allel ordinates,  and  as  the  ordinates  represent  arcs  of  the  cir- 
cle in  arithmetical  progression,  it  follows  that  those  ordinates 
drawn  across  the  triangle,  may  also  represent  a  series  of  sec- 
tors of  a  circle,  while  the  portion  of  those  ordinates  intercept- 
ed by  the  curve  AD  and  line  HD,  may  represent  a  similar  se- 
ries of  segments  of  the  circle.     And  as  we  have  shown  above 
that  the  surfaces  HGD  and  HAD  are  to  each  other  in  the  re- 
lation of  the  ordinates  passing  throufi;h  each,  it  follows  that 
the  trilinear  space  ADH  will  be  to  the  triangle  HCD  as  the 
sum  of  an  infinite  series  of  segments  of  the  circle  whose  arcs 
are  in  arithmetical  progression,  whose  fir^t  term  is  equal  to 
the  common  difference,  and  whose  last  term  is  the  quadrant  of 
the  circumference  to  the  sum  of  n  similar  series  of  sectors 
with  the  same  arcs.     And  since  the  whole  plane  revoloidal 
surface  consists  of  four  quadrants,  ADC,  and  its  circumscrib- 
iag  square  consists  of  four  triangles,  HCD,  it  follows  tiiat  the 
wnble  revoloidal  surface  will  be  to  the  whole  circumscribing 
square  in  the  same  ratio. 

Cmr.  The  revoloidal  quadrant  ACD,  may  be  represented  by 
a  similar  series  of  isosceles  triangles  formed  by  the  chords  of 
Ae  series  of  segments  with  two  radii  drawn  from  the  extremi- 
of  those  chords.     For  we  have  shown  that  the  series  of 

;tors  may  be  refMresented  by  the  area  HCD,  while  the  series 
«»f  segmeots  are  represented  bv  HAD ;  if  we  take  the  seg- 
ncDts  from  the  sectors,  we  shall  have  the  trianglest  evidently 
eqiml  HCD  —  HAD= ACD. 

10 
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PROPOSITION    XXYI.   THBOUUf. 

The  area  of  a  quadrat^ular  reooUndal  Murface^from  a  rigk 
quadrangular  reoohidi  i$  to  that  of  iU  circwnsribing  ifMit, 
as  the  sum  of  €ni  infinite  series  of  sines  of  the  quadrant  whm 
arcs  are  taken  in  arithmetical  progression^  md  whose  com- 
mon difference  is  equal  to  the  first  term^  to  a  similar  seria  tf 
arcs  of  such  sines* 

Let  DHEI  be  a  sauare  circumscribing  the  plane  reTokidal 
surface  D AEB,  and  let  ADC  be  a  ouadrant  of  that  surface,  the 
triangle  HDC  being  its  corresponding  portion  of  the  square; 
divide  the  semi-axis  CD  into  any  number  of  equal  parts,  u  1, 
2,  3y  4,  &c.,  and  through  the  points  of  dirision  draw  the  ordi- 
nates  la,  26,  3c,  &c.,  parallel  to  CH,  those  lines  will  each  be 
equal  to  such  arc  of  the  quadrant  AF  as  corresponds  to  tk 


point  of  division  on  the  line  CD,  in  reference  to  similar  diii' 
sions  of  the  quadrant  AF;  thus  the  line  la  equal  the  arc  Fl  os 
the  quadrant,  since  it  is  evidently  equal  to  ID  on  the  axis  CD; 
and  (Prop.  II,  Cor.)  lD=:  IF ;  also,  if  we  take  the  line  2fr=8D» 
this  is  also,  for  similar  reasons,  equal  to  the  arc  3F;  and  hence 
each  line  parallel  to  CH,  terminated  by  the  lines  CD,  HD^  an 
equal  to  the  arc,  corresponding  to  the  divisions  on  the  line  GA 
through  which  it  passes. 

Again,  the  portion  of  these  lines  or  ordfaiales  iotereeplsd  If 
the  axis  CD,  and  the  curve  AD,  (Prop.  X,  Cor.)  are  srvcfiiiy 
equal  to  the  sines  of  the  arcs,  correspondfa^  to  the  divisiosi 
from  which  they  are  drawn  on  the  axis.  And  since,  hj  hjp^* 
thesis,  the  arcs  are  taken  in  arithmetical  progrenioOr  they 
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must  be  equidistant ;  hence,  if  the  number  of  such  ordinates 
are  indefinitely  increased,  the  sum  of  the  portions  of  them  in- 
tercepted by  the  axis  CD,  will  represent  the  area  or  the  sur- 
fiure  ADC,  as  the  whole  ordinates  drawn  across  the  triangle 
HDC  represent  the  area  HDC.  Therefore  the  surface  ADCf  is 
to  the  surface  HDC  as  the  sum  of  the  series  of  sines,  to  the 
soai  of  a  similar  series  of  arcs  taken  as  above.  Now,  smce 
this  is  the  case  with  one  quadrant,  it  must  also  be  true  in  rela- 
tion to  the  whole  revoloidal  surface  and  its  circumscribing 
square. 

Cor.  1.  Hence,  if  a  square  KLMN  be  described  on  the  di- 
ameter of  the  inscribed  circle,  the  square  so  described  will  be 
to  the  square  DHEI  as  the  sum  of  the  series  of  sines  of  the 
quadrant,  to  the  sum  of  a  similar  series  of  arcs  of  the  sines  ; 
\  the  square  KLMN  (Prop.  Ill,  B.  Ill,)  is  equal  to  the 
of  the  revoloidal  surface  DAEB. 


Cor.  2.  Each  of  the  ordinates  al,  fr2,  c3,  dtc.,  drawn  across 
the  triangle  HCD  parallel  to  HC,  is  equal  to  the  arc  of  the  cir- 
cle represented  by  the  correspondinff  numbers  in  the  divisions 
of  the  quadrant  AF.  Thus,  al  equal  the  arc  IF,  b2  equal  tho 
arc  SF,  and  g7  equal  the  arc  7F  or  the  quadrant 


ON  SPIRALS. 


There  is  one  class  of  curves  which  are  called  spirals,  from 
their  peculiar  twisting  form.  They  were  invented  by  the  an- 
cient geometricians,  and  were  much  used  in  architectural  or- 
naments. Of  these  curves,  the  most  important  as  well  as  the 
most  simple,  is  the  spiral  invented  by  the  celebrated  Archi- 
medes. 

This  spiral  is  thus  generat- 
ed :  Let  a  straight  line  SP  of 
in  indefinite  length  move  uni- 
formly round  a  fixed  point  S, 
md  from  a  fixed  line  SX,  and 
et  a  point  P  move  uniformly 
ilio  alonff  the  line  SP,  start- 
Dg  from  S,  at  the  same  time 
hat  the  line  SP  commences 
ts  motion  from  SX,  then  the 
mnt  will  evidently  trace  out 
I  curve  line  SPQRA,  com- 
nencingat  S,  and  gradually 
stending  fiirther    from    SL 
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When  the  line  SP  has  made  one  revolution,  P  will  hare  got  to 
a  certain  point  A,  and  SP  still  continuing  to  turn  a»  before,  we 
shall  have  the  curve  proceeding  on  regulariy  through  a  wena 
of  turnings,  and  extending  further  from  S. 

To  examine  the  form  and  properties  of  this  curve,  we  mail 
express  this  method  of  generation  b;  oneaDs  of  an  equiti« 
between  polar  ordinates. 

LetSP  =  r,SA=:l,  ASP  =»; 
then  since  the  increase  ofr  and 'is  nniform,  we  have 
SP :  SA : :  angle  ASP:  four  right  angles : :  d  :  2r 

.'.  r  =  -T—  =  (rt,  if  «  =  —— . 

a*  a* 

From  this  equation  it  appears  that  when  SP  has  made  tm 
revolutions  or  »  =  ir,  we  have  r  ^  Sft,  or  the  curve  csd 
the  axis  SX  again  at  a  distance,  2SA  ;  and  aintilarly  sfiw 
t.  4,  n  revolutions  it  meets  the  axis  SX  at  distances  3  ;ii 
limes  SA. 

Let  any  number  of  concentric  circles  be  described,  whow 
radii  lA,  IC  are  in  arithmetical  progression,  and  if  the  dr- 
cumference  of  the  outer  circle  is  divided  into  any  number e( 
equal  parts,  and  radii  are  drawn  from  each  of  the  pointscf 
division  in  the  circumference  of  the  circle  to  the  centre  L 
lines  drawn  from  the  centre  in  such  manner  as  to  pass  throogk 
the  points  of  interaectiona,  of  the  several  radii  with  the  curra 
in  consecutive  order,  will  be  spirals  simJar  to  those  of 
Archimedes. 

If  the  curve  line  pass  from  c 

I,   through   ^B,   or    through 
rjA,    the  curves   Irf  A,   Irph 
will    be  spirals  ;  so  also  the 
lined  hdmU.  UdnD,  and  IvhfC 
and  spirals;  all  generated  by     -,  ■ 
the  same  laws,  but  with  differ-  >'-h 
cnl  ratios    of  their    angular,     - 
compared  with  their  reclilenear      '- 
motion  ;  or  their  circular,  with 
their  radial  motion.     The  two 
spirals    Isdmt),   l«fnD,   com- 
mendng  on  the  line  IC,  end 
terminating  at  D,  form  the  heart-like  figure  IwfinDndkl. 

These  spirals,  and  especially  the  one  with  a  faeart-Jike  Son, 
are  extensively  used  in  mechanical  operations  ;  to   co 
cate  a  uniform  reclilenear,  reciprocating,  from  a  rotaiy 
it  is  therefore  important  that  they  receive  r™" --■ 
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The  area  of  any  portion  included  between  the  spiral  and 
its  circumscribing  arc  of  the  circumference  terminated  by  the 
radius*  its  origin,  is  equal  to  two-thirds  the  sector,  having  the 
same  arc  of  the  circumference  as  its  base. 

For  let  lOf  lA,  Ic,  &c.,  be  the  radii  of  circles  in  arithmetical 
progression,  then  will  the  arcs  of  these  circles  intercepted  by 
two  radii,  be  also  in  arithmetical  progression,  and  siuce  the 
value  of  d  also  increases  uniformly  in  arithmetical  progression 
along  with  r  or  fr^  hence  the  value  of  the  intercepted  parts  of 
the  several  arcs  will  be  a  series  of  arithmeticals  multiplied 
into  another  corresponding  series  of  arithmeticals,  therefore 
their  products  will  be  a  series,  of  the  squares  or  a  series  of 
numbers  proportional  to  a  series  of  squares  of  aseriesof  arith- 
nieticals. 

It  has  been  shown  (Prop.  IV,  Cor,  3,  B.  I)  that  the  sum  of  an 
inilnite  series  of  the  square  of  a  series  of  numbers  in  arith* 
metical  progression  increasing  from  0,  is  equal  to  \  of  the  lasl 
term  multiplied  by  the  number  of  terms. 

But  the  arc  intercepted  by  the  spiral  with  the  radius,  as  its 
origin  is  the  last  term,  and  the  radius  represents  the  num* 
ber  of  terms  ;  hence  the  area  IrpBCI  is  equal  to  1  of  the  pro- 
duct of  the  arc  BC  X  IC  ;  and  the  area  IscUnDBCl  is  ^  f 
arc  CBD  X  IC ;  also  the  area  laA/CADBCI  is  =  |  circumfer- 
ence ACBD  X  IC.  But  the  area  of  the  whole  sector  IBC» 
ICBD,  or  ICBDAC  in  either  case  is  equal  to  half  the  product 
of  their  respective  arcs,  multiplied  by  the  radius ;  hence  the 
space  intercepted  by  the  spiral  in  each  case  is  i  that  of  their 
respective  sections. 

Cor.  1.  Hence  the  space  IrpBI,  is  =  ^  the  sector  ICB; 
the  area  IsdmDl  is  =  |^  the  sector  ICBD  or  |  the  semi-cir- 
cle ;  and  the  area  IvhfCl  is  =  ^  of  the  whole  circle, 

Also  the  heait  IscbnDndsl  =  jof  the  whole  circle. 

Scholium  1.  The  spiral  of  Archimedes  is  sometimes  used 
for  the  volutes  of  the  capitals  of  columns,  and  in  that  case  the 
following  description  by  points  is  useful.     (See  first  diagram.) 

Let  a  circle  ABCD  be  described  on  the  diameter  CSA,  and 
draw  the  diameter  BD  at  right  angles  to  AC  ;  divide  the  ra- 
dius SC  into  four  equal  parts,  and  in  SB  take  SP=^SC,  in  SA 
take  SQ='SC,  and  in  SD  take  SR=jSC ;  then  from  thceoua- 
tion  to  the  curve  these  points  belong  to  the  spiral  ;  by  subdi- 
viding the  radius  SC  and  the  angles  in  each  quadrant  we 
may  obtain  other  points  as  in  the  figure.  In  order  to  com- 
plete the  raised  part  in  the  volute,  another  spiral  commen- 
ces from  SB. 
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SchoHum.  These  spirals  are  of  the  same  kind,  u  th 
formed  by  winding  a  chord  around  a  conical  spire,  from 
vertex  to  the  base,  io  such  maODer,  as  to  encircle  the  spnc 
equal  distances  ;  the  exact  length  of  such  curve  Is  of  diffii 
determination. 

The  same  spiral  would  be  represented  by  the  convoliitii 
of  a  conical  screw  ;  also,   by  a  screw  represented  on  a  di 

If  the  origin  of  the  spiral  is  *^ 

at  any  point  M,  not  in  ttie  cen- 
tre of  the  concentric  circles, 
then  the  area  APCMlSSA 
between  the  spiral  and  the 
outer  circumference  is=|orthe  a 
product  of  the  arc  ACB  through 
which  the  curve  would  have 
passed  from  (he  centre  I,  mul- 
tiplied by  the  radius  —  ^  of  the 
arc  LMxJM  —  ^  (arc  LM  -I- 
arc  BC)  XMC. 

If  PQM  be  a  triangle,  whose  base  PQ  ~  the  8eini>circm 
ference  ACB  =  the  angular  space  passed  through  by  the  ti 
spirals  MA,  MB,  then  either  portion  PCM,  QCM  of  the  t 
angle  may  be  expressed  by  J  PC  or  ^  ACxCM  =  f  arc  CB 
IC— i  arc  LMxIM— J(arc  LM  -H  arc  BC)  X  MC,  from  ti 


substract  the  expreasiou  for  the  area  included  within  the  spin 
and  the  arc  AB,  end  we  have  i  ACB  X  IC  —  4L.M  x  IM  ■ 
the  difference  of  the  areas. 
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THE  CYCLOID. 

If  a  circle  EPF  be  made  to  roll  in  a  given  plane  upon  a 
straight  line  BCD,  the  point  in  the  circumference  which  was 
in  contact  with  B  at  the  commencement  of  the  motion,  will,  in 
a  revolution  of  the  circle,  describe  a  curve  BPAD,  which  is 
called  the  cycloid. 

This  is  the  curve  which  a  nail  in  the  rim  of  a  carriage-wheel 
describes  during  the  motion  of  the  carriage  on  a  level  road. 
The  curve  derives  its  name  from  two  Greek  words  signifying 
•*  circle  formed.** 

The  line  BD  which  the  circle  passes  over  in  one  revolution 
is  called  the  base  of  the  cycloid ;  if  AQC  be  the  position  of  the 
generating  circle  in  the  middle  of  its  course,  A  is  called  the 
vertex  and  AC  the  axis  of  the  curve.  The  description  of  the 
curve  shows  that  the  line  BD  is  equal  to  the  circumference  of 
the  circle,  and  that  BC  is  equal  to  half  that  circumference. 
Hence  also  if  EPF  be  the  position  of  the  generating  circle, 
and  P  the  generating  point,  then  every  point  in  the  circular 
arc  PF»  having  coincided  with  BF,  we  have  the  line  BF  =  the 
arc  PP,  and  rc  =  the  arc  EP  or  CQ ; 


B 


Draw  PNQM  parallel  to  the  base  BD. 
Let  A  be  the  origin  of  the  rectangular  axes, 
AC  the  axis  of  x,  and  O  the  centre  of  the  circle  AQC. 
Let  AM  =  X,  AO  =  a, 
MP  =  y,  an^e  ACQ  =  6  : 
then  by  the  similarity  of  the  position  of  the  two  circles,  we 
have 

PN  =  QM,ondPQ  =  NM; 
.-.  MP  =  PQ  +  QM  =  NM  +  QM  =  FC  +  QM  =  arc  CQ 
+  QM  that  is,  y  =  a^  +  a  sin.  6  =z  a  (6  +  sin.  d)        (1) 

X  =  a  —  a  COS.  6  =  a  vers.  6        •        (2) 
The  equation  between  y  and  x  is  found  by  eliminating  ^  be- 
tween (1)  and  (2) 
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COS.  ^  = 

a 
and y  =  aS  +  m  sin.  ^ 

=  aco8.  I     ~}  +  v'  ax — «» 

But  we  can  obtain  an  equation  between  x  and  y  from  (1) 
alone  ;  that  is  from  the  equation,  AP  =:  arc  CQ  +  QM. 

For  arc  CQ  =  a  circular  arc  whose  radius  is  a  and  versed 
sinex 

^  a  I  a  circular  arc  whose  radius  is  unity  and  vers,  sin.— 

=  a  vers.   — 
a 


r.y  =  a  vers.  —  +  y/2az—x» 

If  the  origin  is  at  B,  BR  =  x  and  RP  =  y»  the  equations  an 
x  =  a  ^  —  a  sin.  ^ 
y  =  a  —  a  cos.  d. 

We  shall  not  discuss  these  equations  at  length,  as  the  n^ 
chanical  description  of  the  curve  sufficiently  indicates  iti 
form. 

The  cycloid,  if  not  first  imagined  by  Galileo,  was  first  ex- 
amined by  him  ;  and  it  is  remarkable  for  baring  occupied  the 
attention  of  the  most  eminent  mathematicians  of  the  seven- 
teenth century. 

Of  the  many  properties  of  thiscurve  the  most  curious  are, that 
the  whole  area  is  three  times  that  of  the  generatiDg  circle,  thai 
the  arc  CP  is  double  of  the  chord  of  CQ,  and  that  ibe  tangent 
at  P  is  parallel  to  the  same  chord.  Also  that  if  the  igure  be 
inverted,  a  body  will  fall  from  any  point  P  on  the  curve  to  the 
lowest  point  C  in  the  same  time  ;  and  if  a  body  falls  from  one 
point  to  another  point,  not  in  the  same  vertical  line,  its  path 
of  quickest  descent  is  not  the  straight  line  joioing  the  two 
points,  but  the  arc  of  a  cycloid,  the  concavity  or  hollow  side 
being  placed  upwards. 


BOOK  V. 


ON  THE  PRODUCTION  AND  RESOLUTION  OF  GEOMETRICAL 

MAGNITUDES,  CONSIDERED  AS  LINES,  SURFACES,  AND 

SOLIDS,  EXISTING   IN  THEIR   SPECIFIC   RELA. 

TIONS  OF  FORM  AND  PROPORTIONS. 


CHAPTER  1. 


DEFINITIONS   AND   PRINCIPLB8. 


Art.  1.  We  have  hitherto  referred  lines,  surfaces  and  solidsy 
in  all  their  varieties  of  figures  and  species*  to  some  specific 
quantities  and  relations  which  were  cognizable  in  such  mag* 
aitudes,  and  whose  properties  were  rendered  evident  to  our 
consideration.  Magnitude  we  have  compared  with  maffni« 
tode ;  figure  with  figure ;  and  we  have  thereby  established 
their  relations,  under  arbitrary  considerations. 

We  will  now  consider  magnitudes  in  the  relation  of  their 
oi^anization,  or  in  the  relation  of  their  laws  of  production ; 
and  instead  of  referring  magnitudes  to  specific  magnitudes  ar- 
bitrarily chosen,  we  will  refer  them  to  others,  only  in  the  relft* 
tioD  of  their  laws  of  generation. 

8.  Since  a  point  by  definition  is  locality  without  extension, 
any  number  of  associated  points  cannot  possess  magnitude^ 
hence  a  magnitude  is  not  a  multiple  of  one,  or  any  number  of 
points. 

3.  Neither  can  any  number  of  Knes,  however  assoeiatedf 
soostitnte  a  surface,  since  lines  are  supposed  to  possess  no 
breadth  or  thickness,  one  of  which  is  essential  to  a  surface ; 
for  if  one  line  does  not  possess  breadth,  neither  can  any  num- 
ber of  associated  lines ;  and  if  a  line  be  multiplied  by  any  ab* 
itract  number,  since  it  is  expressed  only  in  relation  to  its  lengtbi 
it  can  only  be  multiplied  or  increased  in  that  relation. 

4.  So,  also,  if  a  surface  be  multiplied  by  any  number,  in 
iself  considered,  the  product  cannot  be  a  solid ;  for  since  the 
lurface  possesses  no  thickness,  it  does  not  possess  the  charac- 
leristie  of  the  solid,  and  hence  aay  number  of  such  surfaces, 
>r  multiple  of  such  surfaces  in  themselves  considered,  cannot 
ye  a  solid. 

6.  The  distance  between  any  two  points  is  a  line.  For  a 
Mint  being  locality  without  extension!  if  there  be  two  locali* 
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ties,  they  must  be  seperate  rrom  each  other,  and  their  distuu 
from  each  other  is  oecessarily  extension  in  space,  which  agrei 
with  our  definition  of  a  line,  viz.,  "extension  in  one  dimeoiioii 

6.  Space  is  a  medium  in  which  all  positive  objects,  and  t 
local  relfttiooB  exist ;  its  existence  is  only  indicated  by  its  m 
venal  property  of  extension ;  il  is  infinitely  divisible  in  e« 
or  all  its  three  dimensions  of  extensions,  and  infinitely  exte 
sible. 

7.  Any  definite  portion  of  space,  or  any  extensi<n)  in  spic 
is  magnitude. 

Magnitude  may  possess  extension  in  one,  two,  or  three  d 
mensioDS,  but  space  can  properly  exist  only  in  its  three  dime 
sions  of  extension  ;  if  it  can  be  divested  of  extension  in  oc 
dimension,  it  can  in  another,  and  so  on  till  Its  extension  ite: 
tinguished.  Magnitude  may  be  properly  applied  to  extenso 
in  whatever  degree  it  exists ;  but  space  csnitot  properly  eii 
independent  of  its  three  dimensions,  which  are  its  esseniu 
properties. 

8.  If  there  be  two  points  A,  B,  the  first  point  A,  dnv 
through  the  distance  AB,  produces  or  describe 

the  line  AB ;  that  is,  the  distance  from  A  to  B     A B 

in  the  portion  of  space  passed  through  by  the 

point  A,  or  the  locality  occupied  by  ttw  point  A  in  ita  faamg 

u  the  line  AB. 

0.  If  a  line  be  moved  through  any  space  in  a  directi<»i » 
agreeing  with  its  length  or  extension,  the  locality  pane 
through  by  the  line  is  a  surface. 

Thus,  if  a  line  AB,  be  moved  from  its  positioo  AB  to  CD, 
will,  by  that  means,  geoerate  the  surface  ABDC,  for  the  Ihi 
will  have  occupied  every  portion  of  the  extensioo  between  tb 
two  lines  AB  and  CD,  which  cannot  be  said  of  any  limile 
number  of  lines  placed  in  juxta position  across  the  figure  ABIX 

If,  in  this  motion,  the  line  AB  always  maintains  ita  panlk 
position,  and  if  any  point  A 
in  the  line,  describes  a  right  ^  || 
line  AC,  the  suriece  will  be 


a  rhomlxnd  or  parallelo- 
gram; and  if,  in  addition  to 
this,  the  line  AC,  or  the  di- 
rection of  its  motion  is  per- 
pendicular  to  AB,  then  will  the  rbombcnd  be  a  rectangle. 

Bnt  if  the  line  AB  in  its  motion  should  not  preaerre  ita  pu 
allel  posititm,  or  if  the  distance  BD,  passed  thnragh  bj  tbe  poia 
B,  is  greater  than  AC,  then  the  figure  generated  will  depend  a 
the  nature  of  the  lines  which  serve  as  its  boondaries^  bol  a 
general,  in  nich  case,  one  or  both  of  the  Gdm  AC,  BD«3lh 
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carves,  the  nature  of  which  will  depend  on  the  specific  varia- 
tion of  the  course  and  inclination  of  the  generating  line. 

If  instead  of  one  line  AB  being  drawn  through  the  whole 
distane  AC,  a  series  of  parallel  lines  AB,  afr,  &c.,  are  drawn 
through  their  respective  distances  from  each  other,  the  result 
will  be  similar ;  or  the  same  surface  will  be  described  by  the 
series  drawn  through  their  several  small  distances,  as  by  the 
single  line  drawn  through  the  neater  distance. 

The  geometrical  operation  ot  drawing  a  line  through  a  given 
distance  to  produce  a  surface,  is  equivalent  to  that  of  multi* 
plying  a  line  by  a  line,  the  product  of  which  we  have  shown 
m  the  elements  of  geometry  to  be  a  surface. 

The  measure  of  the  surface  generated  bv  the  motion  of  a 
line,  is  the  length  of  the  line  multiplied  by  the  distance  passed 
through  by  the  line ;  which  distance  mav  always  be  regarded 
as  the  distance  moved  by  the  centre  of  the  line. 

10.  If  the  point  A  remains  fixed  while  the  line  revolves 
around  it  till  it,  comes  again  into  the  position  AB  firom  whence 
it  started,  the  surface  generated  is  a  circle ;  and  the  line  des« 
cribed  by  the  point  B,  will  be  the  circumfer-  ^ 
ence  of  the  circle.  If  it  moves  only  from  the 
position  AB  to  AD,  the  surface  will  be  a  sec- 
tor of  a  circle,  and  the  line  described  by  the 
point  B,  is  the  arc  BC  of  the  circumference, 
and  because  the  circumference  CEFC  des- 
cribed  by  the  centre  C  of  the  revolving  line 
represents  the  whole  motion  of  the  line  AB 
in  its  revolution ;  hence,  AB  drawn  into  the  circumference 
CEFC,  represents  the  whole  surface  generated. 

11.  If  the  line  AB  be  conceived  to  de-  b 
crease  uniformly,  as  it  is  moved  forward, 
always  in  a  parallel  position,  till  it  termi- 
nates  in  a  point,  the  figure  generated  bv  the 
motion  of  the  decreasing  Tine  AB,  will  be 
a  triangle  ABC. 


We  may,  instead  of  supposing  the  tri-  ^j 
angle  to  be  generated  by  the  line  AB,  de- 
creasing as  it  advances  toward  C,  sup- 
pose it  to  generated  by  an  infinite  series 
of  decreasmg  ordinates,  parallel  to  AB ;  2~a 
each  of  which  may  be  supposed  to  be  drawn  through  the 
tance,  between  itself  and  the  next  one.  Thus,  let  a6,  ef,  &c, 
be  a  series  of  decreasing  ordinates  situated  equidistant  from 
each  other  on  the  line  AC,  and  let  oft,  be  drawn  into  the 
position  Al  on  the  line  AB,  cd^  into  the  position  al,  ef,  into  the 
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positioD  cl ,  Slc.9  through  the  whole  series.  Now,  since  at  the 
extremity  of  each  of  the  consecutive  ordinates  a  triangle  Bii, 
hldt  &c.»  is  left  without  the  triangle  ABC»  which  has  not  been 
described  or  passed  over  by  the  ordinates,  the  trianele  is  there- 
fore not  perfectly  described  by  the  decreasing  ordinates ;  but 
if  the  number  of  the  ordinates  are  infinitely  increased,  ihoK 
spaces  become  indefinitely  small,  and  henc:e  may  be  omitted 
as  being  of  no  appreciable  value.  Moreover,  if  the  motion  of 
the  ordinates  is  reversed,  or  if  they  are  moved  from  A  toward 
C,  taking  AB  as  the  first  ordinate,  the  surface  thus  described 
would  exceed  the  triangle  itself,  in  the  same  amount  as  it  would 
fall  short  in  the  former  case ;  thus,  let  AB  be  brought  in  the 
position  a2,  aft,  into  the  position  c2,  du!.,  and  the  small  trian- 

Eles  formed  above  the  hypothenuse  BC,  by  this  means,  would 
e  equal  to  those  falling  below  it  in  the  former  case,  and  balf 
their  sum  would  be  a  correction  to  be  added  or  subtracted  in 
either  case ;  but  since  this  correction  is  equivalent  to  the  sur- 
face generated  by  half  the  line  AB  drawn  through  the  distance 
Ao,  it  follows  that  the  sum  of  all  the  ordinates  a6,  oc,  dec, 
+half  the  line  AB  drawn  into  the  common  distance  Aa,  gene- 
rates an  area  equivalent  to  the  triangle  ABC. 
K  But  when  the  number  of  ordinates  are  indefinitely  increased 
one-half,  AB  is  infinitely  small  in  regard  to  their  sum,  aod 
hence  may  be  omitted. 

12.  Hence,  if  an  infinite  series  of  equidistant  and  parallel  or- 
dinates to  a  right  line  AD,  decrease  uniformly  from  AB  to 
AC,  then  will  the  surface  generated  by  drawing  those  ordi- 
nates through  or  into  their  common  distance,  be  a  trapezium. 

13.  If  a  surface  be  drawn  through  any    ^ 
space  not  in  the  direction  of  a  line  parallel 
to  the  surface,  the  product  will  be  a  solid. 

Thus,  if  a  surface  ABFD  be  drawn 
through  the  distance  D6,  till  it  comes  into 
the  position  lEGC,  it  will  thereby  generate 
a  solid  AC. 

If  the  surface  is  always  parallel  to  its  first 
position,  and  if  any  point  A,  moves  through  a  right  line  AI, 
the  solid  will  be  a  prism,  which  will  also  assume  a  charactef 
according  to  the  figure  of  the  generating  surface:  thus,  a  rect- 
angular, a  triangumr,  or  a  polygonal  prism,  may  be  generated 
by  the  motion  of  a  rectangle,  a  triangle,  or  a  polygon ;  and  io 
tne  same  manner  may  a  circular  prism,  or  cylinder,  be  gene- 
nrtea  by  the  motion  of  a  circle,  always  parallel  to  its  irat  po- 
sition, and  in  a  direction  perpendicular  to  such  geoeratnig 
■nrface, 
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ir  instead  of  one  surface  being  drawn  through  the  whole 
distance  AB,  there  be  a  series  of  similar  surfaces  parallel  to 
Bach  other,  and  if  each  be  drawn  through  their  respective  dis- 
tances, the  same  solid  would  thereby  be  generated. 

The  same  principles  may  also  apply  to  solids  of  revolution 
of  any  figure  about  a  fixed  axis,  and  the  partial  revolution  of  a 
Beries  of  similar  figures,  one  of  whose  several  sides  is  the  com- 
moQ  axis. 

14.  if  a  plane  quadrilateral  surface  AB6F, 
be  conceived  to  move  uniformly  along  in  a 
direction  perpendicular  to  itself,  and  to  de- 
crease uniformly  in  one  ot  its  dimensions 
durioff  its  motion,  till  it  terminates  in  a  line ;  ^* 
it  will,  by  that  means,  generate  a  wedge  or 
a  triangular  prism,  ABEFHD. 

if.  instead  of  the  decreasing  plane,  there  be  an  infinite  series 
of  quadrilateral  planes  equidistant  from  each  other  and  de* 
creasing  in  one  of  their  dimensions  in  consecutive  order,  and 
in  arithmetical  progression  till  one  of  them  terminates  in  a  line, 
then  the  series  of  pJanes  drawn  through  their  infinitely  small 
distance  will  generate  a  wedge  or  a  triangular  prism ;  all  of 
which  becomes  evident  by  reference  to  Art  1 1,  tor  the  same 
reasoning  will  apply  here  as  in  that  case,  since  this  prism  may 
be  conceived  to  be  generated  by  the  perpendicular  motion  of 
the  triangle,  which  was  there  found  to  be  the  product  of  an 
infinite  series  of  decreasing  lines. 

15.  Hence,  if  across  any  plane  figures.  A,  B,  C,  an  infinite 
number  of  parallel  and  equidistant  ordinates  are  drawn,  the 
giun  of  the  ordinates  intercepted  by  each  may  be  regarded  as 
a  measure  of  their  surfaces  when  compared  with  each  other ; 
although  lines,  however  associated,  cannot  represent  surface  in 
absolute  terms,  yet  an  infinite  number  of  parallel  lines  drawn 
equidistant  across  two  or  more  surfaces,  will  represent  the  ra* 
tioa  of  those  surfaces  to  each  other,  and  may  hence  represent 
those  surfaces  in  relation  to  their  forms  and  comparative  mag> 
nitudes. 

Hence,  for  the  purposes  of  investigation,  the  properties  of 
geometrical  magnitudes  and  their  relations,  an  infinite  series 
of  parallel  ordinates  drawn  across  any  plane  figuie,  may  be 
regarded  as  the  measure  of  that  figure. 

And  also,  for  the  same  reasons,  may  an  infinite  seiies  of  pa- 
rallel and  equidistant  planes  passed  through  a  solid,  represent 
the  capacity  or  value  of  the  siilid. 

Neither  will  this  mode  of  investigation  lead  to  any  error, 
seeing,  we  do  not  thereby  establish  any  absolute  meshure  for 
the  surface  or  solidity,  in  terms  of  superficial  and  solid  units, 
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but  only  the  relations  of  certain  surfaces  or  solids  through  tbii 
medium,  to  certain  other  surfaces  or  solids  with  which  the; 
are  compared  ;  and  since  they  are  compared  -with  each  otbei 
under  the  same  circumstances,  the  result  of  that  comparitoi 
must  hence  be  correcL 

IS.  Letthe  rectangular  prism  AH,  whose  ^  B 

base  ABDC  is  supposed  to  be  a  square,  be 
divided  as  at  Prop.  IV.  B.  I.,  into  the  pyra- 
mids ABDCE.  EFHGD,  CDGE,  BEFD, 
througli  which  let  a  plane  hodc  be  passed, 
cutting  the  several  pyramids  in  the  sections 
higg,  tgim,  u^g,  gpdrt,  parallel  to  the  base 
ABDC.  Let  In  or  A«=a,  and  xa  or  dn=h, 
then  may  the  section  hade  be  expressed  by 
(^+2afr+6',  that  is,  the  section  higt=a% 
{Mgitc+iopg)=2ab,  andgpdn=V;  i/a'-^-ab  is  a  meSD  propw- 
tional  between  a  and  a+b.  Let  an  indefinite  number  of  fJaoa 
be  passed  through  the  st^id  parallel  to  the  base,  and  each  sec- 
tioQ  may  be  expressed  in  the  same  manner,  but  the  value  of  & 
it  will  DO  seen,  is  constantly  decreasing  in  CriUimeticat  pro- 
gression, as  we  ascend  from  the  base  to  the  vertex  E ;  sod 
hence,  represents  successively  a  series  in  arithnnetical  progrei- 
sioo ;  the  value  of  b  is  also  increasing  io  the  same  order  du- 
ring the  successive  ascent  of  the  series  of  planes  ;  but  a+fr  ii  ■ 
constant  quantity  during  the  whole  change  of  the  relative  n- 
lues  of  a  and  h,  and  hence  a+b  represents  a  successive  senet 
which  is  constant.  Now,  because  a*-¥2ab,  the  square  of  tk 
proportional  mean  between  a,  one  of  the  series  of  arithmeticali, 
and  a+h,  one  of  the  series  of  constants,  which  repaesents  a  sec- 
tion Ai'ne  through  the  two  pyramids  ABDCE,  COFE  ;  it  fol- 
lows that  since  an  infinite  series  of  parallel  sections  represoii 
the  whole  of  these  pyramids,  that  the  sum  of  the  squares  of 
the  whole  series  of  geometrical  means  will  represent  the  whole 
of  the  solid  ABDGE6.  But  it  has  been  •hown.  (Propi  IT. 
B.  I,)  that  the  solid  ABDC6E  is  equal  to  one-sixth  of  tbe  pro- 
duct of  the  sum  of  the  squares  of  the  two  h&aaphu  four  liinef 
s  middle  section  drawn  into  its  altitude.  Hence,  if  there  be  any 
infinite  series  of  quantities,  such  that  the  terms  are  aeverallf 
geometrical  means  between  the  several  terms  of  ■  aeries  a 
arithineticalB,  and  of  a  similar  series  of  constant  quantitiesi 
then  will  one-sixth  of  the  sum  of  the  square  of  the  fint  and 
last  terms  pha  four  times  tbe  square  of  the  mkidle  tenn  dtam 
into  the  series,  be  equal  to  the  sum  of  the  squares  of  the  sericti 
Hence,if  an  infinite  series  of  quantities  varying  in  arithawtietl 
piogrsssieorbednivrainto  a  similar  series  of  constant  I 
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then  will  the  sum  of  the  aeries  of  rectangles  be  equal  to  the 
prodact  of  the  fint,  plus  the  last  term,  plM  four  times  the  mid- 
dle term  drawn  into  one-sixth  of  the  series. 

17.  It  will  appear  that  since  the  solid  ABDCGE  represents  the 
mm  of  all  the,  a'+ab,  viz.,  the  squares  of  the  whole  series  of 
meaa  proportionals  between  the  corresponding  terms  of  two 
other  series ;  if  there  be  a  series  of  quantities,  decreasmg 
from  z  to  0  in  arithmetical  progression,  and  another  equal  se- 
ries of  X  a  constant  quantity,  the  sum  of  the  squares  of  a  series 
ooimBling  of  mean  proportionals  between  the  corresponding 
temu  of  the  two  series,  will  be  equal  to  half  the  sum  of  the 
squares  of  the  series  of  z,  or  equal  to  half  the  square  of  i  drawn 
into  the  series. 

18.  It  will  also  appear,  that  if  there  be  an  infinite  series  of 
quantities  decreasing  from*  to ;>  in  arithmetical  progreuion,and 
another  similar  series  of  constant  quantities,  t,  the  sum  of  tlie 
squares  of  a  series  of  mean  proportionals  between  the  cor- 
resptNiding  terms  of  the  two  former  series,  will  be  equal  to 
half  the  sum  of  the  squares  of  the  series  of  x,pbu  one-half  the 
sum  of  a  similar  series  of  rectangles  of  pX  z. 

For,  let  AE  be  a  prism,  the  length  AB  E 
or  AC,  of  whose  side  is  equal  x,  and  if 
we  make  IG  and  1-0=9,  and  oonstnict 
the  ^ane  LIBD,  we  shall  have  the  pris- 
moid  ABDOCGIL,  which  may  be  repre- 
sented by  the  sum  of  the  squares  of  a  se- 
lies  of  geometrical  means  between  the 
terms  of  the  series  of  the  decreasing  arith- 
meticals,  and  those  of  the  constant  quan- 
ties.  But  this  prismoid  may  be  further 
divided  by  the  plane  GOCB  into  the  wedge  ABGDOG,  which 
is  equal  to  half  the  sum  of  the  squares  of  the  series  of  z,  and 
the  wedge  60LIBC,  which  is  equal  to  half  of  a  similar  series 
of  the  rectangles  of  z  into  p. 

10.  Let  a  series  of  J,  be  the  series  of  constant  quantities,  (and 
let  «=AD,)  while  another  scries  varies  from  z  top  m  arithme- 
tical progression,  (making  z= AB,  and  ;>a=GI.)  Then  will  the 
mm  of  the  squares  of  the  series  of  geometrical  means  between 
Uie  terms  of  the  two  former  series  be  equal  to  half  the  ram  of 
a  nmilar  series  of  rectangles  of  sX'+h  series  of  rectangles 
otgXp. 

For  the  prismoid  ABCDOGIL  equals  the  series  of  mean  pro- 

EDttionals  as  before,  and  the  wedge  ABDCOG  will  be  equal  to 
alf  a  similar  series  of  rectangles  of  the  series  i  with  a  simUar 
aeries  of  z,  and  the  wedge  IGHLCB  will  be  equal  to  half  the 
sum  of  a  similar  series  of  t,  drawn  mto  an  equal  series  of  p. 


<  to  2. 

K 
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Hence,  a  wedge  may  be  conceived  to  be  generated  from  a 
■eries  of  squares  ol'  mean  proportionals  between  a  seriet  of 
constant  quantities,  s  or  x,  and  an  infinite  aeries  of  iinei  ii 
arithmetical  progression  from  a  to  o,  or  from  o  to  2. 

20.  Let  AD,  ad,  ad  Ace,  be  an  infinite 
series  of  lines,  increasing  in  arithmetical  pro- 
ffTcssion  from  0  to  x,  or  from  E  to  BA,  and 
the  arithmelrJcais  will  generate  or  constitute 
the  triangle  ABE,  and  the  sum  of  their  squarefl 
will  generateordescribe  the  pyramid  ABCDE.  a^ 
For  if  an  infinite  number  ot  parallel  lines  or 
ordinates  be  drawn  across  a  piano  figure, 
those  ordinates  will  represent  the  figure  in  the  relation  of  to 
magnitude  and  form  ;  (Art.  12,)  but  the  lines  or  ordinstei^ 
ad,  ad,  ere  infinite  in  number  by  hypothesis,  and  increase  fim 
0  to  z,  or  they  commence  at  E  and  terminate  at  AB ;  beaea 
the  sum  of  the  ordinates  constitute,  or  are  a  function  of  tk 
triangle.  Also  if  an  infinite  number  of  parallel  idaiws  be 
passed  through  a  solid,  the  sum  of  those  planes  drawn  nto 
their  distance,  may  be  regarded  as  the  solid  when  compared; 
for  the  solid  consists  of  an  infinite  number  of  parallel  plaaei 
drawn  into  their  infinitely  small  distance ;  (Art.  16)  and  ham 
this  series  of  planes  would  represent  the  solid  in  tbe  n- 
lation  of  its  magnitude,  as  the  ordinates  represent  the  tri- 
angle. 

But  if  CB  =  AB,  then  each  of  the  parallel  {^anes,  i^aJe, 
dtc.  will  be  the  square  of  its  corresponding  ordinate,  ad,  a«l 
all  the  planes  will  be  the  sum  of  the  squares  of  all  the  ordh 
nates.  Hence,  the  sum  of  the  squares  of  the  series  representi 
the  pyramid,  ABCDB,  in  the  same  manner  as  the  sum  of  the 
ordinutes  represents  the  triangle,  ABE. 

21.  If  the  serios  of  lines  oe  a  constant         6 B 

aeries  of  x,  then  in  the  same  manner  as  the 
series  of  arithmetricals  would  describe  or  ' 
generate  the  triangle  ABE,  the  constant 
series  of  x  would  generate  the  circumscrib- 
ing rectangle  ABFfl,  and  the  series  of 
■quares  of  x,  would  generate  in  like  man- 
ner the  prism  ABCDEFHG,  circumserib- 
tng  the  pyramid. 

If  instead  of  the  squares  of  the  several  terms  of  the  series 
in  the  proposititHi  generating  the  pyramid,  there  be  taken  the 
series  of  circles  described  on  the  several  terms  as  diameter^ 
those  circles  would  generate  a  cone  =  the  cone  inscribed  ia 
the  pyramid.  And  if  instead  of  the  squares  constituting  the 
prism,  Art  1,  there  be  taken  a  similar  aeries  of  circles,  tbn 
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vould  the  solid  generated  be  a  cylinder  equal  to  a  cylinder  in- 
leribed  in  Ihe  prism.  Also,  if  we  lake  any  other  figure,  which 
ire  coDstituIe  a  similar  function  ol  each  successive  term  of  the 
leries,  we  may  generate  pyramids,  prisms,  or  frusta,  of  diSer* 
sot  character,  but  of  the  same  general  species. 

SI.  If  a  line  be  made  to  increase  (romp  to  z,  and  if  its  va- 
riatioD  be  represented  by  an  infinite  series  of  arithmeticals, 
then  Ibe  series  will  truly  represent  a  trapezium,  and  the  series 
>f  the  squares  of  the  first,  may  represent  a  frustum  of  a  py* 
ramid. 

S8.  If  a  be  made  to  pass  successively  through  all  the  values 
rom  0  to  X,  while  b  is  made  to  pass  in  like  manner  through 
ill  the  values  from  0  to  p,  then  the  two  series  drawn  into  each 
Xfaer  will  generate  a  pyramid  with  a  rectangular  base. 

53.  Ifthere  are  two  variable  lines  a  and 
;  and  if  a  be  made  to  pass  in  succes-^ion 
rom  p  to  2,  or  from  x  top,  in  an  infinite  series,  E  4 
vbile  b  remains  equal  to  z  or  s,  representing 
I  similar  series  of  constant  quantities,  then 
vill  the  solid  produced  by  drawing  the  cor- 
vspooding  terms  of  these  sorics  into  each 
rther  represent  a  prismoJd  AG  ;  but  in  this 
»se  the  prismoid  will  have  two  parallel 
ddes   ABIE,  CDFG.     But  if,  while  a   is 

MSfling  from  x  u>  p,b  at  the  same  lime  varies  successively 
rom  X  or  s  to/,  then  will  the  solid  generated  by  Ihe  scries  of 
rectangles  of  the  coiTesponding  terms  of  the  variable  quanti- 
IteSt  be  a  prismoid,  neither  of  whose  sides  would  be  parallel 
ucept  the  two  bases. 

54.  If  one  of  the  variable  magnitudes  should  be  made  to 
Mss  successively  in  an  infinite  series  from  0  to  x,  while  the 
)lher  should  pass  from  x  or  j  to  p,  tlien  the  solid  generated  by 
iie  rectangle  of  the  corresponding  terms  of  the  scries  would 
le  a  wedge. 

If  a  be  an  infinite  aeries  of  lines,  vary-  "  " 

ng  from  0  to  x  in  arithmetrical  progres- 
iaa,  and  A  be  a  like  series  varying  from  ^ 
r  or  s  to  0,  then  if  the  corresponding  terms 
>f  the  series  be  drawn  into  each  other, 
heir  product  will  be  a  triangular  pyra- 
Did  which  may  be  resolved  into  tlie  two 
vedgea  $cnfiCD,  otid  'rit^EG ;  all  of 
vhich  is  evident  by  inspection.  _ 

Let  ihe  ordinates  dmwn  across  the  triangle  CD,  parnllcl 
o  its  base,  be  a  series  of  ordinates  increasing  from  0,  at  the 
lertice  E,  to  z=CD ;  and  let  this  series  be  called  a:  let  tin 
11 
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ordinates  drawn  across  the  triangle  EGDfbe  a  series  decreit- 
ing  in  tlic  same  lime  from  EG  or  a  to  0;  call  this  scries  b: 
then  the  aeries  represented  by  a,  drawn  into  that  represented 
by  b,  will  generate  the  solid  EGCD. 

25.  Let  ihc  ordinates  drawn  across  the  triangle  ABC  bet 
series  decreasing  in  arithmetical  progression  Irom  i,  or  AB 
to  0|  and  let  those  drawn  across  the  triangle  BCD  be  a  liio- 
tlar  series  of  ordinates  increasing  from  0  to  z,  iheo  ini^ 
the  series  of  -proportional  means  between  the  corresponding 
terms,  represent  a  series  of  equidistant  ordinates,  drawn 
acrossa  semi-circle,  whoso  diameter  is  z=DB,  and  the  rectaogle 
of  the  corresponding  terms  may  represent  a  similar  series 
of  equidistant  ordinates,  drawn  across  such  portion  of  s 
parabola  whose  axis  is  AB,  as  is  intercepted  by  the  aim, 
and  a  diagonal  from  the  vertex  B  to  the  extremity  of  ths 
base,  the  axis  of  the  parabola  being  equal  to  x. 

For  the  ordinates  dn  drawn  across  a  ^■^=^^-  F^  i 

semi-circle  are  severally  mean  proper-      K^-  '■  ^ 

tionals,  between   the  absctssie  of  the 
diameter  -,  that  is,  any  ordinate  dn,  is  a  .  i 

mean  proportional    between   rfB  and      '"   ^~_,^.! a 

dD;  now  if  their  be  a  seiies  of  ab-       ^j^C\ 
scissa;  rfB  taken  in  arithmetical  pro-         fr  ""'"■-■ 
gression  increasing,   then    their   cor-        ^i=.   \; 
responding    abscissie    rfD,    rfD,    &,c.,  lu' 

will  be  a  series  of  decreasing  arithmeticals  ;  aod  if  BD  B 
equal  to  CD  or  AB,  then  will  the  abscisss  dD,  dB  be  serenDf 
=  to  their  corresponding  ordinates  cfe,  ef,  in  whatever  pocitkn 
they  are  taken  ;  hence  the  series  of  ordinates,  across  the  semi- 
circle is  a  series  of  proportional  means  between  the  sererd 
corresponding  terms  of  the  increasing  and  decreasing  seiki; 

Again,  it  has  been  shown  (Prop.  VII,  Sck,  B.  I,)  that  the 
expression  for  any  ordinate  ec,  drawn  across  the  parabt^ 
CBA,  between  the  curve  and  the  diagonal,  parallel  to  the  am 
is  equivalent  to  the  rectangle  de  X  ef,  and  since  this  is  true  d 
every  parallel  position  of  the  ordinate  ec  ;  hence  the  torn  of 
the  series  of  ordinates,  is  equivalent  to  the  sum  of  the  series 
of  rectangles  of  the  series  of  variables,  =  the  sum  of  the  se- 
ries of  squares,  of  a  series  of  ordinates  tfn,  dec,  across  ike 
semi-circle. 

Let  DB  be  greater  than  CD,  or  AB  and  ibe  ordloates^ 
will  be  equivalent  to  those  drawn  across  a  semi-ellipse,  who* 
major  axis  is  BD,  and  minor  axis  CD ;  but  if  CD  is  greaK 
than  BD,  then  will  BD  be  the  minor  axis  of  the  ellipoe.  Ac 

Hence  the  solid  ABCD  formed  by  drawing  the  coimpoal- 
ing  teniu  of  the  increaaiDg  and  decreaaing  lioes  isto  eaci 
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other  is  equivalent  in  its  expression  to  tlie  area  CBA  of  the 
parabola,  and  the  semi-circle  DBn  is  equivalent  to  the  sum  of 
•  aeries  of  square  roots  of  an  infinite  scries  of  parallel  or- 
dinatesec  across  the  parabola,  orofparallel  sections  oej!  through 
the  solid. 

20.  The  elemeDls  contained  in  the  forego* 
ing  propositions,  may  be  applied  also  to 
•oTids  of  revolution ;  lor  instead  of  a  prisnn 
and  its  inscribed  pyramids  in  Art.  16,  we 
may  substitute  a  cylinder,  and  its  inscrib- 
:d  cones,  &c.  ;  and  if  planes  HPNQ  be 
passed  through  the  cylinder,  the  cones 
ind  their  complcmenta,  these  will  be  cut 
n  4he  relation  of  their  magnitudes,  respectively,  in  each  section; 
Rrhioh  will  be  in  ail  cases,  the  same  as  that  of  the  prism,  and 
Jie  inscribed  pyramids,  of  equal  base  and  altitude. 

Ifthe  semi-circle  or  semi-ellipse  CIN  be  made  to  revolve 
ibout  the  axis  CI,  and  by  its  revolution  to  produce  a  sphere, 
>r  ipberoid,  then,  because  every  section  described  by  the  pa- 
rallel orrfioateON,  would  be  proportional  to  the  squares  of  their 
eircumsoribing  lines  respectively,  the  sum  of  the  sections  de- 
icribed,  would  be  proportional  to  the  sum  of  the  squares  of 
ihe  seneratins  lines ;  hence  the  sum  of  an  infinite  series  of  those 
lecttons,  ancT consequently  the  solid  generated  by  the  semi- 
circle would  be  equal  to  four  times  a  middle  section,  multiplied 
by  ^  of  the  series.  And  any  segment  or  zone  of  the  sphere 
oripheroid,witl  be  equal  to  the  sum  of  the  bases  +  four  times 
a  middle  section  X  i  its  altitude. 

S7.  If  every  section  dgS through  thepyramid  ABCB  (Art  25) 
ifaoald  be  contracted  in  one  of  its  dimensions  till  it  becomes  a 
■quare,  and  if  the  edse  DB  should  continue  to  be  a  right  line, 
Inen  will  the  sides  BCD,  ABD,  be  plane  surfaces,  and  the 
ride  ACD,  ABC  will  become  curved,  and  the  whole  solid  will 
be  eqtHri  and  similar  to  a  quadrant  of  a  revoloid  ;  and  four  of 
inch  pyramids,  would  constitute  a  perfect  right  revoloid  ; 
Bioreover  the  sides  ABC,  and  ACD  would  become  senii-cir- 


For  it  has  been  shown  that  the  square 
root  of  every  section  (fe^,  through  the  solid, 
ii  equal  to  an  ordinate  drawn  across  the 
Kini-circle  DnB  through  the  same  pa- 
raHel  ;  but  the  square  root  of  the  section, 
m  the  side  of  a  square  equivalent  to  the 
wction ;  hence,  if  the  aides  of  the  sections 
m-aeTerally  the  ordinatea  belonging  to  a 
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lemi-clrcle,  then  the  solid  must  acquire  a  form,  similar  to 
that  of  a  quadrant  of  a  rectangular  revoloid,  such  as  would  be 
formed  by  passing  planes  through  the  axis,  bisecting  its  oppo* 

sides. 

If,  when  the  sections  of  the  solid  become  squares,  its  rertices 
are  conceived  to  be  at  the  extremities  of  an  axis,  passiig 
through  its  centre  ;  then  the  solid  would  become  an  elliptical 
revoloid  ;  its  conjugate  axis  being  =  to  }  its  rertical  or  trans- 
verse axis. 

The  pyramid  ABCD  is  equal  to  |  of  the  prism,  whose  bate 
is  the  square  of  AB,  and  altitude  BD ;  four  such  solids,  or  the 
whole  right  revoloid  is  =  |  =  |  the  circunMcribinff  prism. 
Also,  the  prism,  circumscribing  the  elliptical  revotuid,  whose 
base  =3  deji^  and  altitude  BD,  being  as  j  of  the  former  prism, 
is  the  prism  circumscribing  the  elliptical  revoloid  ;  hence,  the 
elliptical  revoloid  is  =  |  its  circumscribing  prism. 

If  from  a  cylinder  of  equal  base  and  altitude,  two  eqnal 
cones  be  taken,  one  on  either  base,  and  of  an  altitude  eqoal  to 
that  of  the  cylinder,  the  two  remaining  portions  would  be  etch 
equivalent  to  the  cylinder;  and  every  section  through  each  of 
these  portions,  by  planes  parallel  to  the  cylinder's  base,  woaU 
be  equivalent  to  a  corresponding  section  through  the  quad- 
rant of  the  sphere  ;  each  of  these  portions  are  =3  ^  of  the  cyl- 
inder ;  hence,  four  of  these  portions  ~  the  sphere*  are  =  fttie 
circumscribed  prism  as  found  in  the  Elements  of  Geometry. 

Scholium.  We  may,  from  the  preceding  investigatioMf 
draw  the  following  deductions  and  conclusions. 

First,  that  any  series  of  quantities  in  arithmetical  pra- 
gression,  varying  from  z  to  0,  drawn  into  any  series  of 
constant  quantities,  will  produce  a  quantity  whose  value  is^^i 
the  sum  of  the  base  or  maximum  product  of  the  variable  + 
four  times  the  value  of  the  product  of  half  the  maximum  value 
drawn  into  the  series.  Also,  that  the  valueof  any  multiple  of 
this  series  may  in  like  manner  be  determined. 

Second,  that  if  any  series  of  numbers  varying  from  z  toO» 
in  arithmetical  progression  be  drawn  into  another  similar 
series,  direct  or  reciprocal,  the  value  of  the  product  is  ==  { 
the  sum  of  the  two  bases  produced  +  four  times  a  middle  bast 
formed  by  drawing  ^  the  maximum  values  of  the  terms  of  tbe 
series  into  each  other. 

And  that  this  is  true  for  any  multiple,  or  power  of  tbe  n- 
riable  series,  whose  exponent  is  an  integer  or  when,  any 
number  of  variable  quantities  are  drawn  into  each  other,  whe- 
ther direct  or  reciprocal,  and  this  is  the  basis  of  ti»IiUeg€r^ 
Calculus f  as  will  appear  in  the  subsequent  pages. 
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CHAPTER  11. 


cm  THE  CON8TRTCTION  OF  QUANTITIES  WHOSE  ELEMENTS  ARE 
A  SERIES  OF  CONSTANT  OR  VARIABLE  QUANTITIES. 

Art.  1.  Having  proceeded  thus  far,  in  analyzing  the  pro- 
duction of  geometrical  magnitudes,  showing  the  manner  and 
law  ot  their  generation,  we  are  enabled,  by  having  the  ele- 
ments and  the  law  of  the  production  of  any  magnitudes,  to 
give  a  geometrical  construction  of  such  magnitudes. 

We  were  taught,  in  the  application  of  algebra  to  geometry, 
the  mode  of  constructing  integral  algebraic  quantities  or  ex- 
pressions geometrically  ;  we  are  now  to  represent  a  series  of 
quantities,  under  a  single  construction  ;  or  to  construct  quanti- 
ties whose  elements  are  a  series,  cither  of  constant,  or  variable 
quantities. 

2.  In  considering  the  relations  which  exist  between  diflferent 
quantities,  those  which,  during  the  whole  of  any  investigation 
are  supposed  to  retain  the  same  value,  are  called  constant 
quantities  ;'^  those  to  "which  diflferent  values  are  assigned,  are 
called  oariabk  quantities  :  constant  quantities  arc  usually  re- 
presented by  the  former  letters  of  the  alphabet,  as  a,  6,  c,  &c., 
and  variable  quantities  by  the  latter,  as  uxyz,  &c. 

8.  When  two  or  more  variable  quantities  are  connected  in 
such  a  manner,  that  the  value  of  one  of  them  is  determined 
by  the  value  assigned  to  the  other,  the  former  is  said  to  be  a 
ronction  of  the  other  variables. 

Thus,  in  the  equation  y=ax+hx^+Cf  where  the  value  of  y 
depends  on  the  value  assigned  to  x;  y  is  said  to  be  a  function 
of  a:,  which  is  usually  expressed  by/'(x),  9(x),-^(x),or  similar 
abbreviations. 

Also,  if  an  infinite  series  of  equidistant  ordinates  are  drawn 
across  a  surface,  the  sum  of  those  ordinates  is  a  function  of 
the  surface.  So,  also,  the  sum  of  an  infinite  series  of  planes 
through  a  solid  may  be  regarded  as  a  function  of  the  solid,  or 
the  solid  or  surface  a  function  of  the  planes  or  ordinates. 

4.  When  any  quantity  or  magnitude  as  the  element  of  other 
quantities  or  magnitudes  is  variable,  the  sum  of  a  series  of  the 
variable  quantity,  within  its  variable  limits,  may  be  represented 
by  a  dash  drawn  below  or  above  the  letter  representing  the 
variable  quantity. 

Thus  z  or  %  may  represent  a  series  of  the  variable  quantity, 
z.  If  the  incipient  value  of  the  variable  is  z,  and  the  series  is 
decreasing  to  5,  or  0,  the  dash  must  be  placed  below  the  let* 
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ter  ;  but  if  its  incipient  value  is  0  or  s,  and  its  terminate  valoe 
is  z,  being  an  increasing  series,  the  dash  must  be  placed  above. 
Thus  :  indicates  a  series  decreasing  from  z  to  a  or  t) ;  aad  t 
indicates  the  series  increasing  from  0  or  *  to  2. 

5.  If  it  is  required  to  express  a  series  of  qunntities  in  arilb- 
mctical  progression  from  x  to  .t,  or  from  s  to  x,  it  may  be  thn 
written — ^■' a,  or  5: -i ;  or  which  is  the  Bame,^  •■  x'  or  i-r'. 
X  being  the  incipient  and  x'  the  terminate  value  of  the  series. 

The  condition  of  questions  involving  these  variables,  gene- 
rally indicate  the  incipient  and  terminate  values  of  the  increti- 
ing  or  decreasing  variables. 

6.  The  expression  2.  is  equivalent  to  that  of  5,  when  conn- 
dered  independent  of  other  variables ;  but  the  product  aiisiog 
from  drawing  z  into  i  is  not  equivalent  to  that  of  drawing! 
into  z  ;  for  £:  indicates  that  the  greatest  value  of  :  is  drawn 
into  its  least  value,  and  consecutively  ;  and  xz  indicates  ibal 
the  greatest  value  of  z  is  drawn  into  the  greatest,  and  so  on 
through  the  series. 

A  series  of  the  squares  of  :  or  z,  is  represented  by  ='  or?; 
a  series  of  roots  by  Vi  or  ^z. 

1.  When  it  is  designed  to  express,  a  series  either  of  con- 
stant or  variable  quantities,  without  regard  to  their  p^>g^e^ 
sioQ  or  law  of  variation,  a  small  capital,  of  the  letter  aeootiBg 
a  single  term  of  the  series  may  be  used. 

Thus  in  the  equation  y=-jdx,  if  we  would  express  a  seriet  | 
of  y,  it  may  be  written  v,  and  the  equation  will  be  y=v'i^' 
this,  unless  otherwise  restricted,  expresses  an  infinite  series  of 
the  quantity  represented  by  y.  \i  y=y/{dx\  is  the  cqualioo 
of  any  figure,  then  v,  is  a  function  of  the  surface,  or  y=  v'(d£)£ 
is  the  equation  to  the  surface. 

Hence  the  equation  to  a  surface  consists  of  tho  equation  of 
the  figure  considered  as  a  scries,  drawn  into  the  axis  or  ab- 
scissa. 

8.  If  a  be  the  magnitude  AD  of  any  scries  whose  number 
is  n,  of  lines  AB,  and  whose  length  is  the  constant  quantity :, 
then  the  sum  of  the  lines  will  be  nz ;  and  their  magnitude 

made  by  drawing  them  into  a  surface,  will  be  —  z»  =  oz. 


For  we  have  shown  that  if  an  infinite  series 
of  lines  are  drawn  into  their  respective  dis- 
tance, the  product  is  a  surface ;  hence,  we  have 
tbo  following  construction,  viz:  a  rectangle 
ABDC. 
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9.  Let  a  be  a  series  of  lines  z,  con- 
stantly decreasing  in  arithmetrical  pro- 
gression from  %  to  0,  or  from  the  line  AB 
to  the  point  D,  while  the  line  BD  repre- 
sents the  number  or  magnitude  of  the  se- 
ries ;  and  the  series  of  z  drawn  into  the 
quantity  a,  will  be  equivalent  to  the  tri- 
anele  ABD. 

If  a  be  a  series  of  lines,  AB  decreasing  from  t  to  5,  or  from 
AB  to  EC,  then  if  AD=a  =  the  magnitude  of  the  series,  the 
construction  will  be  the  trapezium  ABCE. 

10.  If  a  be  a  series  of  2',  where  z  decreases  uniformly  from 
AB,  to  a  point  D  ;  or  from  2  to  0,  then  ax'  may  be  constructed 
by  the  exterior  space  of  a  parabola  AcDB,  for  while  az  ge- 
nerates the  triangle  ABD,  a.z'  will  generate  the  parabola 
AeDBA,  (Prop.  VII,  Sch.,  B.  1,)  whose  axis  is  CD. 

G  D 


If  a  be  a  series  of  y/z,  then  may  ay/z  be 
put  under  the  construction  of  a  semi-parabola, 
AcDB,  whose  axis  is  DB=a,  and  whose  base 
AB=z,  the  series  of  z  being  a  series  of  ordi- 
oates  across  the  triangle  ABD,  parallel  to  AB. 


A  B 

12.  Let  it  be  required  to  construct  a  quantity  (f  \/(z.z),  or  a  se- 
ries of  mean  proportionals  between  the  corresponding  terms  of 
two  equal  increasing  and  decreasing  series  drawn  into  d,  the 
Dumber  of  the  series. 

If  ^  =  the  line  AB,  and  if  z  =  the  same  line,  the  surface 
ffenerated  by  drawing  d  into  v^(z.2),  would  be  the  semicircle 


For  the  equation  to  the  circle  is  y*=  y/{dx — a;*) 
or        DC=VAC»+CB' 


But  if  z  be  greater  or  less  than  d,  then  the  construction  will 
be  a  semi-ellipse  ;  which  if  z  is  less  than  d,  will  have  AB  for 
its  major  axis ;  but  if  z  is  greater  than  d^  AB  will  be  the  minor 

For  the  ellipse  by  its  equation,  d*  :  c  : :  x^i—x)  :  y*  or  d^ 
ss^(dx — x*)  is  only  the  circle  expanded,  or  contracted,  in  the 
ratio  of  the  major  and  minor  axes. 

The  equation  for  the  surface  of  a  circle  or  an  ellipse,  may 
more  properly  be  expressed  by  dy/{Qac)  for  a  semi-circle  or 
temi-ellipfe,  and  if  z  =  df  then  the  equation  will  be  that  of  a 
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circle ;  but  if  d  and  x  are  unequal,  the  equation  becomes  that 
of  an  ellipse,  and  d  will  be  the  major  or  minor  axis,  according 
as  it  is  greater  or  less  than  ;r,and  z  will  be  its  conjugate ;  aira 
its  equivalent  in  either  case  is  \dxX^i  or  for  the  whole  circle 

or  ellipse  \dxX^i  hence  ir  is  a  function  of  y/QjS)  or /V(^« 

Hence  we  have  a  finite  expression  for  the  circles  quadrature 
in  algebraic  terms,  viz  :  2dy/{x,x)  or  2xy/{x,x)=r^^^  wherex 
is  equal  to  the  diameter.  And  flr=  (2j:-r  r*)  'v/(x.x)= the  circum- 
ference of  any  circle  whose  diameter  is  a; ;  ^  and  x  being  series 
of  increasing  and  decreasing  quantities.  Hence,  ff=^2dy/(£t) 
'i'id'={8-rd)y/{^),or{8-rx)y/(Q^). 

13.  Let  ABD  be  the  segment  of  a 
circle,  the  height  of  the  segment  DB 
being  equal  z  ;  and  if  the  diameter 
=  x,  then  will  the  chord  AB=  y/{oc'z  ;)  f 
and  if  EG  =  x—z  =  x',  then  will  the 
equation  to  the  surface  be  2yz=2z 
V{{x-x')z). (J) 

Also,  let  CE  =  ^x—z=U9  then  if  AB  in  a  decreasing  series 
is  drawn  into  CE,  or  if  {uy/(a:x))  be  constructed,  it  will  be  equal 

to  the  triangle  ABC  ;  and  the  sum  of  the  segment  and  tri- 
angle, =  2zy/((x  ••  x')z)  +  u{y/(xz))  =  the  sector  ACBD.  (2) 

In  the  triangle  ABF  the  side  AF  is  equal  2CE=x— 22  ;  and 
BF  :  BA  :  :  AF  :  AS,  or  x  :  ^xz  :  :  x — 2z  :  AS  the  sine  of  the 
angle,  BCA,  or  sine  of  the  arc  of  the  segment 

=  y^{zx)^2Zy/{zx)'T'X. (3) 

Let  AS=s,  and  let  the  arc  ADB=«''  and  the  area  of  tlw 
segment,  (Prop.  XVIII  B.  IV)  will  be  (»'-5)  Xfx,  hence  ti»c 
expression  2zy/({q^''x')z)=jxv*  —  Jxr        (4) 

Therefore  the  arc  ADB  of  the  segment  may  be  expressied 

2zy/((x''x')z)+s                         ,  ,         ,         2z^(xz)  , 
*  =       ^  ^^- .  =  2zV(X"x')z)+^(xz) ^^^(5) 

14.  If  a  series  of  variables  consisting  of  two  or  more  fac- 
tors, as  its  elements,  are  drawn  into  the  number  denoting  the 
series,  the  construction  can  more  conveniently  be  represented 
by  a  solid. 

Surfaces  properly  consist  only  of  factors,  equivalent  to  the 
second  power  ;  cubes  of  factors  equivalent  to  the  third  power, 
or  the  product  of  three  factors. 

But  we  may,  under  certain  conditions,  construct  qusntitiei 
representing  solids  as  surfaces  ;  those  whose  factors  ore  coo- 
siaiit,  by  any  surface  arbitrarily  chosen,  and  those  which  arc 
variable  by  such  curves  as  yield  to  the  conditions  of  the  ex- 
pression ;  and  we  may  thence  proceed  to  construct  such  sofidi 
as  would  result  from  drawing  such  surfaces  into  a  series ;  or 
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such  as  would  be  the  result  of  drawing  the  variable  series  of 
elements  of  such  surfnce  into  a  constant,  or  a  variable  quan- 
tity ;  and  the  quantity  so  constructed  may,  by  being  put  under 
a  •uperficial  construction,  become  the  base  of  another  quantity 
or  magnitude,  made  by  drawing  this  quantity  into  another 
given  quantity  or  into  a  series  ;  and  we  may  proceed,  in  this 
maDDer,  to  construct  quantities  geometrically,  converting  one 
conatrtiction  into  a  base  for  the  next,  and  so  on. 

This  may  be  performed  algebraically,  and  with  greater  fa- 
eilitVi  inasmuch  as  a  quantity  involving  any  power  of  the  va- 
riable may  be  assumed  as  a  base  for  a  higher  power  of  the 
■erics,  and  thus  the  powers  and  roots  of  variables  may  be 
extended  at  pleasure;  and  the  laws  of  variation  or  their  in- 
crease or  decrease  in  value,  may  be  determined  by  geometri- 
cal construction  and  analytical  deductions. 

15.  If  it  were  required  to  construct  aserics.a,  of  the  quantity 
be,  drawn  into  each  other,  b  and  c  being  constant  quantities  ; 
here  it  is  evident  that,  for  the  purposes  of  construction,  be  may 
represent  either  a  line  or  a  surface ;  if  the  scries  of  be  be  re- 
presented by  a  line,  then  be,  drawn  into  a,  or  abc,  will  re- 
present a  rectangle.  But,  if  be  represents  a  surface,  then  abc 
vill  represent  a  prism.  And  for  the  purposes  of  investigation, 
the  conditions  of  the  quantities  would  be  similar  in  cither  case; 
for  the  line  would  have  the  same  relation  to  the  rectangle  ge- 
nerated by  drawing  the  line  into  the  series,  as  the  surface  to 
Jie  prism,  generated  by  drawing  the  surface  into  the  series. 

10.  Let  it  be  required  to  construct  a  series  a,  of  6i  or  a.bZf 
trherc  i  is  a  series  decreasing  uniformly  to  o. 

This  would  evidently  be  represented  under 
ihe  form  of  a  wedge  ABCDEF,  whose  base 
^BCD  is  represented  by  b:,  and  the  perpendi- 
nilar  ED  represents  the  value  of  a. 

If  X  decrease  only  to  s,  then  the  construction  would  be  the 
msmoid  ABCD  abed,  whose  greater  base,  ABCD,  is  repre- 
lented  by  bx,  and  whose  lesser  base,  abed,  is  repreirated 
>y  b», 

17.  If  tt  be  also  a  quantity  j 

lecreasing  uniformly  with  *, 
a  luch  ratio  as  to  reach  o  at 
he  same  time,  then  the  ex- 
ireasion  a.ux  would  generate 
I  pyramid  ABCJ ;  which 
villbe  its  proper  construc- 
ion;  and  if  u=i,  or  if  the 
txprenioa  can  be  but  under 
he  form  a,f,  then  the  pyramid  will  httre  a  s 
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18.  Let  a  series  a.it,  be  constructed.    This  quantity,  repre- 
senting  the   products  of  the   corresponding  ^ 
terms  of  two  series,  one  increasing  from  o  to  om 
ST,  while  the  other  decreases  from  i  to  o,  drawn     * 
intoa.thequantity  denoting  thenumbcrofthe             ""        ' 
series,  generates  the  double  wedge  ABGD,  ' 

■where  AB,  or  GD,  is  equal  to  z,  and  the  per- 
pendicular AD=a. 

If  K  represent  a  series  of  ordinates  drawn  a  " 
across  the   triangle  ADG,  then  ait  will  re- 
present the  triangle;  and  if  these  ordinates  are  severally  drawn 
mto  a  series  of  u,  the  result  would  be  the  same  as  before.  | 

19.  Let  it  be  required  to  construct  Y'=px,  which  is  the    ' 
equation  to  the  vertical  parabolic  revoloid,  y=  -t/ipx,)  being  the 
equation  to  the  parabola,  p  being  the  parameter,  is  a  constanl 
quantity,  we  have  x  variable. 

First,  we  may  draw  p  into  a  series  of  x,  which  gires  us  the    i 
triangle  DEA  (see  diagram  to  arL  lS,)=px,p  being  equal  lo    I 
DA,  i=the  axis  of  the  revoloid =DE  the  altitude;  and  if  this 
triangle,  as  a  base,  is  also  drawn  into  x,  the  axis  of  the  nfo- 
Ioid,we  shall  have  the  solid  ABCDEF. 

Or,  more  properly,  if  we  first  draw  the  axis  x  into  the*- 
ries  of  the  variables,  we  shall  have  the  triangle  as  before,  inlli 
a  base  AD ;  and  if  we  multiply  this  by  p—DC,  we  shall  hsn 
the  solid  described  as  before,  then  will  any  section  abed  oftlrii 
solid  parallel  to  the  base  ABCI>,  be  equivalent  to  a  similir 
section  through  a  parabolic  revoloid,  or  pyramoid,  which  it  ii 
designed  to  represent. 

The  expression  for  a  cube  may  at  all  times  be  construeled 
on  a  surface  by  means  of  curves ;  but  every  diflerent  specia 
of  solid  requires  some  peculiar  construclion,  according  to  Ae 
equations  for  the  ordinates  or  sections  of  the  solid,  the  expres- 
sions for  which  may  be  transferred  to  expressions  for  ordi- 
nates to  a  surface,  or  equations  to  some  curve ;  and  since  bdj 
multiple,  or  power  of  a  series  x,  whose  exponent  is  an  integer,ii 
known,  when  the  series  or  root  is  known ;  we  can  hence  dis- 
cover an  innumerable  variety  of  curves,  which  are  quadrable; 
but,  in  general,  in  descending  powers,  it  is  not  certain  that  the 
series  of  roots  of  a  given  scries  may  be  so.  Thus,  the  circle  ii 
equivalent  to  a  series  of  square  roots,  of  the  ordinates  to  a  pa- 
rabola ;  the  series  of  the  parabala  is  quadrable,  but  not  the 
circle,  except  in  certain  functions  of  given  quantities;  we  may 
get  an  expression  for  its  value,  but  it  will  be  under  on  iacoot- 
mensurable  form. 

Let  ABD  represent  the  vertical  segment  of  a  rectangulir 
spherical  revoloid  ;  audits  equation  considered  in  lelatiooto 
its  figui«,  will  bejf'  =  iz»xf)x         ■        ■        ■        ■       (I) 
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the  equation  considered  as  a  solid,  will  t'z  =  z(x..  i/)z         (2) 

which   from   its  organization  will  readily  be  discovered  to 

4z 
be  cubable,  for  its  value  is    -jr    (^'2  +  4  (Jx  +  ^x')  ^1)  =  fzz* 

(3) 
(4) 


6 

+ix'z\ 

it«  convex  surface  will  be  4xz 

Hence»  the  solidity  of  a  spherical  segment  will  be  = 
(J«*+far'a')|*  =  ixz'ic  +  ix'tV  .... 
aiid  its  surface  will  be  ^xz 


(5) 
(6) 

20.  Let  it  be  required  to  construct  Y'=-x{cfe+a:'.)  the  equation 

to  an  hyperbolic  revoloid,  y'  being  a  series  of  parallel  planes, 
being  the  squares  of  the  ordinates  to  the  axis. 

Because   this    equation    involves  powers  higher   than  the 

square ;  that  is,  because  the  terms  {dx+x*,)  multiplyed  by  -i;* 

produces  a  solid,  the  scries  represented  by  these  quantities 
drawn  into  a,  would  be  of  a  higher  power  than  a  cube  ;  hence, 
in  order  that  our  construction  shall  be  under  a  cubic  form,  a 
(dSS+gf)  must  be  represented  on  a  plane.     Let  a=CB. 

Hence,  we  have  a.Tf^Xhe  exterior  pa- 
rabolic surface  ABC,  AB  being  the  axis 
of  the    parabola,  and    also  cS  =  CBE  ; 

c" 
now,  if  this  is  drawn  into  ^*  we  shall  have 

the  solid  ABECFDG,  for  the  construc- 
tion of  a  solid  equivalent  to  the  quadrant  d 
j(  an  hyperbolic  pyramoid  or  revoloid  ; 
^rery  section  NIKL  through  this  solid        a  b  E 

s  equivalent  to  a  corresponding  section  through  a  hyperbo- 
le pyramoid  of  the  same  altitude  and  equivalent  base. 

Hence,  it  will  be  perceived  that  the  hyperbolic  revoloid  is 
subable;  for  this,  its  representative  is  equal  to  one-sixth  of  the 
product  of  the  sum  of  the  base  AEFD  plus  four  times  a  mid- 
lie  section  NIKL  drawn  into  the  altitude  BC.  This  is  also 
trae  in  relation  to  the  parabolic  revoloid. 

And  since  a  paraboloid  or  hyperboloid  is  to  its  respective 
circumscribed  revoloid  as  a  circle  to  its  circumscribed  square, 
>r  as  r"** :  4r*,  it  follows  that  the  paraboloid  and  hyperboloid, 
ire  also  cubable  in  terms  of  ^. 

21.  It  may  be  perceived  that  in  constructing  the  quantity  ax^ 
nrhere  ^  is  a  series  decreasing  to  0,  we  have  a  triangle ;  hence 
lie  value  of  a^  is  jox;  or  the  value  of  x^  may,  in  lixe  mannen 
)e  shown  to  be  jx*.  t 

Also,  since  gfx  is  equivalent  to  a  pyramid  whose  base  is  x', 
ind  whose  altitude  is  x ;  hence,  gfx  is  equal  to  i^*. 


164  PRODUCTION  AND  RKSOLUTION  OF 

And  if  we  have  a  series  of  ^  to  be  drawa  into  «  or  a,  we 
may  also  construct  ^  by  art  20,  and  we  shall  here  ha?e  ^z 

=ix*;  alsox"x=  — t^x^^ 

*  71+1 

Hence,  the  law  of  the  progression  of  the  powers  of  the  t»- 
riable  quantities  is  manifest,  lor  the  value  of  the  continued  pro- 
duct of  any  series  of  power,  of  a  series  of  variable  quantities 
drawn  into  any  constant  quantity,  is  equal  to  the  same  power 
of  the  maximum  value  of  the  variable  drawn  into  the  same 
quantity,  divided  by  a  number  denoted  by  the  index  of  tbe 
power  plus  1. 

If  the  variable  has  a  fractional  exponent,  the  same  consi- 
deration will  also  apply.  Thus,  x  x  is  equivalent  to  ix    '  and 

X  X  \3  equivalent  to  }x      and  x*  x  equivalent  to  ';^ix*'^^  &c 

Where  the  product  of  any  power  of  a  variable  quantity  a 
made  the  base  of  another  construction*  according  to  its  deter- 
minate value,  the  ma^rnitude  constructed  on  this  base,  is  no 
longer  considered  as  a  function  of  the  variables,  entering  into 
the  former  constructions  as  elements  of  this  base ;  but  this 
new  construction  is  subject  to  the  laws  of  its  own  organisa- 
tion; and  if  raised  to  any  power,  or  multiplied  by  any  number 
of  factors,  either  as  constants  or  variables,  the  difierent  powen 
depend  on,  or  arc  a  function  of  the  base  assumed,  and  not  of 
its  original  constituents. 

Thus,  if  we  have  the  quantity  ar*x,  its  value  is  ix* ;  now, 
if  |x*  is  assumed  as  the  base  of  another  construction,  as(i2*)x, 
or  ix*x  the  product  is  not  =^^x*,  but  is  =:|x*. 

If  a  series  uxz  are  drawn  into  a,  the  product  is  equivalent 
to  iuxxa ;  the  co-jf&cient  being  the  same  as  that  for  tbe  pro- 
duct of  ^r'x,  which  gives  \x*  as  its  equivalent. 

When  the  terms  of  the  variable  series  denoted  by  xorx* 
are  drawn  into  each  other  according  to  their  reciprocal  value, 
or  where  an  increasing  series  is  drawn  into  a  decreasing  se- 
ries, the  value  of  some  power  of  the  product  of  the  series  may 
be  obtained ;  and  the  other  powers  and  roots  of  this  value  are 
subject  to  peculiar  laws  for  their  development.  For  the  oontinf 
ued  products  of  these  series,  are  not  subject  to  the  same  ratio, 
or  the  same  order  in  the  variation  in  their  successive  changes 
from  one  power  to  another,  as  is  observed  in  the  products 
of  such  as  are  cither  all  increasing  or  all  decreasing.     Thus, 

if  we  have  x-^xx^  let  this  quantity  be  involved  till  its  radical 
is  removed,  and  we  have  x'^i,  the  value  of  which  may  be  de- 
termined by  a  construction.  Thus,  ^.x,  which  is  equivalent 
to  a  double  wedge,  (Art.  24,  Chap.  I,)  or  which  will  be  more 
available  for  our  present  purposet  it  may  be  put  under  tbe 
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DOtutruction  of  the  parabola  cut  off  by  a  dingonal  (Art. : 

Chap.  1,)  the  value  of  which  is  evidently  equal  {z'x4X 

=|a:*,  which  is  equal  to  one-half  the  value  of 

c^;  and  if  ihit  value  is  again  put  into  a  series. 

and  drawn  into  x,  we  shall  have  i^^,  or 

^xjc,  whose  proper  {geometrical  construction 

will  be  the  solid  CEI^l,  which  is  the  sulid  of  a 

prism  circumscribing  a  parabolic  complemen 

tal  ungula,  which  (I'rop.  XVllI,  Cor.  3,  B  II) 

is  equal  to  one-fit\h  of  the  prism  CANELI 

Let  there  be  a  series  of  ^x,  a  series  of 
Pc,  and  two  series  zzz,  and  the  sum  of  the 
series  will  be  equivalent  to  t',  as  may  be 
re^esented  by  the  prism  AH. 

For  2*1  equals  the  pyramid  ABCDE, 
^x  equals  the  pyramid  EPHGD,  and  ixxx 
equals  two  wed^s  CDEG  completing  the 
piism  whose  value  is  x'.  [ ^ 

Let  there  be  a  series  a  of  i  drawn  into  a  reciprocating  se- 
ries ofz,  the  terminate  value  of  z  being  2',  and  the  incipient  value 
of  X  being  0.  Since  the  product  of  these  series  a.(i'-t')S 
^vea  us  Tor  a  construction  a  solid  hinaCD.  whose  value  is 
equal  to  iax{2t' +z) ;  and  this  also  represents  a  segment  of 
s  quadrant  of  a  revoloid  where  z  and  x  increase  and  decrease 
in  the  same  arithmetical  ratio,  equal  to  a  segment  of  a  cylin- 
drical ungula. 

Also,  if  we  have  a  aeries  of  the  products 
of  reciprocating  variables,  or  zi  drawn  in- 
to  a  series  of  A  or  z,  ils  value  has  been 
found  equal  to  JAi'  or  }z',  let  this  be  drawn 
into  annther  series  of  z,  and  we  have  the  i 
following  construction,  which  is  a  parabo- 
la whose  vertice  is  D ;  and  wc  have  zjcx* 
equal  the  parabolic  ungula  ADBC  equal 
fABxHAxiBC=:;(tX(iiXiz)Xi»)=T^i';  * 

hence,  the  series  zn'  is  equivalent  to  j\x\ 

Let  this  be  drawn  into  another  scries  of  2,  and  we  shall 
bave  i«'=j2{z'+4(ii'Xiz))=iz'4-iV''!  if  this  is  drawn  into 
another  series  of  z,  we  shall  nave  ziz'=ix{z'+Hj\z'Xix)) 
^=ix*+j'jx* ;  hence  the  law  of  progression  is  manifest. 

If  we  have  a  series  of  «V,  ils  value  will  be  iz(Sz'+}«0 
■■Iz'+Az*.  Hence,  the  law  of  the  progessioa  of  this  series 
will  easily  be  discovered. 


166  DIFFERENTIAL  AND 

Scholium,  The  results  obtained  by  the  preceding  notatioos 
and  geometrical  constructions,  are  similar  to  those  obtaioed 
by  the  integral  calculus,  the  same  principles  as  here  used  sen- 
ing  as  the  foundation  of  that  science ;  and  in  order  that  a  coro- 
parison  between  the  two  modes  of  notation  may  be  instituted 
we  will  present  some  of  the  elementary  principles  of  the  cal- 
culus, as  the  subject  of  the  next  chapter. 


CHAPTER  III. 

DIFFERENTIAL  AND  INTEGRAL  CALCULUS. 

Art.  1.  As  a  basis  of  the  deferential  calculus,  \ee  may  premise 
that  if  y  be  a  function  of  x,  and  if  a  change  takes  place  in  the 
value  o[f{z)  so  that  x  becomes  z+A,x  being  quite  indetermi- 
nate, anci  h  any  quantity  whatever,  either  positive  or  negative, 
a  corresponding  change  must  take  place  in  the  value  of  y,  which 
may  then  be  represented  by  y^.  If  the  quantity^"  (x+k)  be 
now  developed  in  a  series  of  the  form 

/(x)+AA+BA"+CA'+ 

which  is  always  practicable,  in  which  the  first  term  is  the  ori- 
ginal function /(x),  and  the  other  terms  ascend  regularly  by 
positive  and  integral  powers  of  A,  and  A,  B,  C,  &c.,  are  inde- 
pendent of  h  ;  then  the  co-efficient  of  the  simple  power  of  k 
in  this  series  is  called  the  first  differential  co-ejficient  of  y  orj 
(z).  This  is  the  fundamental  dennition  of  the  difierential  cal- 
culus. 

2.  Let  us  now  examine  the  change  which  takes  place  in 
the  function  for  any  change  that  may  be  made  in  the  value  of 
the  variable  on  which  it  depends. 

Let  us  take,  as  a  first  example, 


U  =  CLX^. 


and  suppose  x  to  be  increased  by  any  quantity  h.  Designate 
by  u'  the  new  value  which  u  assumes,  under  this  suppoaition, 
and  we  shall  have 

u'  =  a(x+A)% 
or  by  developing 

u'  =  ax*+2axh+ah*. 
If  we  subtract  the  first  equation  from  the  last,  we  shall 
have 

u'  —  u=^2axk+ak* ; 
hence,  if  the  variable  x  be  increased  by  i»  the  function  wiB 
be  increased  by  2axA+aA'. 

If  both  members  of  the  last  equation  be  diTid€^d  by  A,  wt 
shall  have 

u'  —  tf 

— T —  =  2ax+ah,  (1) 
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hich  expresses  the  ratio  of  the  increment  of  the  function  to 
at  of  the  variable. 

The  value  of  the  ratio  of  the  increment  of  the  function  to 
at  of  the  variable  is  composed  of  two  parts,  2ax  and  aA. 
If  now,  we  suppose  h  to  diminish  continually,  the  value  of 
e  ratio  will  approach  to  that  o{2ax^  to  which  it  will  become 
[ual  when  A=:0.  The  part  2az,  which  is  independent  of  A, 
therefore  the  limit  of  the  ratio  of  the  increment  of  the  func- 
m  to  that  of  the  variable.  The  term,  limit  of  the  ratio  de- 
;natc8  the  ratio  at  the  time  A  becomes  equal  to  0.  This  ra- 
>  is  called  the  differential  co-efficient  of  u  regarded  as  a  func- 
m  of  X. 

3.  Then  let  y  be  a  function  of  x,  such  that 

Let  X  become  x+h  and  y  become  y' 

y'=a(a:+A)" 
:panding  =aa;'+2ai: .  A+«A 

This,  it  will  be  perceived,  is  a  series  of  the  required  form, 
e  first  term  ax^  is  the  original  function  y,  and  the  other 
rms  ascend  by  integral  and  positive  powers  of  A ;  hence, 
:cording  to  our  definition,  2ax  the  co-efiicient  of  the  simple 
>wer  of  A  in  this  series,  is  the  first  dificrential  co-efficient  of 
or/  {x) 

4.  Again,  let 

y=x* 
Let  X  become  x+h  and  y  become  y' 

y'=(x+A)« 
tpanding  =a:*+3a:' .  A+to  .  A'+A* 

Here,  therefore,  3a:',  the  co-efficient  of  the  simple  power  of 
is  the  first  dcfTerential  co-efficient  of  x*. 

5.  Again,  let 

y=:ax^+hx^+cx+d 

Let  x  become  (x+h)  and  y  become  y' 

.\  y'=a(x+hy+b{x+hy+c{x+h)+d 

fpanding  =  ax*+3ax*h+Baxh*+h*+bx*+2bxh+bh*+cx+ck 

df  arranging  according  to  powers  of  A, 

=^{ax*+hx*+cx+d)+{Sax^+2bx+c)h+{Sax+b)h*+h, 
series  of  the  required  form,  for  the  first  term  is  ax*+bx*+cz 
•df  the  original  function,  and  the  succeeding  terms  ascend 
igularly  by  powers  of  A. 

Hence,  3ax^+2bx+c  the  co-efficient  of  the  simple  power  of 
in  the  development  of  y^  is  the  first  differential  co-efficient  of 
or  ax*+bx*+cx+d. 

6.  We  have  now  to  introduce  a  notation  by  which  this  ratio 
lay  be  expressed.  For  this  purpose  we  represent  by  dx  the 
8t  value  of  A,  that  is,  the  value  of  h  u^AicA  cannot  be  dimin- 
ked  according  to  the  law  of  change  to  which  h  %9  subjected^ 
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without  becoming  0  ;  and  let  us  also  represent  by  du  the  cor« 

responding  value  of  u  :  wc  then  have 

du  ^. 

^»2«x.     (2) 

The  letter  d  is  used  merely  as  a  characteristic,  and  the  ex- 
pressions du,  dx,  are  read,  differential  of  a,  differential  of  x. 

It  may  be  difficult  to  understand  why  the  value  which  h  as- 
sumes in  passing  from  equation  (1)  to  equation  (2),  is  repre^ 
scntcd  by  dx  in  he  first  member,  and  made  equal  to  0  in  the 
second.  We  have  represented  by  dx  the  last  value  of  A,  and 
this  value  forms  no  appreciable  part  of  h  or  x.  For,  if  it  did, 
it  might  be  diminished  without  becoming  0,  and  therefore 
would  not  be  the  last  value  of  A.  By  designating  this  last 
value  by  dx.  we  preserve  a  trace  of  the  letter  x,  and  express 
at  the  same  time  the  last  change  which  takes  place  in  A,  u  it 
becomes  equal  to  0. 

7.  Let  us  take  as  a  second  example, 

u  ^  ax^. 

If  we  give  to  x  an  increment  A,  we  shall  have, 
t«'=a(x+A)'=flur"+3r/Ax'+3aA'a:+aA*. 
hence,  u'  —  t«=3aAa:'+3aA*a:+aA', 

and  the  ratio  of  the  increments  will  be 

— r—  =  3ax'+3aA3:+aA*, 
n 

and  the  limit  of  the  ratio,  or  differential  co-efficientf 

du      «    . 

dx 

In  the  function 

f       du 
u  =  nx\  we  havcT-  ^  4nx\ 

ax 

And  if  y=f  (x) 

the  first  differential  co-efficient  of  yis  denoted  by  the  symbol 

dy 

^,  thus  in  the  above  examples       (Arts.  4  Sl  5.) 

y  ^  ax^ 

^/^2ax 
dx 

y  =0^ 

dx 
y  «  az^+ba^+cx+d 

dy 

^  -  3aa^+2bx+e 
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manner  if  u=^f(z)  the  first  differential  co-efficient  of  u 
)  will  be  represented  by  ^. 

e.-Since  a  constant  quantity  is  not  susceptible  of  change, 
anifest  that  it  can  have  no  differential  co-efficient,  or  if 


find  the  first  differential  co-efficient  sf  any  power  of  a 
simple  algebraic  quantity. 

X  become  x+h 

y'={x+h)^ 

landing  by  the  binomial 

,,  .   n(n  —  1)        «,.     n(n — l)(n— 2) 
nx^'-^h+  -Y72     ^     *  +        1.2.3      ^^^'+^^ 

^  =  nx""-^ 

X 

ti  this  it  is  manifest  that 

first  differential  co-efficient  of  any  power  of  a  simple 
aic  quantity  is  found  by  multiplying  the  quantity  by  the 
ffthe  power,  and  then  diminishing  the  eocpomnt  by  unity, 

x.  1.     y  =  x'  ^  =  7a;' 

2.  y  =  oxP+fl  dx^  ^  (/^+9)  «'^'*^ 

3.  y  =  a'\'7r^       ^^  "  qzr^"^^^ 

^      dv  »    -C5+*^ 

4.  y  =  a+7zrn     ^  =  —  7i«    ^»    ^ 


INTEGRAL  CALCULC8. 

object  of  the  Integral  Calculus  is  to  discover  the  pri* 
function  from  which  a  given  defferential  co*efficient  naa 
srived. 

!  primitive  function  is  called  the  integral  of  the  proposed 
itial  co-efficient,  and  is  obtained  by  the  application  of 
ierent  principles  established  in  finding  difl^rential  co- 
its  and  oy  various  transformations. 
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When  we  wish  to  indicate  that  we  are  to  take  the  integnl 
of  a  function,  we  prefix  the  symbol  8.     Thus  if 

We  know  that  dy  =  4ax*dx 

If  then,  the  quantity  4ax*  dx  be  griven  in  the  coarse  of  any 
calculation,  and  we  are  desirous  to  indicate  that  the  primiti?c 
function  from  which  it  has  been  derived  is  €ix\  we  express  this 
by  writing 

S  4aa:*  dx  =  ax* 

The    characteristic   ^  signifies  tn/^^a/ or  ^uin.     The  word 

xum,  was  employed  by  those  who  first  used  the  differential  and 
and  integral  calculus,  and  who  regarded  the  integral  of  x^dz 
as  the  sum  of  all  the  products  which  arise  by  multiplyiDg  the 
mth  power  of  x,  for  all  values  of  x,  by  the  constant  dx. 

When  constant  quantities  are  combined  with  variable  qoan- 
tilies  by  the  signs  +  or  —  they  disappear  in  taking  the  differ- 
ential co-efficients,  and  therefore  they  must  be  restored  ia 
taking  the  integral. 

Thus,  if        y  =  ox*  +  6 
or,  y  =  ax*  —  b 

or,  y  =  ax* 

In  each  three  cases  equally 

dy  =  Zax*  dx 
Hence  in  taking  the  integral  of  any  function  it  is  proper  al- 
ways to  add  a  constant  quantity,  which  is  usually  represented 
by  the  symbol  C.     Thus,  if  it  be  required  to  find  the  integral 
of  a  quantity  such  as 
dy  =  3ax"  dx 

y  =^  8  Sax*  dx 

=  ax*  +  C 
where  C  may  be  either  positive,  negative,  or  0.  We  cannot 
determine  the  value  of  C  in  an  abstract  example,  but  when 
particular  problems  are  submitted  to  our  investigmtion,  they 
usually  contain  conditions  by  which  the  value  of  C  can  be  as- 
certained. 

By  reversing  the  principles  established  for  finding  the  dif- 
ferential co-efficients,  or  differentials  of  functions,  we  shall  ob- 
tain an  equal  number  of  rules  for  ascending  to  the  integrals 
from  the  derived  functions.  Recurring  therefore  to  these  wc 
shall  perceive  that 

1.  The  integral  of  the  sum  of  any  number  of  functions  it 
equal  to  the  sum  of  the  integrals  of  the  individual  terms^  eeA 
term  retaining  the  sign  of  its  co-eficienL    Thua^  if 
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dy  =  4ax'  dx  +  8te'  dx  —  2bx  dx  +  dx 
y  =8  4ax"  dx  +  $  3bx*  dx — 8  2bx  dx  +  8dx+C 
IL  Since,  if 

dy  =  ufor"*^*  as 
it  is  manifest  that 

77^  integral  of  a  function  raised  to  any  power  is  obtained 
by  adding  unity  to  Ute  exponent  of  the  function^  and  by  divid* 
ing  the  function  by  the  &q)on$ntso  increased^  and  by  the  differ* 
etUiat  of  the  function. 

JSxb  1.  dy  =  ax^  dx 

jEat.  2.  Jy  =  -rdx 

=  ax"^  dx 

aj:~(n-i) 


(n— 1)  x^-i  "^  ^ 
JEJr.  3.  rfy  =«=  (a  +  «)»  dlr 

^  n  +  1 

dy  =  ; ; rr-  dx 

^       {a+  x)" 
=  (a  +  x)~^tfx 
1 

^  "  ""(w— 1)  (a  +  x)°-* 
This  rule  applies  to  all  functions  of  the  form 
dy  =  (a  +  6x»  )"cx*»-^  (fa 
for  these  can  all  be  reduced  to  the  form  (tc^  dz. 

Scholium. 

The  coincidence  of  the  results  obtained  by  the  tioletioiit 
used  in  Chap.  II,  with  those  determined  by  the  Calcttlus,  in* 
dicates  thdt  the  same  principles  serve  as  the  foundations  of 
both  ;  which,  as  was  observed  at  the  close  of  Chapter  I,  are 
the  following,  vik.,  that  when  any  series  of  quantities  vary  in 
arithmetical  progression,  the  sum  of  the  series  as  well  as  their 
powers,  or  products,  with  a  constant  quantity,  or  with  another 
arithmetical  series,  tiiay  be  measured  by  the  sum  of  the  pro- 
ducts of  the  maximum  values  +  the  minimum  values  +  four 
times  the  products  of  their  medium  values  multiplied  by  {  of 
the  magnitude,  representing  the  number  of  the  series. 
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Any  series  of  numbers  which  are  not  subject  to  these  con- 
ditions, cannot  be  made  the  subjects  of  accurate  numerical 
determination  or  calculation,  by  the  Calculus  ;  hence,  we 
may  always  determine,  by  construction,  whether  any  geome- 
trical magnitude,  or  algebric  quantity,  is  susceptible  of  accu- 
rate development  numerically  in  terms  of  given  quantities. 
One  advantage  possessed  by  the  investigation  of  geometrical 
subjects,  by  the  principles  contained  in  Chapter  II,  of  this 
subject,  is,  that  the  notation  there  used,  is  more  elementarj 
than  that  of  the  Calculus^  and  expresses  the  conditions  of 
geometrical  subjects  in  a  more  obvious  and  inteligent  manner, 
and  is  more  direct  in  its  results. 

Hence,  instead  of  pursuing  the  method  of  dcfierentatiim, 
we  express  the  conditions  of  quantities  depending  on  variable 
factors  according  to  their  several  conditions,  or  organization, 
and  proceed  to  integrate  or  sum  up  the  series  of  functions, 
and  determine  the  magnitude  of  the  production,  according 

to    the  principles  therein  contained.     Hence  8  x*  expre^es 

definitely  the  function  of  the  series  of  squares  of  a  series  of 
variables,  and  if  this  series  be  drawn  into  a  constant  quantity 
X,  and  integrated,  we  shall  have  according  to  our  notation 
\x\ 

If  this  is  made  equal  to  u^  or  if  we  have  u  =  ^x*,  its  differ- 

du 
ential  is  --j-  =x',  which,  being  again  integrated  by  the  cal- 
culus, we  have  again  |a;',  showing  similar  results,  from  differ- 
ent considerations.  The  notation  by  the  calculus  is  arbitrary, 
but  by  this  inductive  ;  and  hence,  by  its  intimate  connecti<Hi 
with  the  principles  of  the  calculus,  may  serve  to  render  that 
subject  more  obvious. 

There  are  cases,  however,  for  which  the  calculus  is  naore 
particularly  adapted  than  the  notation  here  referred  to  ;  such 
as  drawing  tangents  to,  and  rectifying  curve*Iines.  This  is 
accomplished  by  that  science  in  a  manner  the  most  elegant 
and  complete  ;  but  in  relation  to  surfaces  and  solids,  nothing 
can  be  more  complete  or  satisfactory,  than  the  discusiioDf 
which  we  have  introduced. 
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CHAPTER  IV. 

On  the  centres  of  surfaces  and  solids,  the  method  of  finding 

theMf  ^*c. 

Article  1.  The  centre  of  surfaces  and  solids  is  susceptible 
of  two  considerations,  that  of  magnitude  and  distance.  Hence, 
we  have  the  centre  oi  aggregation  and  the  virtual  centre. 

2.  The  centre  of  aggregation  or  centre  of  magnitude  of  any 
plane  surface,  is  that  point  through  which,  if  a  line  is  drawn 
in  any  direction  in  the  plane,  it  shall  divide  the  surface 
equally. 

3.  The  centre  of  magnitude  of  any  solid  is  that  point, 
through  which  if  a  plane  is  passed  in  any  direction,  the  plane 
shall  divide  the  solid  equally. 

4.  The  virtual  centre^  or  centre  of  gravity  of  any  plane 
is  that  point  through  which,  if  a  line  be  drawn  in  any  direc* 
tion  in  the  plane,  the  sum  of  all  the  points,  on  one  side,  drawn 
into  their  distances  from  the  line,  shall  be  equal  to  the  sum  of 
all  the  points  on  the  other  side  drawn  into  their  respective  dis« 
tanccs  n-om  the  line. 

5.  The  virtual  centre  of  any  solid  is  that  point  throuffh 
which  if  a  plane  be  passed  in  any  direction,  the  sum  of  the 
points,  on  one  side,  drawn  into  their  distances  from  the  plane, 
shall  be  equal  to  the  sum  of  all  the  points  on  the  other  side, 
drawn  into  their  distance  from  the  plane. 

6.  The  virtual  centre  between  any  two  points  is  evidently 
in  the  right  line  connecting  the  two  points,  and  equidistant 
from  each. 

Hence  the  virtual  centre  of  a  right  line,  is  in  the  middle  of 
that  line,  oris  in  the  centre  of  magnitude  of  tlie  line. 

7.  In  a  system  of  points,  their  virtual  centre  has  respect  to 
the  magnitude  of  the  lines  drawn  from  the  several  points  to 
such  centre. 

But  the  centre  of  magnitude,  has  regard  only  to  the  number 
of  points. 

8.  If  there  be  drav«m  from  a  system  of  points,  lines  perpen- 
dicular to  a  given  base,  the  sum  of  those  lines  divided  by 
their  number,  will  give  their  average  length  ;  which  is  =  to 
the  distance  of  the  virtual  centre  of  the  system  of  points  from 
the  base. 
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Let  AB  be  a  given  base  line,  and 
let  a,  b,  c,  d,  e,  &c.,  be  a  system  of 
points  ;  if  perpendiculars  al,  62,  c3, 
&c.,  be  drawn  from  the  points  to 
meet  the  base  line  AB,  and  if  the 
sum  of  these  lines  be  divided  by  their 
number,  the  quotient  will  give  their 
average  length,  or  the  distance  AC, 
from  which,  if  a  line  CD  be  drawn, 
parallel  to  AB,  it  shall  pass  through  the  virtual  centre  of  the 
system  of  points. 

For  if  the  line  CD  is  drawn,  according  to  the  conditions  ei- 

Eressed  in  the  proposition,  the  portions  of  the  lines  cut  off 
eyond  the  line  CD,  are  sufficient  to  extend  those  which  M 
short  of  that  line,  to  the  line  CD.  Hence,  the  line  CD  nasKs 
through  the  virtual  centre  of  the  system,  for  the  lines  drawn 
from  the  points  on  both  sides  of  the  line  are  equal. 

Hence,  if  two  base  lines 
AB,GH  are  drawn,  not  pa- 
rallel to  each  other,  and  if 
the  system  of  points  are 
connected  to  both  of  the 
bases,  and  we  proceed,  as 
in  the  proposition  to  draw 
CD  parallel  to  AB,  and  IL 
parallell  to  GH,  the  inter- 
section F,  of  the  lines  CD, 
and  IL  will  be  the  virtual  centre  of  the  system. 

If  the  base  line  AB,  should  pass  through  the  system  of 
points,  so  as  to  leave  one  portion  of  them  on  one  side,  and 
another  portion  on  the  other,  then  the  lines  connecting  ibe 
points  to  the  base  must  be  estimated  on  one  side  positive,  and 
on  the  other  negative  ;  and  the  virtual  centre  will  fall  on  one 
side  or  the  other,  as  the  positive  or  negative  signs  predomi- 
nate. 

9.  If,  instead  of  a  system  of  points,  the  virtual  centre  of  a 
system  of  parallel  lines  is  required.  Let  a  base  line  be  drawn 
parallel  to  those  lines,  and  because  the  lines  are  to  each  other, 
as  the  number  of  equidistant  points,  arbitrarily  taken  in  each; 
hence,  if  we  take  the  product  of  the  several  lines  into  their  re- 
spective distance  from  the  base,  the  sum  of  these  prodocts 
divided  by  the  sum  of  the  lengths  of  the  lines,  will  deter- 
mine the  distance  from'  the  base,  through  which,  if  a  line  is 
drawn  parallel  to  the  base,  it  shall  pass  through  the  virtoai 
centre. 


A — I 
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10.  The  virtual  centre  of  a  surface  may  be  found  by  sup- 
osiDg  parallel  ordinates  drawn  across  its  ^urfacct  and  aasummg 
lose  Qixlinates,  as  representing  the  surface,  and  computiog 
le  distance  of  the  virtual  ccatre  of  the  ordinates  from  a 
iven  base  ;  and  if  from  the  properties  of  the  figure,  it  cannot 
s  readily  discovered  what  part,  of  the  line  passing  through 
le  centre)  is  occupied  by  the  centre,  then  another  base  may 
B  assumed,  making  an  angle  with  the  former,  and  if  ordinates 
re  supposed  to  be  drawn  across  the  figure,  parallel  to  this 
ue,  another  line  may  be  found  parallel  to  this  base,  passing 
■rough  the  centre  ;  hence,  the  iatersection  «f  these  two  linos 
'ill  be  the  centre  required. 

11.  If  AQ  be  a  base  line  drawn  dirough    ^  " 
ay  point,  as   suppose   the   vertex  of  any 
xly,  or  figure  QBD,  and  if  a  denote  any 
rdinate  EF  of  the  figure,  d  =  AG,  its  dis- 
ace  from  the  base  line  AQ,  and  S  =  thex  Ui 
jm  of  all  the  ordinates,  or  the  whole  figare 
iBD ;  then  the  distance  IC  of  the  virtual  centre  from  AQi  is 
eooted  by  the  (sum  of  all  the  ad)  -r-  S. 


Tit  find  the  centre  of  a  triangle. 


t 


Through  the  verttee  C  of  the  triangle 
raw  a  base  line  CD,  parallel  lo  AB,  let 
1  iodefiaite  number  of  ordinates  ab,  or 
parallel  to  DC,  be  conceived  to  be  drawn 
srosB  the  triangle  each  of  which  we 
lay  conceive  to  be  drawn  into  their  re- 
lective  distances  be.  Sec,  from  the  line 
D,  which  may  be  represented  by  a  se- 
ea  of  2;  hence,  if  the  series  of  £,  whose 
lagoitude  is;):, bedrawQ  intoihe  series  of^X|  the  product  may 
e  represented  by  a  pyramid,  whose  base  ABEF  is  =  xx 
ad  whose  altitude  is  AC,  or  x ;  hence,  ^  AB  X  BD  X  BD  =  | 
S  X  BD'  or  xix,=ix'i,=^tha  sum  of  the  products,  but  (Art. 
)  the  sum  of  the  products  -r-  S,  the  sum  of  the  series  of  or- 
inates,  or  series  of  x,  whose  measure  is  zx,  is  equal  to  the 
iitance  of  the  centre,  from  the  line  CD.  The  sum  of  the 
sries  of  ordinates  may  be  expressed  by  half  the  rectangle  of 

iAB'  X  AD' 
B  X  BD,  OTixx.    Hence,  by  (Art.  11.)  J^^  ^  ^p 

s  |AC  =J|DB  or   ji'x  -r-  Jix  =  \i.  that  is  the  virtual  cen- 
«  IS  some  where  in  a  line  ob  |  of  the  distance  from  the  vet- 
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tice  C  of  the  triangle  to  the  base  AB,  in  like  manHer,  we  shall 
find  it  also  in  a  line  GH,  |  of  the  distance  from  the  Tertice  B 
toward  the  side  CA  ;  hence,  it  must  be  in  the  intersection  of 
the  two  lines. 


Problem  2.  Ltt  it   be   required  to  find  the  virttuJ  centrt 

ef  a   trapeziunij  ABCD. 


First,  let  DC,  parallel  to  AB,  be  taken  as  P    e 

the  base  and  imagine  an  indefinite  number 
of  equidistant  ordinates  abf  drawn  across  the 
figure,  parallel  to  the  base,  and  if  these  are 
severally  drawn  into  their  respective  dis- 
tances from  the  base  DC,  we  shall  have  con- 
structed a  wedge,  whose  base  is  equal  to  AB»< 
drawn  into  EF,  and  whose  altitude  is  equal 
to  EF. 

Let  z  =  AB,  and  z'  =  DC,  then  will  the  series  of  ordinates 
be  represented  by  z..z'  let  EF  =  j,  then  will  the  aeries  of  de- 
creasing distances  be  represented  by  x. 

Then,  we  have  the  solid  generated  by  the  production  of 
^X(2..tO==  i^(^^  +  2')^==ix*(22  +  z%  let  this  be  divided  by  J 

X  (2z+2') 
(z  +  z')  Xy  and  we  have  ■.    .   77 —  =  tlie distance  of  thevir- 
^  '  3(z4-2) 

tual  centre  I  from  the  line  DC. 

Now,  in  order  to  find  in  what  part  of  the  line  Aft  is  the  cen- 
tre, we  may  proceed  as  before  to  construct  a  quantity  on  CB, 
DG,  or  any  line  parallel  to  CB,  consisting  of^  ordinates  EF, 
&c.,  across  the  figure,  drawn  into  their  respectire  distances 
from  the  bases,  and  dividing  the  quantity  thus  constructed  by 
the  sum  of  all  the  ordinates,  or  the  area  of  the  trapeziums. 

Or,  we  may  divide  the  trapezium  into  the  triangle  AD6,an4 
the  parallelogram  GDCB,  and  proceed  to  find  the  virtual 
centres  of  each  of  these  figures  ;  and  it  is  then  evident,  that  if 
the  distance  between  the  two  points,  thus  found,  is  divided  io 
the  alternate  ratio  of  the  two  figures,  the  result  will  determine 
the  centre  required. 

Thus,  the  distance  he  of  the  triangle,  from  the  side  D6  is  \ 
aH,  (Prob.  1,)  and  the  distance  ne  of  the  centre  of  the  pa- 
rallelogram from  the  line  DG  is  evidently  =  J  nb. 

Let  t  =  the  area  of  the  triangle,  andp  =  that  of  the  paral- 
lelogram, then  as  ce  the  distance  of  the  two  centres,  is  to  t  -Vf^ 
so  isp,  to  the  distance  el,  of  the  vertical  centre  of  the  trapezitua 
from  the  point  e. 
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Any  rectilinear  figure  may,  if  necessary  be  divided  into 
triangles,  and  the  virtual  centres  determined  for  each,  and 
then  finding  the  common  centre  of  every  two  of  these,  till 
they  are  all  reduced  to  one  only,  which  will  be  the  virtual 
centre  of  the  whole. 

Problem  3.  To  find  the  virtual  centre  of  a  segment  of  a 
circle  ABD. 

Let  parallel  ordinates  aft,  &c.,  be  drawn 
across  the  segment  parallel  to  its  base  AB, 
and  let  each  of  these  ordinates  be  con- 
ceived to  be  drawn  into  their  respective  _ 
distances  from  AB ;  then  by  their  proper-  a 
ties  we  shall  have  generated  an  ungula  ABCF ;  divide  the  soli- 
dity of  this  ungula  by  the  area  of  the  segment,  and  the  quotient 
is  the  distance  EF  of  the  virtual  centre  from  the  chord  AB. 

Or  we  may  let  GH  be  the  origin, 
passing  through  the  vertice  D  of  the 
segment,  parallel  to  AB,  and  if  the 
ordinates  aft,  &c.,  are  drawn  into 
their  distances  from  this  line  GH,  or 
the  vertice  D,  the  product  will  be  the 
ungula  ABDL,  which  is  the  compli- 
ment of  the  former  ungula,  and  the  distance  DI  of  the  centre 
will  be  found  by  dividing  the  solidity  of  the  ungula  by  the 
area  ABD. 

If  we  make  the  origin  at  the  centre 
of  the  circle,  we  shall  have  the  ungula 
ADBRCF,  which  is  a  segment  of  the  un- 
gula GDHF,  and  the  solidity  of  this  seg- 
ment, divided  by  the  surface  of  the  seg- 
ment ABD,  will  give  the  distance  01,  of  the  centre  required. 

Problem  4,  Let  it  be  required  to  find  the  virtual  centre  of 
a  sector  of  a  circle  CADB. 

Let  C  be  the  origin,  and  if  an  inde- 
finite number  of  equidistant  ordinates 
dbf  parallel  to  the  chord  AB,  are  drawn 
into  their  respective  distances  Ce^  &c., 
we  shall  have  produced  the  sectoral  qn- 
gula,  FADBGC,  which  if  we  divide  by 
the  surface,  CADB,  we  shall  have  the 
distance  CI  of  the  centre. 

Let  r  =  CD  the  radius  of  the  circle,  and  the  chord  AB  =  c 
then  will  re  =  the  convex  surface  AFDGB  of  the  ungula,  and 
^r^c  =  the  solidity  of  the  ungula.    Let  c'  =  the  arc  ADB, 


178  METHOD  OF  FINDING 

then  we  have  the  area  C ADB  =  ^r ;  hence  the  distance  CI 
_    \r*c  _   2rc 

Resolving  this  into  a  proportion,  we  have,  dc* :  2r  :  :  c  :  tbe 
distance  Cl.  Hence,  generally,  the  distance  of  the  virtual 
eentre  of  any  sector  of  a  circle  is  =  the  fourth  proportioDalto 
three  times  the  arc  of  the  sector,  twice  the  radius,  and  tbe 
chord  of  the  arc. 

Let  CE  =  y/{r*  —  Jc*,)  hence  we  have  \r^c —  Jc*  =  the  so- 
lidity of  the  pyramid  ABGFC  ;  subtract  this  from  the  sectoral 
unffula,  and  we  have  ^  c*  for  the  solidity  of  the  segatent 
ABGFD,  divide  this  by  a,  the  area  of  the  segment  ABD  and 
we  have  the  distance  of  the  virtual  centre    of  the  segment 

JLc* 

from  the  centre  C  of  the  circle  = . 

a 

Problem.  5.  To  find  the  virtual  centre  of  the  parabola. 

Let  its  distance  be  estimated  from  the  vertex. 
.The  equation  to  the  parabola  is  y*  =  Vp^f  if  this  be  drawn 
into  a  series  denoted  by  x,  the  surface  of  the  parabola  will  be- 
come y  Zy/dx. 

Let  this  be  drawn  into  a  series  x,  and  we  have  xx  y/px^  and 
since  the  quantity p  will  not  afiect  the  result,  it  may  be  omitted, 

and  we  have  by  removing  the  radical  sign  xx^i  =  |xa  ;  let 

this  be  divided  by  xx%  =  |  x}  and  we  have 

\x\ 

r-j  =  I  a:  =  the  distance  of  the  virtual  centre    from  the 
fca       * 

ertex. 

Problem  6.  To  find  the  distance  of  the  virtual  centre  of  a 
semi-parabola  from  the  axis. 

Its  equation  considering  the  origin  at  the  extremity  of  the 
axis  is  y=(d — x)"+2x(d— x);d!=the  maximum  value  ofar=the 
axis  ;  or  its  equation  may  be  expressed  of  +  f^goB.  This 
being  put  into  a  series,  whose  measure  is  a,  represented 
by  the  base,  we  shall  have  its  area,  which  may  be  ex- 
pressed ax'+2ax  x  =  efr,  which  being  integrated,  we  have 
iax*  +  ^  CLjf  =  fax". 

Let  the  expression  agf  +  2a^,  be  drawn  into  x^  z  being 
=  the  base,  and  we  have  ozx*  +  2azxx,  let  this  be  inte- 
grated, and  we  have  4(}zx'  +  |xx*)  |a  =  ia(lixx")  =  J 
azx*. 

Hence,  -r — r  =  l^=  the  distance  of  the  virtual  centre  ihw 
fax  , 

the  axis. 
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Proh.  7.  Let  it  be  required  to  find  the  virtual  centre  of  a  solid. 

If  the  solid  be  a  pyramid,  its  solidity  may  be  expressed  x*x. 

If  we  estimate  tne  centre  in  relation  to  its  distance  from  the 
vertex,  we  may  draw  this  quantity  into  another  series  of  ^, 
and  we  have  x'x,  let  this  be  divided  bv  x^x^  which  represents 
the  base  of  the  latter  construction,  and  we  have 

x^x        ^x* 

-=T —  =  7-r=Jx,that  is  the  vertical  centre  is  }  the  distance 
x*x        Ix^     *  * 

from  the  vertex  of  the  pyramid  to  the  base. 

Probkm.  8.  To  find  the  virtual  centre  of  a  vertical  seg- 
ment, of  a  spherical  revoloid,  or  the  virtual  centre  of  a  seg- 
ment of  a  sphere. 

The  equation  of  the  revoloid  is  4y*  =  4dx — a;*,  let  this  be 
drawn  into  a  series  of  x,  and  we  have  4xx  {d — x),  the  segment, 
x  being  the  altitude  of  the  segment,  and^  the  diameter  of  the 
sphere,  the  value  of  this  is 

ir2(ic»— 2z»)  +  |(4&;«— 2x^)  =  dx—%x^. 

Let  the  former  series  be  drawn  into  another  series  of  x,  and 
its  value  will  be  Ax{dx*  +xx^  =  |dc» 


1«.4 


hence,  ^j-z — r-r  =  —^3 — 7-   =  the  distance  of  the  virtual 
dx'—lx^  6a — ix 

centre  of  the  segment  from  the  vertex. 

This  construction  will  serve  for  a  segment  of  a  sphere,  a 

spheroid,  a  spherical,  or  an  elliptical  revoloid. 

Problem.  9.  To  find  the  virtual  centre  of  a  vertical  parabo- 
lic revoloid  pyramoid,  or  of  a  parabolic  conoid. 

The  equation  to  the  revoloid  is  y*=px,  let  this  be  put  into  a 
series,  whose  measure  is  the  axis,  and  we  have  its  solidity 
xpx  ;  let    this,  as    a  base,  be  also  drawn   into  x,  and  we 
have  pxj^  equivalent  to  Ipx*  ; 
xpx  is  equivalent  to  i  px*  ; 

t  px* 

hence  r^—i  =  fx  =  |  the  distance  from  the  vertex  to^  the 
^px        ' 

base. 

Problem.  10.   To  find  the  virtual  centre  of  an  hyperbolic 
conoid,  pyramoid  or  vertical  revoloid. 


c*    ..  c« 


m0  V  - 

Its  equation  is  4y*  =  4-7^  {dx  +  x*) :  since  4-^  is  a  con- 
stant quantity,  and  a  factor  of  the  whole  expression,  it  may  be 
omitted,  without  aflfecting  the  result ;  then  the  expression  will 
become  dx  +x^.  Let  this  be  drawn  into  a  series  of  the  form 
x(d+x)  «    which    expresses  the    segment,   whose    value  ia» 
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Let  the  former  series  be  drawn  into  another  series  ofx,  and 

there  will   be  produced  x{d  +  x)x*  =  \x{dx^  +  x^)  +  \zX 

adx*+\x^)A^\x{2dx^+\\x*)-\{2dx^'>tl\x^),  hence,  we  have 

i(2ii;"  +  l^x*)       Adx  +  ar" 

t/o^^  1  o  1     =   aj  t   A      ^^c  distance  of  the  centre  from 

the  vertex. 

Problem.  11.  To  find  the  virtual  centre  of  the  arc  of  a 
circle. 

The  virtual  centre  of  an  arc  of  a  circle,  is  the  same 
in  reference  to  the  centre  of  the  circle,  as  that  of  the  segment 
of  a  rcvoloidal  curve,  whose  conjugate  diameter  is  the  same 
as  that  of  the  circle,  and  the  base  of  whose  segment  is  equal 
to  the  given  arc  of  the  circle. 

For,  if  a  revoloidal 
curve  AEB  circumscribe 
the  semi-circle  DEH, 
and  if  any  chord  FG,  be 
produced  to  fg^  so  as  to  ^ 
meet  the  curve,  the  ordi- 
nate/g-  will  be  equal  to  the  arc  FEG.  Draw  across  the  seg- 
ment /Eg;f,  equidistant  ordinates,  perpendicular  to  fg^  em 
they  will  represent  the  distance  of  the  several  points  in  the 
arc,  from  the  line /^,  since  they  are  supposed  to  be  drawn  fix)m 
points  equidistant  from  each  other  on  the  line  fg^  or  the  arc 
FEG;  and,  since  if  there  is  an  infinite  number  of  ordinates, 
they  may  be  regarded  as  the  area  of  the  segment,  it  there- 
fore, follows  that  if  this  area  is  divided  by  the  arc,  the  quotient 
is  the  distance  of  the  centre,  from  the  line  FG  ;  also,  if  the 
area/Eo^HD  is  divided  by  the  arc  FEG  or  line  fg.  the  quo- 
tient is  the  virtual  centre  of  the  arc  f  E^  from  the  axis  DH. 

Let  c  =  the  chord  YGa  =  the  arc  FEG,  and  r  =  CE,  then 
will  cr  =  area  D/E^^H,  (Prop.  Ill,  Cor.  4,  B,  II!.,)  hence,  we 


I 


cr 


have  —  =  the  distance  EI  of  the  centre. 


a 


This  is  also  the  virtual  centre  of  the  segment  yE^ of  the 
revoloidal  curve,  and  it  may  also  be  shown  that  if  a  series  of 
equidistant  ordinates  to  the  axis  CE,  are  drawn  through  the 
revoidal  surface,  or  any  segment  of  it  parallel  to  fg^  the  series 
of  ordinates  so  constructed,  drawn  into  their  several  distances 
from  any  given  line,  parallel  to  such  ordinates,  will  determine 
the  virtual  centre  of  the  segment  fgef,  or  of  the  arc  FJB6,  by 
proceeding  as  before. 

Art  12.  If  it  be  required  to  find  the  virtaal  centre  of  the  arc 
of  an  ellipse,  a  parabola,  or  an  hyperbola,  it  may  be  donem 
a  similar  manner,  by  taking  a  portion  of  the  aurlace  of  the 
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elliptic,  parabolic,  or  hyperbolic  reroloid,  and  proceeding  ns 
for  the  arc  of  the  circle,  which  also  gives  the  virtual  centre 
of  the  segment  of  Ihe  revoloida!  surface  pertaining  thereto. 

Problem  3.  To  find  the  virtual  centre  of  the  surface  of  s 
solid. 

Let  the  proposed  surface  be  the  convex  surface  of  a  pyra- 
mid ABCDV ;  and  because  any  portion  of  the  convex  sur- 
face, included  between  any  two  sections,  by  planes  parallel  to 
the  base,  is  proportional  to  the  portion  of  a  vertical  triangle 
through  the  pyramid  included  between  the  same  planes ;  it 
follows  that  the  vertoal  centre  of  the  convex  surface,  is  the 
«ame  as  that  of  the  vertual  triangle  ;  hence  the  same  process 
will  determine  both.  If  it  is  required  to  find  the  virtual  cen- 
tre of  the  whole  surface  of  a  pyramid,  including  its  base,  we 
have  only  to  imagine  an  infinite  number  of  ordinates  to  be 
drawn  across  the  several  triangular  sides  parallel  to  their  se- 
veral bases,  and  also  a  similar  series  of  parallel  ordinates 
across  the  base,  and  if  each  of  these  ordinates  are  severally 
drawn  into  their  respective  perpendicular  distances  from  the 
vertex  of  the  given  pyramid,  we  shall  have  produced,  as  mvny 
new  pyramids  AEFCQ,  whose  bases 
ACFE,  ABHG,  &c,  are,  severally 
equal  to  the  bases  of  the  sides  of  the^ 
pyramid  multiplied  by  lA,  the  dis- 
tance of  the  base  from  the  vertex,  as 
the  given  pyramid  has  sides,  and  also 
a  prism  ABDCQIKR,  formed  by 
drawing  every  line  in  the  base,  or  the 
whole  surface  of  the  base  into  the 
distance  of  the  base  from  the  vertex. 
And  the  sum  of  the  imaginary  solids  so  generated,  divided  by 
the  whole  surface  of  the  pyramid,  will  give  the  distance  of 
the  virtual  centre  from  the  vertex. 

Let  AB=x  and  if  the  pyramid  is  generated  from  j*  or  A**, 
or  if  the  base  of  the  pyramid  is  a  square,  the  perimeter  of  the 
base  will  be  4x  ;  and  since  each  pyramid  ACFEQ,  is  equal  to 
j  the  prism  ABCDQRKf ;  hence  the  four  pyramids  generated 
by  the  series  drawn  into  the  four  sides  of  the  base  are  =■  f  the 
prism,  and  if  A  =  the  altitude  lA  of  the  pyramid,  Ax*+*Az*ia 
}Ax*  =  tbe  sum  of  the  four  pyramids  +  the  prism  ABDCQIKR ; 
the  surface  of  the  f^ven  pyramid  is  °=  x*+2*^^^(A*+ft') 

Hence  we  have,  ^to* jAa 

eaual  the  distance  of  the  virtual  centre  from  the  vertex* 
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ON  THE  RELATIOKS  OF  LIKES,  SURFACES,  AND  SOLIDS, 
GENERATED  BT  MOTION. 

Thk  capacity  of  any  solid  geoeralcd  hy  the  moticKi  of  i 
■urfacc  perpendicular  to  itself,  is  meaBured  by  the  gcneratiof 
surface  drawn  into  the  distance  moved  ;  wbicb  distance  iait 
ways  equal  to  the  distance  passed  through  by  the  virtual  cen- 
tre of  such  surface. 

If  the  motion  of  the  generating  surface  is  auch,  as  that  il 
always  maintains  a  parallel  position,  and  moTcs  id  a  directioi 
perpendicular  to  itself,  the  proposition  is  sufficiently  manifeiL 

Let  now  the  rectangle  ACBD  revolve  about 
the  side  EC,  which  remains  fixed,  and  the 
product  will  be  the  cylindei  DF,  whose  solidity 
IS  equal  to  the  surface  ACBD  drawn  into  the 
circumference  PK.  described  by  the  virtual 
centre  K,  of  the  plane,  which  centre  is  in 
this  case  also  the  centre  of  aggregation. 

If  a  right-angled  triangle  ABC  revolve  about  the~perpeD£> 
cular  BC,  so  as  to  describe  the  cone  ABD,     ^  B         N 

this  is  also  measured  by  the  triangle  ABC 
drawn  into  the  circumference  FL,  described 
by  the  virtual  centre  of  the  triangle.  The 
virtual  centre  of  the  triangle  we  have 
shown  to  be  situated  at  the  point  F,  on  the 
line  BE,  from  the  vertex  bisecting  the  base 
at  a  distance  from  B  =|  its  length.  X^et  ^^ 
the  surface  ABC  be  multiplied  by  the  eir- 
oimference  described  by  tne  centre  F ;  and  since  the  rsdiM 
FG=|EC,  hence  the  circumference  FG=}  the  circumference 
EC,  and  because  the  triangle  ABC=  \  its  circamscribinp  rectan- 
gle ADBC,  which  generates  a  cylinder  ADNM,  the  geneiatiif 
surface  of  the  triangle  ABC  drawn  into  the  circumferesce, '» 
equal  to  one-third  the  cylinder  generated  by  the  rectanele,  or 
one-third  the  rectaogle  drawn  into  the  circumference  EC,  at 
it  ought  to  be. 

And  in  general,  let  any  plane  figure  be  revolved  about  ao; 
line  or  axis  without  the  ngure,  but  always  in  the  same  plaK^ 
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«D(1  the  solid  generated  will  be  measured  by  the  eeneralin^ 
surface  drawn  into  the  arc  described  by  the  virtual  centre  of 
the  surface. 

I^et  AFHD  be  a  solid  generated  by 
the  plane  ABD ;  through  C,  the  virtual 
centre  of  which,  draw  DCAG,  perpen- 
dicular to  the  axis  of  rotationi  and  meet- 
ing HGFE  in  E,  let  an  indefinite  num- 
ber of  parallel  ordtnates,  ef,  ii,  &.C.,  be 
drawn  across  the  generating  surface, 
parallel  to  the  axis  about  which  it  re- 
volves; and  the  solid  generated  is  equal 
to  all  of  those  ordinates,  drawn  into  the 
distances  passed  through  by  each;  viz., 
the  ordinate  drawn  across  the  point 
Axihe  arc  AF+the  ordinate  ab  drawn 
through  cXthe  arc  CG+,  &C.,  through 
the  whole  series.     And   because  EA.  /^    ' 

EC,  ED,  &c.,  are  as  the  arcs  AF,  CG,  DH,  &c.  Hence 
EhXef,  and  ^Ixik.  &c..  are  as  phXef,  and  rlxik,  and  be- 
cause EC  drawn  into  all  the  ef,  ik,  &c.,  is  equal  to  all,  the 
Bkxef,  ElXik,  &c,  it  follows  that  CGxall  the  ef,  ik,  &.e„  ia 
equal  to  all  the ;>AXe/;  rixtifc,  &c.;  or  that  the  solid  ABDHF 
is  equal  to  the  generating  surface  ABDe  drawn  into  the  line 
described  by  the  virtual  centre  of  the  surface. 

Cor.  I,  Hence,  if  any  curve  or  any  lioe  be  made  to  revolve 
about  any  axis  exterior  to  such  curve,  but  in  the  same  plane, 
the  surface  described  by  its  motion  will  be  equal  to  the  line  w 
curve  drawn  into  the  distance  passed  through  by  the  virtual 
centre  of  such  line  or  curve. 

For,  let  the  penmetcr  of  the  figure  generating  the  solid 
above,  be  the  generating  line,  and  let  us  suppose  its  virtual 
centre  the  same  as  before  ;  let  every  point  in  this  perimeter 
be  reduced  to  the  line  AD  by  means  of  perpendiculars  thereto ; 
and  the  figure  generated  by  its  revolution  about  the  axis,  ia 
equal  to  all  the  ph,  rl,  &c.,  described  by  every  point ;  but 
we  have  seen  that  all  the  ph,  rl,  &c.,  are  as  alt  tne  E^  E/, 
&c. ;  and  since  the  sum  of  all  the  EA,  El,  &c.,  is  equal  to  as 
many  times  EC,  therefore  the  sum  of  all  the  ph,  rl,  &lc„  is 
equal  to  as  many  limes  CG,  orequal  to  ABDexCG,  that  is,  the 
surface  described  by  the  perimeter  ABDe,  is  equal  to  ABDa 
drawn  into  the  line  described  by  ils  virtual  centre  C. 

Cor.  2.  From  E  draw  EIKL,  cutting  the  upright  prismatic 
figure  erected  on  the  given  baao  AfiD,  so  a«  that  soy  perpen* 
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dicular  AI  may  be  equal  to  the  correspondiDg  arc  AF-    Thee 
^ill  the  figure  AILD  be  equal  to  the  ngure  AFHD. 

For,  by  similar  figures,  all  the  AF,  CG,  DH,  &c.,  are  asali 
the  AI,  CK,  DL,  6lc,,  each  to  each ;  and  as  one  of  each  are 
equal,  therefore  they  are  all  equal,  each  to  each  ;  viz^  all  the 
AI,  CK,  DL,  &c.,  equal  to  all  the  AF,  CG.  DH,  &c. ;  thatii, 
the  figure  AILD  equal  to  the  figure  AFHD. 

Cor.  3.  Through  K  draw  MKNO ;  then  the  figure  ANMD 
will  be  equal  to  the  figure  AIKLD,  or  equal  to  the  figure 
AFHD. 

For,  by  the  last  corallary,  AFMD  is  equal  to  the  figure  d^ 
scribed  by  the  base  AD,  revolving  about  O,  till  the  arc  d^ 
scribed  by  C  be  equal  to  CK  ;  which,  by  the  proposition,  if 
equal  to  ADxCK,  or  ADxCG. 

Cor,  4.  Hence,  all  the  upright  figures  AQKRD,  AIKL, 
ANKMD,  AKPD,  &c.,  of  the  same  base,  and  bounded  at  tbe 
top  by  lines  or  planes  cutting  the  upright  sides,  and  passing 
through  the  extremity  K,  of  the  line  CK,  erected  on  the  vir- 
tual centre  of  the  base,  are  equal  to  one  another  ;  and  the  va- 
lue of  each  will  be  equal  to  the  base  drawn  into  the  line  CK. 

Hence,  also,  all  figures  described  by  the  rotation  of  the  same 
line  or  plane  about  diflferent  centres  or  axes,  will  be  equal  to 
one  another,  when  the  arcs  described  by  the  virtual  centre 
are  equal.  But  if  those  arcs  be  not  equal,  the  figures  gene- 
rated will  be  as  the  arcs.  And  in  general,  the  figures  gent- 
rated,  will  be  to  one  another,  as  the  revolving  lines  or  planes 
drawn  into  the  arcs  described  by  their  respective  virtual 
centres. 

Cor.  5.  Moreover,  the  opposite  parts  NIK,  MLK,  of  any 
two  of  these  figures,  are  equal  to  each  other. 

Cor.  6.  The  figure  ASPD  is  to  the  figure  APD,  as  AS  to 
CK  ;  for,  by  similar  triangles,  they  will  be  as  AD  to  AC. 

For  ASPD  is  equal  to  ADxAS,  and  APD  equal  to  AD 
XCK. 

Cor.  7.  If  the  line  or  plane  be  supposed  to  be  at  an  infinite 
distance  from  the  centre  about  which  it  revolves,  the  figure 
ipenerated  will  be  an  upright  surface  or  prism,  the  altitude  be- 
mg  the  line  described  by  the  virtual  centre  ;  so  that  the  base 
drawn  into  the  said  line  will  be  equal  to  the  base  drawn  into 
the  altitude,  as  it  ought  for  all  upright  figures,  whose  sections 
parallel  to  the  base  are  all  equal  to  each  other. 
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Scholium.  If  a  right  line,  or  paralieloffram,  revolve  about  a 
line  perpendicular  to  the  length,  there  will  be  described  a  ring 
either  superficial  or  solid ;  and  as  the  virtual  centre  of  the 
describing  line,  or  parallelogram,  is  also  the  centre  of  magni- 
tndes,  it  follows,  therefore,  that  such  surfaces  or  solids,  are 
equal  t#  the  generating  magnitude  drawn  into  the  distance 
patted  throu^  by  the  centre  of  magnitude. 

When  the  centre  of  rotation  is  in  the  end  of  the  lkie»  the 
line  will  describe  a  circle  whose  radius  is  the  said  describing 
line,  and  whose  circumference  is  double  the  circumference 
described  by  the  virtual  centre;  consequoitly,  the  radius 
drawn  into  half  the  curcumference^  will  be  the  area  of  tbt 


If  a  semi-circle  revolve  about  a  diameter,  and  deacribe  the 
surface  of  a  sphere,  then  will  the  surface  of  the  sphere  ba 
equal  to  the  revoloid  arc  X  by  the  circumference  described  by  the 

cr 
virtual  centre  =  4*Xt-  X^r  ss  2nf  —  the  circumference  into 

r 
the  diameter. 

And  for  the  solidity  of  the  sphere,  we  shall  have  the  dis* 
tance  of  the  virtual  centre  equal  r^,  where  d  is  the  diame(er» 
and  a  the  area  of  the  segment ;  let  twice  this  distance  be  mul- 
tiplied  by  *>  and  also  by  a ;  and  we  have  «=  — -  the  so- 

lidity of  the  sphere*  aa  before  iouad  in  the  Eleaaents  of  Ge- 
onsetiy. 

For  the  solidity  of  the  parabolic  spindle :  putting  &  s=:  the 
base,  and  a  =»  the  altitude,  or  axis  of  the  generating  parabola. 

We  have  found  that  fa  is  the  distance  of  the  centre  of  gra- 
vity from  the  base,  and  consequently  \^afe  «=  the  line  describe 
ed  by  the  centre  of  gravity  ;  but  \ab  is  =  the  revolving  area ; 
therefore  •'j^c  X  |a&  -^  the  f fa'frr  will  be  the  content,  which 
is  ^  of  the  circumscribed  cylinder. 

For  the  paraboloid.  Making  the  notation  as  in  the  last  ex- 
ample,  and  making  n  ^  the  area  of  a  circle,  whose  diameter 
is  1  ;  |6  will  be  the  distance  of  the  centre  of  gravity  of  the 
aemi-parabcJa  from  the  axis,  consequentljr  |(  X  8n  X  \ab  % 
tidVn  «  the  solidity  ac  half  the  circumscribed  cylinder. 
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MENSURATION. 


Having,  in  the  elementarjr  parti  of  the  work«  introdoeei 
auch  subiects  of  mensuration  aa  depend  on  principles  tbereii 
discussed,  it  only  remains  for  us  now  to  present  the  higiwr 
branches  of  the  subject,  or  such  subjects  in  men8uratioo9asd^ 
pend  on  the  higher  branches  of  geometry. 

The  subject  of  mensuration  admits  of  three  general  difi* 
sions  :  lines,  superficies,  and  solids ;  but  since  the  mensoratiQB 
of  lines  is  so  intimately  connected  with  that  of  surfaces,  nc 
shall  make  but  two  general  divisions,  termed  superficies,  asd 
adids. 

PART  I. 

MENSimATION  OF  SUt^ERFIClES. 
raOBLBM  I. 

To  find  ike  area  f(f  a  ugmemt  of  a  circkm 

CASE   I. 

When  ike  arCy  riwe,  amd  radius  are  given. 

RuLs. — Multiply  the  diflerence  between  the  arc  of  the 
segment  and  its  sine  by  half  the  radius.     (Prop.  XIII,  B.  IV.) 

Let  c'  =  the  arc,  i  =  the  sine,  r  =  the  radius,  and  A  tbe 
area  of  the  segment ;  and  A  ^  i^r — \sr. 


Ex.  1.  What  is  the  area  of  a  seg- 
ment AE,  whose  arc  AE  is  2,09438, 
and  whose  sine  ES  =■  1,73205,  the  ra- 
dius =  2.  ? 
2.09438  ) 

-1.73205  i  i^  =.36233X1=.38233 

the  area  of  the  segment  AE. 

Ex.  2.  What  is  the  area  of  the  segment  EADB,  whose  aro 
EADB  =  4.18878  and  sine  ES  =  .86002  T 

In  this  example  because  the  sine  is  considered  negatife,  bjr    , 

Trigonometry,  the  arc  being  greater  than  that  of  a  semi-ctr' 

de,  we  shall  have  by  the  rule 

4.18878  )  ,         ,  A-.,-^         I  . 

4.  .80602  I  s'*  ^  1.06138  ss  the  area  required. 
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Ex.  S.  What  is  the  area  of  the  segment  whose  arc  is 
6.9813,  and  whose  sine  is  6,4278,  the  radius  being  10? 

Scholium.  If  the  ^rc  and  radius,  or  the  sme  and  radius 
only  are  given,  the  other  parts  may  be  taken  from  the  table  of 
natural  sines,  and  the  area  of  the  segment  calculated  by  the 
rule.  The  arc  of  any  segment  less  than  a  semi*circle  may  be 
found  approximately  by  formula  3,  (PrQp.  IX,  B.  IV.)  ix  =: 
V(4w+ J5')  —  ^s.  Where  v  is  the  versed  sine  or  height  of 
the  segment,  r  the  radius,  and  s  the  ^ine  of  the  half  arc,  or 
the  i  chord  of  the  segment,  a;  being  =^  the  arc  of  the  segment 

It  will  appear  that  this  gives  the  value  of  the  arc  to  a 
great  degree  of  exactness  when  the  segment  is  small. 

Let  us  see  how  near  the  truth  this  comes  for  a  semi-circle. 

In  this  case,  the  sine  and  versed  sine  are  each  equal  to  the 
radius,  which  suppose  ~  1. 

Whence  we  have  ix  =  v/4J  —  i  =  1,56155 

And  X  =  3.12310 

the  true  number  being        3.14150 

The  difference  of  which  is  .01840,  the  error  in  a  segment 
=  the  semi-circle. 

Let  us  assume  that  the  error  in  any  smaller  segment,  is  pro- 

Eortional  to  the  sixth  power  of  v  or  t?*,  then  if  we  correct  this 
y  deducting  t)*x.01840  therefrom,  the  result  will,  in  this  case 
be  correct,  and  if  our  hypothesis  is  correct,  it  will  give  the 
proper  result  for  any  smaller  arc. 

CASE   II. 

When  the  arCf  chords  verged  sine^  and  radius  are  given. 

Rule. — Multiply  the  difference  between  the  chord  and  arc 
by  half  the  radius,  to  which  add  half  the  product  of  the  chord 
and  versed  sine. 

Investigation.  Let  ABD  be  a  segment ;  this  is 
composed  of  the  segments  AD  +  DB  +  triangle 
ADB,  but  the  segment  AD  =  DB  =  (arc  AD  —  AF) 
Xir;  segment  AD+DB  =  (arc  ADB  — chord  AB) 
X  Jr  and  triangle  ADB  =  J(ABxDF). 

Ex.  What  is  the  firea  of  the  segment  ABD,  whose  arc 

ADB,  is  10,4710,  and  whose  chord  AB=10,  the  versed  sine 

DP  or  height  of  the  segment  =1.3308  ? 

10,4710  )         10X1,3308        ^     ^        ^  ^   , 
IQ          \  54 =.0068  =  the  area  of  the 
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CABB  nir 


When  the  radius  of  the  cirtfc,  andiJm  degreewtf  Hemrnlf 

arc  givtn 

Rule, — Fiad  hf  TnfOMmettjf  ^  hy  fSke  foUe  of  BatonI 
smes,  the  sine  of  the  gtTen  arc  for  m  circle  wkose  radius  if  1, 
observine  that  ^e  same  sine  answers  for  an  arc  aad  compb' 
ment,  mmtiply  tfiis  by  the  given  ndius,  which  firen  the  sine  of 
the  given  arc.  Then  say,  as  lS(f  is  to  the  given  arc,  so  isc 
to  c',  so  is  the  semi-cireumference  of  a  drcle  whose  diameter 
is  2,  to  the  length  of  the  given  arc  >  ihen  pioceed  aamRoieL 

El.  X.  What  is  the  sorea  of  the  sagmeDl  AE,  jbte  diagnm 
to  Case  ],)  whose  arc  AE  =  eo"" ;  the  ra£us  EC  being  1  f 
x/CEC*  -  SC*)=»ES=- v^(r — ir)=  •tt)=-®66a2-f 

And  180''  :  W  :  :  «* :  ir'  : :  9.14159  :  1.04719  =>  the  af€  AE 
:=:«^.  Hence,  (j.047i9 -^.aM02)  Xi»a>9058  » the  aiea^f 
the  .segment  A£. 

Ex.  2.  What  is  the  area  of  the  segment  EBF,  whose  sie 
EFB  is  120%  the  other  quantities  remaining  the  stoat  mm  be- 
fore? 

The  sine  of  the  arc  AE  Is  also  the  one  of  Ae  arc  EFK 
The  arc  EFB='2  are  AE=>s2.09438 ;  hence  {2.0943B— 
86602)X|=.61418  =>  the  area  of  the  segment  EBF. 

Ex.  3.  What  is  the  area  of  the  segment  E  ADB,  whose  sic 
EADB  is  240^,  the  other  quantities  remaining  the  same  t 

As  180"^ :  240 : :  3.14159 :  4.18878:«ithe  arc  EADB. 

Since  the  segment  EADB  is  greater  than  a  seani-cirdflbitf 
sine,  ES,  is  considered  negative  by  Trigonoroetrr,  we  haft 
(4.18878+,8G602)X^=2.52745  =s;  the  area  of  ttie  aegme&f 
EADB. 

Ex.  4.  What  is  the  area  of  the  segment  ADBFB,  wbo«^ 
arc  is  300^  ? 

Scholium.  The  difference  of  the  segments  EBF»  and  the 
segment  AE  is  equal  to  the  sector  ACE }  the  segment  ADC  -^ 
segment  EBF  =  sector  ACE  4-  triangle  ECB, 
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CASK  IV. 

When  the  chard  of  the  segment^  its  height  or  versei  sine  and 

rcSius  'Ore  given. 

RucE. — As  die  radnis  is  to  half  ^ 
<Jiord,so  is  twice  the*difference  of  the 
versed  sine  and  radius,  to  the  sine  of 
the  arc  of  the  segment ;  divide  this  by  .p 
the  radius,  reducing  it  to  the  sine  of  an 
4Lrc  of  a  circle,  whose  radius  is  I. 

Then  in  the  table  of  natural  sines. 
4ake  out  the  arc  answering  to  that  sine 
ia  d^rees,  and  prooeed  as  m  Rule  III, 
to  fiftd  its  length ;  then  proceed  as  in  nile  Ist,  to  find  the  area 
•of  the  segment 

Lwest^ation.  In  the  right  angled  Iriangle  FAB,  we  iutve 
FA=:2CE,  and  because  the  triangle  ASB  is  similar  to  FAB 
or  CEfi— hence,  CB  :  EB  : :  FA  :  AS. 

Or  without  finding  the  sine  AS,  of  the  arc  ADB,  proceed  to 
lake  out  from  a  table  of  natural  sines  the  arcs  AB,  DB,  an- 
^weriDff  to  AB,BE,  the  sinesof  those  arcs  respectively ;  and  af- 
ter finding  their  lengths  as  in  Rule  III,  proceed  by  Rule  II,  to 
find  the  area. 

Ex.  L  What  is  the  area  of  a  s^ptnent  ABD,  whose  chord 
AB=  17,3205,  and  whose  height  ED^5,  the  radius  being  10? 

In  this  example  we  have  FB=:20»  AEi=»  17,8205  and  AFas 
^10  —  5)2=10,  to  find  AS. 

Or,  we  may  make  the  triangle  CEB,  whose  side  CB=I0, 
EB=8.6602,  and  CE  =  5,  and  PA»2CE  to  find  AS,  by  the 
ciile. 

Hence,  IQ  :  8.6602  :  :  (10  —  5)2  :  8.6602  »  the  sine  ;  and 
^6002*r  lObs.86602  =  the  tabular  sine :  the  arc  answering 
hereto  ia  that  of  60^,  but  this  segment  being  greater  than  a 
<{uadnuit,  the  arc  must  be  the  supplement  of  60^=sl20^.  Then 
180*  :  120*  : :  3.14159  :  9.09439  =  the  length  of  the  arc  of 
120*  in  a  circle  whose  radius  is  1. 

Hence,  2.09489  X  10=s20.9439  =x  the  arc  of  the  giren  seg- 
noent. 

Then    JJ-JJJ^  j  5,  =  61.418  =  the  area  of  the  segment 

ABD. 

Or,  taking  the  same  example^  having  found  the  length  of  the 
arc  ADB=20.9439,  we  have  by  Rule  II. 

—1?  8205  1  5+I7.8205+|=«61.418=«  the  area  the  same 
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Scholium.  If  two  of  the  following  parts,  viz  :  the  chord, 
versed  sine,  and  radius  are  given,  the  other  m^  be  feund  bj 
the  formulae  (in  mensuration  EL  Cfeom.  Prop.  AlII.) 

Scholium  2.    The  triangle  ACB  is^  =  the  triangle  AFC. 

EBxCE=iCBx.AS. 
That  is,  the  pvodoct  of  the  sine  of  an  arc  X  its  cosine  =  ( 
sine  of  twice  the  arc  X  radius. 

CASE  v.. 

When  tie  chord  and  radius  only  are  given. 

Rule. — Divide  half  the  chord  by  the  radius,  and  the  quO' 
tient  will  be  the  sine  of  half  the  arc  of  the  segment ;  find  the 
arc  corresponding  thereto  in  the  table  of  natural  sines,  in  de- 
grees, and  multiply  it  by  2  ;  then  find  its  length  as  in  Rule  3, 
and  niultiply  it  by^  the  radius. 

Take  the  versed  sine  =  ED=CEr — x/(CA  —  AE.)  Then 
proceed  as  in  Rule  2  to  find  the  area  of  the  segment 

Ex.  Taking  the  same  example  as  in  the  last'  rule,  having 

found  the  arc  ^  20.9439,  we  hkve 

ED  =  10  —  x/(100  —  69,899905404)  =  &. 

Hence,   20.9439  )  ^  r  ,^ooAiiwo  *^       at  a^o- 
—  17.3206  I  ^+^^3205X2.6  =  61.418; 

Examples  for  Practice. 

Ex.  1.  What  is  the  area  of  a  segment  whose  arc  is  3J41S9 
and  whose  sine  is  .87785,  the  radius  being  10  7 

Ex.  2.  Required  the  area  of  the  segment  whose  chord  i^ 
=  12,  the  radius  =  10.  Aos.  16.35. 

Ex.  S,  What  is  the  area  of  the  segment  whose  height  is  2, 
the  chord  being  20  7  Ans.  26,8804. 

Ex.  4.  What  is  the  area  of  a  segment  of  a  circle  whose 
arc  is  110^  the  radius  being  1  T 

Ex.  5.  Required  the  area  of  the  segment  whose  height  is  5, 
the  diameter  being  8.  Ans.  33.0486* 

PROBLBM   II. 

To  find  the  area  of  a  circular  zone  AEDB,  or  the  space  ta* 
eluded  between  two  parallel  chords  AB,  BD,  and  two  ares 
AE,  BD. 

Rule.  Multiply  the  two  arcs  AE,  BD,of  the  sone  by  ^  tbe 
radius,  to  which  add  the  sum  of  the  products  of  the  sioes  of  th^ 
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external  segments,  with  '  the  radius,  if  on  different  sides  of  the 
centre,  or  add  the  difference  of  those  products,  if  on  the  same 
aide.    (Prop.  XXIII  Schol.  Formula  8,  B.  lY.) 


Ex.  What  is  the  area  of  a  zone  ABDE, 
the  sum  of  whose  arcs  AE+BDis=6J28dl8 
the  sine  of  the  arc  ALB=2,57178»  and  the 
sine  of  the  arc  EFD  =  2,62386,  the  radius 
being  =  8  f . 


6,28814 
+262886  \  X|  =  17,8iai7  the  area  required. 
+267178 

Scholium.  The  same  rule  will  apply 
to  any  portion  ABEF  of  the  circle  includ- 
ed between  two  chords,  that  are  not  par- 
allel. Hence,  if  the  sum  of  the  axes  AF, 
AE  in  this  figure,  is  equal  to  the  sum  of 
AE,  BD  in  the  last,  and  if  the  arcs  AIB, 
FLE  in  this  are  respectively  =  ALB, 
EFD  in  that,  then  the  portion  AFEB  in 
this  will  be  =  the  zone  AEDB  in  that 

Ex.  2.  What  isthe  area  of  a  zone  AGHB  whose  two  chords  are 
on  the  same  side  of  the  centre,  the  sum  of  the  arcs  of  the  zone, 
being  2,09486,  the  sines  of  the  arcs  on  each  side  being  2,59806, 
and  —  2,95440,  the  radius  being  =  87 

2,09486  ) 
+2,59806  >  X  }  =  2,60708  the  area  required. 
— ^2,95440  ) 

Note.  Other  rules  have  been  given  for  finding  the  areas 
of  circular  segments  and  zones  in  Mensuration,  El.  Geom  ; 
formulae  are  there  given  for  finding  such  data  as  are  required, 
for  the  elements  of  the  area. 

Examples  for  Practice. 


Ex.  1.  Required  the  area  of  the 
zone  ABEDHGH,  the  greater  chord 
AB  =  186  feet,  the  less  chord  HD 
=£  68  feet,  and  the  distance  LP  = 
248  feet 

Ans.  55655.1965159  sq.  feet 
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Ex.  3.  Soppote  the  zone  to  have  its  parallel  ehonb  eqmHy 
distant  firom  the  centre  of  the  circle  O,  each  chord  AB  ud 
HD  =  12.49  feet  and  their  distance  LP  «  10  feet ;  required 
the  area  of  the  zone.  Ans.  148.86673  aq.  feet 

Ex.  3.  Supposing  the  circular  zone  ABEDHGA,  having  its 
greater  parallel  chord  s=  40  yards,  being  equal  to  the  diame- 
ter of  the  circle,  the  less  chord  =  20  jaras,  and  their  distance 
LP  =:  17.310508  yards  ;  required  the  area  of  the  zone. 

Ans.  593.08244  sq.  yards. 

Ex,  4.  Reouired  the  area  of  the  zone  ABEDHGA,  the  pa- 
rallel chords  AB,  and  HD,  being  16  feet  and  12  feet,  and  their 
distance  HP  =  14  feet.  Ans.  253.0792  sq.  feet 

Ex.  5.  The  zone,  whose  parallel  chords  AB  =  40,  HD  = 
30,  and  the  breadth  »  85  ;  required  the  area  of  the  zone. 

Ans.  1581.745. 

Ex.  6.  Suppose  the  two  parallel  chords  AB  and  HD  =  80 
feet  and  60  leet,  and  the  perpendicular  distance  from  each 
other  s=  70  feet ;  it  is  required  to  find  the  distance  of  tke 
greater  chord  AB  from  the  centre  at  O  ;  and  also  to  find  tke 
radius  of  the  circle. 

The  distance  OP =  30  feet  =5    1st  Ans. 

The  radius  of  the  circle  OF  =  50  feet  =  3nd  Ans. 

Ex.  7.  Required  the  area  of  the  zone  ABEDHGA,  whoK 
arcs  AGH,  BED  are  together  ^  160^,  the  arc  AOB  h&Dg 
110^,  and  the  radius  of  the  circle  10  feet 

Ex.  8.  Required  the  area  of  the  portion  ABEF,  indnded 
between  the  two  oblique  chords  AB,  FE,  (see  diagram  to 
Scholium  abore,)  whose  arc  AF=  60*,  BE=80**,  and  AIB  = 
110°,  the  radius  being  30. 

FtoBLSM  ro. 
To^Tul  the  circumference  of  a  circle  apjMreadmaieijf. 

CASE   I. 

When  the  radius  sine^  and  cosine  of  any  snuH  arc  is  ghen. 

Rule  1.  Divide  1|  times  the  product  of  the  radius  and  sine 
by  the  sum  of  the  radius,  and  half  the  cosine,  which  will  girc 
the  length  of  the  arc,  multiply  this  by  the  nmnber  of  such  arc 
in  the  whole  circumference,  and  die  product  is  the  cfanenmfr- 
enee  of  the  circle ;  the  accuracy  of  which  depends  in  the  small- 
ness  of  the  arc. 

Let  5  =  the  sine, 
c  ss  the  cosine, 
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and    ^  =s  the  arc  corresponding  to  these  functions, 

^  =  being  the  semi  circumierence,  and  r  the  radius  of 
the  circle  «=  1. 

•^  =  —  ;  «  being  the  number  of  parts  each  =  *'  that  the 

semi-circle  is  snpposed  to  be  divided  into.  Then  (Prop.  IX,  B. 
IV.  Fohnula  1.) 

r+\c 
Letc^rs 


1^0000 

Tbens=^    ,000157079632038 

c=    ,999990987462094 

and  Irs  =    ,000235619448050 

r+ic  =  1,499999993881497 

Hence  r:xT-=    ,000167079632676 

and,  000157079632676  X  20000  ^  8,1415926535,2  =  the 
-circumference  of  the  circle,  whose  radius  is  1,  which  is  true  to 
the  last  figure,  which  should  be  8  instead  of  2. 

Scholium.  Other  formula  may  be  found  for  determining  the 
-circumference  of  a  circle  at  Prop.  IX  B.  XIV,  viz.,  formuls  2 
and  3,  to  which  the  student  is  referred  ;  at  which  place,  will 
also  be  found  some  important  trigonometrical  formulae  for 
Ending  the  value  of  the  sines  and  cosines,  and  other  fimctions 
of  the  circle. 

RuLB  2.  Divide  6  times  the  product  of  the  radius  ^nd 
Tersed  sine  of  a  small  arc,  by  the  sum  of  the  sine  +  4  timet 
the  sine  of  half  the  arc,  which  will  give  the  length  of  the  arc, 
which,  multiplied  by  n,  the  number  of  times  this  arc  is  coa« 
tained  in  the  circle,  gives  the  circumference. 

6A' 
«^=  ■  (Prop.  XVII,)  which  may  be  expressed 

6r  .  versin  .  <^     _    6n> 
sin.  fl^  +  4  sin.  ^'  ~"  s+is* 

Ex.  Having  the  sine  and  cosine  of  an  arc^  to  tvt  P&i^  of  a 
quadrant=s  ,0157073173118  :=:  s 

and  ,9998766324816  =  c  ;  it  is  required  from  these  data^to 
find  the  arc«^'  the  radius  being  1. 

The  versed  sine  =s  1  —  ,9998766324816 
^  ,0001233675183  =::  v 

Hence,  6rv  ^  0007402051098 
And  by  Trigonometry  we  shall  find  s"  ==  ,0078539008887. 

Hmoe,  J  +  49"  sr  ^71229208666. 
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6rv 


And  ,0007402051098-r  ,0471229208666  - 


#+4y 

=  ,015707963267,5  =  *'  which  is  true  to  the  last  figure, 

which  should  be  0  instead  of  5. 

6A' 
SchoUtan.  The  expiession         ,  may  also  be  put  under  the 

^                     6rs  6rs 

form  /=: 7-r-m r-:  or 


Cos.  c'+4  Cos.  ^*'       c+4c' 

Ex.  2.  Let  it  be  required  to  find  the  value  of  c^  to  twenty 
decimal  places ;  for  this  purpose  let  c'  be  an  arc  of  ttHt  pAriof 
a  quadrant,  or  1  minute,  according,  to  the  French  centesimal 
divisions  of  the  circle.  The  sine  of  this  are  to  21  decimal 
places,  according  to  Legendre*s  Trigonometry,  is 

= .000 1 57079632033525563=« 
and    its   cosine =. 999999987662994524005 =c 


And  by  the  trigonometrical  formula  cos.  d=  ^/ — i -' 

we  have  cos.  K  =.999999996915748676195. 

Hence  we  have  69-5= .000 157079632033525563, 

and  6+4C'  =.5999999975325989228785. 

6ri 
Thereforc-T-r:::^*'  =  0001570796326794896A  which  is 

true* to  the  last  figure,  which  should  be  6  instead  of  5. 

Scholium,  Since  there  is  no  limit  to  the  smallness  of  the  arc, 
which  may  be  taken,  and  since  its  sine  and  cosine  may  be  cal- 
culated to  any  number  of  decimal  places  whatever,  it  there- 
fore follows,  that  there  is  no  limit  to  the  accuracy  with  which 
the  circle's  circumference  may  be  calculated  by  this  method. 

The  circumference  of  the  circle,  as  found  by  M.  DeLagney, 
to  1128  decimal  places,  by  a  method  furnished  by  the  calculus, 
is  as  follows 

The  circumference  of  a. circle  whose  diameter  is  1,  is 
3. 141 5926535897932384626433832795028841 971 693993751 

058209749445923078 1 64062862089986280348258421 1 706 

798214808651  32723066470938446  +  or  7 — . 

The  series  has  more  recently  been  extended  to  154  dectmal 
places.  We  might  proceed  by  this  method  to  verify  the  re- 
sults obtained  by  the  calculus,  and  extend  the  number  of 
decioMils  much  farther,  were  it  worth  the  tabor ;  but  since* 
we  have  the  result  already,  extended  beyond  what  is  nrao- 
tically  useful,  the  labor  may  be  reserved  tor  those  who  bsTe 
leasure  and  inclination  to  pursue  it  It  may  be  shown  that, 
however  far,  the  circumference  should  be  developed  ia 
terms  of  the  diameter,  the  expression  would  never  tcrninit^ 
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or  in  other  words,   the   circumference   and  diameter  of  a 
circle  arc  incommensurable  in  terms  of  each  other.  See  notes» 


PROBXBli  I¥. 

1.  To  describe  an  Ellipse. 

Let  TR  be  the  major  axis,  CO  the 
minor  axis,  and  c  the  centre.  With 
the  radius  Tc  and  centre  C,  de- 
acribe  an  arc  cutting  TR  in  the 
points  F,/ ;  which  are  called  the 
two  foci  of  the  ellipse. 

Assume  any  point  F  in  the  major  axis  ;  then  with  the  radS 
PT,  PR,  and  the  centres  F^,  describe  two  arcs  intersecting 
in  I ;  which  will  be  a  point  m  the  curve  of  the  ellipse. 

And  thus,  by  assuming  a  number  of  points  P  in  the  major- 
axis,  there  will  be  found  as  many  points  in  the  curve  as  you 
please.  Then  with  a  steady  hand,  draw^the  curve  through 
all  these  points. 

Otherwise  with  a  Thread. 

Take  a  thread  of  the  length  of 
the  axis-major  AB,  and  fasten  its 
ends  with  two  points  in  the  foci, 
SH.  Then  stretch  the  thread,  and 
it  will  reach  to  P  in  the  curve :  and 
by  moving  a  pencil  round  within 
the  thread,  keeping  it  always 
stretched,  it  will  trace  out  the  el- 
lipse. 

There  are  various  instruments  used  for  the  constvucticm  of 
this  and  the  other  conic  sections.  But  we  have  not  room^ 
consistantly  with  our  plan,  to  describe  them  here.  ^ 

PROBLEM    V. 

In  an  eBipse  having  either  three  of  the  following  parts  given* 
viz.,  the  major  or  minor'axiSf  thi  ordinate,  or  cAscissce,  to  find 
thefourth. 

CASE   I. 

To  find  the  ordinate. 

When  the  major  axis,  the  minor  axis  and  ahsdssce^  are  givem 

Rule.  As  the  major-axis  is  to  the  minor-axis,  so  is  the  square 
root  of  the  product  of  the  two  abscissae  to  the  ordinate. 
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Ex.  1.  In  the  ellipse  of  ABHD 
the  major-axis  AH  =  70»  the  minor* 
axis  BD  =  50,  and  the  two  abscis- 
sa AS  ==  14,  HS  =  56,  it  is  requir- 
ed to  find  the  length  of  the  ordinate  ^ 
LS. 


AH  :  BD  :  :  x/(AS  X  HS) :  LS, 
viz.,      70  :  50  :  :  ^{14  X  56)  :  20,  the  length  or  the  ordinate 
required. 

Ex,  2.  Ifthemajor,  and  minor-axes,  of  an  ellipse  are  80  and 
60,  the  absciss®  AS  =  16,  what  is  the  length ot  the  ordinate? 

AII8.24. 


CASE  n. 

To  find  the  two  abscusm. 
Wlien  the  major ^  and  minor  axes^  and  ordinate  are  given. 

Rule.  As  the  axis-minor  is  to  the  axis-major,  so  is  the  square 
root  of  the  difference  of  the  squares  of  the  seroi-minor  axis 
and  ordinate,  to  the  distance  between  the  ordinate  and  centre; 
which  distance,  added  to  and  subtracted  from,  the  semi-axis 
major  will  give  the  two  absciss®, 

Ex.  I.  The  major-axis  AH  =s  70,  its  conjugate  BD  =  50, 
and  the  ordinate  LS  =  20;  required  the  4wo  abscissae  AS, 
HS. 

BD  :  AH  :  :  v/(  (iBD)«— LS')  :  CS,  viz., 

50  :  70  : :  x/  (25*— 20*)  :  21,  the  distance  from  the  centre 
to  the  ordinate. 

Hence,  ^AK  =fc  SC  =  (70  -r  2)  :fc  21  =^  K  dz  21  ^  66 
and  14  =  AS,  HS,  the  two  abscisss. 

2.  What  are  the  two  absciss®  AS,  HS,  the  ordinate  LS  = 
S4,  and  axes  AH  BD  =  80  and  60  T 

Answer  16  and  64. 

2.  The  major-axis  AH  =  36,  its  conjugate  BD  =  24,  and 
ordinate  LS  =  8  ;  required  two  abscisss  HS,  AS. 

Answer  18  d:  3v^2  ==  18  :i=  4,2426408  =  22,2426408  and 
19,7573592. 
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CABB   III. 

To  find  the  major  oxxm^ 

When  the  minor  axis^  ordinaUf  arid  abscisses^  are  given*  i 

RuLB«  From  the  square  of  half  the  minor  axis,  subtract  the 
square  of  the  ordinate ;  then  extract  the  square  root  of  the 
remainder.  Next  add  this  root  to  the  semi  minor  axis,  if  the 
less  abscissa  be  given,  but  subtract  it  if  the  greater  abscissa 
is  given,  reserving  the  sum  or  difierence.  Then  say  as 
the  square  of  the  ordinate,  is  to  the  rectangle  of  the 
abscissa  and  minor  axis,  so  is  the  reserved  sum  or  difference 
to  the  major  axis. 

Ex.  1.  In  the  ellipse  ABHD,  there  are  ffiven  the  minor  axis 
BD  =3  50,  the  ordinate  LS  =k  20,  and  the  less  abscissa  AD  =s 
14  ;  required  the  major  axis  AH. 

First  v/[  (iBD)*  -  LS*]  ==  v/{16'—  20*)  =  x/225  =  y/ 
(5'  X  3'}  as  5  X  3  ss  15,  the  square  root  of  the  difference  of 
the  semi-conjugate  axis,  and  the  ordinate* 

Then  ^BD  +  12  =  25  +  15  =  40,  the  sum. 

Secondly.  LS' :  BD  X  HS  : :  40  :  AH,  viz.,  20' :  50  X  14  T: 
40  :  70  a=  AH,  the  major  axis  required. 

Ex.  2.  If  the  minor  axis  BD  =s  40,  the  ordinate  CS  ^  16, 
and  the  leas  abscissa  AS  =3  36 ;  what  is  the  length  of  the  ma- 
jor axis  AH.  Ans.  180. 

CASE    IV. 


» 


To  find  the  minor  axis. 

When  the  major  axiSf  ordinate^  and  abshissa^  are  given. 

Rule.  As  the  square  root  of  the  product  of  the  two  abscis* 
sse  is  to  the  ordinate,  so  is  the  major  axis  to  the  minor  axis. 

Ex,  1.  The  major  axis  AH  »  18O,  the  ordinate  HS  »  16, 
and  the  greater  abscissa  H8  «  144  ;  required  the  length  of 
tlie  conjugate  axis  AD. 

Here  AH  -  AS  =  180  —  144  =  36  =  HS,  the  less  ab- 
sctssa* 

Then  ^/(ASxBS)  :  LS  : :  AH  :BD,  viz.,  •(144X  36)  :1« 
:  :  180  :  40,  the  conjugate  axis  AH. 

Ex.  2.  The  mator  axis  AB  =  70,  the  ordinate  LS  =  20, 
and  the  abscissa  US  »  14  ;  required  the  coojii^te  axis  BIX 

Ans.  50. 
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PBOBLBH   Tt. 

To  find  the  area  of  an.  ellipse. 

CA8B   I. 

When  the  major  and  minor  axes  are  given. 

RuLB.  Multiply  the  product  of  the  semi  axes  by  «'  =  3,1412^ 
or  the  circumference  of  a  circle  whose  diameter  is  1,  and  this 
product  will  be  the  area. 

Ez.  1.  Required  the  area  of  an 
ellipse  ABLD,  whose  axes  are  AL 
=  70,  and  BD  =  60. 
i'AL  X    iBD  X  *  =  70  X  60  X 
8,14160  =  2748  .  9,  the  area  of  the^^ 
ellipse  required. 


Ex.  2.  What  is  the  area  of  the  ellipse  whose  major  axis  is 
23,  and  the  minor  axis  =  18  ?  Ans.  339.2928. 

Ex.  3.  The  major  and  minor  axes  being  61,6,  and  44  re- 
spectively, re^iuired  the  area  of  the  ellipse. 

Ans.  2128.7481,6. 

Ex.  4.  What  is  the  area  of  an  ellipse,  whose  axes  are  35 
and  19  ?  Ans.  373,06381. 

Ex.  6.  What  is  the  area  of  an  ellipse  whose  axes  are  23, 
and  17  respectively  T         *  Ans.  307,09042. 

Scholium.  If  there  be  two  or  more  concentric  ellipses 
FGHK,  fghk^  the  area  of  the  inner  one  subtracted  from  that 
of  the  outer  one,  will  be  the  area  of  the  elliptical  ring  included 
between  them. 

Hence,  also  as  for  a  circular  ring  (Mensuration  EL  Oeom.) 
so  with  the  elliptical  ring,  its  area  is  equal  to  the  difference  of 
the  rectangles  of  the  semi  axes  of  the  inner  one  and  outer  one* 
multiplied  by  «r  =  3,14169. 

Let  the  ellipse  be  taken,  whose  axes  are  26  and  19  ;  23  and 

17,  in  the  last  two  examples  ; 

26          19         23         17 
and  we  have  (-y-  X  -^ ^  x  -2-)X  *  =  (12,5  X 9,6- 

11,5  X  8,6)  *  =  (118,76  —  97,76)  «'  =  21  «'    =  65,97339  « 
he  area  of  the  ring  Ff,  Gg,  HA,  Kk, 
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Let  the  results  be  taken  from 
the  two  examples  referred  to, 
and  the  area  of  the  ring  will  be 
found  to  agree  with  this,  viz.,  the 
area  of  the  outer  ellipse  is  there 
found  -  •  s  373,06381 
The  area  of  the  inner 

.       =:=  307,09042 


•one  - 


The  difierence  is        » 65,97339 
the  same  as  found  above 


CABB    II. 


When  any  two  conjugate  diameters  are  given. 

RuLB.  Multiply  continually  together  any  two  semi  conjugate 
'diameters,  the  sine  of  their  included  angle,  and  ^.  (Prop.  lY, 
Cor.  5,  B.  L) 


Ex.  The  two  conjugate  diameters 
AB,  FG,  of  the  ellipse  ADFBGEA 
being  32  and  28,  and  their  included 
angle  77^  34^' ;  required  its  area. 

The  sine  of  77°  34'i  is  ,9765625  ; 
therefore,  9765625  X  16  X  14  X 
3,14159  =  687.225  =  the  area. 


PROBLEM   VIK 

To  find  the  area  of  the  segment  of  an  ellipse^  cut  off  hy  an 

ordinate  to  any  diameter. 

CASE   I. 

When  the  ordinate  is  perpendicular  to  either  of  the  principai 

axes. 

Rule.  Find  the  corresponding  segment  of  a  circle  of  the 
same  height,  described  on  the  same  axis,  to  which  the  cutting 
line  or  base  of  the  segment  is  an  ordinate. 

Then,  as  this  axis  is  to  its  conjugate,  so  is  the  circular  seg- 
ment to  the  elliptical  segment. 

Or  find  the  area  of  a  circular  see;ment,  whose  versed  sine  or 
Keight  is  equal  to  the  quotient  of  the  height  of  the  elliptic  seg- 
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men!  divided  by  its  axis.  Then  multiply  continaany  togetiierf 
this  segment  and  the  two  axes  of  the  ellipse,  for  the  area  of 
the  segment  required. 


Ex.  What  is  the  area  of  an 
elliptic  segment  ILA,  cut  off 
by  the  line  IL,  parallel  to, 
and  at  the  distance  of  7| 
from  the  minor  axis  EF,  the 
axes  being  35  and  25  T  A 

17J  —  7j  =  10  the  height  Ac 
of  the  segment 


Then  2  \/( Ae  X  B«)  =»  GH  the  corresponding  ordinate  or 
chord  to  a  segment  of  the  circumscribing  circles=2  V(10X25) 
=  153113888  X  2  =31,«227768. 

Let  the  semi  chord  6e  be  divided  by  the  semi  diameter, 
and  we  shall  have  the  corresponding  sine  of  the  arc  GA  of  a 
circle,  whose  radius  is  1  ^  15,8113883 -h  17,5  ^  .903508, 
corresponding  to  which,  is  the  arc  of  64^  Siy  ;  hence  the 
arc  GAH  =  64*»  37J'  X  2  =  129*  15'. 

Then  AB  X  «*  =  35  X  3,14159  »  the  cmmmference  of  die 
circle  ACBD  =  109,  95565. 

And  360^'  :  129*  15'  :  :  109,95565 :  89,4771  ^  the  arc  GAH 
of  the  segment ;  and  by  Problem  I,  Case  II, 

(39,4771  —3i, 6227)  }r  +  31,6227  X  10  -f-  2  =» 

7,8544  X  8,75  +  31,6227  X  5  =  68,726  +  158,1 135  a' 
226,8395  ^  the  area  of  the  circular  segment  6H  A. 

Then  35  :  25,  or7  :  5 :  :  226,8395  :  162,  171  =  the  area  of 
the  elliptic  segment  ILA. 


Scholium  1.  If  the  area  of  the  segment  ILFBE  had  been 
required,  the  circular  arc  GCBDIi  should  have  been  taken 
instead  of  the  arc  GAH. 

2.  If  the  segment  loE^  whose  base  is  parallel  la  the  major 
axis,  is  required,  it  roav  in  like  manner  be  foiuid  from  its  !•• 
lation  to  the  segment  P0£  of  the  insGribed  cirol^. 
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When  the  base  of  the  elliptic  segment  it  oblique  to  the  axea. 

Rule.  Divide  the  abscissa  Pv  by  its  diameter  Vp,  and  find  > 
circular  segment  whose  versed  sine  or  licight  is  the  quotient. 
Then  multiply  continually  together  the  area  thus  found,  and 
the  two  axes,  for  the  elliptic  segr.ient.  Or  multiply  continually 
together  the  circular  segment,  the  diameter  I^,  to  which  the 
base  of  the  segment  Is  a  double  ordinate,  its  conjugate  diame- 
ter Di^,  and  the  sine  of  their  included  angle,  for  the  area  of  the 
«Hiptic  segment. 

Ex.  The  principal  axes  of  an  cIlipBe 
being  35  and  25,  it  is  required  to  nnd 
the  area  of  a  segment  Q?P,  whose 
base  Qf  is  an  ordinate  to  the  diameter 
fp,  whose  length  is  33,  it  being  divid- 
ed by  the  ordinate  into  the  two  ab- 
scissa Ft)  =  7,  and/)i)  =  36. 

FA  -H  AB  =  7  -r  33  =  .2131i''j=  the  versed  sine  or  height 
of  the  segment. 

The  area  of  a  segment  corresponding  to  this  height  in  a  cir- 
cle, whose  diameter  is  1,  is  .12163866. 

Hence,  .13163869  X  35  X  35  =  106.4351  =  the  segment 

rxoBLEH  VI n. 

To  find  the  circumference  of  an  ellipse. 

First,  find  the  area  of  an  elliptic  ring  included  between  an 
interior  and  exterior  concentric  ellipse,  whose  axes  are  sever- 
ally the  axes  of  the  given  ellipse  +  n,  and  the  same  axes 
—  n  ;  then  divide  this  area  by  the  average  distance  between 
the  exterior  and  interior  curves,  and  the  quotient  will  be  the 
circumference  of  the  given  ellipse.     (Prop.  VIII,  B.  IV.) 

Ex.  Let  it  berequired  to  find  the  circumference  AEBDA  of 
an  ellipse,  whose  axes  AB,  ED  are  24  and  19,  (See  diagram 
to  Scholium.  Prob.  VI.) 

Let  us  assume  two  other  exterior  and  interior  concentric 
ellipses,  whose  axes  FH,  GK  are  =  AB  -I-  n,  and  ED  +  n  j 
and  fh,  gk,  are  =  AB  —  n  and  ED  —  n  ;  and  if  n  =  2.  we 
shall  have  the  area  of  the  ring,  as  found  in  examples  under 
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Scholiam  Prob.  VI=s=  65,97339.     Let  this  be  divided  by  the 

average  distance  as  found  in  Proposition  VII,  B.  IV= — - — 

and  we  have  66,3115  for  the  elliptical  circumference  AEBDA. 

Sckoliiem  1.  If  great  accuracy  is  not  required,  the  foHowiM 
approximating  rules  from  Button's  Mensuration  may  be  used. 

RuLB  1.  Multiply  the  sum  of  the  semi  axes  by  v,  or  3,1416, 
and  the  product  wilt  be  the  circumference  nearfy. 

Ex.  Required  the  circumference  of  ^an  ellipse,  whose  axes 
are  24  and  18. 

(12  +  9)  +  314159  -  21  X  3,14159  =  65,9735  equal  the  cir- 
cumference nearly. 

Or  Rule  2.  Multiply  the  souare  root  of  half  the  sum  of 
the  squares  of  the  two  axes  oy  <,  and  the  product  will  be 
nearly  =  the  circumference. 

Ex.     Taking    the    same    example    as    before,  we  hare 

/24"  +  17* 
\/ 2 ^  3,14159   =  66,6433  =   the  circumference 

nearly. 

It  will  be  observed  by  comparing  the  last  two  results, 
that  the  former  one  is  nearly  as  much  in  defect,  as  the  latter 
is  in  excess  ;  hence,  if  we  take  half  the  sum  of  the  two  we 
shall  have  the  circumference  of  the  ellipse  more  accurately. 

Thus  +  SJ'JJIg  j     -^  2  =  66,3084,  which  is  ^very  nctr 

the  truth. 

PROBLEM  ix. 

To  construct  a  parabola  ;  having  given  any  ordiiuUe  PQ  t9 

the  axiSf  and  abscissa  V P. 

First,  find  the  focus  F  thus  ; 
bisect  PQ  in  A  ;  draw  AV,  and 
AB  perpendicular  to  it ;  take  VF 
==  PB,  and  F  will  be  the  focus. 

AritbmeticaUy.  Divide  the 
square  of  the  ordinate  by  four 
times  the  abscissa,  and  the  quo- 
tient will  be  focal  distance  VF* 
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Then,  in  the  axis,  produced  without  the  vertex  V,  take  VC 
^  VF  ;  draw  several  double  ordinates  SRS  ;  then  with  the 
radii  CR,  and  the  centre  F,  describe  arcs  cutting  the  corres- 
ponding ordinates  in  the  points  S. 

Draw  the  curve  through  all  the  points  of  intersection,  and 
it  will  be  the  parabola  required. 

PEOBLBH   X. 

Of  any  abscissa  X,  its  ordinate  y,  and  latus  rectum^  or  para- 
meter p ;  having  two  given^  to  find  the  third. 

CAflB  1. 

To  find  the  latns  rectum. 

Divide  the  square  of  the  ordinate  by  its  abscissa,  and  the 
quotient  will  be  the  latus  rectum. 

Or,  take  a  third  proportional  to  the  abscissa  and  ordinate, 
for  the  latus  rectum. 

That  is,  />  =  y«  -r  x. 

EXAMPLE. 

If  the  abscissa  be  9,  and  its  ordinate  6 
Then  6X6-5-0  =  36 -r0  =  4  =  the  latus  rectum. 

CASE   II. 

Ih  find  the  abscissa* 

Divide  the  square  of  the  ordinate  by  the  latus  rectum,  and 
the  quotient  will  be  the  abscissa. 

That  is,  X  =  y"  -?•  /?. 

EXAMPLE. 

If  the  ordinate  be  6,  and  the  latus  rectum  4. 
Then  6X6->4  =  36'<-4  =  9=athe  abscissa. 

CASE   III. 

To  find  the  ordinate. 

Multiply  the  latus  rectum  by  the  abscissa,  and  the  square 
root  of  the  product  will  be  the  ordinate. 

That  is  y  3s  ^/px* 


HENSURATIO 


The  absciss  being  9,  and  the 
Then  ^{9  x  4)  =  ^36  =  6  =  th 

raoBLBH  zi. 

Of  any  two  ahtcita  A,  B,  taJien  upv 
their  two  ordinalet  &,  b  ;  Jiaving  an 
fourth. 

The  abscisss  are  to  one  another  a 
dlnales.  That  is,  as  any  one  abscts 
ordinate,  so  is  any  other  abscissa  to  ll 
and  conversely.  Or,  as  the  root  of  oj 
nate,  so  is  the  root  of  any  other  b1»c 


Hence  |  ^^A  :  ^B  :  :  a  :  aV  i  = 
1  v/B  :  v/A  :  :  6  :  fcV  ^  _ 

'  a' 

i  V  :  a-  :  =  B  ;  Ba' 


Ex.  I.  If  an  abscissa  =  9  corresp 

required  the  ordinate  whose  abscissa 

Here  ^9  :  v'16  : :  6 :  6  X  4  -i-  3 

Ex.  3.  Required  the  abscissa  corr 

0,  the  ordinate  belonging  to  the  abs 

Here  8' :  6' :  :  16  :  9  =  the  abscii 

PKOBLEM    ZI 

To  find  approximately  the  length  of  a 
off  by  an  ordinate  to 

[  When  the  abtciua  and  ore 

RuLK.  To  the  square  of  the  ordin 
■quare  of  the  abscissa,  and  twice  lh< 
will  be  the  length  of  the  curve,  nearl 


OF  SUPERFICIES. 

Ex.  The  abscissa  VH  =  2,  and  the  ordinate  AB 
quired  the  length  of  the  curve  EVE. 


Here  2v^(AB*  +  iVBO  =  2v'[6«+ 
(2*  +  J)]  =  2v/=5*  =  J  ^31  X  3  = 
Sv'QS  =  9.6436508  X  J  =  12.8582,    a^ 
the  length  of  the  curve  AVC,  nearly. 
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6,  re- 


Examples  for  Practice. 

Ex.  1.  What  is  the  length  of  the  parabolic  curve  AYC* 
whose  abscissa  VB  =  2,  and  the  ordinate  AB  =  87 

Ans.  17.4356. 

Ex.  2.  Required  the  length  of  the  parabolic  curve  DAVGFa 
when  the  abscissa  YE  =  16,  and  the  ordinate  DE  =  12. 

Ans.  42.142615. 

Ex.  3.  Required  the  length  of  the  parabolic  curve  DAVCP, 
when  the  abscissa  YE  =  8,  and  the  ordinate  DE  =16. 

Ans.  36.951. 

PROBLEM   XIII. 

To  find  the  area  of  a  parabola,  when  the  base  and  height 

are  given. 

Rule.  Multiply  the  base  by  the  height,  and  two- thirds  o^ 
the  product  will  be  the  area. 

Ex.  Required  the  area  of  the  parabola  AYCA,  the  abscissa 
YB  =  2,  and  the  base,  or  ordinate,  AC  =  12. 

Here  f  (AC  X  YB)  =  |(12  X  2)  =  16,  the  area  of  the 
parabola  AYCA  required. 

Examples  for  Practice. 

Ex.  1.  What  is  theajea  of  a  parabola  DAYCFD,  whose 
abscissa  YE  =s  10,  and  the  double  ordinate  DF  =16. 

Ans.  106|. 
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Ex.  2.  Required  the  area  of  a  parabola  DAVCFD,  whose 
base  or  ordinate  DF  =  15,  and  tlie  abscissa  YE  =  22? 

Ans.  220. 

Ex.  3.  What  is  the  area  of  a  parabola  AYCA,  the  base  or 
ordinate  AC  =  20,  and  the  height  or  abscissa  YB  =  6. 

Ans.  80. 

PROBLEM   XIV. 

To  find  the  area  of  parabolic  frustum,  or  zone  of  a  parabola^  or 
of  the  space  included  between  two  parallel  ordinaies. 

The  two  ordinates,  and  their  distance  being  given. 

Rule.  To  the  sum  of  the  squares  of  the  two  ordinates,  add 
their  product,  divide  the  result  by  the  sum  of  the  two  ordinates, 
the  quotient  multiplied  by  two-thirds  of  the  altitude  of  the 
frustum,  will  give  the  area. 

Ex.  Required  the  area  of  the  parabolic  frustum  ACFDA, 
the  two  parallel  ordinates  DF,  and  AC  a=  10,  and  6,  and  the 
distance  BE  =  4. 

/(DP  +  ACQ  +  (DF  X  AC)\ 

\ DF  +  AC  r^^^ 

/lO'  +  6')  +  (10  X  6)\  2      136  +  60      8 

""l  10  +  6  /^*^3""        16       ^3 

106       8      08 
=  gTTg  X  J  =  y  =  32  J,  the  area  of  the  frustum  ACFDA. 

Examples  for  Practice. 

Ex.  1.  What  is  the  area  of  the  parabolic  frustum  ACFDA, 
whose  two  ordinates  DF  and  AC  =  10  and  6«  and  the  dis- 
tance BE  =:  3  ?  Ans«  24}. 

Ex.  2.  The  greater  end  of  the  frustum  DF  =  30,  the  less 
end  AC  =  20,  and  their  distance  BE  ==»  15  ;  required  the 
area.  Ans.  380. 

Ex.  S.  The  greater  end  of  the  frustum  DF  =  20,  the  less 
end  AC  =  10,  and  their  distance  BE  :=  12.        Ans.  186|. 


OF  SUTERPfCIES. 

or   TIE   BTPKnOLA. 
FBOaLEH   IV. 

T«  coTutrmct  «r  4etcribe  a  hyperbelm. 


Let  9  be  the  centre  of  the  h  y- 
fierbola,  or  the  middle  of  tfie 
transverBe   AB  ;  and  BC  per- 

Eeodiculsr  to  AB,  and  equal  to 
alfthe  conjugate. 
Witb  the  centre  o,  and  radius 
Co,  describe  the  circle,  meeting 
AB  produced  va  P  and/,  which 
are  the  two  foci  of  the  byper- 
tx>la. 


Then  aBsummg  several  points  m,  itc,  m  the  transverae 
produced,  with  the  radii  At),  Bn,  and  centres/,  F,  describe  arcs 
mtersecling  in  the  several  points  g,  g,  &&,  through  which 
points  draw  the  hyperbolic  curve. 

If  straight  lines  oM,  oN,  be  drawn  from  the  point  o,  the  mid- 
dle of  the  transverse  diameter,  through  C,  and  D.  the  extrem- 
ities of  the  conjugate,  they  will  be  the  asymptotes  of  the  hy- 
perbola, the  property  of  which  is  to  approach  continually  to 
ihecurve,  but  not  to  meet  it,  until  they  be  infinitely  produced. 

FBOBLEH.    XVI. 

ht  on  hyperbola  to  find  the\iraiuverse  axis  or  conjugate  axis,  or 
ordinate  or  absciua. 


To  find  the  ordinate. 
When  the  bvnsverse  axis,  conjugate  axis,  and  the  abscissa 


Rule.  As  the  transverse  axis  is  to  the  conjugate  axis,  so  is 
the  square  root  of  the  product  of  the  two  abscissie  to  the 
ordinate. 

Note.  In  the  hyperbola,  the  less  abscissa  added  to  the  axis* 
giTes  the  greater  aoscisso. 

Ex.  If  the  transverse  axis  AB  =34,  the  conjugate  axis  CD 
=  21,  and  the  less  abscissa  BH»  8,  what  is  the  length  of  the 
corresponding  P  H. 
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Here  AB  :  CD  :  :  ^/[(AB  +  BH)  X  BH]  :  :  PH.  tiz.  24: 

21  :  :  %/[(24  +  8)  X  8J  :  14,  the  length  of  the  correspondiDg 
ordinate  PH,  required. 

Exampks  for  PracHce. 

Ex.  1.  The  transverse  axis  AB  =  60,  the  conjugate  axis 
CD  =  36,  and  the  less  abscissa  BH  =  20,  required  the  cor- 
responding ordinate  PH.  Ans.  24. 

Ex.  2.  The  transrerse  diametoi  AB  =s  50,  the  conjugate 
diameter  CD  =  40,  and  the  greater  abscissa  AH  =  64;  re- 
quired the  ordinate  PH.  Ans.  '/  -/U. 

Ex.  3.  Required  the  length  of  the  ordinate  MK,  wbote 
transverse  axis  AB  =  609,  the  coBJugate  axis  CD  =  588«  and 
the  less  abscissa  BK  =116.  Ans.  280^ 

CASE   II. 

To  find  the  two  abscisses. 

When  the  transverse  axis,  the  conjugate  axis^  and  the  ordinaUf 

aregiven. 

Rule.  As  the  conjugate  axis  is  to  the  transverse  axis,  soir 
the  square  root  of  the  sum  of  the  squares  of  the  ordinate  and 
semi-conjufirate  to  the  distance  between  the  ordinate  and  cen* 
tre,  or  halfthe  sum  of  the  abscissae.  Then  will  the  sum  of  this 
distance  and  the  semi-transverse  be  the  greater  abscissa,  and 
their  difference  the  less. 

Ex.  The  transverse  axis  AB  =  24,  the  conjugate  axis  CD 
=  21,  and  the  ordinate  PH  =  14;  required  the  two  abscisss 
AH,  and  BH. 

Here  CD  :  AB  :  :  v'CPH'  +  ft  CD)*]  :  HO,  viz. 
21  :    24  :  :  v^(14'     +  10.5')  :  20. 

Then  the  two  abscissas  AH  and  BH  =H0  =b  ^AB=  20  ± 
12  =  32  and  8. 

Examples  for  Practice. 

Ex.  1.  The  transverse  axis  AB  =  60,  the  conji^te  axis 
CD  =  36,  required  the  two  abscissae  AH,  and  BH,  corres- 
ponding to  the  ordinate  PH  =  24. 

Ans.  AH  =  80,  and  BH  =  20. 

Ex.  2.  The  transverse  axis  AB  =  120,  the  conjugate  axis  CD 
ss  72,  and  the  ordinate  MK  ==  48,  required  the  two  abscisssc 
AK  and  BK.  Ans.  AK  ==  160,  and  BK  <=  4a 
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rEOBXBM  XVII. 

To  find  the  length  of  any  arc  of  an  hyperbola  approximately 

beginning  at  the  vertex. 

When  the  transverse  and  conjugate  axis^  the  ordinate^  and 

abscissa^  are  given. 

HvhE.  First  Add  21  times  the  the  square  of  the  conjugate  to 
19  times  the  square  of  the  transverse,  and  multiply  this  sum  by 
the  abscissa;  to  this  product  add  15  times  the  transverse, 
multiplied  by  the  square  of  the  conjugate,  and  call  this  quan* 
tity  tne  dividend. 

Secondly.  Add  21  times  the  square  of  the  conjugate  to  9 
times  the  square  of  the  transverse,  and  multiply  this  sum  by 
the  abscissa  ;  to  this  product  add  15  times  the  transversCt 
multiplied  by  the  square  of  the  conjugate,  and  call  this  quan- 
tity the  divisor. 

Thirdly.  Then  divide  the  dividend  by  the  divisor,  and  mul- 
tiply the  quotient  by  the  ordinate  for  half  the  length  of  the 
curve,  or  multiply  tne  quotient  by  twice  the  ordinate  for  the 
length  of  the  whole  curve,  nearly.* 

Ex.  1.  Required  the  length  of  the  hyperbolic  curve  PLBR6 
to  the  abscissa  BH=2.1637,  and  the  ordinate  FH=10  ;  the 
two  axes  AB  and  CD=80  and  60. 


(21CD'+19AB«)xBH+(15ABxCD') 

^'®  (21CD'+  9AB«)XBH+(15ABXCD*)'^^^" 
.[(21X60')  +  (19X80')]X2.1637+(15X80X60') 

[(2lX60')  +  (  9X80')|X2.1G37+(15X80X60')^    ^ 
.(75600+121600)X2.1637+4320000 

(75600+  57600)  X  2. 1 637+4320000   ^ 
426681.64+4320000  4746681.64 

''  '288204.84+4320000  ^  ^^  "4608204.84^  ^^^  ^  .03005  X20 
:20.601,  the  length  of  the  whole  curve  PLBRG  required. 


*  Hutlon's  Menmintion. 
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Ex.  2  Required  the  length  of  the  hyperbolic  arc  PLBRG, 
the  abscissa  BH  =  20,  the  ordinate  PH  =  24,  and  the  two 
axes  AB  and  CD  =60  and  36.  Ans.  62.052. 

PROBLEM    XVIII. 

To  find  the  area  of  an  hyperbola. 

When  the  transverse  axis,  conjugate  axis,  and  the  abscissa^  an 

given. 

Rule.  To  the  product  of  the  transverse  axis  and  ab- 
scissa, add  4  of  the  square  of  the  abscissa,  and  multiply  the 
square  root  of  the  sum  by  21  ;  to  this  product  add  4  times  the 
square  root  of  the  product  of  the  transverse  axis  and  abscissa; 
then  multiply  this  sum  by  4  times  the  product  of  the  conjugate 
axis  and  abscissa,  and  divide  this  last  product  by  75  times  the 
transverse  axis,  the  quotient  will  give  the  area  of  the  hyper- 
bola, nearly.  * 

Ex.  I.  Required  the  area  of  the  hyperbola  PB6P,  whose  ab- 
scissa BH  =  10,  the  transverse  and  conjugate  axis  AB  and 
CD  =  30  and  18. 

•         {21x/[(ABxBH)+4BH']+4^(ABxRH)fx4CDxBH 
**^^®  75  AB 

{21  x/[(30XlO)+(4X10')]+4v^(30X  10)1X4X18X10 

~  75X30 

_(21v^371f+4v^300)X8_(21v^^/>+40v^3)X8_ 

""25  25 

8  /21     10      /  \       8 

25\"7  ^T  V  ^^^^'^^'^^^^•7  ""  25^^^^^^®^"^^^^^^" 
-^g-X(3v^l82+4v^3)=  y  X (40.4722128+6.9282032)= 
151.681328,  the  area  of  the  hyperbola  PBGP  required. 

Ex.  2.  What  is  the  area  of  the  hyperbola  MBNM,  the  ab- 
scissa BK  =  25,  the  transverse  and  conjugate  axis  AB  and 
CD  =  50  and  30  7  Ans.  805.090844. 

PROBLEM   XIX. 

To  find  the  area  of  any  mixtilineal  figure  by  means  of  equidis- 
tant ordinateSf  terminated  by  a  curve  on  one  side,  and  a  right 
line  as  a  base  on  the  other. 

Rule.  To  the  sum  of  the  first  and  last  ordinates  add  4  times 

the  sum  of  all  the  even  ordinates,  and  twice  the  sum  of  all  the 

'^— -III  -  ■ —^^ 

*  HttttoD*!  MMMoratioa. 
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odd  ordinates,  rejecting  the  first  and  last;  and  \  of  this  result, 
multiplied  by  the  common  distance  of  the  ordinates,  will  give 
the  area,  very  nearly.    Prop.  XV,  B.  FV. 

Scholium,  This  rule  is  absolutely  true  for  a  parabola,  if  the 
ordinates  are  parallel  to  its  axis.  And  if  the  distances  be* 
tween  the  ordinates  is  small,  it  is  approximately  true  for  any 
other  curve. 

Ex.  h  Required  the  area  qf  an  irregular  figure,  bounded  on 
one  side  by  a  curve  line  at  five  equidistant  ordinates,  the 
breadths  being  AD=8.2,  mp  =  7.4  719=9.2,  or  =  10.2,  BC  =a 
8.6 ;  the  length  of  the  base  AB  =  39,  and  the  common  dis- 
tance of  the  ordinates  Am,  mOf  no,  oB,  each  =  9.75. 

Here  ^  [(AD+BC)+4  (mp  ^ 
+  or)    +    2nq]    X    9.75   = 
i[<8.2  +  8.6)  +4(7.4  +  10.2) 
+  (9.2X2)1  X  9.75  =  i(16.8 
+  70.4+  18.4)  X  9.75=  (105.6  a 
-r3)x  9.75=343.2,  the  area  of  the  space  ADCBA  required. 

Ex.  2.  Required  the  area  of  an  irregular  space  AD^A 
bounded  on  one  side  by  a  curve  line,  and  divided  by  three 
equidistant  ordinates  perpendicular  to  the  base  An,  the  or- 
dinates being  AD=8,  mj9=6,  and  919=10,  the  lenfi:th  of  the 
base  An=14,  and  the  common  distance  Am,  mn,  each  equal  7. 

Ans.  98. 

Ex.  3.  The  abscissa  of  a  parabola  being  2,  and  the  base 
or  ordinate  12,  required  the  area  of  the  paral^la. 

Here,  by  taking  three  ordinates,  of  which  the  first  and  last 
are  each  nothing,  the  middle  one  being  the  abscissa=2,  and 
the  common  di8taace=6$  hence  the  area  of  the  parabola=16 
=Ans« 
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MENSURATIUN  OF  80UD8. 


To  find  the  solidity  of  a  sphere,  spheroid,  a  spherical  or  as 
elliptical  recoUnd, 

Rule. — Multiply  a  central  conjugate  section  by  the  vertical 
axis,  and  take  two-thirds  of  the  product  for  the  solidity. 

Ex.  I.  What  is  the  solidity  of  a  sphere,  whose 
diameter  is  10  feet? 

81. 41 59  Xi =78.5397  =  to  a  central  sec-  *  \ 
tion ;    hence,  78.5397  X 10  X  ■  =  533.931  cubic 
feet  the  solidity. 

Ex.  2.  What  is  the  solidity  of  a  prolate 
spheroid,  ACBD.  whose  vertical  or  fixed   e/ 
axis,  AB,  is  10,  and  its  revolving  axis,  CD, 
18  5? 

3.14159X5X1}  =  19,63494  =  a  cen- 
tral conjugate  section. 

Hence,  ig.634g4XIOx;  =  130.9389,  the  solidity  required 

Ex  3.  Required  the  solidity 
of  a  spherical  hexagonal  re- 
voloid,  BCGEDF,  whose  ver- 
tical axis  is  ten  feet. 

By  referrinjf  to  the  table  of 
Polygons.  {Mensuration  El, 
Oeom.)  we  find  the  area  of  a 
hexagon,  circumscribed  about  F 
a  circle  whose  diameter  is  10, 
is  17,320508;  hence,  17,320508 
Xl0x;=115,47005,  the  soli- 
dity required. 

Ex.  4.  Required  the  solidity  of  an  elliptical  rectangular  re> 
voloid,  whose  vertical  axis  is  48  inches,  and  conjugate  axis  is 
88  inches. 

36X36X48X^=41472  cubic  inches. 

Ex.  5.  What  is  the  solidity  of  an  elliptical  rectangular  re- 
voloid,  whose  vertical  axis  is  86  inches,  and  whose  conjugate 
is  48  inches  ?  Ans.  55298  cubic  inches. 

Ex.  6.  What  is  the  solidity  of  an  oblate  spheroid,  whose 
revolving  axis  =  48,  and  whose  conjugate  or  nxcd  axis  =  36 
inches  i  Ana.  43429.4784  cubic  inches. 


MENSURATION,  ETC. 


218 


Ex.  7.  Required  to  find  the  solid  content  of  (he  esrlh,  sup- 
posing its  circumference  to  be  35000  miles. 

Ans.  263659375000  cubic  miles. 
Ex.  8.  What  is  the  solid  content  of  a  sphere,  whose  dU 
■meter  AB  =  25  feet  ? 

Ans.  8181.25  cubic  feet 
Ex.  0.  Required  the  solidity  of  a  sphere,  whose  circumfer- 
ence is  18.6  feet.  Ans.  108.665413272  cubic  feet 

FKOBLBH.    II. 

To  find  the  surface  o/"  a  tphere  or  of  a  tpherical  revoloid. 

RuLA— Multiply  the  perimeter  of  its  central  conjugate  sec- 
tion by  the  vertical  axis,  and  the  product  is  the  whole  surface. 

Ex.  I.  What  is  the  surface  of  a  sphere  whose  diameter  is 
10  T  Ans.  31.4159x10=314.159,  the  surface  required. 


Ex.  2.  Reouired  the  surface 
of  a  rectangular  spherical  revo- 
loid, BCED,  whose  vertical  axis 
is  10  feet 

10x4x10=400  square  feet, 
the  surface  required. 


Ex.  3.  Required  the  surface  of  a  ball,  whose  diameter  AB 
>=  1  inch.  Ans.  3.1416  square  inches. 

Ex.  4.  How  many  square  inches  will  cover  a  globe  of  IS 
inches  in  diameter  ?  Ans.  452.3904  square  inches. 

Ex.  5.  Required  the  superficies  of  the  terraqueous  globe, 
supposing  the  diameter  AB  =  79fi8  miles.  And  if  only  one- 
fourth  part  of  its  surface  be  dry  land,  and  two  acres  sunicient 
to  produce  food  for  one  person ;  how  many  persons  can  live 
on  the  earth  at  one  time. 

!  198956786.5824  sq.  miles,  the  surface  of  the  globe 
49739106.6456  gq.  miles,  dry  land. 
15016542927  persons  can  live  on  the  earth. 
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PROBLEM   lU. 

To  find  the  solidity  of  any  segment  or  zone  of  a  sphere. 

Rule. — To  half  the  sum  of  the  areas  of  the  two  bases  imil* 
tiplied  by  the  altitude,  add  the  solidity  of  a  sphere  whose  dia* 
meter  is  equal  to  the  altitude  of   the  segment  or  zone. 

Ex.  1.  What  is  the  solidity  of  a  sphe- 
rical segment  ABD,  whose  base  is  10  and 
whose  height  oD  is  2  ? 

10X2=20. 
andi*D»=iX3.14159X2x2X2=4.18876. 
hence  20+4.18876=24,18876  =x  the 
solidity  of  the  segment 

Ex.  2.  What  is  the  solid  content  of  a 
zone  EFDCE,  whose  height  or  =  30  in- 
ches, the  greater  diameter  EP  =  60  in- 
ches, and  the  less  diameter  AB  =  40  in- 
ches 7  Ans.  75308.4  cubic  inches. 

Ex.  4.  Required  the  solidity  of  the  mid- 
dle zone  of  a  sphere  ABDCA,  the  diam- 
eter of  the  whole  sphere  EF  =  80  inches, 
the  height  nr= 64  inches. 

Ans.  233070.5408  cubic  inches. 

PROBLEM   IV. 

To  find  the  convex  surface  of  any  segment  or  tone  ef  a  ' 

sphere,  or  spherical  revoloid. 

Rule.— Multiply  the  perimeter  of  a  middle  section  of  the 
whole  sphere  or  revoloid,  perpendicular  to  the  Tcrtical  axisi 
by  the  height  of  the  segment  or  zone. 

Scholium.  This  is  the  same  as  the  rule  given  in  the  Ele 
ments  of  Geometry  for  a  spherical  segment  or  zone,  viz :  its 
convex  surface  is  there  said  to  be  equal  to  the  height  of  the 
segment  or  zone,  multiplied  by  the  circumference  of  the 
Sphere.  The  same  rules  as  there  given  for  segments  and  sec- 
tors of  a  sphere,  will  answer  also  for  segments  and  sectors  of 
right  revoloids. 

Ex.  1.  What  is  the  convex  surface  of  a  segment  of  a  right 
revoloid,  whose  height  is  2  feet,  the  perimeter  of  a  central 
conjugate  section  of  the  whole  revoloia  being  40  feet  f 
40x2=80,  the  surface  required. 
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Ex.  2.  Required  the  convex  surface  of  a  zone  of  a  rectan-  • 
gular  right  revoloid  whose  height  is  6  feet*  the  whole  altitude 
of  the  revoloid  being  10^  feet.  Ans.  252  feet 

Ex.  3.  Required  the  convex  surface  of  a  segment  of  a  hex- 
agonal riffht  revoloid,  whose  height  is  5^  feet,  the  axis  of  the 
revoloid  being  10  feet  Ans.  100.5255825  square  feet 

PROBLBM  ▼• 

To  find  the  solidity  of  a  sector  of  a  spherical  or  rigkt  revoloid. 

Rule. — ^Multiply  its  convex  surface  by  one-third  the  semi* 
axis  of  the  revoloid. 

Ex.  What  is  the  solidity  of  a  revoloidal  sector,  whose  c<m* 
Tex  surface  is  10  square  feet,  the  axis  of  the  revoloid  being 
10  feet  ? 

10x^X5=161,  the  solidity. 

PROBLEM   VI. 

To  find  the  solidity  of  a  segment  or  zone  of  a  spherical  revo* 

loid. 

Rule. — Find  the  solidity  of  the  revoloidal  sector  having  the 
same  convex  surface ;  find  also,  the  solidity  of  the  pyramid 
having  the  same  base  as  the  segment,  and  whose  vertice  is  in 
the  centre  of  the  revoloid  :  subtract  the  solidity  of  the  pyra- 
mid from  that  of  the  sector,  which  will  give  the  solidity  of  the 
segment,  if  the  segment  is  less  than  a  semi-revoloid  ;  and  add 
the  solidity  of  the  pyramid  to  that  of  the  sector,  if  the  seg- 
ment be  greater  than  a  semi-revoloid. 

Ex.  1.  What  is  the  solidity  of  a  segment  of  a  rectan^lar 
revoloid  whose  convex  surface  is  40  square  feet,  the  axis  of 
the  revoloid  being  10  feet  7 

Here,  the  sector  will  be  found  =  40Xi=66|  solid  feet, 
and  the  height  of  the  segment  will  be  found  ==  1  foot ;  hence* 
(5* — 4^=36  =  the  base  of  the  segment ;  and  d6X4Xi=  48 
=  the  solidity  of  the  pyramid. 

Therefore,  66} — 48=18|  cubic  feet  the  solidity  required. 

Ex.  2.  Required  the  solidity  of  the  segment  of  an  octagon- 
al revoloid,  whose  convex  surface  is  100  feet,  the  axis  of  the 
revoloid  being  10  feet 
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PROBLEM    VII. 

To  find  the  solidity  of  a  segment  of  a  spheroid^  made  byaplam 

parallel  to  either  axis. 

Scholium,  Since  the  segment  of  a  spheroid  is  the  segment 
of  a  sphere,  expanded  or  contracted  in  the  ratio  of  the  major 
and  minor  axes  ;  hence,  we  have  the  following. 

Rule.  Find  the  solidity  of  a  corresponding  segment  of  the 
same  altitude,  from  a  sphere  described  on  the  same  axis  as 
that  of  the  segment  ;  then,  as  this  axis  is  to  its  conjugate,  so  is 
the  spherical  segment  to  the  spheroidal  segment,  if  the  seg- 
ments base  is  parallel  to  the  fixed  axis.  Or  as  the  square  of 
this  axis  is  to  tne  square  of  its  conjugate,  so  is  the  spherical 
segment  to  the  spheroidal  segment,  if  the  base  is  circular  or 
parallel  to  the  revolving  axis. 

Note.  The  same  will  also  apply  to  the  segment  of  an  ellip- 
tical revoloid  compared  with  a  corresponding  segment  of  a 
spherical  or  right  revoluid. 

Ex.  1.  In  the  prolate  spheroid 
ACBD  the  fixed  axis  AB=50.the  re- 
volvingaxisCD=30,  required  the  so- 
lidity of  the  segment  EFCE,  its  ^J- 
height  EG=6,  the  base  being  parallel 
to  the  fixed  axis  AB.J 

D 

The  solidity  of  a  spherical  segment,  whose  height  is  CG, 
the  diameter  being  CD=  1470.2688, 

Hence,  by  the  rule, 

CD  :  AB  :  :  1470.2688  :  EFCE ; 
or  30  :  50  :  :  1470.2688  :  2450.448  the  solidity  of  the  segment 
EFCE. 

Ex.  2.  In  an  oblate  spheroid,  whose  revolving  axis  AB=50, 
the  fixed  axis  CD=30  ;  required  the  solid  content  of  the  seg- 
ment EFCE,  whose  height  —  5,  its  base  being  perpendicular 
to  the  revolving  axis.  Ans.  1099.56. 

Ex.  3.  Required  the  solidity  of  the  segment  EFCE  of  the 
prolate  spheroid  ACBDA,  the  fixed  axis  DB=48,  the  revolving 
axis  CD=38.  and  the  height  of  the  segment  CG=:  16,  the  base 
being  perpendicular  to  the  revolving  axis. 

Ans.  13883.8878. 


Ex.  4.  Required  the  solidity  of 
the  segment  BAFB  of  a  prolate 
■pheroid,  the  height  AG=5  inches, 
its  base  being  parallel  to  the  revolv- 
ing axis,  which  is  30  inches,  its  fixed 
axis  being  50  inches. 

The  solidity  of  a  spherical  aegnnent,  whose  altitude  is  AG 
of  a  sphera,  whose  axis  ia  AB,  is  1833.0  cubic  inches. 

AB"  :  CD'  :  :  1832.6  :  EAFE  ; 
or  3500  :  000  : :  1833.6  :  650.736  the  solidity  of  the  segment 
EAFE. 

Ex.  5.  Required  the  solid  content  of  the  segment  of  the  prolate 
spheroid  EAFE,  its  base  being  parallel  to  the  revolving  axis  ; 
the  he^ht  AG=1,  the  fixed  axis  AB — 10,  and  the  revolving 
axis  CD=6.  Ans.  5.2778'. 

Ex.  0.  The  fixed  axis  CD  of  an  oblate  spheroid  being  30, 
the  revolving  axis  AB=50,  and  the  height  of  the  Begmeni=:6, 
its  base  being  parallel  to  the  revolving  axis  ;  required  the  so- 
lidity of  the  spheroidal  segment.  Ans.  4084.08. 

raoBLBM  viir. 

To  find  the  solid  content  of  the  middle  frustum  of  a  pheroid. 


When  the  ends  are  circular,  or  parallel  to  the  revolving  axit. 

RuLB.  To  twice  the  square  of  the  middle  diameter,  add  the 
square  of  the  diameter  of  one  end  ;  multiply  this  sum  by  the 
length  of  the  frustum,  and  the  product  again  by  .3818  {which 
ia  one-third  of  .7854,)  for  the  solidity  of  the  middle  frustum. 

Scholium.  This,  and  the  following  rule  is  derived  from  the 
principles  contained  in  scholium  page  156,  this  volume. 

Ex.  1.    Required  the  solidity  of  c 

the  middle  frustum  FCGHDFE  of  a 
prolate  spheroid,  the  middle  diame- 
ter CD=30,  the  diameter  of  each  ^ 
circular  end   EF  or  GH=18,  and 
the  length  cr=40. 

Here  (SCD'+GH*)  X  cr  x  .2018  =  [(30'X3)+  18']  X  40x 
.3618=(1800-t-324)  X  40X  .3018  =  23243.538  the  solidity  of 
the  middle  frustum  ECGHDFE  required. 
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Ex.  2.  What  is  the  solidity  of  the  middle  fruslam 
ECGHDFB  of  an  oblate  spheroid,  having  the  less  diameten 
of  the  circular  ends  EF  andGH,  each  equal  40  ;  the  middk 
or  greater  diameter  CD =50,  and  the  length  cr=18  ? 

Ans.  31101.84. 

CAflE    II. 

When  the  ends  are  elliptical,  or  perpendicular  to  the  revoking 

axis. 

Rule.  To  twice  the  product  of  the  major  and  minor  axes 
of  the  middle  section,  add  the  product  of  the  major  and  minor 
axis  of  one  end  ;  then  multiply  this  sum  by  the  length  of  the 
frustum,  and  the  product  again  by  .2618,  for  the  solid  conteol 
of  the  middle  frustum. 

Ex.  1.  In  the  middle  frustum 
EFH6E  of  an  oblate  spheroid,  the 
major  and  minor  axes  of  the  middle 
or  greater  elliptic  section  AB  are  50 
and  30,  and  the  major  and  minor 
axis  at  one  end  EF  are  40  and  24, 
the  height  IK=:9  ;  required  the  solid  content  of  the  middle 
frustum. 

Here  (50X30X2)  +  (40X24)  X  9  X  .2618=  (300+960)  X 
2.3562  =  9330.552,  the  solidity  of  the  frustum  EFHGE  re- 
quired. 

Ex.  2.  In  the  middle  frustum  EFHGE  of  an  oblate  spheroid, 
the  two  axes  of  the  middle  ellipse  are  50  and  30,  and  those  oJf 
each  end  are  30  and  18,  the  height  of  the  frustum  IK  =  40 ; 
required  the  solid  content  of  the  frustum  EFHGE. 

Ans.  37070.88. 

PROBLfiM    IX. 

To  find  the  solidity  of  a  paraboloid  or  a  vertical  parabolic 

revoloid. 

Rule.  Multiply  the  area  of  the  base  by  half  the  height 

Ex.  1.  If  the  diameter  of  the  base  of 
a  paraboloid  be  12  feet,  and  height  22 
feet,  what  is  the  solidity  ? 

Ans.  1248. 


OF  SOLIDS. 


219 


Ex.  2.  If  the  sides  AB,  CB  of  the  rectangu- 
lar base  of  a  parabolic  semi-revoloid  or  pyra- 
moid  ABCD  are  each  =  10  inches,  and  the  al- 
titude FD=  18  inches,  required  its  solidity.^ 

Ans.  1800  cubic  inches. 


F    ij 


PROBLEM    X. 


To  find  the  solidity  of  the  frustum  of  a  parabolic  conoid^  or 
or  paraboloid^  or  of  a  vertical  parabolic  revoloid. 

RucE.  Multiply  the  sum  of  the  areas  of  the  two  ends  by 
half  their  distance. 

Ex.  ] .  What  is  the  solid   content  of  G 

the  frustum  of  a  paraboloid,  the  greater 
diameter  DC  =  30,  the  least  diameter 
AB=24,  and  the  altitude  EF=9  T 

Ans.  5216.62G8. 


Ex.  2.  What  is  the  content  in  wine  gallons  of  a  cask  in  the 
form  of  two  equal  frustums  of  a  paraboloid  ;  the  length==2EF^ 
=40  inches,  the  bung  diameter  DC=32  inches,  and  the  head 
diameter  AB=i:24  inches  ;  the  gallon  containing  231  cubic 
inches  ?  Ans.  108.768  gals. 

PROBLEM  :ti. 

To  find  the  solidity  of  a  hyperbolic  conoid,  or  otherwise  called 

a  hyperboloid. 

Rule.  To  the  square  of  the  radius  of  the  base,  add  the  square 
of  the  diameter  in  the  middle,  between  the  base  and  top;  multi- 
ply this  sum  by  the  altitude,  and  the  product  again  by  .5236« 
for  the  solidity  of  the  hyperboloid.     (Art.  22,  Chap.  II,  B.  V.) 

Ex.  1.  What  is  the  solidity  of  an  hyperboloid  MBNM» 
whose  altitude  KB=10,  the  radius  of  its  base  MK=12y  and 
the  middle  diameter  PG=6v/'7  ? 
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Here  (MK»  +  PG*)  X  KB  x  .5236 
=  [IS*  +  (8-/7)']  X  10  X  5.836 
=  [144  +  (C  X  7)]  X  .6236  = 
(144  +  352)  X  5.236  =  2073.456,  ihe 
•olidity  of  the  hyperboloid  MBNM  re- 
quired. 


£x.  1.  Required  the  solidity  of  the  hyperboloid  MBNU, 
whose  altitude  KB=50,  the  radius  of  its  base  MK=S2,  utd 
the  middle  diameter  FG=°68.  Ans.  11*1847.04. 

PROS  LEV,   XII. 

To  find  the  tolidily  of  the  frustum  of  a  hyperbolic  conoid,  or 
hyperboloid. 

Rule.  To  four  times  the  square  of  the  middle  diameter,  add 
the  sum  of  the  squares  of  the  greatest  and  least  diaoieten; 
then  multiply  this  sum  by  the  altitude  of  the  frustum,  andlliil 
product  again  by  .1309,  (i(  being  the  sixth  part  of  .7854,)  for 
the  solidity. 

Ex.  1.  Required  the  solidity  of  the  4 

frustum  of  the  hyperbolic  conoid 
PGDCP,  the  height  EH=7,  the  great- 
est diameter  CD=48,  the  middle  diam- 
eter MN=38,  and  the  least  diameter 
PG=27. 

Here  (4MN'+CD'  +PG')  x  EHx 
.1809=[(38'X4)+48'+2r]  X  .1309= 
(S776+2304+729)x7X  .1309  =  8809 
X7X. 1309=8071.6887,  the  solid  con- 
tent of  the  frustum  PGDCP  required. 

Ex.  2.  Required  the  solidity  of  the  frustum  'of  a  hyperbo- 
lic conoid  PGDCP,  whose  greatest  diameter  CD  =  10,  the 
leRSt  diameter  PG^O,  the  diameter  MN=8},  and  the  altitude 
EH=12.  Aim.  667.59. 

Ex.  3.  A  cask,  in  the  form  of  two  equal  frustums  of  a  by. 
perbolic  conoid,  having  its  hung  diameter  CD=32  inches,  iu 
Jiead  diameter  PG  =  24  inches,  and  the  diameter  in  the  mid- 
dle, between  the  bung  and  head  MN=fv310,  the  length  of 
the  cask  2  EH  =  40  iDches ;  required  the  conteot  in  wimi 
gallons. 

Aoi.  34998.7584  cubic  inchei«  1 08.310,  4[c  gtllons. 
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PROBLEM   XIII. 


To  find,  by  a  general  rule,  the  solidity  of  any  solid,  frustum^  or 
segment,  produced  by  the  revolution  of  any  conic  section,  or 
of  any  revohid  circumscribing  such  solids. 

General  Rule.  To  the  sum  of  the  ends,  add  four  times 
a  section  eauidistant  therefrom,  and  multiply  this  sum  by  one- 
sixth  of  the  length. 

Scholium.  This  rule  is  true  for  any  solid  or  segment,  which 
is  generated  by  any  multiple  or  power  of  a  series  of  numbers 
in  arithmetical  progression.     (See  Book  V,  Chap.  1  &,  2.) 

Ex.  1.  What  is  the  solidity  of  a  sphere,  whose  diameter  is  2? 

The  area  of  its  central  section,  or  of  its  great  circle  is 
3,14159. 

Hence  3,14159X4Xf =4,18878  the  solidity. 

Ex.  2.  What  is  the  solidity  of  a  zone  of  a  spheroid,  whose 
two  bases  are  10  and  5  square  inches,  and  whose  central  sectioo 
parallel  to  the  bases  is  9  square  inches,  the  height  of  the  zone 
being  18  inches  ?  Ans.  153  cubic  inches. 

problem   XIV. 

To  find  the  solidity  of  a  circular  spindle,  produced  by  the  revo* 
tution  of  a  circular  segment  about  its  base  or  chord  as  an 
axis. 

Rule.  From  |^  of  the  cube  of  half  the  axis,  subtract  the  pro- 
duct of  the  central  distance  into  half  the  revolving  circular 
segment,  and  multiply  the  remainder  by  four  times  3.14159. 
If  a=the  area  of  the  revolving  circular  segment, 
Z=half  the  length  or  axis  of  the  spindle, 
[c=the  distance  of  the  axis  from  the  centre  of  the  circle 
to  which  the  revolving  segment  belongs  ; 
Thesolidity=(iP— }flc)X4X3.14159.  "  c 

Ex.  Let  a  circular  spindle  ACBD  be  pro- 
duced  by  the  revolution  of  the  segment 
ABC,  about  AB.  If  the  axis  AB  be  140, 
and  CP  half  the  middle  diameter  of  the 
spindle  be  38.4  ;  what  is  the  solidity  ? 


The  area  of  the  revolving  segment  is         3791 
The  central  distance  OB  44.6 

The  solidity  of  the  spindle  874402 
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PROBLEM   XV. 


To  find  the  surface  of  a  circular  spindle. 

Rule.  Subtract  the  product  of  the  revolving  arc,  multiplied 
by  the  central  distance,  from  the  product  of  the  length  of  the 
spindle  into  the  radius,  and  multiply  the  remainder  by  twice 
8.1416,  and  this  product  will  be  the  surface. 

Ex.  Required  the  surface  of  a  circular  spindle  ACBDA, 
whose  length  AB  =  40,  and  middle  diameter  CD  =  30,  the 
length  of  the  arc  ACB  being  53  J. 

The  height  of  the  revolving  segment  =  15,  the  radius  of  the 
circle=20f ,  the  central  distance  0E=5f . 

(ABxOC— ACBxOE)X3,1416X2 
=(40X20|—53iX  5^)6.2832=3281.22;,  the    surface   of  the 
spindle  ACBDA  required. 

PROBLEM    XVI. 

To  find  the  solidity  of  the  middle  frustum  of  a  circular  spvMOe. 

Rule.  From  the  square  of  half  the  axis  of  the  whole  spin- 
dle subtract  I  of  the  square  of  half  the  length  of  the  frustum; 
multiply  the  remainder  by  this  half  length  ;  from  the  product 
subtract  the  product  of  the  revolving  area  into  the  central  dis- 
tance ;  and  multiply  the  remainder  by  twice  3.14159. 
If  L=half  the  length  or  axis  of  the  whole  spindle, 
/=half  the  length  of  the  middle  frustum, 
c=the  distance  of  the  axis  from  the  centre  of  the  circle* 
a=the  area  of  the  figure  which,  by  revoling,  produces 

the  frustum  ; 
Thesolidity=((L'— i?)X^-ac)X2X3.14159. 


Ex.  If  the  diameter  of  each 
end  of  a  frustum  of  a  circular 
spindle  be  21.6,  the  middle  diam- 
eter 60,  and  the  length  70 ;  what 
is  the  solidity  T 


The  length  of  the  whole  spindle  is 
The  central  distance 
The  revoling  area 
The  soliditv 

SchoUum.  Th6  middle  frustum  of  a  circular  irpiDdie  may  be 
resolved  into  a  cylinder,  whose  two  bases  are  AJD,  CB,  and  t 
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ring  described  by  the  revolution  of  the  segment  CDE  about  the 
axis  KL  ;  this  ring  may  also  be  resolved  into  a  cylindric  seg- 
ment, whose  base  is  the  segment  DCE,  and  whose  altitude  is 
=the  inner  diameter  of  the  ring,  and  a  circular  spindle  formed 
by  revolving  the  segment  DCE  about  its  chord  DC.  (Prop. 
Xl,  Cor.  «S,  jB.  III.)  Hence  its  content  may  be  calculated  ac- 
cordingly. 

PROBLEM  xvii. 

To  find  the  solidity  of  an  elliptic  spindle. 

Rule.  First  find  the  solidity  of  a  circular  spindle,  generated 
from  a  segment,  whose  height  CG,  is  the  same  as  that  of  the 
elliptical  segment,  generating  the  elliptic  spindle,  the  radius  of 
the  circle  being  CO. 

Then,  as  the  length  of  the  circular  spindle  is  to  that  of  the 
elliptic  spindle,  so  is  the  solidity  of  the  circular  spindle  to  that 
of  the  elliptic  spindle. 

Ex.  If  half  the  middle  diameter 
CD  of  an  elliptic  spindle  is  38.4,  and 
its  axis  AB=200,  its  central  distance 
OG  being  44.6,  what  is  its  solidity  ? 

The  solidity  of  a  circular  spindle 
having  the  same   middle  diameter, 
and  the  same  central  distance,  we 
have  found  (Prob.  XIV,) =374402,  but  its  length  is  140,  there- 
fore by  the  rule. 

140  :  200  :  374402  :  534860  the  solidity  required. 

PROBLEM   XVIII. 

To  find  the  solidity  of  a  parabolic  spindle^  produced  by  the  rt- 
volution  of  a  parabola  about  a  double  ordinate  or  base. 

Rule.  Multiply  the  square  of  the  middle  diameter  by  tV  of 
the  axis,  and  the  product  by  .7854. 

Ex.  If  the  axis  of  a  parabolic 
spindle  be  30,  and  the  middle 
diameter  17,  what  is  the  solidity  ? 

Ans.  3631.7 


PROBLEM    XIX. 

To  find  the  solidity  of  the  middle  frustum  of  a  parabolic  spindle* 

Rule.  Add  together  the  square  of  the  end  diameter,  and 
twice  the  square  of  the  middle  diameter  ;  from  the  sum  sub- 
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tract  }  of  the  square  of  the  difference  of  the  diameters,  and 
multipiy  the  remainder  by  i  of  the  length,  and  the  product 
by  .7854. 

If  D  and  d^Xhe  two  diameters,  and  /=the  length  } 
The  solidity =(2D»+£f— I  (I>-rf)')Xl/X.7854. 

Ex.  If  the  end  diameters  of  a 
frustum  of  a  parabolic  spindle  be 
each  12  inches,  the  middle  diam- 
eter 16,  and  the  length  30 ;  what 
is  the  solidity  ? 

Ans.  5102  inches. 

paOBLBM  XX. 

To  find  the  convex  surface  of  a  cylindric  ungubLr 

Rule.  From  the  product  of  the  diameter  and  sine*  subtract 
the  product  of  the  arc  and  cosine,  and  multiply  the  difference 
by  the  altitude  divided  by  the  versed  sine. 

Let  A=the  altitude  AD,  ^ ^ 

u=the  versed  sine  AF,  f 

rf=the  diameter  AB  p^^^      ^ 

a=the  arc  EA6, 

5= the  right  sineFG, 

c=the  cosine  of  the  half  arc 

Then X  A=the  convex  surface. 


Scholium  1.  When  F  is  the  centre  of  the  base  ;  then  o=s= 
djC=o  ;  and  then  the  rule  becomes  dA,  viz.,  the  surface  is= 
the  product  of  the  diameter  into  the  height 
2.  When  AF  excedes  |AB,  then  ac  must  be  added,  and  the 

expression  becomes xA= the  surface. 

Ex.  1.  What  is  the  curve  surface  of  an  ungula  EGDA, 
whose  base  is  half  the  base  of  the  cylinder  and  height,  AD= 
10,  the  radius  FG=  10  ?  Ans.  100. 

Ex.  2.  Given  the  diameter  AB  =  100  the  height  AD=140, 
and  the  versed  sine  AF=10,  required  the  curve  surface. 

Ans.  5962,738. 

Scholium.  The  same  considerations  will  apply  to  cylindric 
ungulas,  as  for  circular  spindles,  taking  GE  as  the  axis  of 
the  spindle,  and  AD  the  circumference  of  a  middle  sectioo. 
(Prop.  IV,  Cor.  1,  B.  III.) 
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PROBLEM   ILXI. 


To  find  the  solidity  of  a  cylindric  ungvla* 


CASE   I. 


When  the  base  of  the  ungula  is  =  half  the  base  of  the  cylinder 

Rule.  Multiply  the  square  of  the  radius  of  the  base  by  the 
altitude  of  the  ungula,  and  take  |  the  product  for  the  solidity. 

Scholium.  This    rule  is  absolute,  without 

reference  to  the  circle's  quadrature,  (Prop,      t ^K^ d  A 

VI,  Cor.  5,B.III,)  (*=|r*A,  Formula  6,  Page 
92.) 

Ex.  What  is  the  solidity  of  the  cylindric 
ungula  AEFC,  whose  base  EFC  is  half  that 
of  the  cylinder,  the  diameter  £F  being  6,  and 
the  altitude  CA  of  the  ungula  being  16, 
3'X  16X|=06  the  solidity  required. 


CASE    IL 

When  the  base  of  the  ungula  is  greater  or  less  than  half 

•  that  cf  the  cylinder. 

Subtract  the  product  of  the  area  of  the  base  by  the  differ- 
ence between  the  radius  and  the  versed  sine  or  height,  from 
one-twelfth  of  the  cube  of  the  chord  of  the  base,  if  the  versed 
sine  be  less  less  than  the  radius,  otherwise  add  this  product^ 
multiplying  this  result  by  the  altitude  oi  the  ungula,  and 
dimde  this  product  by  the  versed  sine. 

If  a=the  area  FEC  of  the  segment  forming  the  base  of  the 
ungula,  r=the  radius,  FI  t)=the  versed  sine  CI,c  =  the  chord 
EF,  and  A=the  altitude  AC. 

Then  will  the  solidity  of  any  cylindric  ungula= 

Wjcdz(rc^v)a)^ 

Ex.  Given  the  diameter  HC  50  inches,  the  altitude  AC  of 
the  ungula=120  inches  the  versed  sine  IF=10  inches,  requir* 
ed  the  solidity  of  the  ungula. 

The  chord  EF  will  bs  found =40  inches.  The  area  of  the 
base  279.56. 

Whence,  by  the  rule,  AF  being  less  than  ^HC,  we  have 

(t'jC*— (r— i>)a) — =136700}   cubic  inches,  the  solidity  of  the 
ungula  EFC  A. 
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Scholium.  When  the  secti<m  passes  ob- 
liquely through  the  opposite  sides  of  the 
cyliader,  the  content  of  the  ungula  may  be 
found  by  multiplying  the  sum  of  the  greatest 
and  least  heights  of  the  ungula  by  the  area 
of  the  base,  and  its  surface  may  be  found  by 
multiplying  }  the  sum  ofthe  greatest  and  least 
beighu  by  the  perioieter  of  the  base. 


Hence,  the  ungula  ABD  is  equal  to  half  d, 
the  cylinder  ABLD,  both  in  its  surface  and 
solidity. 

3.  The   complement   LMHKD.  DKHCB      U 


toy   ungula   LHPD,  BGAED,  may  be 
found  by  Bublracling  the  solidity  of  the  ud- 
ula  from  a  portion  of  the  cylinder  of  equal 
e  and  altitude. 


aula 
base 


FSOBLEH   XX  U. 


To  find  the  solidity  of  a  conical  ungula.  cut  fiom  the  cone,  or 
frustum,  by  a  plane  parallel  to  the  side  ofthe  cotte. 

Rule.  Multiply  the  area  of  the  base  by  the  diameter  of  Uk 
base  of  the  fruatum,  and  divide  the  product  by  the  difference 
of  the  diameters  of  the  two  bases  ;  fiom  this  quotient  subtract 
four-thirds  of  the  product  of  the  less  diameter  by  the  square 
root  of  the  product  ofthe  less  diameter,  and  diftereace  of  the 
diameters.  Multiply  the  remainder  by  one-third  ofthe  height, 
and  the  product  will  be  the  content 
Let  a=the  area  ofthe  base  cmB, 

D= AB  the  diameter  of  the  base  of  the 

frustum, 
(?=ED  the  diameter  at  the  top, 
A=the  height. 
Then  willtliesolidityoftheungula=  > 

Ex.  Ifthediameter  AB=80incbea,thediameter  ED=1».2 
inches,  and  the  height  otj  =  18  inches,  what  is  the  content  of 
tfM  ungula  T  Ans.  1606.41. 


Scholivm.  Other  formulae  may  be  fouivi  in  the  general 
scholia,  at  pages  Itil,  &lq.,  for  cylindrlc  and  conic  iingulas;it 
is  unnecessary  to  extend  the  problems  here. 

FXOBLEM   SXllU 

To  find  the  tolidity  of  a  cylindrical  ring. 

Rule.  Multiply  half  the  sum  of  the  inner  and  outer  circum- 
Terences  by  the  area  of  a  section  of  the  ring. 

Scholium.  This  rule  answers  for  all  rings,  the  virtual  centres 
of  whose  sections  are  in  the  centre  of  magnitudes  of  such 
sections. 

For  all  other  rings  see  Prop.  XI.  and  Corollaries  B.  III. 


What  is  the  solidity  of  the  cylindric 
ring  AD,  whose  inner  diameter  BG 
ia  10  inches,  and  whose  outer  diam- 
eter AD  is  20  inches  t 

Ans.  925.436  inches. 


Scholium.  This  ring  is  equivalent  to  a  segment  ABGFA 
of  a  cylinder,  whose  section  DE  ia  equal  to  that  of  the  ring, 
and  whose  length  FG  =  the  inner  circumference,  and  AB  = 
the  outer  circumference. 


Ex.  2.  What  is  the  solidity  of  the  cyl- 
indric ring  EF,  whose  inner  diameter  is 
0,  and  its  outer  diamer  EF  10  inches! 
Ans.  308476  inches. 


Scholium.  This  ring  is  equivalent  to  the  segment  ABC  of  a 
cylinder,  whose  length  AB  is=the  outer  circumference  of  the 
ring. 


GAUGING  OF  CASES. 


Art.  1  •  Gauging  of  casks  is  a  practical  art ;  and  since 
casks  are  not  commonly  constructed  in  exact  conformity  with 
any  regular  mathematical  figure,  the  subject  does  not  admit 
of  being  treated  in  a  very  scientific  manner  ;  by  most  writers 
on  the  subject,  however,  they  are  considered  as  nearly  coin- 
ciding with  one  of  the  following  forms  : 

i  JTl"  "Mdlc  «...».  );f;^a?c,piadl.. 

The  second  of  these  varieties  agrees  more  nearly  than  any 
of  the  others,  with  the  forms  of  casks,  as  they  are  commonly 
made.  The  first  ia  too  much  curved,  the  third  too  little,  and 
the  fourth  not  at  aNr  from  the  head  to  the  bung. 

2.  Rules  have  already  been  given,  for  finding  the  capacity 
of  each  of  the  four  varieties  of  casks.  As  the  dimensions  are 
taken  in  inches^  these  rules  will  give  the  contents  in  cubic 
inches.  To  abridge  the  computation,  and  adapt  it  to  the  par- 
ticular measures  used  in  gauging,  the  factor  .7854  is  divided 
by  282  or  321 ;  and  the  quotient  is  used  instead  of  .7853,  for 
finding  the  capacity  in  ale  gallons  or  wine  gallons. 

Now--g2-=002785,  or  .0028  nearly  ; 

,    ,  .7854 
And  "oqT"'^-^^^^ 

If  then  .0029  and  0034  be  substituted  for  .7854,  in  the  roles 
referred  to  above  ;  the  contents  of  the  cask  will  be  given  in 
ale  gallons  and  wine  gallons.  These  numbers  are  to  each 
other  nearly  as  9  to  11. 

PROBLEM    I. 

To  calculate  the  contents  of  a  cask^  in  the  form  of  the  middle 
frustum  of  a  spheroid]  being  a  cask  of  the  first  variety. 

Rule.  Add  together  the  square  of  the  head  diameter,  and 
twice  the  square  of  the  bung  diameter ;  multiply  the  sum  by 
1  of  the  length,  and  the  prc^uct  by  .0028  for  ale  gallons,  or 
by  .0034  for  wine  gallons. 
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If  D  and  d=^  the  two  diameter, 
and  /==:  the  length  ; 

The  capacity  in  inches^ 
(2D'+(f)Xi/X.7854. 

And  by  substituting  .0028  or 
»0034  for  7854,  we  have  the  capacity 
in  ale  gallons  or  wine  gallons. 

Ex.  What  is  the  capacity  of  a  cask  of  the  first  form,  whose 
length  AB  is  30  inches,  its  head  diameter  EF  18,  and  its 
bung  diameter  CD  24  ? 

Ans.  41.3  ale  gallons, 
or  50.2  wine  gallons. 

PROBLEM    II. 

To  calculate  the  contents  of  a  cask^  in  the  form  of  the  middle 
frustum  of  a  parabolic  spindle,  being  a  cask  of  the  second 
variety. 

Rule.  Add  together  the  square  of  the  head  diameter,  and 
twice  the  square  of  the  bung  diameter,  and  from  the  sum  sub- 
tract }  of  the  square  of  the  difTerence  of  the  diameters  ;  mul- 
tiply the  remainder  by  ^  of  the  length,  and  product  by  .0028 
for  ale  gallons,  or  .0034  for  wine  gallons. 

The  capacity  in  inches^ 
(2D'+<?— J(D— rf)»)  X  }/X  .7854. 

Ex.  What  is  the  capacity  of  a 
cask  of  the  second  form,  whose 
length  A  B  is  30  nches,  its  head  diam- 
eter BF  =18,  and  its  bung  diameter 
CD=24  ? 

Answer  40.9  ale  gallons, 
or  49.7  wine  gallons. 

raoBiEM  in. 

To  calculate  the  contents  of  a  cask,  in  the  form  of  two  equal  frus- 
turns  of  a  paraboloid,  being  a  cask  of  the  third  variety. 

Rule.  Add  together  the  square  of  the  head  diameter,  and 
the  square  of  the  bung  diameter  ;  multiply  the  sum  by  half  the 
length,  and  the  product  by  .0028  for  ale  gallons,  or  .0034  for 
wine  gallons. 
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The  capacity  in  inches= 
(D'+rf*)Xi/X.7854. 

Ex,  What  is  the  capacity  of  a  cask 
of  the  third  form,  whose  dimensions 
are,  as  before,  30, 18,  and  24  ? 

Ans.  37.8  ale  gallons, 
or  45.9  wine  gallons. 

PROBLEM   IV. 


To  calculate  the  contents  of  a  cask,  in  the  form  of  two  equal 

frustums  of  a  cone. 

'Rule.  Add  together  the  square  of  the  head  diameter,  the 
square  of  the  bung  diameter  ;  and  the  product  of  the  twodiam' 
eters  ;  multiply  the  sum  by  ^  of  the  length,  and  the  product  by 
.0028  for  ale  gallons,  or  .0034  for  wine  gallons. 

The  capacity  in  inches=  c 

(D'+rf«+Drf)X  J/X.7854. 

Ex.  What  is  the  capacity  of  a  cask 
of  the  fourth  form,  whose  length  AB  is  ^| 
30,  and  its  diameters  EF  and  CD  =  18 
and  24? 

Ans.  37.^  ale  gallons, 
or  45,3  wine  gallons. 

Scholium.  In  the  preceding  rules,  it  is  supposed  that  the  cask 
corresponds  to  the  different  varieties,  whereas,  it  is  seldom  that 
a  cask  perfectly  coincides  with  either  ;  but  for  the  greater 
certainty  of  the  truth,  when  accuracy  is  required,  the  follow- 
ing rules,  the  demonstration  of  which  will  be  found  in  Hot- 
ton's  Mensuration,  are  to  be  preferred. 

PROBLEM   v« 

To    calculate  the  contents  of  any  common  cask  from  three 

dimensions. 

Rule.  Add  together 

25  times  the  square  of  the  head  dianneter^ 

39  times  the  square  of  the  bung  diameter,  and 

26  times  the  product  of  the  two  diameters. 
Multiply  the  sum  by  the  length,  divide  the  product  by  90f 

and  multiply  the  quotient  by  .0028  for  ale  gallons^  or  .0034  for 
wine  gallons. 
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The  capacity  in  inche8= 

/ 
(39D  +25^*  +  26Dd)X^X.7854. 

Ex.  What  is  the  capacity  of  a 

cask  whose  length  is  30  inches,  the 

head    diameter   18,  and  the   bung 
diameter  24  T 


Ans.  39  ale  gallons, 
or  47}  wine  gallons. 


PROBLEM    VI. 


To  calculate  the  contents  of  a  cask  from  four  dimensions,  the 
length,  the  head  and  bung  diameters,  and  a  diameter  taken 
in  the  middle  between  the  head  and  the  bung. 

Rule.  Add  together  the  squares  of  the  head  diameter,  of 
the  bung  diameter,  and  of  double  the  middle  diameter  ;  multi- 
ply the  sum  by  \  of  the  length,  and  the  product  by  .0028  for 
ale  gallons,  or  .0034  for  wine  gallons. 

If  D  =  the  bung  diameter,  d  =  the  head  diameter,  m  =  the 
middle  diameter,  and  /=the  length  ; 

The  capacity  in  inche8= 

(D*+rf*+2^)  X  i/X  .7854. 

A^mst — I — I ^^^  B 

Ex.  What  is  the  capacity  of  a 
cask,  whose  length  cr  is  30  in- 
ches,  the  head  diameter  EF=  18, 
the  bung  diameter  CD  =  24,  and  the  middle  diameter  IK  22|  ? 

Ans.  41  ale  gallons, 
or  49|  wine  gallons. 

Scholium.  In  making  the  calculations  in  gauging,  accord- 
ing to  the  preceding  rules,  multiplications  and  divisions  are 
frequently  performed  by  means  of  a  Sliding  Rule,  on  which 
are  placed  a  number  of  logarithmic  lines,  similar  to  those  on 
Gunter's  Scale. 

Another  instrument  commonly  used  in  gauging  is  the  Diag* 
onal  Rod.  By  this,  the  capacity  of  a  cask  is  very  expeditiously 
found,  from  a  single  dimension,  the  distance  from  the  bung 
to  the  intersectiou  of  the  opposite  stave  with  the  head.  The 
measure  is  taken  by  extending  the  rod  through  the  cask,  from 
the  bung  to  the  most  distant  part  of  the  head.  The  number 
of  gallons  corresponding  to  the  length  of  the  line  thus  found, 
is  marked  on  the  rod.  The  logarithmic  lines  on  the  gauging 
rod  are  to  be  osul  in  the  same  manner,  as  on  the  sliding 
rule. 
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ULLAGE  OF  CASKS. 

Art.  2.  When  a  cask  is  partly  filled,  the  whole  capacity  it 
divided,  by  the  Surface  of  the  liquor,  into  two  portions ;  tbe 
least  of  which,  whether  full  or  empty,  is  called  the  uUagt, 
In  finding  the  ullage,  the  cask  is  supposed  to  be  in  one  of  two 
positions ;  either  standings  with  its  axis  perpendicular  to  tbe 
norizon  ;  or  lyings  with  its  axis  parallel  to  the  horizon.  Tbe 
rules  for  ullage  which  are  exacts  particularly  those  for  lying 
casks,  are  too  complicated  for  common  use.  The  following 
are  sufficiently  near  approximations.  See  Hutton's  Mensura- 
tion. 

PROBLEM    VIL 

To  calculate  the  ullage  of  a  standing  cask. 

Rule.  Add  together  the  squares  of  the  diameter  at  the  sur- 
face of  the  liquor,  of  the  diameter  of  the  nearest  end,  and  of 
double  the  diameter  in  the  middle  between  the  other  two; 
multiply  the  sum  by  }  of  the  distance  between  the  surface  and 
the  nearest  end,  and  the  product  by  .0028  for  ale  gallons,  or 
•0034  for  wine  gallons. 

If  D=thc  diameter  of  the  surface  of  the  liquor* 
d=ihe  diameter  of  the  nearest  end, 
m=thc  middle  diameter,  and 
/=the  distance  between  the  surface  and  the  nearest  end; 

The  ullage  in  inches==(D*+cP+2m«)Xi/X.7854. 

Ex,  If  the  diameter  at  the  surface  of  the  liquor,  in  a  stand- 
ing cask,  be  32  inches,  the  diameter  of  the  nearest  end  94|tbe 
middle  diameter  20,  and  the  distance  between  the  surface  of 
the  liquor  and  the  nearest  end  12 ;  what  is  the  ullage  7 

Ans.  27|  ale  gallons,  or  33}  wine  gallons. 

PROBLEM   Vllf. 

To  calculate  the  ullage  of  a  lying  cask. 

Rule.  Divide  the  distance  from  the  bun^  to  the  surface  of 
the  liquor,  by  the  whole  bun^  diameter,  find  the  area  of  a  cir- 
cular secernent,  whose  versed  sine  is  the  quotient  in  a  circle, 
whose  diameter  is  1,  and  multiply  it  by  the  whole  capacity  of 
the  cask,  and  the  product  by  1|^  for  the  part  which  is  empty. 

If  the  cask  be  not  half  full,  divide  the  depth  of  the  liquor  by 
the  whole  bunj^  diameter,  and  find  the  area  of  the  segmenl 
multiply,  &c.,  for  the  contents  of  the  part  which  is  full. 

Ex.  If  the  whole  capacity  of  a  lying  cask  be  41  ale  gaUons, 
or  49|  wine  gallons,  the  bung  diameter  24  inches,  and  the  dis- 
tance from  the  bung  to  the  surface  of  the  liquor  6  incheSt  what 
is  the  ullage  7  Ans.  7}  ale  gallons,  or  0|  wine  gallons. 
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SPECinC  GRiVITT  OF  SOLIBS  AND  FLUIDS. 

Thb  specific  gravities  of  bodies  are  their  relative  weighty 
contained  under  the  same  given  magnitude  as  a  cubic  foot,  iir 
a  cubic  inch,  du% 

A  iabk  of  the  ^fecific  ChnmiiM  of  Bodies^  and  ike  weighl  of 
a  cubic  foot  of  eocA,  in  ounces^  avoirdvpoie. 


Platinum, 

Common  stone,    .    • 

35S» 

Rolled,  . 

23666 

JLoom,      •        • 

3160 

Hammered, 

26835 

Clay,    • 

3166 

Pure  gold 

Brick,   . 

3000 

Hammered* 

19860 

Ivory, 

Sand,    •        •        • 

1825 

Cast, 

10256 

153» 

Gold  32  car.  fine  cast, 

Coal, 

1350 

17484 

Sulphuric  acid. 

1840 

Mercury, 

18596 

Nitrous  acid. 

1550 

I^ad,    •        •        • 

11851 

Nitric  acid,  • 

1217 

Silver,  cast. 

10474 

Human  blood. 

1054 

Copper, 
Soft  steel. 

-8768 

Cow's  milk. 

1081 

Box-wood,    • 

1080 

Hammered, 

7889 

Sea-water,    •        • 

1028 

Cast, 

7882 

Vinegar,  . 

1026 

Hard  steel. 

Tar,      . 

101» 

Hammered, 

7817 

Common  water,    . 

1000 

Cast, 

7815 

Red  wine,     • 

009 

Bar  iron. 

7787 

Linseed  oil. 

oat- 

Tin, 

7290 

Proof  spirits  at  510, 
CHive  oil. 

OSS 

Cast  iron. 

7208 

9IS 

Zinc, 

6860 

Alcohol,  pure,   . 

768 

Granite,    •     8500  to 

4000 

^ther,     •        •        • 

79* 

Flint  glass,    • 

8329 

Air, 

H 

Note.  The  several  sorts  of  wood  are  supposed  to  be  dry. 
Also  as  a  cubic  foot  of  water  weighs  just  1000  ounces,  avoir- 
dupois, the  numbers  in  this  table  express  not  only  the  specific 
ffravities  of  the  several  bodies,  but  also  the  weiffnt  of  a  cubic 
toot  of  each,  in  avoirdupois  ounces  ;  and  hence,  oy  proportion, 
the  weight  of  any  other  quantity,  or  the  quantity  or  any  otber^ 
weight,  may  be  koowii  as  in  the  fi>llowing  problems. 

16 


334  MAGNITUDES  AND 

PROBLEM   I. 

To  find  the  magnitude  of  any  body  from  its  wtigkL 

Rule. — As  the  tabular  specific  gravity  of  the  body  is  to  its 
weiffht  in  avoirdupois  ounces,  so  is  ooe  cubic  foot,  or  1728 
cubic  inches,  to  its  content  in  feet,  or  inches  respectively. 

Ex.  1.  Required  the  solid  content  of  an  irregular  blodi  of 
common  stone,  which  weighs  1  cwt  or  1702  ounces. 

Here,  as  2520  oz :  1792  ox  : :  1728  cubic  inches  :  to  its  so- 
lid content 

Or. 

As  5  oz.  :  256  oz  :  :  24  cubic  inches  :  1228|  cubic  inches, 
the  solid  content  required. 

'  Ex.  2.  How  many  cubic  feet  are  there  in  a  ton  wei^  of 
dry  oak  7  Ans.  88f  ||  cubic  feet 

Ex.  3.  What  is  the  solid  content,  and  diameter  of  a  cast 
iron  ball,  that  weighs  42  pounds,  its  specific  gravity  being 
7808? 


.^  (  Solidity  =  161.005  cubic  haches. 
^^*  I  Diameter  =  6.75  inches. 


PKOBLEM   II. 

To  find  the  toeight  of  a  body  from  its  magnitude. 

Rule. — As  one  cubic  foo^  or  17!|i8  cubic  inches*  is  to  th 
solid  content  of  the  body,  so  is  its  tabular  specific  gravity  to 
the  weight  of  the  body. 

Ex.  1.  Required  the  weight  of  a  block  of  marble,  whose 
specific  gravity  being  270Q,  the  lepfftb  =  63  feet,  the  breadth 
and  thickness  each  =  12  feet ;  this  block  being  the  dinriensioos 
of  one  of  the  stones  in  the  walls  of  Balbeck. 

Here,  as  1  cubic  foot :  68  X  12  X  12  (=  9072  cubic  feeO 
:  :  2700  oz.  :  OSS^V  tons  weight,  alouMt  equal,  to  the  burthen 
of  ^an  East  India  ship. 

Ex.2.  What  is  the  weight  of.  a  .block  of  dry  oak,  which 
measures  10  feet  long,  3  feet  broad,  and  2^  feet  deep  ? 

Ans.  4335||  pounds. 

Ex.3.  What  is  the  weight  of  a  leaden  ball»  4^  inches  ia 
dtfim^ter,  its  specifilc  gravity  being  1 1951  7 

Aqs.  16  lbs.  7  OS. 

Ex.  4.  Required  the  weight  of  a  .casit  iron  shell,  3  incbei 
thick,  its  external,  diameter  b^it^g  16  inches,  and  its  specific 
gravity  7208. 

incpM. 


A.,  i  Solidity  =  1^1.0656  cubic  ii 
^^*^l  Weigh|;=  8  cwt  >  qr.  9  lb.  J 


SPECIFIC  GRAVITY.  235 

PROBLBtt   III. 

To  find  the  specific  gravity  of  a  body  hecmer  than  Water. 

Rule. — Weigh  the  body  both  in  weUer  and  out  of  toatet^  by 
a  hydrostatic  balance^  and  take  the  difference  of  these  resulli« 
which  will  be  the  weight  lost  in  water. 

Then  say,  as  the  weight  lost  in  water^  is  to  the  w6ight  of 
the  body  in  air^  so  is  the  specific  gravity  of  watdr,  to  the  spe^ 
cific  gravity  of  the  body^ 

Ex.  I.  A  piece  of  stone  weighed  ten  pounds  in  air ;  but^ 
in  ymterf  only  6}  pounds  ;  required  the  specific  gravity. 

Here,  as  10  —  &i  (»=  80  :  10  : :  1000  :  to  the  specific  gra- 
vity of  the  body. 

Or, 
As  13  lbs.  :  40  lbs. :  >  1000  os.  s  8077  oz«  2=  Ant. 
Ex.  2.  A  piece  of  copper  weighs  36  oz.  in  air,  and  only 
31.904  oz.  in  water  ;  required  the  specific  gravity  of  copper. 

Ans.  8788  ounces. 
Eq.  2.  Required  the  specific  gravity  of  a  piece  of  granite 
stone  which  weighs  7  Ibs^  in  air^  and  5  lbs.  in  water. 

Ans.  3500  ounces. 

PROBLEM   IV. 

To  find  the  epecific  gramty  of  a  body  Hgkter  than  water. 

Rule.  —Fasten  t<y  tfa«  lighter  body,  by  a  slender  thread,  atf^ 
ther  body  heavier  than  water,  so  that  the  mas^  compotiiitded 
of  the  two  may  sink  together.  Weigh  the  heavier  body,  Md 
the  compound  mass,  separately,  both  in  water  and  out  of  it, 
then  find  how  much  eacih  loses  in  waterf  by  subtracting  its 
weight  fn  water  from  its  weight  tn  air. 

Then  say,  m  the  difference  of  these  remaifvdenr  is  to  the 
weight  of  the  tighter  body  in  airf  so  is  the  specific  gravity  of 
water  to  ti\e  specific  gravity  of  the  Tighter  body. 

Ex.  1.  Suppose  a  piece  of  elm  Weigha  12  lbs.  in  otr,  tc6A 
that  a  piece  of  metal,  which  weighs'  18  lbs.  in  enr,  and  16  Ibff. 
tn  water,  is  aflliKd  to  itVand  that  the  compound  weight  is  6  lbs. 
in  water ;  required  die  specific  gravitv  of  the  elm. 

Here  18  -^  16^=^  pounds  the  metal  lost  in  water; 
and  (18+15) -^0=^  38<-^6=ss:37  poottde,  the  compound  lost 
in  water. 

Then  27  —  2=25  pounds,  the  elm  lost  tn  water. 

As  27  —  2  (=25  lbs.)  :  15  lbs.  : :  1000  oz.  :  to  the  specific 
gravity  of  the  elm. 


9M  MAGNITUDES,  Aec, 

Or, 

As  1  lb. :  3  lbs.  :  :  200  oz.  :  600  oz.  =  Ans. 

Ex.  1.  A  piece  of  ash  weighs  20  IbsL  in  air,  to  wbicli  it 
aflixed  a  piece  of  metal,  which  weighs  15  lbs.  in  air,  and  ta 
waUr,  18^  lbs. ;  and  the  eompound*  m  %oaslitr,  weighs  onlj  9( 
lbs ;  required  the  specific  gravity  of  the  ash. 

Ans.  800  oimees. 

Ex.  2.  Suppose  a  piece  of  fir  weighs  1 1  lbs.  in  air,  and  a 
piece  of  steel  being  affixed  which  weighed  16  lbs.  in  air,  and 
in  waUr  14  lbs. ;  and  the  compound  in  waier  wdghs  eoly  ^ 
lbs. ;  what  is  the  specific  gravity  of  the  fir  ? 

Ans.  650  ounces; 

Ex.  4^  A  piece  of  cork  weighing  20  lbs.  tn  air,  bad  a  pieee 
of  granite  fixed  to  it,  that  weighed  120  lbs.  tn  air,  and  M  Iba 
m  water;  the  compound  mass  weighed  16|  lbs.  in  MHtier; 
what  was  the  specific  gravity  of  the  Cork  T 

Ans.  S40  ounces. 


QUESTIONS  FOR  EXERCISE. 


1.  Having  a  rectangular  marble  slab,  58  inches  by  27, 1 
would  have  a  square  foot  cut  off  parallel  to  the  shorter  tdge ; 
I  would  then  have  the  like  quantity  divided  from  the  remain- 
der, parallel  to  the  longer  side ;  and  this  alternately  repelled, 
till  there  shall  not  be  the  quantity  of  a  foot  left ;  what  wiU  bs 
the  dimensions  of  the  remaining  piece  7 

Ans.  20.7  inches  by  6«066. 

2.  Given  two  sides  of  an  obtuse  angled  triangle,  which  aif 
20  and  40  poles ;  required  the  third  side,  that  tbe  triangle  may 
contain  just  an  acre  of  land  T  Ans.  58.676  or  23.022. 

3.  The  ellipse  in  Grosvenor-square  measures  840 
across  the  longest  way,  and  612  the  shortestt  within  the  rails; 
now  the  walls  being  14  inches  thick,  what  groiuid  do  they  in- 
ialose,  and  what  do  they  stand  upon  T 

Ana   i  iBclose  4tf.  Or.  ep. 
^^'  I  stand  on  1760^  sq.  feet 

4.  What  is  the  length  of  a  chords  which  cuts  off  one-tUrd 
of  the  area,  from  a  circle  whose  diameter  is  289  ? 

Ans.  278.67ia 


QUESTIONS  FOR  BXBRCtSB. 


5.  What  is  the  ire*  of  the  heart 
CABDFEC,  the  axis  CD  =>  10  uohM. 
(See  article  on  spirala,  page  140.) 

Am.  I04.71M  iDChea. 


6.  There  are  two  puU 
leys  AHD.BFE.  the  di- 
ameters AO,  and  BE 
are  each  =  30  inches,  ] 
and  the  distance  Cc  is 
4  feet ;  the  pulley  BFE 
is  put  ia  motion  around 
its  axis  by  a  belt  ABFE-1 
DU,  passing  round  AHD.  Now  if  the  pulley  ILK  on  the 
aame  axis  with  AHD,  is  40  inches  in  diameter,  what  must  be 
the  diameter  hi  of  a  corresponding  polley  hfi,  around  wtnch 
the  belt  UfeKL  may  pass,  so  as  to  be  of  the  same  length  and 
tension  as  that  of  the  belt  ABFEDH,  and  what  will  be  the  r*- 
tio  of  the  angular  velocity  of  the  two  pulleys. 

Draw  C<,  ab  perpendicular  to  a/,  and  from  c  draw  en  per- 
pendicular to  Ca  ;  cl  and  cm  will  be  parallel  to  al,  and  henoe 
will  be  =  a^:  with  the  radius  Cn  describe  a  circle  nrqit,  and 
the  tangent  ac  will  be  =  the  tangent  oj;  =V(Cc'—QC — Ac)'). 

The  arc  m  is  =  arc  la  —  arc  hi. 

It  is  required  from  these  data  to  find  the  diameter  ik. 

Scholium.  In  the  solution  of  this  problem,  it  will  be  neeea- 
aary  to  express  the  arc  m  in  terms  of  its  functions  (  the  mode 
of  conducting  the  solutim  will  be  left  for  the  student 

7.  Required  an  expression  for  the  super 
ficies,  and  also  for  the  solidity  of  a  telmdroo 
ABCD,  in  terms  of  its  linear  edge,  AB=A. 

Aos.  A'VS  =  the  surfaca. 
itfAVS  »  the  solidity. 


A 


8.  Required  expressioos  for   the  surface 

and  s(4idity  of  a  regular  hexaadron  or  cube 

in  terms  of  its  edge.    Ans.  6A*,=  its  surface. 

A*t=  its  soltdity. 


/"•    / 

,\ 

/^v 
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9.  How  will  you  express  the  turfiioe 
•ad  solidity  of  an  Octoedron  in  terms  of 
in  edge  T      Ans.  2AV3  =  the  sur&ce. 

iAV2  =  the  solidity. 


10.  Let  the  surface  and  solidity  of  a  d6> 
decaedxoa  be  expressed  m  terms  of  its 
edge. 

Ads.  15AV(l+f\/5)==  the  surface. 


11.  Express  m  teross  of  its  edge,  the  snr- 
hce  sad  sobdity  of  an  Icosedjion. 

Aasu  5A'>/8  =  the  surface: 

|AV7+av^f^  =  tiie 

2 

12.  The  diameter  of  the  Winchester  boshel  was  18|  in- 
ches, and  its  depth  8^  inches:  what  must  the  diameter  <^a 
bushel  be  when  its  depth  is  7\  mches?  Ads.  19.10f7. 

13.  Of  what  diameter  must  the  bore  of  a  cannon  be,  which 
is  cast  for  a  ball  of  24  lbs.  weight,  so  that  the  diameter  of  the 
bore  may  be  I-IO-  of  an  inch  more  than  that  of  the  ball,  and 
supposing  a  t  lb.  bail  to  measure  4  inehes  in  diameter  t 

Ans.  5.646  inches. 

14.  Suppose  the  ball  on  the  top  of  St  P^ol^s  ehurch  is  6 
feet  in  diameter,  what  did  the  gilding  of  it  cost,  at  syi.  per 
square  inch  ?  Ans.  £93T,  10s.  li 

15.  What  will  the  gilding  of  a  right  reetangular  revoloid, 
whose  axis  is  4  feet,  come  to  at  5  eents  per  square  inch  ? 

Ans.  9720. 

16.  A  silver  cup,  in  form  of  the  frustum  of  a  cone,  whose 
top  diameter  is  3  inches,  its  bottom  diameter  4,  and  its  altitude 
6  inches,  being  filled  with  beer,  a  person  drank  out  of  it  till  be 
could  see  the  middle  of  the  bottom ;  it  is  rccioired  to  find  how 
much  he  drank  ? 

Ans.  42.890844  cubic  mcHes  =  .152127  ale  gallons,  or  1 
gill  and  i  nearly,  the  quantity  required. 


QUESTIONS  FOR  EXERCISE.  288 

17.  Two  persons  would  divide  between  themy  by  a  plane 
perpendicular  to  the  base*  a  hay  rick,  in  the  form  of  a  parar 
ooloid,  whose  altitude  is  40,  and  the  diameter  of  its  base  80 
feet ;  it  is  required  to  find  the  difierence  between  the  soliditif^s 
of  the  parts,  supposing  the  a^Ititude  of  the  section  to  be  ^6 
feet.  Ans.  1 1365.75803^  the  diflference  required.  ^ 

18.  In  the  construction  of  a  railroad,  having  contracted 
for  the  sum  of  tlOOO  to  excavate  a  certain  section,  the  arte  of 
whose  conjugate  sections  in  1 1  different  places,  taken  at  equ^ 
distances  of  3  rods  each,  including  the  end?,  are  as  followsy 
viz :  the  first,  150  square  feet,  the  second,  160.  the  third,  165, 
the  fourth,  172,  the  fifth,  190,  the  sixth,  210,  the  seventh,  224, 
the  eighth,  240,  the  ninth,  202,  the  tenth,  108,  and  the  eleventh 
0.  After  having  disposed  of  the  materials  to  be  excavated  at 
10  cents  per  cubic  yard,  to  be  delivered  oo  an  adjoining  seo 
don,  I  afterward  received  an  offer  to  have  the  whole  labor  of 
excavation  and  delivery  performed  for  30  cents  .per  yard ; 
shall  I  gain  or  lose  by  my  conti;act  if  I  accept  pt  the  offer, 
and  how  much  ?  Ans.  I  shall  gain  $855,64. 

.  19.  To  determine  the  weight  of  a  hollow  spherical  iron 
shell,  5  inches  in  diameter,  the  thickness  of  the  metal.  betfl|^ 
one  inch/  Ans.  11.79Ubu 

20.  It  is  proposed  to  determine  the  proportional  quantities 
of  matter  in  the  earth  and  moon  ;  the  density  of  the  former 
being  to  that  of  the  latter,  as  10  to  7,  and  their  diameters  as 
7930  to  2160.  Ans.  as  71  to  1  nearly. 

21.  What  diflference  is  there,  in  point  of  weight,  between  a 
block  of  marble  containing  1  cubic  foot  and  a  half,  and  ano- 
ther of  brass  of  the  same  dimensions,  whose  specific  gravity 
is  8000  {  Ans.  4961b.  14oz. 

22.  What  position  in  the  line  between  the  earth  and  mooilf 
is  their  common  centre  of  gravity ;  supposing  the  earth's  di- 
ameter to  be  7920  miles,  and  the  moon's  2160 ;  also  the  densitjr 
of  the  former  to  that  of  the  latter,  as  90  to  68,  or  as  10  to  7 
nearly,  and  their  mean  distance  30  of  the  earth's  diameters  1 

Ans.  633.65  miles  below  the  surface  of  the  earth. 

23.  How  deep  will  a  cube  of  oak  sink  in  common  water ; 
each  side  of  the  cube  being  1  foot  T  Ans.  ll^V  inches. 

24.  How  deep  will  a  globe  of  oak  sink  in  water ;  the  dia- 
meter being  1  foot  ?  Ans.  9.'9867  inches. 

25.  If  a  cube  of  wood,  floating  in  common  water,  have 
three  inches  of  It  dry  above  the  water,  and  4t|T  inches  drv. 
when  in  set-water ;  it  is  proposed  to  detej^Jmine  tne  ooagnitum 
of  the  ciit^  and  what  sort  of  wood  it  Is  made  of? 

'Ans.  the  wood  is  oak,  and  each  side  40  inches. 


««  QUESTIONS  FOR 

90.  Hiero,  king  of  Sicily,  ordered  bii  iewdler  to  nake  1 
ft  crown,  cootuniDg  93  ounces  of  gold.  Tba  waia 
(booght  UiBt  Bubetitatiog  part  nlrer  was  <»)t  a  proper  pnq 
tHe;  but  Hicro,  suspecting  that  iraud  had  been  piactia 
Atchimidea  was  af^inted  to  examine  it ;  who  on  pottiu 
into  a  vessel  of  water,  found  it  raised  tbe  fluid  8.384S  ca 
fBcbes ;  and  havinff  discovered  that  the  inch  of  sold  more  c 
IksaUy  weighed  10.96  ounces,  be  found  by  caiculatioD  sd 
part  of  the  king's  g<^d  had  been  changed.  And  jrou  are  i 
aired  to  repeat  the  process.  Ana.  S8.8  oonoct. 

37,  Supposing  tnfl  cubic  inch  of  commoD  glass  wd| 
1.4931  outkces  troy,  the  same  of  sea-water  .5S643,  and 
brandy  .5SM  ;  then  a  seaman  having  a  gallon  of  this  lioE 
ia  a  glass  bottle,  which  weighs  3.84ib  out  of  water,  and, 
eooceol  it  from  the  officers  of  the  customs,  throws  it  on 
board.  It  is  proposed  to  determine,  if  it  will  sink,  how  mo 
force  will  just  buoy  it  up  1  Ans.  14.1406  ounee4 

86.  Suppose,  bv  measurement,  it  be  found  that  a  man 
war,  with  its  orainance,  rigeing,  and  sppointmeDta,  sinks 
sbep  as  to  displace  SOOOO  cubic  feet  of  fresh  water  ;  what 
Ae  whole  weight  of  the  vessel  T  Ans.    13S&tt  *o'>^ 

SO.  It  is  required  to  determine  what  would  be  the  height 
the  atmosphere,  if  it  were  every  where  of  the  aame  dena 
as  at  the  surfsce  of  the  earth,  when  the  quicksilver  in  the  i 
rometer  stands  at  39  inches ;  and  also,  what  would  be  1 
height  of  a  water  barometer  at  the  same  time  7 

Ans.  height  of  the  air  S916e|  feet,  or  tt.S240  miles. 
height  of  water  8S  feet 

ao.  If  the  inner  axis  of  a  hollow  globe  of  copper,  exbanst 
of  air,  be  100  feet ;  what  thickness  must  it  be  of,  that  it  m 
just  float  in  the  airT  Ans.  .03624  of  an  inch  thii^ 

81.  If  a  spherical  baloon  of  copper,  of  tK  of  an  inch  thii 
have  its  cavity  of  100  feet  diameter,  and  be  filled  with  inilai 
mable  air,  of  tIt  of  the  gravity  of  common  air,  what  weig 
will  just  balance  it,  and  prevent  it  fVom  rising  up  into  the  i 
mosphere  t  Ana.  817851b. 

88.  Construct  a  quantity  -=-  and  show  it»  Talus.     ^ 

Book  IV.,  Chap.  IL) 

X  c 

88.  Express  in  a  series  of  nriables,  the  sym- 
•tricBl  bylindrica)  ungulas,  DBAECAB. 
where,  AB=SID=3!,  and  IC=s. 


QUESTIONS  FOR  BXBRCI3E. 


SS.  Reaumd  thetdidity  of  the 
vacuihr  of  a  irolfaic  iW,  and  also 
the  Mlidtlx  of  the  material!  of  the 
the  roof;  the  spaa  AB  =  30  feet, 
the  chordi  of  each  arc  A»  and  Bm 
=40  feet,  the  versed  line  mo  =  6 
feet,  the  thickness  of  the  pear  EA 
or  BU  =  17  feet,  at  the  spring  of 
the  arcthe  thickness  of  the  crown  'l 
of  the  areh  I>t=4  feet  of  the  roof 
60  feet. 


r6989S.89S10  cubic  feel,  the  adiditf 
.      J         of  thevacuity. 
^^'■"S  104864.11770  cubic  feet,  the  loUr 

[^        dixy  of  the  materials. 

34.  Required  the  superficies  of  a  dome  iu  tbe  form  of  a  right 
hexagonal  revoloid,  each  side  of  the  base  being  10  feet,  and 
height  lOieet. 

Ans.  619.61534  square  feet 

35.  The  circumference  of  the  base  of  a  cinmlar  dome  is 
150  feet,  and  its  height  28.878  feet ;  required  the  superficies. 

Ans.  8681.1  square  feet 


86.  If  the  height  BC  of  a  saloon  be 
3.3  feet,  the  BoD.  of  its  front  4.5  feet, 
tbe  distance  at;  of  its  middle  part, 
from  the  arc  9  inches,  and  the  mean 
circumference  at  >n=50  feet ;  required 
the  solidity  of  the  saloon. 

Ans.  138.36469  cubic  feet 


37.  What  is  the  whole  surface  of  a  saloon  round  a  rectao' 
gular  room,  tbe  mean  compass  at  r=:67.8187  feet,  the  girt  IVB 
3.1416  feet,  and  the  ceiling  measures  16  feet  long,  ana  13  feet 
broad  1 

Ans.  408.4787  square  feet 

38.  Required  the  concave  surface  of  a  circular  arch,  raised 
on  a  rectangular  base,  whose  sides  are  87  leet  8  inches  by  30 
feet  4  inches. 

Am.  6S3JM16i  sqaare  feet 
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DESCRIPTION  OF  A 


Description  &f  an  instrument  constructed  by  the  auOior^for 
measuring  distancesand  heights,  by  a singk  observation, and 
without  cnangH^  iSteposiH&n^  or  measittring  any  bast 


The  principle  on  Whidi  this  iiurtrmnent  it  constructed,  and 
by  which  the  result  is  produced,  consists  in  Brramging  mirron, 
or  reflectors,  in  such  manner  as  to  convey  two  di^nct  images 
of  any  distant  object  to  the  eye  of  the  ODserver,  as  seen  (rom 
two  positions  which  are  indicated  by  two  mirrors,  placed  at 
any  given  distance  from  each  other  6n  the  ififetniment,  and 
causing  the  object  to  appear  in  two  positions  at  the  same  time, 
and  then  measuring  the  apparent  angle  under  which  the  two 
images  appear. 

For  this  purpose  the  following  diagram  represents  one  form 
of  the  construction  of  the  instmnient 


AB,  represents  the  stock  or  base;  at  the  extremities  of 
which  let  two  mirrors,  I,  ti,  be  placed  in  the  manner  of  the 
itidex  glass  to  a  common  quadrant,  and  set  perpendicular  to 
the  plane  of  the  instrument,  and  at  an  angle  of  45^  with  its 
axis  or  one  of  its  edges  ;  these  we  will  call  the  object  glasses, 
one  of  which,  viz !  f,  is  placed  Oh  the  centra  bf  motion  of  an 
Index,  Mm,  which  is  n^oveable  about  d  centre  at  e^  and  with  it 
the  mirror,  which  for  distinction  is  called  also  the  index  glasK 
There  are  two  other  reflectors,  n,  i.  placed  near  the  middle  of 
the  stock  of  the  instrument,  one  above  the  other,  their  edges 
being  in  contact,  the  planes  of  which  cross  each  other  at  right 
angles ;  one  of  these  reflectors  is  parallel  to  one  of  the  object 
glasses  Tty  the  other  to  the  index  glass,  I. 

In  using  this  instrument  it  must  be  placed  or  held  so  that 
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hs  axis  shall  be  perpendicular  to  a  line  from  the  obje<3t  EF^  to 
the  fixed  object  glass  u,  and  images  of  the  object  will  b# 
formed  in  the  two  object  glasses  1^  K,  and  reflected  into  the 
two  glasses  n  and  t,  and  hence,  to  the  eye  of  the  observeft 
farming  two  distinct  images,  ef»  phj  one  of  which  appeats 
higher  than  the  other ;  and  the  angle  under  which  the  two  ob^ 
jects  appear,  varies  according  to  the  distance  of  the  object. 
In  order  to  measure  the  angle  contained  by  the  apparent  po- 
sitions as  indicated  by  the  two  images,  the  index  is  moved,  and 
with  it  the  index  glass  i,  till  the  object  shall  appear  in  the 
same  position  in  both  dasses,  so  that  there  would  appear  to 
be  but  one  image  formed  in  both,  or  till  the  images  formed  in 
both  would  appear  identical.  Now  if  a  vernier  scak,  v,  is  at* 
tached  to  the  index  and  graduated,  it  will  indicate  the  apparent 
angle  under  which  the  two  images  appear,  or  the  angle  under 
which  the  distance  between  the  two  object  glasses  would  ap- 
pear if  placed  at  the  distance  of  the  object.  But  by  the  law 
of  reflection,  the  index  would  be  moved  only  through  half  the 
angular  distance  of  the  two  images  in  order  to  produce  an  ap- 
parent coincidence  ;  and  hence  the  scale  should  be  graduated 
with  double  the  ordinary  divisions,  for  the  angle  would  be  in- 
dicated by  twice  the  angular  motion  of  the  index.  In  order 
that  the  index  may  be  adjusted  with  accuracy,  a  tangent 
screw  *,  is  provided,  by  which  it  can  be  adjusted  with  any 
precision  required.  When  the  observation  and  adjustment  is 
completed,  we  have  a  right  anded  triangle  whose  base  is  the 
distance  of  the  two  mirrors,  and  whose  altitude  is  the  distance 
of  the  fixed  object  glass  to  the  object,  and  since  we  have  one 
of  the  acute  angles,  the  other  side  or  distance  of  the  object 
becomes  known. 

When  the  object  EF,  is  at  any  considerable  distance,  the 
angle  t^FI,  or  uEI,  becomes  smaller,  and  the  object  will  ap- 

£ear  to  come  to  the  mirror  I,  from  the  position  6H  ;  so  that 
il  and  Yu  produced,  shall  make  an  angle  with  each  othdt 
equal  to  the  apparent  distance  of  the  two  images.  But  wbM 
the  object  is  at  an  mfinite  distance,  then  the  Ijnes  Fti,  HI,  be^ 
come  parallel,  and  the  two  images  coincide,  ^J  that  but  oM 
image  appears  to  the  observer ;  and  hence,  in  this  case,  the 
distance  cannot  be  measured. 

In  order  to  save  the  trouble  of  ealculation  iff  ^ach  cfasey  a 
table  may  be  constructed  to  accotnpany  the  instrtHnefiit^  whidk 
shall  contain  the  distance  corresponding  to  any  giveii  angto 
pointed  out  on  the  scale,  or,  the  scale  itself  may  be  graduated 
to  specific  distances,  wtrieh  may  be  read  off  instead  of  the 
angles. 
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Another  construction  of  the  instrument,  using  hot  two 
glasses  is  as  follows : 

Let  two  mirroiSy  a  and  &»  be  placed  parallel  to  each  other 
at  the  opposite  extremities  of  the  instrument^  making  an  angk 
of  45^  with  its  axis  as  before,  and  let  the  mirror  6,  be  move- 
able about  a  centre  by  means  of  an  index  aa  described  idiofe. 


When  any  distance  is  to  be  measured  by  this  ipstrumeat,  iC 
is  placed  so  that  a  line  from  the  object  P,  to  the  mirror  a,  shall 
be  perpendicular  to  the  axis  na,  of  the  instrument,  the  eye  of 
the  obeerrer  b^jjog  at  any  point  e,  in  the  axis  produced ;  and 
the  image  of  tsl  obgect  seen  in  the  mirror  a,  will,  by  the  law 
of  reflection,  appear  in  the  diiectioQ  of  this  axis  ;  and  the  ib- 
age  P,  in  the  other  mirror,  if  seen  at  all,  wrill  a|^iear  at  s^  not 
ooinciding  with  ai.  But  by  turning  the  mirror  h  about  its  axiii 
the  image  will  advance  toward  a.m  thelineof  the  axis  ofthe 
instrument,  and  will  ultimately  comcade  with  it ;  when  the  tws 
issages  will  be  seen  at  e,  in  the  saoM  liaeb  ssi. 

It  may  be  easily  shown  that  the  ai^gidar  motioii  of  the  aiir- 
ror  K  necesaary  to  bring  it  into  the  position  fr'  n'  so  thet  thi 
two  images  shall  afqpear  to  coincide,  will  be  half  the  angle  at 
P,  hence  the  distanee  is  determined  as  befixe. 
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In  this  form  of  constructioot  I  place  the  mirror  in  m  vrooden 
case  or  tube,  leaving  openings  in  its  side  in  front  of  each  rahr* 
ror*  and  a  small  hole  at  the  end  for  the  eye  of  the  observer ; 
the  index  and  scale  is  on  the  out^side  of  the  case :  the  mirror 
a,  must  occupy  but  half  a  section  of  the  tube,  so  that  the  mir- 
ror b  may  be  seen  over  the  edge  of  the  mirror  a ;  and  the  ob- 
ject is  attained  by  bringing  the  images  in  both  mirrors  to  co- 
incide, or  so  as  to  appear  as  one  image. 

In  order  to  determine  the  powers  of  this  instrument,  it  is 
only  necessary  to  observe  that  the  distance  mP,  is  the  cotan- 
gent of  the  angle  P  to  the  radius  mr^  and  that  when  mr  is 
given,  the  value  of  mP  may  be  calculated  for  any  assumed 
value  of  the  angle  P,  which  is  half  the  ande  measured  by  the 
index  and  scale.  Assuming  the  distance  between  the  mirrors 
to  be  five  feet,  the  angular  motion  of  the  mirror  b  from  its  po- 
sition parallel  to  a,  the  zero  of  the  scale,  will  be  for  1000  feet 
nearly  8'S5",  and  for  1100  feet  7'50",  a  difference  of  45"  or 
three-fourths  of  a  minute  for  a  difference  of  100  feet,  or  ten 
per  cent  of  the  first  distance. 

If  we  assume  that  by  the  divisions  on  the  scale  attached  to 
the  index,  the  motion  of  the  mirror  may  be  correctly  found  to 
half  minutes,  then  the  distance  between  the  mirrors  beinff 
taken  at  five  feet,  a  change  of  half  a  minute  would  correspond 
at  10  feet  to  .007  of  a  foot,  at  100  feet  to  .62  of  a  foot,  at 
1000  feet  to  63  feet,  and  at  10000  feet  or  1.0  mile  the  whole 
angle  is  but  51",  and  considerable  variations  would  entirely 
escape  detection ;  but  by  the  application  of  a  telescope  to  tbe 
instrument  in  making  the  observations,  its  powers  and  acco* 
racy  may  be  considerably  extended. 

After  having  measured  the  distance  to  any  object,  as  a 
house,  or  a  tree,  its  altitude  may  be  easily  found  by  moving 
the  index  so  that  the  top  of  the  object  in  one  mirror  shall  co- 
incide with  the  bottom  in  the  other,  when  the  angle  indicated 
on  the  scale,  less  the  angle  first  found,  corresponding  to^the 
to  the  distance,  is  the  angle  under  which  the  object  appears ; 
whence  bavin?  the  angle  and  distance  of  the  object,  its  sJti- 
tude  becomes  Known. 

The  following  investigation  of  the  powers  of  the  instn^ 
ment,  showing  its  limits  of  practical  accuracy,  is  taken  from 
a  report  furnished  by  a  committee  of  the  Franklin  Institute  ot 
Pennsylvania,  to  whom  the  two  instruments  designated  abo«t 
were  submitted  bv  the  author  in  1833.  (Pubuibed  in  Vdt 
XI.,  No.  3,  Journal  of  the  Franklia  Institute.) 
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Call  the  variatioD  io  the  angle  P,  jr,  the  distance  m  P  a,  and 
Mr,  b.  Suppose  the  angle  P,  to  become  P  —  y,  and  that  then 
^+X9  X  denoting  the  increase  of  length  of  a,  correapondiDg  to 
a  decrease,  y,  of  the  angle  P. 

By  tngonometry, 

tan.  P  =  -  and 

a 

tan.(P— jf)  =  ^:j:^;  but 

tan.  P  and  tan.  (P  —  y)  their  values  found  above. 

* 


a+x  b 

l+--r  tan.y 


or 


6  —  a  -r  tan.  y     , 

,  wnence- 


a+x       a+fr-7-tan.^y 
(«•+*•)  -rr  tan.  y 

6 — a  X  tan.  y 
z  =  ? 


a 


tan.  y 

If,  as  assumed  above,  b  =:  5,  and  y.=  1,  the  general  equa- 
tion becomes 

25 +a* 

^"~  17241.4— a 

125 
When  a=  10,  a:  =  pygjj;^  =  -007. 

Fora=  100,^  =  ^1^=^  =  ^^ 

For  a  =  1000,  x  =  61.6,  and  for  a  =  IO9OOO,  a:  =  13,809; 
which  is  greater  than  the  distance  a. 

By  assuming  a  limit  to  the  accuracy  required,  calculation 
will  show  how  the  instrument  may  be  adapted  to  this  limit 
when  possible;  For  example,  let  Uie  greatest  inaccuracy  al- 
Ibwed  be  one  foot  in  100,  then  6'andy  must  be  so  adjusted 
that  at  the  greatest  distance  for  which  the  instrument  is  to  be 

used  X  =  — .    Calling  this  value  of  a,  a\  we  shall  have. 
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.01  a'  =  -T ,  or 


tan.  y 


—  a' 


.01  a' 

V  — X  6  =  —  1.01  a",  an  equation  which 

tan.  y  ^ 

must  exist  in  order  that  the  required  accuracy  may  be  attain- 
able. To  examine  by  it  the  instrument  already  supposed,  let 
us  ascertain  whether  at  1000  feet,  as.  the  greatest  distance  at 
which  it  is  to  be  used,  the  accuracy  will  come  within  the  li*^ 
mit  of  one  foot  variation,  in  100.  In  this  case  a!  =s  lOOO*  b^ 
as  before,  =  5,  and  tan.  y  =  tan.  1'.       Whence  &'  =  26t 

=  17241.4,  Ola'  =  10,  and  1.01  a"  =1.010.000.    Sub- 

tan.  y 

stituting  these  values  in  the  equation  above,  it  requires 

2^5_  172,414  =  — 1,010,000,  the  equation  is 
not  fulfilled,  and  the  instrument  does  not  come  up  to  the  re- 
quirement. It  would  be  easy  to  determine  values  of  y  and  6 
required  for  all  possible  degrees  of  accuracy,  and  thus  by  the 

1)ossibility  of  making  the  half  divisions  accurate,  and  by  the 
ength  which  convenience  might  limit,  to  ascertain  whether 
the  instrument  could  be  constructed  to  give  the  required  de- 
gree of  accuracy. 

The  investigation  may  be  made  more  general,  thus ;  let  -r 

express  the  required  limit  of  accuracy  at  the  greatest  distanoe 

for  which  the  instrument  is  to  be  used,  then  at  that  distance 

a 
j:  =  — ,  or  calling,  as  before,  the  value  of  a,  a', 

a       a'^+V     ^ 

—  =  r whence 

n       6 


tan.  y 

a'  a"  1 

ft' ; 6  = 'a'^  —  a^'(\+-^)\ 

n  tan.  y  n      •  ^        n^\ 


Wr^.  --      ' 


211  tan.  y      ^   4  n*  tan.  'y      "    V*  "^  ^; 

ft  =  a!  (l  ±Vl  _  4  n*  tan.  'y  (1  +  ^)) 

2n  tan.  y, 
This  equation  i«  poBsiUe  when  4^  tan.  'y  (n+1)  <  1. 
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BOOK  I. 


Havug  in  the  preceding  volume  treited  of  the  piopeities  of  the  Pmi 
BUipMe,  and  Huperbola^  we  show  in  thiB,  that  theee  carws  mie  die  aad 
of  the  cone,  and  are  each  formed  hy  a  plane  pasaing  throtigii  a  OQne,a0i 
ing  to  certain  conditiotuB.  Of  these  seetkins  the  qnadntore  of  the  pan 
iseasUy  attained,  b]r  thepinciples  embraced  in  Prop.  IV.,  in  rdatioiiU 
aectioiial  divisions  of  a  pnsm.  Props-  VL  and  VU.,  show  the  ■pplifity 
Aeprinciples*  to  the  quadrature  of  the  parabohu 

Tne  quadrature  of  the  EUipte,  though  not  so  aecurat^y  deteimined  u 
of  the  parabola,  is  nevertheless  easuj  expressed  in  terms  of  the  cir 
quadrature. 

The  Hyperbola  is  of  more  difficult  determination,  in  lelatioii  to  its  qn 
tnre,  than  the  other  conic  sections,  but,  is  nevertheless  sosceptiUe  of  b 
approximately  determined  to  any  extent  required. 

BOOK  n. 

OH  tOLID  SBCnOHS  OB.  BMQKMMT9, 

Since  the  term  section,  though  originally  applied  only  to  Bturfiboes,mid 
cttttins  a  solid,  is  extensively  used  in  the  arts,  as  expnesainff  a  definite] 
tion  of  a  solid,  I  have  taken  the  liberty  of  making  solid  sections,  as  sji 
nious  with  se^^ments  of  solids.  This  book,  consists  mostly  of  the  onq 
son  of  cylindno,  and  conical  ungulas. 

BOOKm. 

OP  BEVOLQIDS. 

Revoloids  are  a  class  of  bodies  not  usoally  treated  of  ia  worics  on  Gs 
etry  ;  but,  from  the  important  considerations  connected  with  their  onaoi 
tion,  and  from  the  relations  which  they  bear,  both  to  lectilineel  and  can 
neal  solids,  it  is  of  the  highest  importance  to  Geooietry,  that  their  proptf 
i^nld  be  discussed,  and  that  tney  should  receive  a  conapiGOoaa  pi 
among  geometrical  solids  ;  more  especially,  as  they  are  almost  the  only  c 
Tilinear  solids,  that  are  absolutely  cubable.  For,  we  have  shown,  m 
progress  of  the  work,  that,  not  onlytito  right  or  spherical  revoioid,  and 
eDiptical  revoloid.  Props.  VL  and  vll.  are  cubable^  is  absolute  tenM, 
also  ParaMie  and  Hyperbolie  RewMds ;  moreover,  we  have  shown  (fi 
ni.,)  the  quadrature  of  the  surface  of  a  rifldit  revoloid,  without  regsid  to 
cirole*s  quadrature,  ahhouffh  it  is  bounded^  cyHndrie  su&ees. 

Some  imjxnrtant  princi|3es  are  derived  from  the  sofaject  oi 
transformation,  as  m  Prop.  IV.,  V.,  XI.,  and  Cordkries. 


•  la  Prop.  VI,  fliM  pMmU«l  llMt »  ac  tlKwM  b»  psmlMto  liismi  WT  bT  llii  fSI 
iMlMd  of  toe  potltkM  M  tlMra  •zpcMMd,  oilMrwtot,  dM  aigMBMBt  li  sot  oonact  *  k^Sii 
ptaelple  to  bo  etiabltalMd,  !■  mC  oJbetod  by  tbo  omr  la  ttet  ilagro  m^k  in^HiL  I 
it— Bd  bort  not  to  oltor  tke  domoMtimtkNi  ia  thlt  odWoa.  Tko  flrlinll—  i»  mSl^L  I 
bacorreclod  by  waUof  AB  or  CD  tbo  osto  of  tbo  poimbota,  iMtnd  of  AO  m  ■&  Isal 
ihnaeoi  to  thooo  prapodtloM  1b  tbo  Moeoodtaf  ptrii  of  llM  woift,  Uwfll  lis  aM^h^  tel 

MSiitlOBI  of  tlMtf  SPPUeSllOS  ii  OIHWOOd*  ^^ 
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BOOK  IV. 


The  quadrature  of  the  revoloidal  surface  treated  of  in  Book  m., 
OB  with  data  for  the  quadrature  of  the  circle,  throu^  the  medium  of  the  re- 
voloidal curve  ;  this  subject  is  amply  discussed  in  this  book  ;  through  the 
properties  of  this  curve,  we  are  also  enabled  to  deduce  some  important  trig* 
nometrical  functions.  In  Prop.  O.,  it  is  shown  that  the  revoloidal  curve 
may  be  by  transformation  derived  from  an  elliptical  curve. 

Expressions  are  obtained  in  Props.  IX.  and  Xn.,  for  the  length  of  the  cir- 
cle's circumterence ;  it  is  there  shown  that  these  approximations  may  be  ex- 
tended indefinitely,  so  that  the  circumference  may  oe  obtained  to  any  degree 
of  exactness  reauired. 

By  applvinfl[  the  principles  of  the  parabola  to  those  of  the  revoloidal  curve 
in  Prop.  aVU.,  a  remarkable  approximation  is  obtained,  so  that  if  the  tine 
and  cosine  of  a  small  arc,  and  sme  of  half  the  given  arc  is  obtained,  the  arc 
itself  may  be  expressed  in  terms  of  those  functions  ;  and  it  is  shown  that  these 
functions  may  be  so  taken,  that  the  arc  shall  be  truly  expressed  to  the  same 
number  of  decimal  places,  that  those  functions  are  truly  expressed  ;  in  pur- 
suance of  this,  will  be  found,  an  example  in  Mensuration,  pa^  194,  where 
the  arc  is  correctly  calculated  to  20  decimal  places,  by  a  simple  process, 
having  the  sines  and  cosine  given,  as  data,  to  21  decimal  places.  Other 
modes  of  approximation,  for*  the  arc  of  the  circumference  may  be  pointed 
out,  depenoing  on  the  same  principles,  derived  both  from  the  quadrature  of 
the  revoloidal  surfia^^e,  and  cubature  of  the  reveloid ;  but,  by  pursuing  the 
course  pointed  out,  page  125,  the  arc  of  the  circumference  may  be  found, 
with  certainty,  by  this  process,  to  any  number  of  decimal  places  we  have 
patience  to  pursue  it 

Props.  XvIII  and  XIX,  prepare  us  for  the  construction  of  a  curve,  described 
in  Prop.  XXI.,  termed  the  curve  of  the  circle's  quadrature,  the  properties  of 
which  are,  that  a  line  drawn  from  any  point  in  this  curve,  peinpendicular  to 
its  conjugate  diameter,  will  be  equal  to  the  arc  of  the  inscrioed  circle  cut  off 
by  a  secant  drawn  from  the  centre  of  the  circle  to  this  point,  and  if  another 
line  be  drawn  from  the  same  point  in  the  curve,  to  tne  extremity  of  the 
conjugate  diameter,  the  area  of  the  space,  intercepted  by  the  two  lines  with- 
out the  circle,  will  be  equal  to  the  area  of  the  segment  of  the  circle  cut  off 
by  the  latter  line.  From  these  properties,  we  are  enabled  to  deduce  an  im- 
portant theorem,  in  relation  to  segments  of  the  circle,  viz.,  that  the  area  ef 
any  segment  of  a  circle  is  equsl  to  the  difference  between  the  arc  of  the 
segment,  and  its  sine,  multiplied  by  half  the  radius. 

BOOK  V. 

In  this  book,  all  geometrical  magnitudes  are  discussed  from  tlicir  princi- 
ples of  organization,  from  elementary  magnitudes,  without  referring  them  to 
any  specihc  forms  or  relations.  Ana  after  introducing,  and  explaining  the 
principles  of  the  production  of  geometrical  magnitudes,  from  variable  ele- 
ments, in  Chap.  I.,  in  order  to  render  this  science  subject  to  analytical,  and 
algebraic  consideration,  a  peculiar  notation  has  been  introduced  as  the  sub- 
ject of  the  second  Chapter ;  and  the  mode  of  application,  of  this  notation, 
to  8uch  subjects  is  there  explained. 

By  this  mode  of  conductmg  geometrical  investigations,  and  by  this  nota- 
tion, we  are  enabled  in  a  manner,  somewhat  more  obvious  than  that  of  the 
calculus,  to  arrive  at  the  same  results  as  are  obtained  by  that  science. 

And  although  this  forms  but  an  introduction  to  the  subject,  yet  it 
furnishes  evidence  of  its  adaptation  to  the  investigation  of  the  properties  of 
all  geometrical  magnitudes  ;  and  may,  perhaps,  be  rendered  of  equal  univer- 
sality with  the  calculus,  with  which  it  is  most  intimately  allied. 
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Here  instead  of  the  infinitelY  tmall  momenUiy  incrementa  of  variable  im^ 
nitudes,  or  instead  of  the  difierentials  of  variables,  this  notation  reco^niziefl 
onljr  the  conditions  of  the  variables  themselves,  in  their  associated  capacity, 
which,  from  the  principles  of  the  science,  may  be  integrated,  as  ceruinly, 
and  with  more  obtrious  rationality,  than  those  performed  oy  the  caicalus  fruia 
their  diftrentials. 

By  this  notation,  we  are  enabled  to  get  a  positive  expression  tor  the  cir- 
cle's quarature,  in  known  fanctions  of  &  diameter ;  which,  since  ail  Geom- 
etricians are  satisfied  of  the  incommensurability  of  the  circumference  in 
direct  terms  of  the  diameter,  should  be  ""ceived  as  the  quadrature  it^eif. 
For,  from  this  expression,  means  may  le  ievised  of  developing,  decimally, 
the  quadrature  to  %xpf  desirable  extent. 

Chapter  III:  is  an  introduction  to  the  diflerential  and  integral  calculus,  de- 
■igned  to  show  the  first  principles  of  that  science,  and  to  show  its  connec- 
tion with  that  of  Chapter  II.,  both  of  which  are  evidently  in  their  es^ndal 
particulars,  based  on  tne  principles  ccmtained  in  Chapter  7. 

Chapter  IV.  is  devoted  to  the  application  of  the  pnnciples  prev!on.«ly  d'V 
cnssed,  to  determine  the  position  ol  the  virtual  centre,  or  centre  ofgr&viiTof 
geometrical  magnitudes.  This  has  universally  been  denominated  by  lil 
authors,  hitherto  as  the  centre  of  gravity,  I  doubt  not,  I  shall  have  the  ap- 
probation of  most  Mathematicians  in  discarding  that  term,  and  ^upplyin^  io 
Its  place  that  of  the  virtual  centre.  The  term  centre  offrrarity,  though  per- 
fectly proper  in  works  on  Mechanics  and  Natural  Philoeophy,  U  hidily 
incongruous  in  a  work  on  pure  mathematics,  where  tlie  physical  propertiei 
of  bodies  is  not  a  subject  of  investigation,  and  perliape  not  intelligibly  un- 
derstood. 

MENSURATION. 

Snch  subjects  in  the  mensuration  of  surfaces  and  solids,  as  could  not  con- 
tistently  be  introduced  into  the  elementary  part  of  the  work,  is  iotiodoced 
here ;  most  of  the  subjects  embraced  in  this,  have  been  discussed  in  the  geom- 
etrical part  of  the  work,  and  the  principles  demonstrated ;  where  this  is  uot 
the  case,  a  reference  has  been  made  to  the  author,  where  such  demoostn- 
tion  may  be  found ;  on  this  subject  free  use  has  been  made  of  Hatton's  Men- 
suration ;  limited  quotations  have  also  been  made  from  other  authors. 

The  article  on  Guaging  is  mostly  taken  from  Day's  Mathematics,  tboogh 
originally  derived  from  Huttoiu 
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